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llpnniun MaReliMyMa 13 11llhIe1nblx aajaax C B16IflRJ1Ll14H CMCmaHHbIMU 
OFpaHHqeIII1Blm 

A. H. YnOBHLHHf H A. A. MHJIIOTHH 

..Eswerden lineareSteuerprobleme mit bezuglich der Zeit unstetigen gernischten konvexen Re-
.striktionen für die Phasenkoordinaten und die Steuerung sowie mit beliebigen punktweisen 
Beschrankungen für einen Teil der Komponenten des Steuervektors betrachtet. Unter der 
Annahme,' dal3 die Aufgabe ein endliclies 5 Infimum besitzt, wird die Theorie des Maximum-
prinzips begrundet. 

HocTpoeHa Teopun npiiiiina MaRcilMyMa B Jmnet1Hoi	o6iufJ cpaapaloHaIMII KO3n 
H	

- 
1eHTaMII u co)epaue	apjy c BbIllHJTh1MH cMewaHHI.IMII orpaHH'IeHHHMH npollaaojlb-



Hoe o1'pa1IuIeHue iia qaCTh KoMnoHeliT ynpaailcllHn. 

We study linear 'control problems with mixed convex restiictions, which are discontinuous 
• with respect to time, for both trajectories and controls and with arbitrary pointwise restrictions 

for: some components of the control vector: Under the assumption that the problem has a 
finite infimum, we found the theory of the maximum principle. 

BBc)eHnO 

B pa50're nocrpoelia Teopsrn npillluHna MaKcHMyMa JlMHeflHOtA 3aJall ouTuMaJilinolo - 
ynpaniennn C Bbmy}cJIbIMlI cMelnaHHhIMli or'paHIl qeHFlflMlt Ha 4a30BhIe KOOPJHHTbI ii 
-yrrpaBJIeH[le it CIIpOI43BOJIbHbIM or'paHH'leHueM Ha qacTb xoopj1HaT ynpaB.rIel-1H5[. 
HOBbIM nBJIHeTcn To; VTO paccopea aagaa oS ml J, a ne TPJ H W1 O HH H 3aaqa 
o inin J. To ecm BMCTO cyuecTBoaaHHa 3KCTpCMaJH, peaJIu3yJoILeii OUTHMyM (yHR-
uioiiajia J, npeno.naraeTCR JIHIUb cyIIecTBoBaHHe RoRe'lHoro BHaUeHHH inf J Ha 
,TpaelcTopllflx, gOrIYCTHMLIX orpaHlIqeHHnMn 3ayaqH. 

• PaSo'ra COCTOIIT 113 ABYX qaCTek Co CKBO3HOi Ilyalepau,Heii flaparpaoB. 
MaCTb I coepici § 1-4. B § 1 aHa nOCTaHOBiia 3aaii H(OpMyJIllpoBEa 

npenoJioscel1nf, B HOTOPLIX BbIBOHTCH HPIIHUHfl MaxdilMyMa. B § 2 OHCJIH1OTCH 
UOIIHTHH HI1TI4HOCTH H cTaw4oHapHoCTM 3Ha4eHHR J0 4)yrnc4uoHajla J. B § 3 

• BBou4rCa CCTB rrpHcoe11THeHHLIx 3agaR H onpeeieca noHnTz!e oKcTpeMaJIbHocTn 
BHaq HHH J0 B Hcxo)Hoüaaaqe 1iepea , HPIITll4HOCTb aToro 3HaleHufl B TplICOeH4H-
HLIX aajaax. Loa8rrBaeTcci, 'ITO aHcTpeMaJIbHocTb JIBJIMeTCH Heo6x6l1MhIM yCJIO-

•' BHeM 0BTH1%taJIBH0cTH. H, Ha}coFIeu, B § 4 CoeprnTCYr BLIBOA HeTpnBHaJIbnoro 
- peineHFin ypauernrn Hthepa HPMTN qecRoro.3HaqeHmn J0 B nplIcoenHëHHoil aajaie - 

(H. P. ' 3. aHaqeHHii J0). CyecTBoBaHl1e H. P. a. 3HaqeHIln J0 finJineTcH aHBuBaJIeH-
TOM ero RpHTH'IHOCrM B upHcoe14HeHH6i aagae.	- 

•

	

	Bo BTopOfk 'IaCTH pa60TU, cocTocrIreft 113 § 5-7, HaxonTcfl ilpiaHuJirl MaHdH-



siyria aHaqeHHn J0 (yHHuHOHaJIa J. flpllHULlfl MaHdIlMyzula aHa'IeHHJI J0 HBJUTeTCH 
ax Mill aJle}IT0M aIcTpeMaJIbHoCTH J0 .	•	

.

'S	 C
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§ 1. lloc'rauoa 3aAalm	 - 

B paôoTe HaTeHBI Heo6xonM!ie yCJIOBIII1 aKcTpeMyMa cJIe)y1oiuei aaavH. 

3a)aa A: Haürnu, infJ(p), ecitu p = (x0 , x1 ), x 1 = x(t1) (i = 0, 1) u oonoitnen& 
c.'teôyiouçue yc.iz66us: 

1.1	t(t) () Ao(e(t)) x(t) -+- A(e(t)) u(t) -i- . ao(e(t)) 

x(t) + B1 (e(t)) u 1 (t) + bo(e(t)) (=) 0, 

Rp +.r0 = 0,	U = (u 1 , u2); 

	

• (x, u1) : t	Rd(x) X Rt4 )	( i = 1, 2), 

e : t–',- Rd(e),	a0, b 0 : Rd ( e ) —> 11i(o) x IRd c bo) .	- 

1.2 (p)	0,	(x(t), u1 (t), e(t)) (<) 0, 

-,	q: R	 x Rd(z) _.	 : R" 2' x	X ftd()	fld(P), 

97 — (97i ..., 97a(9')),	=	1' ••.,	d()) .	-.	
0 

HepaoeKc!nea 3aecb nonuMa,omcJl Yax no,cdj,tnonenmuue.	
0 

1.3	u2(t) (E) Z(t),	Z(t)	 - 

3na'wuue inf J(p) uuçemci cpeôa ecex (x, u) E A A d X	 aonycmuhtb2x o2patLu- 
ienuu 1.1—L3.	 S 

MM 6ygeM HPHAePMHBaTbC q ciieyioiuiix o6oana q enji:	- 

a) 3jecb I! BCIOAY B pa6oTe £0, £1 - fl11C14POBHHbI qnc.na,	= [to, ti]. 
6) Ecrn (.) BeKTOP HOHHOMPHOFO upocTpaHCTBa, TO d( .) - ero pa3MeHocTb. 
B) Haooe BB oTHoll1eHHT .=,	..., B8FITOC B RpyrjiLie CKO61cI1, oaHaqaeT, 'iTO 

0110 Bbmo.11HneTcn flO'lTH BCIOqy Ha L B CMMCJIe Mepm ile6era., 
r) Ld.ft — 6aHaxoBo 11POCTPHCTBO OrpaHH'leHHhIx HBMepHMMX cyRKUHll, onpeJe-

JIeHHhix HO qTH BcIoJy.Ha	H flPHH11M10UHX aHaqeHnH B R" ('. HopMa B HeM3aya-
OTCH PBBHCTBOM IJUJI u) = vrai max u(t)I.	- 6aHaxoBo UPOCTPBCTBO a6co-

.TIIOTHO HOIIPCPhIBHbIX Ha	YHH111T CO 3Ha4eHHHMH B R). Hopta BHeM3a)aeTcR
BHCTBOM ! IX II Ad(z) = x(t0)I + f (t) dt. 

A	 A 

BapHaIHoHHoe HccJIeonal1ne 3aaqH A flOBO1TCH B CJ1I011HX HpeuoJIo-
11eH1lHx 1.4a)—r):	 0 

1.4 a) A 0, A, B0, B 1 , a0 , b0 onpeôe.iteiui u ;tenpep&61ui no e na 1-ie?comopot om'p&-
most .u,-iocecmee Q c	Ha Q rank B1 = d(b0). 

6) e E	- itenomopas 06uKcupo6amias Øyioci# u.'o , vrai mm (e(t); C	0. 

B) Oyfmquu.o l q, J onpeôeienu, nenpejmien& u e,inycJui no (x, u 1 , e, p) na 
X.Rd(uO xQ>< Rd(P). Ce.eicmeo .4i,no1cecme Z(t) (t E ) - npou3eomnoe. Mampuia 
B u aecmop r0 - 'nocmoanniie. 

OPMYHPOBK r) npeynomJIeM onpeJexern4e .uMHefHhIx yuR-

wioHajioB, OHOpHHX H BMU}J1&M yimIuoHaJIaM 6aHaxoBa IIpOCTpaHCTBB. 5[1]. 
flycm 97 — He[IpepMBHU BuyKJrJyHrnnoHax. .JTHHCtHM1 4yHHIUiOH8I 2
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HaBbJBaeTcR OflOp1bL% K q7, ec.mii 

no., ) = inf[() — (,)] > — cc. 

CoBoKynllocm JIHHetHbIXYHKIWO IIJIOB UPOCTPHCTB , OIIOpHBIX K 92, od8Haqa- 
ercR Iepe3 ; MHoHecTBo aJIeMeHT0B KB 3(P Ta}cHx, qTq n(2, q) = — 2(j,), o6o-
3HaqaeTcg qepe3 a(p(). HeTpyHo npoBepum, qTO a99 — nhmyKJioe MHomeCTBO, a 
n(2, ç) - BOrHyTafi HenpepLIBHafi cBepxy ()yHKIUiR Ha p99. 

YCJIOBUMC$L B ABYX 0603HaqeHHHx 

Hyom 0, OHa Ha IOMIOHHT P. 'Tora tlepe3	[e] 0608HaaeTcH yHKIHR 
rrepeMeHHhix x ii u1 , 3aaHHa3i . yCJroBHeM (x, UI)	3(x, u 1 , e), a iepe3 3 8[e] COBO-
HyJIHOCTI. Bcex jiffHerhibix4yHKI14oHaaoBnpocTpaHcTBa	 OflOPHbIX K 8[e]. 

11 ya.iiee. EcJIH	Q HeRoTopoe MH0HceCmO, TO 

gr aO, IS = {(l, e)I 1 E 9 3[e], e E 61, 

= pr, gr a 

Hp llBeieM TenepbopMyaupoBKy nociejnero npejuojio,eHn us 1.4. 

r) ,LAa° caacäoo iconaKma	Q cyiqecm8yem ,concmaKma k(s) maxaA, tmo 
n(l,	[e})	k() npu ecex (1, e) E gr b3	(s = 1, ..., 

Ha BTOFO npeguojio7HeHHR BBITeHaeT, 'ITO Ha HKOM KoMnaKTe C Q MHoaecTBo 
gr 00, 1 6I .JqBJIFieTCJT ROM11KTOM IIpOCTpaRCTBa RdM x a 1WI n(l, 03[e]) 

orparniiea H. nwIynenpepbIBHa CBepxy Ha HeM. B CBOIO oqepegb zia nocieuero 
o6cTonTenbcTBa ii XIPKHaVIeHHOCTH e E L	 cte1LyeT, 'ITO 

K0 :=max vrai max {[max ill + sup In(l, 08[e(t)])I] I 1 E 00,[e]} 

$IBJIHCTCH KOH4H&M VHCJIOM. \ 

06cyneHHe flOCTHBKH saga q H A 

IlepexoA OT min H ml ycJlO?KHReT RaK Kcc.neoBaHLie HeO6xOgnMhIx YCJIOBFIVI aHcTpe-
MyMa TaK II OPMYJ1HPOBY npHHIHna MandilMyMa.. OJHaco B TaHoik HOCTHOBH 
cHllMaeTca npo6rIeMá'. cynecTBoBaHHH onTnMaJui. OHa aaMeHneTc g 6onee HPOCTLIM 
BOflOCOM 06 OFP&HH'IHHOCTK CHH3 yRKIuoRaJIa J Ha TpaeNTOPH qx (x, u), ouy-
CTHMbIX ycJI0BHHM11  

)i1ivi aaJaq , COAepmaEqux cMeinaHimle JIHHeHhIe orpaHuveHMH HepaBeHCTBa, 
• Heo6xoHMhIe yCJI0BHR mi 6ujrn flOJIHhI B [2]. HacTosivaH paSoTa o6o5waeT [2] 

B BX HanpaBJieHilfix. 
a) JLoKaJmimIe H TepmIIHajibHLIe orpaHKqeHlrn HepaBeHeTBa II MHHHMHBHCMbI 

4)yHK4ioHaJI J aaaioTci B1.Hly}CJThIMH no x, U 1 H p yHKUHHMH, B TO BpeMa}caK B [2] 
OHII 3aaBaJ1HCb .u4HeHMMM HHiHHMH BTHX nepeMeHHiIX. 

6) AoHo.TiHIITeRbHO BBeeno cMenTaIrnoe JIIIHettMe orpaHn'IeI-me .1ioKaJibHoro 
PBBHCTB& 14 rIoHTpHrImcHOe orpawierie u2(0 (E) Z(t) Ha VaCTI. KOMHOHCHT yrrpaB-
JIeHHH.	 -	 - 

CTporo I'OBOpH orpauene -u2(t) E Z(t) HB.BReTCH 6oiee O6LIHM, 'IeM HOHTp$TrMH-
cHOe, UOCKOJIbRy B HeM MnO?KeCTBO OffyCTHMb1X 3naVeHHt Z(t) 8BHCHT OT t. tJ1g 
iiiiocpairrn 06LIHOCTM npenaraeMof riocTarioBim UpHBeM LBa npuMepa.
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3 aaua B: Haamu inf J(p), eciu p = (x0 , x 1 ) ii enoinii/omca yciioeuio: 

1.5	t(t) () A 0(t) x(t) + A(t) u(t) +ao(t),	.Rp + ro 

-	 .8(t) x(t) -.1-. B(t) u(t) -F b0(t) (=) 0. 

•	 1.6	99(p)	0,	C0(t) x(t) + C(t) u(t) + C0(t) () 0. 

HoMnonenmb .4tampuif A 0 , A, B0 , B, CO , C u eeimopoc a0 , b0 , co - o2panu'ennIe U3-
.%tepu.Mble 95yioczuu, onpeaeiiennue no'imu ccioOy na L, aJ, q', B, ro onucan& e nocma-
nocce 3aOa9u A. 

3na'ienie inf J(p). uufernca cpeôu ecex u3MepuMux opanuaLennbx Øynua x u U, 
8onycrnuJtbtx opanu9ei-wn.u. 3aOa'4u E. (Hiiu mo'utee, cpeOu ccex nap (x, u) € 
XL',OonycmuMbx yciiâeuu  

V6uMcn, q'ro 3aa4a B qBJIneTCII B11HTOM 3aAwifi A. ,L1n aToro uueje 
roHe9HoMepHoe IIP0CTPHCTBO {e} (npuioe npoH3BeeH14e), cocronnee 113 ucexriapziu 
Tuna A 0 , A, B0 , B, CO , C ii BceX BRTO0B Tuna a0 , b0, c. HoJ1o7HuM 

e(t) = (A 0(t), A(t), B(t), B(t), C 0(t), C(t), a0(t), b0(t), co(t)). 
(I)yHIcLWI4, BXOHI1lie B nocTaHoBHy 3agaw B, HeupepLIBilEJ no e. CJIeoBaTeJIbHo, 
aajaqa B CB0HTCH H xiaCTHOMY ciyaio 3aa qu A cJrnHeiiHuMu cMemaHHhiMu orpaHil-
qenulfiMu uepauencna if lie coepaaweiy npon3u6JlbHoroorpauH qeHuli u2 (t) (E) Z(t) 

•	 Ha 9acTbEoMnIoHeHTynpaBJIeHun. 

3aa q a C: llaümu mi J, J =f F(u(t)c.t) dt, eciuu	-, 

f Q(u(t), t) dt	0;	f G(u(t), t) dt = 0,	u(t) (E) Z(t) 
A	 A 

( F, Q, 0, u) € R 1 IX Rd ( Q ))< I1	>< R'(') u i,5ynicuuu F, Q; 0 nenpepbueztu. 
3nal?enue inf J uuemcj cpeaa ecex opanuennux U3MPUMb1X tfiyHKqUrz, yôoeiiem-

• •	f3op.vouçux oapanuneitusm 3aôa9u C. 

,LJII-I cBeeHufl aaan C H i3api4aHTY 3aa4u A BBJM H611e411oMepHoe rip OCT-
paHcTno {v} (npuMoe npon3BeeHue), COcTonuee 113 BCX JIMHTOB tuna F, Q ii 0. 
HoaonduM (t) = F(y, t), Q(u, t), G(u, t) I u € Z(t)}. 0503Ha411I, gaijec, qepes K 1 , K2, 
K3 nocTofiHubue MalpilubI TaKue, 4T0 F = K 1 v, Q = K2v, = K3v. 
PaccMoTpnM ciieyioinyo 8a)aiy. 

3 a g a i a C 1 : Haumu inf y(t 1 ), eciuu •	- 

PM (=) R 1v(t) ,	(t (=) K20),	(t) (=) K3v(t) 

•	 x(t0) = 0,	y(t0) = 0,	z(to) = 0,	v(t) (E) (t). 

fluo, WO 3a)a9a C 31tBuBaJIeHTHa aajae C 1 , a riocimman liBjineTca UacTIIbIM 
ciiyaeri 3aa4I1 A.TaicIIM o5pa3oi, ii A CBOflTCH JuIrnefiHNe 3aa9u cocMemanwblMu 
orpaHilUenuIrMu H OHOMeHLIC 3aaii iTlInyHoBcHoro Tuna [3].	 - 

Heo6xouiumxe CJIOBiIH acperiyria HMCIOT (DopMy nprnirwna MaKdHMyIa, paBH11M 
• o6pa3o1 o6c.nynnuaioero Kauc 3)9H o5 inf TaH if aayau 0 mm. 

06cy21eHire	 1.4a)-r)	'	 • • • 

Cpegn BLIUYIVIWX sagwi npejno.nwiceHusi a)-u) - ecTecTBenuie H AOCTaTOtIHO
o5nuie. Tpe60uaHHe r) orpaHIFIHBaeT uiacc 3a Tlalq TeMH; 3' R0TObIX JioHajibilbue

• cMemuaHHble orparn qeuua HepaBeHcTBa aagaioca YHKIU1RMII, PCTY1IU1MH no (x, u1)
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Ee 6iicrpee 4em JInHeuue. TaXHM cBokcTBoM o6JaaIoT, RaupilMep, BbrnyHJme 
yrnIun, HOJIyqeHHbIe 143 Cy6JIllHef1HbIx no (x, u 1 ) go6aBjieHHeM Heupepirnnoro no e 

cjiaraeiioro. 
B o61gei CJiyqae oi'icaa or Tpe6oBaBHH r) 1JHBO1HT K roriy, 'ITO MHoecTBo r!nHei-

HIilX Jy}HLuIoHaJ1oB, OIIOPHhIX H BbIUYXJ1OM	yHK1u4oHaJiy vrairnax (x (t), u 1 (t), e(t)), 
CTaH0BHTcR neorpaHli qeHlluM, Boo6lqe roBOpR He CJla6o saMIqIymIM, 14, cJ1eoBa-
TeJuHo, C.lIwicHhIM J1R 3 )eKTHBHoro orn4caHHfl.	 - 

OHaHo Tpe60BaHHe r) He HBJIneTcR CJHImHOM o6peMeHHTeJlbHhiM. Bo nepix, 
HJIaCC 3aaq B KOTOpLIX HepaBeucTBa 0, 15; 0 MO?HHO 3aMeHum 3HBHBaJIeHTHhTM1I 
HepaBeHcTBaMll, YAOBjieTBOPFiIOMHNtH YCJIOBIIIO i'), AOCTaTO qHO mipoic Bo BTopr1x, 
ec.mii cpegH cTau14oHapHLIx uocJ1eoBaTeJIbHocTeI, oTBe qaloI14x IrnaqeH1410 J0 yHI-
iiioaiia J, coepaaTcH orpaHh4eHHhIe in1i aaja'-ia o6JIaJaeT aHcTpeMaJlhIO, Ha 
ROTOPOrf 4yHKHoHaJT J npHHHmaeT aHaqdnfle Jo, TO AJIR YCTaiiOBJIeHHii npnninna 
MaKdnMyMa aroro 3Ha'eiiwn yI1R414oHaJ1a J BLIHOJIHeHHe r) He Tpe6yeTcfl. 

B 3a}cJuoqeHne o6eymgenmn nperIoJonceHJ4, B HOTObIX CTPOHTCII TOl4H ilpliR-
uuna MaHduMyMa 3aaqM A, noBTOpUM, qTO H oTrnlq I4e OT Tp a lIM4 110HHbIX nocTa-
HOBOR MLI He riperio.naraezi CyweCTBoBaHria 3HcTpeMaJrn, Ha ROTOPOR JocTIIraeTcg 
onTHMa.mBHOe 3Ha'1eHne (yHHIu1oHaJIa. 1{aR o'rMeqajiocb nme 3T0 Tpe6oBaHHe 
3aMeneHo 6ojiee LIOCThIM ycJIoBneM cynecTBoBam4n ml J Ha 'rpaeiTopuiix, )OrIy-
cTHMIx orpaHnqeHHnMH 8a)aqn A. H03To!Iy unice 6YACT-rOBOPH' TCfl 0 CTUI4OH3PHOM 
14. onTnMaJIbHoM aHa'4e111111 J0 q)YHIi4HOHaiia J. 

3au,IIaHue no Mepe()yHHunu, onpeeJIenHbIx.Ha rIoMHoncecTBax A [4] 

HycTb y = /( t) 143MP11Mfl 4yHInuln, onpeJ eJIenH aH - Ha I.13MepHM0M MHoaecTBe 
dom /	. llycm ganee ' c	- 11eIoTop6e H3MHMOC MHoicecTBo. CyeHne 
yiixiin / Ha S o60naaei'cn mepe3 /I S. 

•3aM&iianue.4t no .itepe yiniian / HaaLJBaeTcH MHoUo3Ha4Hoe oToôpaHeHne j: 
-±2'", onpejeJIeiiiioe npø noMonH corJIaIneHns1: f(t) COCTOHT 143 BCeX -yE Rd(Y) 
TaKl4x, 'ITO WIFE JIIO6MX OHpCCFHOCTeÜ V,, V TO'IeH y, t 
1.7	mes /- 1 (V)'n V1 >- 0. 

epe3 f(L) o6o3Ha'laeTcn MHoecTno, onpeyeieiioe opMyJIofl 

-	1.8 

B [4] goHaaEIBaeTcn: 

1.9	a) /(,) = n /('),	S,	z,	mes ( \ ') = 0, 

20e /(') o6pa3 ' npii bmo6pscenuu /, a (T5 3a.Muanue c npocmpancmce 
•	Rd(v). 

6) Cyuecirunjem .Atnoa;cecmeo	noiinoI epu na L (uJIu i-ia dom 
•	rnaoe, nmo  

B
* 
RaReCTBe	MOWHO rIpHnHTb, HanpHMep, MHO?HCTBO TO'IeH anpo}cdHMaTlaBHoit 

HepephiBnoc'rn / na dom /. B 'IacTHOCTH, ecJIu	14aMepIIMoe MHOHeCTBO, TO 
Ha 1.9a) i-i onpegeaeHliff cyneiini-i 4y141cu1114 / Ha S c3IeyeT.	- 

1.10 •	 1)(A) = o f('),	9 1	mes ( \ ') = 0. 

KpoMe roro B[4] goHa3MBaeTCJl, 'ITO CCJI1I /-naMepIJMaH orpaHu'IeHHan ()yHIcIllg, 
dom/c	, TO T(A) HBJIHeTc}1}coMnaHToMrlpocTpaHcTBa R' 1 , a ecn q(y) Henpe-

.1
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phIBJlalI C11JiflHH 4yHmwa Ha OTRbITOM MHWHCCTBe G R.d(V) H	0, TO 

ii Tuo6oro HaMepl4MorO MHonecTBa	L HMeeT Mecro cJreyioaaa BaaHaa op-



.My.rIa: 

1.11	vrai max	= max (y). 
S	 f(A) 

B qacTHocTIf, npHMeHnR BTO K W,= L UOJIHM 

1.12	vrai max f(t) = max (y). 
A	 1(A) 

HpHBeeM npnMepu Ha npvrJIoncenl4e noCJIeHei opMyJmx. fLOCIcOJIbICy Q OT}pbITO 
MHoncecTBo, a e E L, TO 113 1.46) cjieyei', qTO HOM11IT ()	 B Q. 
HoaToMy na 1.12 BhITeKaeT	 - 

1.13	vari min det B i(e(t)) B j *(e(t)) = min det B 1 (e) Bi*(e). 
A	 e(A) 

Ho B cwiy yciioirn 1.4	 K a) rank B 1 (e) =.d(b 0) BO Bcex Toqax Q. B qacTHocTB OH 
paBeB d(b0) H B T0UR	H e MIIUMyMa yHKLU111 det B 1 (e) B1*(e) no (i). CjiegoBaTejmHo 

• 1.14	vrai min det B i (e(t)) B i *(e(t)) = min det B 1 (e) B 1 *(e) > 0 
A	 etA) 

§ 2. ItpuTHIecIdne ii cTaIHoHapHMe auaeuni Iyniciuouaia J 
/ 

!-lI4cjlo J0 HaBIrBaeTcg cpumuttec ?cu.4t aHaqeHileM yHKLHoHaJIa J, ecJlH RepaBeHcrBa 

2.1	(p) < 0,	J(p) —J0 < 0,	vraimax 3(x(t), u 1 (t), e(t)) <-0 

HCOBMCTHBI C paBcHCTBamH 1.1 11 BH.ThIo qe4eM 1.3. 
1pHTnqecKoc aHaqeHue yHKLMoHaJJa J Ha3LIBaeTCH cmaIuonapnuM, eCJn4 cyIIecT-

BT nocJ1e)oBaTeJrbHocTb r ={(x 	,,)}, JonycTnMaH orpaHH qeHNFim 1.1-1.3 i 
TaHafi, WO	 - 

2.2	urn J(p.")	J. 

CoBoHyuI-IocTb Ecex AOUYCTi4mmx noc.ueoBaTeJIbHocTek r, AJIJq HOTOIThIX npeei 2.2 
cynecyei 11 paBeH J0 , 0603HaqaeTca qepe3 r(J0), a ana qeHHe npejeiia gaHHOIR 
AOrIYCTHMOft rrocJIeJoBaTeJIbHocTn r qepes J(T). 

HocjiejoBaTe.JmHocTb t HaabrBae'rca cmaIfuonapnot, ecirn J(r) HBJrneTcH cTaul10-
HPHLIM 3R4HHM dy}nuHoHaJIa J. 

llycm J, HISDEHHH rpaHb aHaqeimfi (jyHHW40HaJIa J Ha TPKTOPH}IX X 11 U, ouy-
•	CTHMbIX 1.1-1.3. EciH J,, 11BJIHeTcg 10Heq HbIM qHcJIOM, TO J, oeBuHo, fiBJIgeTca 

cTaLHoHapnuM 3HaqeHIlCM yH1{HOHaJIa J. Hoaroiy CTAIMOHPHOCTh HBJIHeTCH 
Heo6xoJ11MbIM ycjioi3Hem 0UTHMa.flhIf OCT11.	•	- 

§ 3. 3KCTpeMaiIb1mIe 3EftCHllt! Jo yrnnwoua Ia J 

HpFIcoeHHeHHfIe aaau	 - 

Ms-3a IIPOH3BOJIbHOUO OrpaHI4eHH u2 (0 (E) Z(t) 3ayaqa A B mexoAHoft ttopme He 
)onycKaeT BPH1HOHHOO 11cc.neoBaHBR. BapHarnoHHI aaiia 3aga qH A i'.thj 

upoBegeM MerOgoM HpHCOegHHeBHUX aagav, HoTOpIr 6brn paapa60Tall giI no3ly-
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qeHnR HHTerpajlbHoro rIpHHII,Irna MaKc1MyMa RaHOHHqeCROil aaaH OIITHMJIbHOO 
- yripaBJieHiin [6].	 0 

TOBHMCR B TPMHHX Fi o6oaHaqeHirnx.	 . 
0 llycTb SO BimyxiiOe aaMhIKaHne MnoecTBa Bcex 11MepHMh1x OFPHWJHHHX 

BbI6opoH 113 CeMeCTBa MHO?1CTB Z(t), önpeJeJIeHIThIx no'mi BCIo)y. Ha A, 11 3,- 
cria6oe 3aMMRaHne SO , TO eCTb, COBOKIHOCTh Bcex u2 , gan KaHcot 118 ROTOUX 

- .. MoRnoy1ca3am HocJIeoBaTeJIbHocTb U, E .Eo, Y1OBJITB0,PB101Y1O yCJIOBHIO: HalcoBa 
• 6i,x iie 6&ia YHIcUMH b E L 1 , Bcer)a f (u(t) - u2 (t)) b(t) dt --> OflcHo, qTO S L1. 

Knaencou Ha3inaeTcn ca*cjrIk jcoRe qRbni HaGOp a = (u2 1 , ..., u2 ), re Bce 14 E S. 
•	-hicjio cocTaB.rrgIoILHx HHgeiica a o6o3rla qaeTcg qepes d(a). CO,BOiiyliHOCTb Bcex 

- HHJC1COB ollo3HaqaeTclT epe X, a MH0?lcecTBo HHye1coB, HOMrZOHeHTH KOTOPhIX 
/	np11HayJTeHcaT S, qepeB Xo. HCHO, qTo X X0 i-i o6a 3TH MHO-decTBa o6pa8ylOT cern

HO BJ1o?HeHHIo. C'HanL!M nHJeRcoM 143 X cwqmem I1PHCOl11HHHY1O sagamy A0. 
•	

3aaq'a-A0: IIaümu inf J(p), eciu p = (x0 , x1 ) u c&noineuwcileOy!ouue yciiocua: 

•	3.1	
0 

t(t) ( =) Ao(e(t)) x(t) -f A j(e(t)) u 1 (t) -4-- A(e(t)) Z a(t) u2 (t) -f. ao(e(t)), 
•	 0	

.	 .jd(a) 

0	
Rp+r0=O,	'i(t)1,	.	 0	

• 

jd(o) 

0	 Bo(e(t)) x(t) + B 1 (e(t)) u 1 (t) + bo(e(t)) (=) 0, -x(t0) = x0 ,	x(t1 )	x1. 

3.2	92(p)- ^5 0,	(il (x(t), u 1 (t), e(t)) () 0 1	a(t) (^) 0. 

•	 .• 3Oec A * (e), .uarnpuifa, cocmaclzennail U3 népeux d(u 1 ) cmoiz6 c5.ampu4&A(e), aA2(e) 
U3 eë nocii,eô,ux d(u2) cmoit6ijoc, x(t) = (a1 (t), ..., a)(t)). -  31	it inf J(p) uqemci cpeOu cccx• (x, u 1 , a) E A .x 

LU 
x	 aonYcmuixA.

•

 .. o2panu'enuu 3aaa'u A0. 

- Bee yHiunonaiimxe IIpoCTpaHcTBa Wa H Y, UOJWpOCTpaIICTBO L0	W0 H 
-. onepaTopa F0 : W0 -> Y, T0 : W0 — Rd (T .) .	•	 S 

HPOCTPaHCTBO W0 COCTOUT -H3BceX TpOeK W = (x;u1 , a)	x	 x	 n 
• - 

HOpMa B HM 3aaeTcg YCJIOBHem	 0	 0 

•	

•	 =	_4_. f	(t)J dt -4- IU IIJ Ld ( u ,) + IIa II Ld(a) .	
0 

•	 0	 00.	 00. 

llo)rIpocTpaHcTBo L0 npocTpacTBa W0 COCTOHT H3 Bcex'ameMeHToB -W07 9JIF1 ROTO-
BIX BIJnOJIJ{eHbI ycioBn-:	 •	 0 

.3.3	
•	

•±(t) - 4o(e(t)) x(t) - A 1 (e(t)) u 1 (t) - A 2(e(t)) Z a(t) u2 (t) () 0, 
jd(o) 

' a(t) (=) 0,	
0	 • 

jd(a)	 0 

Bo(e(t)) x(t) :4- B 1 (e(t)) u(€) (=) O•	0 

HpocTpancTBo Y O TOHT 118 BCeX eiepo y = (ye, y,., Yb, Ya) E L X R4(re) 

x	
X.LO,A H HOM B HM 8a)aeTcH ycJIOBneM 

00, A

lYll y + IYxII Ld() + IlYrII Rd(r,) + IIYbII Ld(bo) + IIYIIi 
LA	 0 

HanoHeI, ouepaop T0 BagaeTC q 4)OPMYJIO ti 

• 3.4	T0(x, u 1 , a) = Rp,	
0	

• --

C' 

\

0	 •	 .	 0	 -	 I
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/ 
a oneparop P0 YCJ1OBHM 

	

— 3.5	P(x, u 1 , x)	1• 
= (._ A(e) x - A 1 (e) u1 - A 2 (e)	crJu2 , Rp, B0(e) x + B 1 (e) u1,Nj 

jd(a)	 - jd(a) 

Herpyiuio rIpoBepHTL, qrO raic EBegeHHLie onepaopu HBJIHIOTCR J1nHe1HbIMn, TO 

OCTb aIJurIIBHuMu n V.orpaHneHHuMn. OlIepaTop P0 II03BOJIHCT eanncam J10liajibHbie 
orpauier paBeBCTBa aapa'in A0 B 

3.6	Pa(x, a ! , Vc) V_VV•yO 
= 0,	y°= (—ao(e), r0 , b0(e), —1) E Y. 

HpIMeHIITeJ1bRO K 3aga qe A0 HPI1T14HOCTb 8HaeHnH J0 4IyHKUIIOHaJIa J 03Haqaer, 
'ITO PBHCTBO 3.6 HecoilMeerHo C HP3BHCTBM!4 

3.7	vrai max 3(x(t), u 1 (t), e(t)) < 0	(s  

vrai max ( . ai(t)) < 0	o(j	1, . .., d(a),	 V 

	

- V

	 j(p) <0	(i = 1, ..., d()),	J(p).— J0 < 0. 

TLeMMa 0 AOBepiiH 

	

V	
VV t 

BapHaiMorniuti ciucii npucoeHeHmx aaa'i onpeJeJrBeTcR cJIeJy1 nei JieMMoll. 
V 

ileMMa 3.1 (o JoBeprn4): ,Ljza cmatuonapnocmu 'ucita J0 , (J) ==.ø, ,teb6xoöuiio 
ii öocmarno'rno cpurnuwwcm J0 e Kaw0o(z U3 npucoeaunenhbx 3a 1a' A0 , onzee'a1ou4ux 
unOecca a € X0 , ?wMnonenmbi X0M0PblX ..96AJU0MCA 6b6op,aMu u3 Z(t).	

V 

,1IIoKa8aTeJIbcTBo: , .,LocraTo 11HocTb oeua IIOCKO.mbKy 113 HPHT11HOCT1I J0 B 
BaJaqax A0 , OTBe qaioDRux BCCM O/HoaJIeMeHTHLIM nH)eIccaM a, ciejyer HHTHHOCTb VV 

arouo qucjia B 3aga lie A. -.	 S	 •	

V 

V ,IoIa3aTeJIb6TBo HeoôxoyulMOcrM MOMHO HOJI11Tb - aic ripMoe cJIeycTB11e. Teo-
peMhx, rIOCBHD . EkeHHOR p60CH0BaH!11O CKOJIb3HIIUIX Pe7Hl4MOB B HeJIuHeihibIx V3aJaqax 
CO cMeuIaHHhTMH OFPHHHHHMH [9]. Mu npHBogHM oKa3areimcTBo- Heo6xogn- 
MOCTH )JIH I1JLfl!OCTPIU4H MeTopa, HO3BOJIH!OflCFO flOJLy'lflTh IIe8aBHCHMOe o}ca3a-
TJIBCTBO 3T011 TeopeMu.	

V 

• S LoRa3aTeJmcrno 6y)eM BeCTH OT npoTHBHoro. HOJIOWaIM, aHaqeHHe J0 fiBjuleTcH 
HPHTHC1M TAJlFl . lfYHHqHoHajia J B aaaqe A 14 i-ie RBJIBeTCH KpIITIIUeCHHM B HeHO-
TOPOfi 3aqa qe A 0 , a = (u 2 1 . V	u"),re x = d(a), lt(t) (E) Z(t) (j = 1, ..., x). Cjie-	V 

oBaTeJ1bHo, HafteTcH aJIeMeHT 0 = (x°, u°, a 0) € W0 , yOBJ1eTBOpnIO1w1fl OJHO-
• BM11HO paBencTBy 3.6 II nepaeiicreai 3.7.	 V 

Hoiaeu, WO flpII JIIO6OM?] > 0 rllnepnilocxocm H 1IpOCTPaHCTBa 1V wipe. 

V	ej1eHHag opyio 

	

1.	H = w°	L0,	
V	-	• - - 

• coepir TOK	3 = (,W1,	, YOBJ1TBOPJ11OEUY1O yCJIOBHsM:	V 

	

2a)	 0, u1o)pd+d(u1) < ;	•	 - 

V V	
T0(3) + r0 = 0,	

V	
•	V	 •	 -
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B) }WMrIoHeHmI BCKTO (t) IIPMHHM&JOT Jimlib JBa 8HaeHHH 0 IIJIH 1. CyuecTBo. 
BaH}Ie TaKoft TOqKH AJIFI BCex goCTaToqHo MaJIhIx 77 > 0 upoTHBope11Bo. ,teäcT-
BIlTeJlbHo. Ho YCJIOBH1O w0 = (x°, U,o, O) yOB.meTBOpHeT 3.7. C.31eoBaTe.mbHo: 

vrai max 8(x°(t), u1 0(t), e(t)) < 0	(s = 1, ..., 

j(p°) <0 (i = 1, ..., d()),	J(p°) — J0 < 0,	p° = (x0(to),x0(ti)). 
'Hoa'roiy ma 2a) BbITeKaeT, qTO gim BCCX JOCTaTO qHO MJ1LIX 77 > 0 

3.	vrai max ,((t),	(t), e(t)) < 0	(s = 1, ..., 

q.() < 0 (i = 1, ...,	J() < J0 ,	p = ( (t), (t1)). 
Lanee. Cor.JJacHo (JrnpMyJIe.1 i7 — w° E L, A TaK HH B Oilily yCiloBlul 2.6) T0(73) 
= —r0 , TO 113 onpejeiieci onepaopa P0 H HOflOCT3HCTB L0 CJIeyeT, 'ITO 
P0(W - w°) = 0 iurn P0(3) = P0(wo), oTKya P0(Th) + y° = 0. Ta1cH1 oópaaoM Ji1 

,T?'IKH 113 B&UOJIHflIOTCR paBeHcTBa 3.1. llojióaiii	 - 
-	 = E(t) u2i(t),	' = (, ' 2) 

Torga 113 cpaBHeHIm 3.1 u 1.1 BbITeHaeT, 'ITO TOH (, 11) yYW BJIeTBOpHëT YCJIOBHIO 
1.1. H, HaKoHeL, 113 2B) cJIeyeT, 'iTO To qKa 112 cLBJl geTcn Bu6op}o fl3 Z(t) BMCT 
C (yHHLnHMH u2i (j = 1, 2, ..., x). 14TaH, TOVK (, u) yJoBJIeTBopJieT BceM orpa. 
HIt4eHn1M 3aa'I4I A HJTR Hee BLIIIOJIH5IIOTCH HCPBHCTB 3, a aHaqHT II 2.1. Uoo- 
J1eHee HeBo3MoEHo, izocRojibicy 'rnciio J0 HBJIReTCH K11TH'ICH11M 3Ha'IeHHeMy1f K-

-'	1HOHaJIa J B 3agaqe A. 
HTaK, j.iu1 goHaaaTeJlbCTBa Heo6xo)ulMocTH OCTaJIOCh yCTaHOBHTB CyflecTBoBaH11e 

To'IeK 113 )ilfl Bcex77 > 0. UpUCTyflUM H 3T0My. 
JIil 3 HChHbI otiepaop T0 oTo6pa?KaeT L0 Ha IIOAIIPOCTpaHCTBO E0 c Rd (to). B cHJIy 

.1I11HeHocTH T0 11 HoHeHoMepHocTu E0 cynecTByer IIO)IIOCTJICTBO L cL0 TaHoe, 
'ITO 

4a)T0(L)='E0 n	 - 
6) dim L= dim E0. 

06o3Ha'IHM'Iepea T. cyee T0 Ha L. ficHo, q o T. JIBJIHOTCH 1'OMeOMop113MoM L 
Ha E0 . Hycrb 0 e11u11qHaH cepa B E0 . Tora T0-'(0) - HOMH3HT npocTpauCTBa L. 
0603HaqHl qepe3 H, COBOHyrIHOCTh Bcex ro'iei w = (x, u1, ) 113 H, y } OTOUX 

• HOMIIOHeHThI BOKTOP HeOTpHIaTei1bHhl. Hoiiri, gaiiee, 0 = —6T0- 1 (0) + W0. 
B cñiiy OMJThI 1 0 COJepMrnTCK B H rrpi 311060M 6. CorJiacHo yCJIoBHio w° 

• yOBJIeTBopgeT Rep3BeHCTBaM 3.7. Hoarorey vrai min x(t) > 0 gan Bcex = 1, ..., 
CJIeoBaTenLBo, B cHjiy IcOMnaKTHOcTH T0 (0), Hai)eTca-ô0> 0 Tahoe, 'ITO	c H 
7JlH.Bce'x 5, 0 < 6 < 6o 3aHcdMpyeM OHo 113 T}11X qmcea 6. 

JJ1H 1TOCTOH111 T3KT01114 113 = (, 11 k , 5), CO)epHaIIetCH B JIll yJoBJ1eTBopH- - 
- oue1 ycJIoBI4nM 2a)—B), BBC)M nocJre7oBaTeJmHocTb onepaopo Jig, oT06pa-

Ka1obILIHx JI B ce6a AJIff Bcex HTP3JIbIThIX s> 1. B RaqeCTBe o6pa3a w =. (x, u 1 , oc) 
11, npii 6To6paHeH14H vT, UPHMM T0'IK w' = (x', u 1 ', a'), oupee.mëirnyio corila. 

meHHHM1I': 

Ljui i = 0, 1, ..., s — 1 11 1	1, 2, .., x JlOJl011M 

= to± s±_ mesL,	Ai  

=	.i,..	' f.k(g) dt,,	ALI = [i•, 4,1+11 
k<II
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Tora xoMnoHçHTa 'a BexTopa ' OflpeJeJIHeTCH PBHCTBOM Lx"(t)= yL(t), a 
cocTaBJ1rnouHe X', U 1 ' TOiH11 W' OrIpe)eJIHIoTca 113 ycJIoBHk: 

•4() x'(t) -.f- A i (e(t)) u 1 '(t) _f_ Aa(e(t)) Z Lx''(t) u2'(t) -i-. ao(e(t)) 

x'(t0 )	x(t0),	 - 

Tt l ' ( t ) (=) U(t) [Bi(e(t)) u 1 (t) - Bo(e(t)) (x'(t)' - 

3ech U(t) = Bi *(e(t)) (B 1 (e(t)) Bi*(e(t)))1 

HOppeKTHOCTb Taxoro onpeJeJIeH1rn TOVRH w' = (x', U 1 ', Lx') ciiegyeT 143 TOFO, 
TO corJlacRo opMy.ne 1.14 vrai min det B1 (e(t)) Bi*(e(t))_> 0 ii, cJJeosaTe.nbHo, 

a.11eMeHThI MTHIH (B1 (e(t)) B1*(e(t)))_1 orpaHll'ieHHbIe li3MHMbI yR1cIHH, On-
pegejieue flO1TI4 BClOAY Ha L. I10BT0My aJreMeHTbI MTPH1W U - Taxnce oI'paHIl-

ernmie H3M14MbIO YHW4H Ha.A 11 B1 (e(t)) U(t) () I (I - eJuHuqHa11MaTpina). 
HeuocpeycTBeHHo npoBep1eTCn, qTo w' E H. A Tax iax KOMHOHCHTLI BeKTopa Lx' 
UpHHHMaIOT JIMUib )Ba 3HaeHnH 0 14.1111 1, TO TM CaMbIM JoKa3aHo, qTO w' E .H. 

Y6e111cH, qTo oriepaop T07T8 YOB.11TBOPHT Ha 11, yCJIOBHIO jIIHnhi11ua C xoucTau-
TO4, He 3aBI4Cc1LIe1 OT S. 11OJIOflHM W 3,	E H+(3 = (, Tt, 3 ai), FV = (' , )) n 

= 8u' 113' =	13 (w' = (x ' , u1 ' , ce'), 113' = (Z', lL i ' , ')). 04eHI4M ULx' - 
143 onpee.ueHnfl onepaopa 'i8CJlegyeT:	 1•A 

5. 'IIx	=	II" 
-

IILI 
11L	1 ^5,x	LA 

=	'	f	''(t) - &"(t) dt = .^:;'	f ( ' . '(t) - (=X' . '(t)) dt 
-	 i<I	A1.1	 i<8.1^,l At., 

f ('(t) - '(t)) dt =	- IILX 
A1	 l.A 

3T0 11 1OpMyJthI 7 BbipamaiouRtie 7i8W qepe3 W, UOBBOJI$IIOT YCTaHOBHTb ctejyioiune 
T11 yTBepMceHHR: 

6a) CynecTyeT KoHcTaHTa k He3aBnCflnafl or 8TaHa g , 11Toju1j1106Hx 113, E H1. 

•	II5W - 113W IIW(I)< k I liv.— W llW(j),	 - 

re II•Il1v(i) - 1-iOPM B W8 , 3aaHHa jwrn w = (x, u1 , Lx) € W0 4opmyaorf IiwIIwu 
= IIxIl d(x) + Il U lll d(u,) +, tILxIIL

IA 
6) Oneparop T0 i3 YAOBJIeTBop qeT Ha H+ YCJIOBHIO .1u4na11Ia C ROaCTaHToi k tie 

saB1Icaneil OT s (cc MoaHo cqHTaTb coiniagaioigeiric xoHcTaHTo nyxa a)). 
B) )iIin juooro JPllHKC14POBaHHoro aJIeMelira w = (x, u1 , Lx) € H+, nocJlegoBaTeJTb-

110Cm w8	i3w, w8 = (x8, u1 8, Lx8 ), CXOiITCH K W B cii.icjie 

1( x8 , u1 8) - (x, uI)IlLd(x)+d(u,) -. 0, f (Lx8(t) - a(t)) b(t) dt - 0	(b € L -*. j, 
oo.A 

TO eCTI, Lx8 CXOJ11TCR H Lx B L A cjia6o. 
• 06o3Haax mepe3 z ro'uui eyHI4qHoi cepu 0 c E0 BBeeM oTo6paxeHHe 0 
cepi 0 B Ea npit HOMOLUII corJLauIeHHn	 - 

7.	03z = T0:718{w° - 6T0 'z}.	 -	 -	- 

flo TOJIbXO q ro goRa3aHHOMY xoHcTanTa Jitririitia oneparopa 08 OT s He 3aBHC11T. - 

Jaiiee. B citjiy oTMeveHHoro Bbnue CB01CTBaCXO)I4M0CTHJV 3W x w, npi .1IIo6oM niic-
CUpOBaRHOM Z € 0 11MeeT MeCTO npe)leJIbHoe cooTnomenite lirn 08z = —z - r. Tan
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HaH 0 lcoMnaRT, TO 08z CXOJI4TCH H (—ôz - r0) paBHoMepHo Ha 0. CjieoBaTe.ribHo, 
Ha cepe 0 onepaTop 08(z) + to + z PaBH9MepHO CXO1HTC}1 u (1 - 6) Z. FI08T0My 
MO?fiHO y}caaam 80 raioe, 'n'o AJIFI Beex s> 80 3TOT oneparop oT06pancaeT c4epy 0 
B ce6ci. B criy TeopeI 0 HenogBHME[Oft TO q He JJIH Hamgoro S > so HaJeTcH TOIRa 
; € 0'raian, qT'O 03z3 + z8 + r0 = z. CJIeJOBaTeJ1bHo, 08z3 = —r0. Lamee. Ha .11+ 
11MM T08w - T0w. floaTbMy 

8.	TaYtsw° -± TW0 = t0 .	 - 

Tax HR lj.a cepe 0 CXOHMOCTb 9z -- —t5z — r0 pasuoMepHaR, TO 113 corilanleHun 
7 14 cBocTBa 8 BbITeKaeT, 'ITO 6T67r8T0 'z –* —ôz paBiiomepHO Ha cepe 0. C.ieo-
naTejmHo 

9	'67'	 ,S	0 O8 a Z8	Z,•± . 

Corjiaci-io BhI60py;, 119 coriameirna 7 cJIeyeT 

10.	 + T0 r8w° = —r0. 

CpaBHHBaH 3T0 CO CXOHMOCTbIO 9 flOJI'IHM Tz8w° — 6; – — r0 . Ho H3\CXOHMOCT11 
8 cJ1e)yeT, .wro T0 'r8w°	—re. HoaToiy 6; 0. A TaR RaR 6 > 0 RcIlpoBaHHoe

HeJ1O, TO  

•	11.	;-*0.	 - 

'HojIoac1M 8 = r.{_6i_1z + w°}. Tora 

12.	T58 = 08z3 _ —r0 .	 . 

'Ho Bbl6opy 6 > 0 m1eeM U'° 6T'(0) H. Ho oTH, 9 H^. floaToMy 

13: Th8EH,,  

npii'ieri 118 oupegeaeHm oueaopa on, BhiTe}caer, 'ITO KOMII0HeHTBI Be HTopa 8(t) 
• 1IHHMM1OT .YIHLUJ, ABa 3HaqenHn 0 HJHI 1. Lajiee. HOCHOJIBRy Tv 8 l Jr8W° E H,, TO 118 

yBepenrn 6a) CJ1ejyeT	- S 

fri3w° -	=	{........(,57'z -4-' w°}u	Kô q1ZJj1(1) 

To ecTb	 . 

14. 18w° - W811W(1) ; 0. 

HoJIornM 7r,wo = W8. . 11OcHOJIbIcy HopMa IIJI A d (z ) B ITpOCTpaHCTBe A	cllbuee 

HOpMbI I•lILd(x) , TO 143 CXOHMOCTM 14 BbITeHaer	-. 
oo,A 

15. II(8, u18) — (x°, uI°)IILdx+dcu	Q	 - 

Ho coraco yTBepaeHI110 6B) I(n8 , u 1 8) — (x°, ul°)JI d(Z)+d(U,) '-- 0. 
HO3TOMy I'I3 CXO,I!MOCTH 15 cneye	 - ' °°• 

16. jI(8, J18) — (0, 1°) Ld +du,)	0.  

OTc1oja, 143 CooTHoaleHug 12 14 npuHaJ1e?1tHo'CTll 13 BbITeKaeT, 'ITO gjxfi R81fOro 
71 > 0 B xaqecme To'lIrn TV = (, U1 , 5) MOHHO npxlHslTb TO'IH11 U8 = (8, 8, 8) np 
Bcex JocTaTo'IHo 60JIbMBx 8 1	 - -
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31cTpeMaI1bHocTb 8Ha'1eH4H J0 cyHiu.u1oHaJ1a J 

B CIIJIY JICMMhI 0 AOBepHH, CTaHOHapHOCTb aHaqeuHcI J0 yHKLwoHaJIa J 3}BI1Ba-
J1HTB BbInoJIHeHrno ABYX Tpe6oBaHI4i:	 - 

•	1. r(Jo) 'f= 0. 

2. 3lIa4eHHe J0 gB1HeTcg IP11T11CKI1M B Hamgofl 113 3aga q A0 (a € X0). 
FIpHUWIlI Ma1C11MyM. 6y)eT HarigeH 11&K aRBIIBaJIeHT yc.II0BIIH, 6oiee cJiaoro qe 
cTa1I4oHapHocTb, a }1MHHO Kaic 3KBuBaJleI-LT 3KcTpeMaJIbHocTI4. flpeice, qem oripe= 
yeJ111Tb 3}cCTCMJIbHOCTb aHa qeHwsl JO BBeeM noHflTIle 11O.IIHOI'O 1I11JeHca. 

Onpee31eHHe 3.1: I1HeKc a € X Ha3LIBaeTc q noAubtx, ec.nuI1H.nIo6oro a'> a 
BhInoJrHneTcH 'P0 . L0 = T0L0 . COBOKyITHOCTb Bcex nOJIHbIX 11HJCHCOB o603HaqaeTcg 
epea IC. 

flpece -Bcero aaMeTHM, qTo1( r= 0;- Le1CTBHTeJIbHO, piui Hamgoro a € X T0L0 
HBJIHeTCR UOY1IPOCTP}1CTBOM KoHeHoMepHouo UPOCTPHCTB Rd (To) . TaK iiaH T0L0 

MOHOTOHHO aaBllcHT OT a, TO iancji,itk 14HYCHC a € X o611aaeT IIOJIHOrl MancopHTok. 
Hciio, qTo MH0?KecTBo K IIOJIHLIX 14HCHCOR o6pa3yeT ceTb no BJ1oHeHH1o. 
• 06nee yn neex rnecoB a € K flOHOCTHCTBO npOCTpaI-ICTBa RT.), najirno-
rueecn o6pa3oM La rIpH oTo6paaceHun T0 , 6y)eT o603HaaThCH qepe3 F. 

O'ripeeJ1eHMe 3.2: 311aeHlle J0 4yHKuuoHaJ1a J Ha3MBaeTCH diccmpenaiunoz.u, 
ecJH BbInoJlueHbI cieyioune ABa Tpe6oBaHHs3:	 - 

1. T(J0)+0.	 • 
2. 4HCJIO J0 gBJrneTcg K11THCE14M aHa qeHileM tyHH[HonaJIaJ A,,TFi BCex 3aaq A07 

oTBea1o[Inx flOJIHLrM 14HeHcaM a. 

IlpoeTHe npHMepal noKaabrBaloT, 'iTO 113 cTaulioHapHocTII iia,ie fl3 onTI4MaJIb-
11OCT14 3H'i4H J0 4yHKI14OHaJIa J, Boo6ue roBopfl, He c jieAyeT er'o Hp14TI4'iHOCT14 
BO Beex. aaaqax A0 (a € X) OHaHo, eCJil4 OFBHHHThCH TOJIbHO aa)a'iaMH A0, 
oTBeqaIou14MI4 UOJIHBIM iiupeCaM ma K, TO, KaH 6yJeT IroRaBaHo B ceyone 
TeopeMe, 113 cmalfuonapnocmli 8HaqCHI4HJ0 cieye ero Kpumu1 .nocmb 130 Bcex TaHnx 
3agaqax.	 • 

•• 'TeopeMa 3.1: 3,cmpestaJlb?wcmb 3na'1eKu.i J ôynciuonaiia J eiemc. ,ieo6xo- 
öu.0 ycA+OoueAt cmaifuonapnocmu. 

,Lo H a a a e Jib CT B 0 ,TO}ca3aTeJ1bcTBo 8HCTMJIhHOCTM CTaIwOIIapIIOrq 3Haqenn}I 
4yHHrHoHaJia J0 6yera BecTFI OT UpOTI4BHOrO. HyCTb J 0 cTauHoHapHoe aa'ieiie 

J, a - 1IOJIHhIi IlHeHc H J0 He garneTcri KHTHCH11M B aaa qe A. 

lloJ1oHM a = ( z2 1 (t) , . . ., i(t)), = d(a). ,JUi yMeHbmeRMH 1'pOM03HOCT14 BIHJ1aoK 
3aMeTI4M, 'iro eci a', a" €X ii d(a') = d(a"), TO W0 . = W0", T0 . = T0 . . floaToMy 
upil )o1ca3aTeJTbcTBe reOpeMb! IIPOCTpaHCTBa W0 11 onepaopu Ta, 9TB'i1OLUH HH-

e1caM a € X, d(a) = , 6yyi' 0603HaaTbca mepe3 W ii T, cooTaeTcTBeHHo. 
CorJacHo UpenOJiO1ceH111O Or UpOTIIBHOI'O cymeCTBYeT ToqKa 3 = (, U,, ) € W; 

cx = (cx', ..., cx'), TaHaH, 'iTO 

la) • P5(, ij, ) + y0 = 

6)	;() < —âo	(i = 1,.'..: d(q)), 

B)	vrai max 3( (t), Z 1 (t), e(t)) < —ô,
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r) vrai mm 1(t) > 6, 
A	 -	 - 

) J() —J0 < — 60 ,	 - 

re ô0 > 0 HeROTOPoe L4KC11POBMHO qicno,	((t, (t 1 )). fIpuBeeM oBocTBa
1a)—) B npOTHBopeqHe CO CTaIHoHapHOCTbIo J0 . 11OCKOthKya E X, TO C1ICTBCT 

nocJ1eJoBaTeJ1buocm 11BeKCOB a = (21(), ..., ua I (f)) TaKaB, qTO 

	

•	2a) a € X0 llpll BCeX fl B 

6)	u2' -±	cjia6o n Ld(u -) AJIR Beex  

-,	 -.	 nn 
LJrn aorö HaTypaJnHOrO qHcjia n BBeeM 3JIeMeHT w = x, u1, ) € W ii onepa-

TOp a: W - W CJ1I011HM O6pa3OM.	- 

Hapa (, Z) onpegeJrneTcana CuCTeM.I ypaBHenHf	 - 

3a)	±(t) (=.) A 0(e(t)) x(t) -f.. A 1 (e(t)) u 1 (t) -4- A2(e(t))' i(e) 2 1(t) -- a0(e(t)), 

X (to) = (t0);	 - 

•	•	 • 6)	u 1 (t) = 1 (t) .+ U(t) Bo(e(r))	(1)).	 •

1{aR 14 Bme8eCb U(t) = Bi *(e(t)) (B 1 (e(t)) B1*(e(t)))1. 

HycTb w'-= (x', u 1 ', a) E W 3HaeHe ouepaopa a B TOK w = (x, U 1 , dc) € W, 
a = (a', ..., ar). flapa (x', u') HaxO1fTCg 113 cucTeMbi ypaBHeHHfi 

4a)	•	= A0(e(t)) x'(t) + A j (e(t)) u1 '(t) + A 2(e(t))	ai(t)i(t) 

-	x'(t) = 

6)	u 1 '(t) = u1 (t) -+. U(t) B0(e(t)) (x'(t) — x(t)). 

KOppeKTHOCTb O11pee.meHHH TO1CK W B OrIepaTopOB a cieyer 113 TorO, qTO a.ueMenTLj -

	

•	Marpuiu U(t) B cHjiy paBei-icTa 1.14 IIBJIFIIOTCFI orparnieHHbmtH H3Mep}1MMH 
lyHKIBRM11. 143 COOTHomeHHA 3 11 4 BbITexaeT, '1TO	 - 

5a)	a(Lij)-	Ln Ana Beex n,	 • 

6) w-+w B	 -	 / 

• B) ecrn w€L5, TO a(w) w B 

n 
B3e6M cJIeyyIou14e o6beRTI,I: 11HRO b = (i2 1 (e), ..., i"(t), 2 1 (t), ..., i(t)) jrnnx 

	

•	2, ajieemx = (, i,	11 W	
(,	

)UPOCTP&HCTBa We., KOTOphIXXOM14O-
v ) v 

	

•	 sagaIOTCII 	a = (0, ...,0,', ..., ')ii 5 = ( 1, ... ,, 0,..., 0). 

10 Analysis -Bd. 4. Heft 2 (1985)



146	A. H. AvroBHiAtcmtk H A. A. MIIrnOTHH 

Tora w - i5 E L. I'Ia oupepeiieiii MHoncec'rBa E BLITeRaeT, qTo T (z -
	

€ E. 
•w	v	b	 /13	\	 b , 

C pyro CTOPOHBI T.. (w -
	

= T 3W - i_v. HoaToMy 

I 
6.	T(wn —)EE.	 S 

ilocHoJibRy a nOJIHMIR 14HeHC, TO TL.- =E. 06O3Haq HM qepea L IIOWPOCTPHCTBO 
L5 , HBJunoneecR.npoo5pa3oM E iip oTo6pa?HeHMI4 T: L(1 -± R°1 H yoB.neTBopffro-

13	 I	 n	 - -
aeeycJIoBrnodim.L = dim E. 14 JaJxec, 0503HauM qepe3 L TIOUPOCTPHCTBO 3Y(L). 

B CMJIy ceoftcTBa 5a) L	UPH Bcex n. CorJlacHo cBoicy SB) Ha HoHeqRoMep-



HOCTM L cieye, WO, upu ucex JOCTTOHO 6OJIbmHX fl, y JiBJIHeTCH rOMeOMOp()li3MOM 

L Ha L. 

06O3HaHM qepe3 T cynceHlle T Ha L. Ha cOOTHOIIeHnt 56)—B) cJ1ejyeT, WO 

onepaopu T-' jJui acex yocTaToqHo 60JIbmHx n oupeieiex Ha BCeM noIpocT-
• paHc'rBe E H HX HOPMM Ol'paHHeHh1 B COBOH11HOCTM HKOTOPbIM IICJIOM k. Cor'.riaciio 

BHJIloqeHHIo s 6	—	€ c L. floJIondur3l 27 = w + 17-IT( — ). Torja 
13	

I 

T(i3) = T(w +	— w)) = T(7) = —r0 . CJieoBaTern,Ho	+ y° = o. floe-
HOJ1bH

n	(n	 .	 n	
S 

W — W lie )xLd(t)+x	k,,, ITI W — W c)xLd(z,)+151
oo, 

TO Ha npe)eJ1bHoro cooTHouleHHfl 56) CJTeyeT, qTO, gjiihi3cex AOCTaTO4Ho 6OJIbmI4X n, 
J0 He HBJIHeTCH HHTMCRWM aHaqeHMeM ()yurnHoHaJIa J B aaae A. Hoc.rieHee, -	'..•	 a 

B CHJIY J1MMbI 0 )oBepl4H, npHBOHT HC H HOTHBOH!O nociiojibHy a € 7C0 wrn 
BCXfl	 S 

RaH ye OTMelaJ1oCb npHHIAHrl MaHCnMyMa6yeT Hafl7en HK aIcBHBaJIeHTaRcTpe-
MaJibMocTil 3HaqeHng.J0. 

YRaiceM TPM Ba?icHhlx c.Jiy4aH 8aa q ii A B HOTopbxx BCC rnIeIcMnoJiHbI: 

- 3.8a) flpaBaH qacri, AH44epeHqHajibHOfl CBHBH 1.1 OT U2 He BaBHCIIT. ETO uny5i-
JmIe 3aaq M.	 - 

6) flouTH BCIOy Ha A MH0?HeCTBO A 2(e(t)) Z(t) flB.mHecH OHO3J1eMeHTHMM. - 
• B) llH6O nepimie, jin6o nocJie1le d(x) cToJ16I0B maTpinju R PBIbI HyJIIO. 

B KancoM H3 DTHX cJlyuaeB aKCTpeMaJIbHOeTbaicBHBaJTdHTHa cTaLHoHapHocTi4. 
B gajibileflmeM HaM no'rpe6veTcn yTBepHJenHe 

3.9	Eciu a', a" € K, mo P13. W = P0" W0;'. 

ox a a a e JIb CT B o: OuCBHyHO ,MHo}KecTBa Pa W MOHOTOHHO Hey6BaIoT HH yBeJIH-
/ 

qeHMM a. ecnH a' > a", TO Pa' Wa' ± Pa"Wa". HOaTOMy AOCTaTO qHo nOHaaaTb, 'ITO eCJrn 
a' > a"(a', a" € K) H y' € P0'W07 TO y' € Pa"Wa". floj1onHM y'(t) = (y'(t), y/(t), 
y'(t), y'(t)) Tora HaiJeTea BJIeMeHT w'€ W' Taxoii, 'ITO Pa'w' = y'. HerIOCpejeT-
BeHH0 ycMaTpliBaeTCcI, iTO cHcTeMa 

- Ax - A 1u1 - A2 ' /xU23 = Yx', Bx ± B1 u1 = /b ' , E = 
-	jd(a")	•	•	-	'	jd(a")
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coBMeeTlia. llyCTb W, E W0 ' eë pemeHile. HOJIO?KRM P0"u, = . OqeBHjHo y' - 
E P0 La' = P0 ..L0.5. C.Ie)oBaTeJibHo, cyLLecTByeT Toa 23 E L0 ; TaHaR ; qTo P0.. 

=y'—y. HOOTOMy y' = P0 . (i3 ±w) g 

Y1aeM ene ra O)HO CBOCTBO nOJIHhlx nHeKcoB A HMeHH0, ecdiu J0 3hcmpea Jib-
noe 3naenue 95ynvquonaAa J, mo OJiui )iaalcao2o no.ioeo unôecca a E K uMeem stecmo 
e,,uoqenue 

3.10	y°EP0W0.	 S 

ecTBllTeJ1bHo, HOCHOJIbH J0 aicTpeMaimioe ouaeiie HKJHOH8J1 J, 
TO r(J0) == 0. Ilym nocJ1eoBaTe31hHocTb t = {(x8, U8)} CO1PHHTC5I B t(J0). Toryá 
HaHqhffi ogHoajiemellTHbIft HHKC al , . OTBe xiaioaxmft xiiieiiy uocJIeJoBaTeJbHocT11 (x8 , u8), 

- o611aaeT CBOCTBOM Pa. Wa y°, icoopoe 3aBeoMoBbmoHfleTcHJffnoJIHoMa,Ro. 
HTbI zuyeicca a8 . flOTOMy 113 cBoicTBa 3.9 ciejyeT CIIPBJI11BOCTb BHJIIO'IeHHR 

3.10 I 

§ 4. HerplmHaIbmle peieniui ypaBlIeHllfl 3thiepa K11T11VCCK0FO BHa'lenua J 
J B saAaq e Aa 

HeTpnBllaJibHue pemeH11H 37 paBHHHH 3finepa B BLflyHJIIIX -3aaqax 

AIiaJrnTHecHHe ycJloBHa ' HecoBMecTHocTM KoHe'3Hoi dHcTeMbI BhIU}iJIhIX HepaBeHcTB 
C JIHHelIuM paBeHCTBom 6H3u4 nOJlyeHLi B [1]. 0H14 qBJIJIIOTC,9 O6O6ILeHHeM HeTpH-
BilajibBoro peineimFi ypaoHeHnH 3iiepa (H. P. a.) HOHe qHOR dHcTeMI,I HerIycTbIx 
BhiçJIhIX MI-ioHcecTB [5]. B gaJIbHerimem BTH YCJIOBH q Mb! 6yJeM HaablBaTb,H. p. ' a. 
clicTeMb!, lHCJIO BbIflHJ!bIX HepaBHCTB H J1uHefHoe paBeH-
CTBO. HaHOMHHM lix flPHMHHTJThHO H aaaqe o6 jul J. 

flycTb W, Y - óauaxoebl HpOCTpaHCTBa, qj, J - BLII:[yKjiLre HenpepbrB!Ib1eyHx-
waoajrn EIOCT8HCTB W, A - JIllHerlHLI]rl oneparop, oT06paHcaloIUHt W B Y. 
flpeno.rIaraeTcn, o oneparop A npaBwlIeH, TO eCTb MTO Ju4HeiHoe Muoroo6pa3ue 
A W aaMicHyo.	 S 

BBe)eI oupejeiiee HPBTHHOCTM aiia'ieiui !yHHuuoHaJIa J cieyiowefl a6-
CTpaHTHOt aaga qu:	 - 

Jiaümu mi J(w), ecizu	 S	 S 

4.1 a) -- p(w)	0	(i = 1, 2, ..., n) a	- 

6) Aw + b = 0, aôe b E Y 5u,ccupoeannbi( aiieeiun. 

•4nc.mo 'J 0 HaSLIBaeTCH KpumuecuAt 3HaieniteM 4YHIUUIOH3JIa J B'aTofi aaJae, 
ecjni PBHCTBO 

4.2 a) Aw + b 0 HecoBMecTilo C HepaBeHCTBaMH 

6)	;(w) <0 (i = 1.....n),	J(w) - J0 < 0. 
CorJlacHo [1] ara ,HeCOBMeCTHOCTB aHBHBaJ1eHTna CiUCTBOBHHlO ' H. P. a. 3TO 

cHcTeMbr, COCTOBLUeMy B cyEuecTBoBaHHl4 aJIeMel-IT0B Vo, v i E..W*, a i E B-, u E 
37 OBJITBOP!1!O!U14X Ha6opy yCJ1OBH1	 .'. 

4.3a)	v0 E aJ;	v i E c999 i ,	aj	.0	(i = 0, 1, ...,n)  
(Vciouiiii upHHaJreHHoCTu),  

10*
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6) Etx1v(w) + ju(Aw)= 0,	 S 

B) f a 1n(v,	+ ao(n(vo, J) - J0) + (b) = 0	- 

(Ypaenenue 3üizepa),	 - 

r)	f oi +IILII>0 

(Hojutupoeotinoe nepacencnco).  

1JJ1a HBbIO?HHHLIX aaga (TO eCTb aagaq , y KOTObIX b E AW) cpegn H. p. a. 
CyIIeCTByIOT TaHMe, gJIH Horopux I1OpMHpOBOHOe HOPBCHCTBO r) MOKT 
aaeeo 6wiee c1.r1hHhIM yonoBueM 

FO ) Z•> 
goiiamem 3TO. HocHoJibKy Y0 : = A W nBJrneTcfl 3MXHTbIM .nuHehmIM MHOFO-
o6pa3ueM 6aHaXoBa npocTpaHcTBa Y, TOY0 - 6auaxoBo BpOCTpaHCTBO. HO3TOMy 
B H. p. a. 4.3 BMecTo Y MOKHO IIMHRTb 6allaxoBo IIpOCTp8.RCTBO Y0 . Y6egHMCR, 'iTO 

giiu TaHOrQ .p. a. Zai > 0. Ecith gOUyCTMTb flOTHBiIO, TO 113 YBHH11H Diiiiepa 

4.36) 6yger cjlegoBam, 'iTO /2(AW) = 0 g.iia Bcex w E W. HocKwIbHy z E y0*,a 

A W = Yo, To It 0, a 3TO HpOTHBOpe'iHT HBHCTBY 4.3r). CnegoBaTerIbHo 

> 0. HpogoinKnB d)yHKHOHaJI /A Ha BCe IIpOCTpaHCTBO Y UOJ1'iHM H. P. a. c 

HOMHOBO'iHLIM YCJI0BHem 4.3r°). 

JiJIfl Toro, 4To6u ua1geHHhIe a6CTpaHTHbIe yCJIOBHH RMTHI1OCTM MO?HHO 6NJIO 
II14MHHTb K 3agaqaM Aa Heo6x0gllM0 BI,IIIOJmHTb c.uegyioriyIo uporpay gejcTBu: 

• a) YCTAHOBHTb HpaBI4JthH0CTb aicgoro 113 orlepaTOpOB P0. 

6) HaTu 06EI111 Bug .1uHeHbIx yaKIu10HaJI0B, onopiii.ix i 

J(p),	pi(p),	vrai max (_ 1(t))	 vrai max 05(x(t), u1 (t), e(t)). 

B) HaTM Bh1paKeHnH A jin BejIuquH m(A, .), 0TBe4aIouL1x 3THM 4yuRIuOHaJJaM. 
r) YcTanonum HeBhIpo?KgeHHocTb Kancgoik 113 upucoegulleHllblx 3aga'i, OTBe qa-

1OI1HX UOJII-lbIM ugecaM a E K. 
CoracHo 3.10 gim KaagOI'O'flôJIHOrO uHgeKca a E K Hmeem P0 W0 y°. Cjiegoua-

re.nbuo rIpI4CoegflHeHH&e aaga q M, OTBeqaIoEII4e IIOJIHI.IM HHKCM, cIRJIBIOTC$1 HCBI.1-
pOHgeRHMMM. H03TOMy HaM HeoôxoguMo BbrnOjIIIHTb .iiumb npegrrncaun a)—s). 

'	llpaBuJIbHocTl. oriepaTOpa P. 
11oRaeM, 'iro Mno2006paaue P0 W0 A6AAeMCR 3amKitymwt OAR KawOoao uuôeKCa a E X. 

HYCTb? = ( Yx8 , Yr8 , Yb8 Yo8) E P0 W0 , = (z, Yr ' Pb , ) n 	Y6eguMCci, 'iTO 

E P6 W0 . ,Z(ii 3TOI'O paCCMOTpHM cueTeMy 

4.4a)	- Ax — A 1u 1 - A2 Z cxu,2 = y,,8 , ' = 
jd(o)	• •

 

i f-, d(a) 

Box -4- B 1 u 1 = Yb 8	 -	 - 

6)	x(t0)=O.	 S -	 -
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Pemelille ee 6yeM HCKaTB cpe (x, u1, ), y1O1eTBOp311O1A1X YCJIOBHHM 

4.5	u, = B 1 *(B 1B 1 *)- 1 ,	E L"'1	' = Ya8 ,	a = 0 ecin  

TaKHx (z, u1 , a) cc'reia 4.4 3KBHBajieHTHa ypaBHe iiino 

x= A 0x - A IB I*(B 1B I *)_ 1'5(yb8 - Pox) - A 2u2 'y	y,,' R  8 - 	- 0 x(t0) =0, - 
o6naaoue1y-pemHlleM a8) = w 8 . Hoc1oJ1bHy nocJIeoBaTenbIjocTb YR 
CXOJJ14TCB K y B AteTPHRe npoCTpalIcTBa 1 TO W C XOJIHTCH K IleHoTopoMy 3JIeMeHTY 
W 1 IIpOCTP3HCTB3 W. B ero MeTpHKe. ficHo, 'ITO W, y)oBJ1eTBOpReT cHcTeMe 4.4, B 
}OTOPY1O BMecro YR nocTaBjIeR BKTOP y. fIOJ1OEflM, Kaic H 1iH TloHaaaTeJlbCTBe 
JIeMMU 0 goBepuH, T0L0 = Ea. HCHO,1TO E. flOHOCTHCTBO Rd (r,). 06oauaquM 
epe L n* poo6pa3 Fa nplI. oTO6paiceI11rn T0 TaKoi, 'ITO dim L = dim F0 , a 'Iepe8 

T0 cyee 7'0 Ha L. FICHO, 'ITO T0 FOMOMO(II13M L Ha F0 . flyTb {w8 } W0 
TaKOBa, qTo P0w8 = y8 (cyiiecTBoBarn4e w8 c.neyeT 118 BFCJII0'IeHHR y 8 E PG WG). Tax 
KaK I 'wR H W 1,8 y)OBJIeTBoprnoT4.4a), TO W8 - W, 8 E L, HoaTo1y Ta(w8 - w 8) E F, 
Ho T0(w8) = Yr8 C.neoBaTeJIbHo y	T0(w8) E E0. Tax IcaK oupaop T0 Henpe-
pbzBHhI, a w 8 H Yr8 HM1OT npeern upil s -+ co, TO	— T0(w) E F0 . ,Lajiee, - 
HOCKOJIbK Ta' OCyllCTBJIHT roeoMopniri F0 ha L, TO Ta_1(r - Ta(w*)) 

w E L c: La. flpMMeHn ' K UOCJJCHM paBelicTBy	uoiy'nirvt ; = T0(w 
+ 13  MN oTMeqajill, 'ITO W yoBJ1eTBOpHeT cHeTeMe, flOJ1y4eHHO 113 4.4 
3aMeHofi y8 Ha T1. Tax HaK w E L0 , TO H w, + w yoBIeTBopfle'r TOt meCllffeme. 
Ho T0(W* + W ) Yr flpoTOMy P0(w* + w) = . TeM-CaMNM 3aMIduyTocTn MHOrO-
o6pa3HH P0 W0 oKa3aHa, a 3Ha'rnT, oneparop P0 HBJIeTCH npaB14JIbHHMJIflJHo6oro 
nneca a I	 . 

HepeeM 'renep& K HXOWJH11I0 o61er0 BnaIyHKIuoHaIoB, OflOHNX K 13Lifly-
HJ1IIM ()HHIcIuonaJ1aM H OTBe'1a1Ofl14M orpaHmqeH I111M THrIa HepBBeHCTB 3aga q ll A0. 

Y4HmIBaR o6WHocTb HccJIeJyeMok 3aAaqm ceyeT O1'OBOpBTL JcJ1aCCO6eKToB, 
RoTOphie MN 6yeM c'IffTaTh OJ4eKTHBR0 BH'IHCJIHMMMM (no Hpa tineA Mepe B npHH-
nrne). 3THMH 061eKTaMH MU 6ygeNt c'IHTaTh Hapfi gy C 4)YHHW4HMH J, opi, 3[e] MHO-
IIcecTBa oriop&x yHKIHoHaJIoB {,} E aJ, , {x 1 } E {1} E 3- H ()HH1HH n( 0 , J), 
n(x, ), n(l, i 3[eI) (onpeyeJIeHHhie Ha 3THX MHoicecTBax) aHajiorll qHo 'roriy; 'ITO 
BMecTe C riiaAEori lyffHIu1eft c'IHTaeTcH 34IeRTHBHo aayaHHo ee r ip oHBoJ Ha11 , a 
BMeCTe C CyMMHpyeMo yHKui-1eft ee nepI3006pa3Han.	S 

06ri BH9 .TIHHeHNx yHR1h1OHaJ1OB U P OCT pa E[CTBa Wa, 
OUOPHLIX K vrai max {—&(t)} (j = 1, 2, ..., d(a)). 

-A	- 

HenocpeycTBeHHo rlpoBep geTca, qTonMll 6yyTyHKuHoHa1nI - j(&)(O y, E 
Iy !I = 1). 11pM BTOM n(—,, vrai max {—a i(t)}\ = 0. 

- 06uH BHA JIHHeHLix 4yH}cI1IOHaJIOB npocTpaHcTBa W0 , OUOpHUX K 

vrai max 3(x(t), u1 (t), e(t))
 

HoJIy qeHne Talcoro OII14CHHH B TCMHH&X o6leKToB, aceHTuBHo 8aaHnbI, TpeöyeT 
.npoBeeHJlR HeHoopMx HoHcTpyR1w. YCJIOBHMCII B 060aHaqeHnnx: - 

118[t] -
 

a^Hlfflafi o6OJIo qKa cy6rpaHeHTa 8[e(t)J, TO eCTb COBOI-cyrIHOCTb BKTOOB 
• - npOcTpaI-ICTBa R)+,), gouycxai6iqux HP)CT&BJ1HHH B BHe KOHC'IHNX CMM 

,2 C/( lk(lk E e 8[e(0] 1 Z C = 1). -	 •
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dm3e - Mepa 3le6era B 178[t].	 0	 - 

drn31 - BPORTHOCTH	epa	
1 

m3 a 8[e(t)j Za.Let(l) dm3 , oupejejieaa Ha 173[t]. 
 - 

- naiiepmioe MRO?fCTBO OT3K	. 
- JrnHeHLni yHHIu4oHaJ1 14POCTPHCTB W, 1BJ1H1OUHkC14 OIIOPHLIM K 

vrai max )3(x(t), u1 (t), e(t)), TO eCTE, v3 E a fvrai max 3(x(t), UM), e(t)) 51. Tora 
6'	 1'	 J 

n (i 3 , vrai max 3(x(t), u 1 (t), e(t)) \ i1u 6yeM o6o3Haqam qepea n4v8 , vrai max 08 
6	 6 

B npOcTpaHCTBe Bcex Henpephinhlblx hyHKIHft z-= z(l, t), (1, t) E Rd X i 
i-i I ll	2kg, BBeeM mepy PaoHa or, 11p14 noMoniI corilameHla 

4.6	, f z(l, t) da8 = j dt f z(i, t) drn3. 

HCHO, WO oHa oHo3HaqRo onpee.uHeTcJi 4hyHKLMei1 (J[e(t)], a 'lToôbI YCTaHO1311TE, 
HOppeHTHOCTb ee 3aaHii g Heo6xou1Mo noKaaam, qTo /Jynctui f z(l, t) di nepe-
.AtenJLo2o t uepu.a ia A O.v itio6oi nenpepblenott /Jyn,cuu z(l, t)...	- 

oHaKeM 3T0. HycTb T HeHOT6POC OaMKHyTOC MIiwfceeTBo opeica A, Ha HOTO-
poM ()yHK1i4a e Henpep&BHa. 113 HUOJ1O1fiHH1I 1.4r) c.neyeT, q ro gr ac 3[e( . )] I 
31BJrneTc14 xoMnaHToM rIPOCTpaHCTBa Rd(1) x li' ii i-ia HeM yirnuiiii n5(Z, ,[e(t)] nwiy-
nenpepra cBepxy. .RpoMe TOO Ha 3T6M H0MHaKTe AJIR HHIi-IH I ll iMeer MecTo 
oreHa Ill 5 k. llycm 6 > 0 11 0603HaHM qepe3 OF6 COBOKIIHOCTb ncex roqeH t € T, 
B Maaotk 143 ico'ropiix m3 a 3[e(t)]	6. flOCicoJlbHy gr a03[e( . )] T 
UaKT0M IIPOCTPHCTB Rd(l) x R', TO JIpH JIIO50M Bh16ope K MHoaecTBo TO1K t € Y, 
B Hamgoft 143 KOTO1OTX dim 173[t] <k, OTKbIT0 Ha T6 . A TaH HK MHOOCTBO a08[e(t)] 
BLlrIyKalO, TO 0140 C0)14fl1T BHYTpeHHHe T01K14 113[t]. CeoBaTeim,Ho	= U To. 

0	 6>0 
[[O3TOMy MHOECTBO TOqeM t € 3, 

B Kalçoft 143 KOTOh1X dim 118[t] < k, OTRpHT0 i-ia 
TaI-IHM O6pa3OM C TO1iOCTh10 go MH0?HecTBa Mepbl HyJIb OTP8OK L M0HBO upe-
CTBIITh B BHge cqeTHOrf CyMM1I 3MHHTLIX MHOHeCTB, Ha 14a140M 113 FIOTO&X 4)yH}C- - - 
WH e HenpepMBHa, a dim T18[t] HBJIneTcff HoHcTaHTot. I1YCTB cY OHO 143 TaIcHX MHO-
rnee. Ha HeM JyHFIUHH riepeieunoro t	- 

0	 f z(l, t) dm8 = f z(l, t) dm3,	f z(l, t) dm,	 -	- 
-	60.Ie(0I	 0.Ie(01	 - 

118MPUMQ HO Jle5ery, 6yyyu pa3HOCTbIO ABYX HeIipepLIBHbIX eepxy lyHH1ii. - 
TaRHM O6pa3OM KOKTHOCTb lOpMyJIh1 4.6 goiia3aHa I	- 

OTMeTHM cieyiouue yBa O'1eBH)}1h1X cHolieTBa MepLi 1,	
0

Hpee Bcero. HCHCI, wro or, FIBJIILeTC$1 r1OJ1O;HHTejTbHofi Mepot. 14, )aJ1ee, ee ripO-



,eRluIH i-ia OCb t coBnaaeT C MepOrl ,Jle6era i-ia OTPO3HO L. HOBTOMy II a IJ = t i -'to.  H Bee 
()yHHIHH (x, u1 ) € Ld+d,) CMM14OMbI no Mepe (13. 00, A

BBeeT ABa o603Haqeuln:	 -	-	- 
- COBOKyHHOCTb Bcex 4yi-uuni, onpee.neHHbIx fl0'TI1 BC1OAY B CMMCJIMPM 

- 8 Ha Rd ( 1 ) . X R' ii cyMpyeMix no ne, a	 -	- 
- COBOKHHOCTb Bcex 113Mep14MbIx oTHodHTeJIbHo Mepm (1j hyHHIH, onpe-

eJIeHHbIx no4Tl4 Bciogy Ha Rd(1) x R' iy KOT0hiX HOPM	 - 

-	IJZIILI (0 1 =	ai max (a3) Iz(l, t)J = inf sup Iz(l, t)I: a8(Rd(h) x R' \ )	0 
-	

- 00 0	 0	6 Lu.n€6	 - J 
- orpaHnceEa. FICHO, 1TO L(c 8), Li 1(c) 5anaxoi 1IPOCTPHCTB 11	 L11(a8).
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Y6e01ttciL, iimo Øyn,ciui n(l, 8[e(t)]) coöepicuméi e L(a8). 

LeücTBuTeaTbHo. ' flycTb Tc LI HeHOTOpoe 3amHHyToe MH0?HecTBo, Ha HOTOOM 
e Henpep&ua. Torja 4yH}uHH n(l, 3[e(t)]) nonyHenpepbmHa cBepxy na 

R"" XCT. flOGHOJmHy Mepâ or, HPOCKTHPYTCH Ha 0Gb t B ruepy J1e6eraoTpe3Ia 4, 
a LJ'MOHHO UpeJCTaB14T1, B BI4LC C qeTHOfl CMMU 3MHHTHX MHoicecTIi, Ha HwHgom 
113 HOTOPbIX 4)yHKIHfl e HeITpepUBHa, UJILOC HH0TOOC MH0?FcecTBo HyJIeBoü Mep!I 
JTleSera, TO M3 ci-ca3allHoro cJIe)yeT, 'ITO 4yH}u1IH n(l, 03[e(t)])II3MepuMa OTHOCH-
TJ1bHO Mephl a JIJIR 3B[IIHHH goHa3aTejibCTBa. a3 - oI'paHH'ICHHOCTM 4)yB}wHI1 
n(l, 03[e(t)]) ocTaToHo noicaaam, 'ITO K?fJ0 3ai%i]KHYToe MHOaecTBo-61 HPOCTPHCTBB 
1t'' >< R', Ha HOTOOM m ( l , 8[e (t)])I >.k 0 , 11MeeTo — Mepy, paRHylo HyJIIO, TO ecTb 

.f y(l, t) (Ia3 = 0. fIyCTb	L 3amHIIYTOe MHoHecTBo, Ha !-OT0p0M C HerlpepbxBHa. 
Tora H = gr a08[e(t)] 1 9 HBJIReTcFI KOMH}CTOMHPOCTPHCTB R''	ii Ha HeM 

HKI4BH n(i,	[e(€)]) ITO MOgy.flIO He ITpeBOCX0114T k 0 . 06oana'IHI qepe3 m = m(l, t)
- enpeprmyio yHRIuIIo, onpeJeJIeHHy10 Ha Rd(l) X R I ii o61iagaioiuyo cB0cTBaMH: 
o 	rn(l, t) :!E^ 1 BO BCex ro qKax (1, t), iia H oa Hc'-Ie3aeT, a Ha e paiia eHHIne. 
Tora	 S 

= f y(i, 1) do	f m(l, 1) da3 

= f dt f m(l, t) di31+ f dt f m(l;t) dm81	mes (i \ )• 
S	

3	 ø.te(t)	 -	 S 

HocHomHy 'iicjio mes (A 	) "HaJ1encaJIUaM BLI5OpOM T M0HH0 cJ!eaTb CHOJ1b 
•	yrojo majibim, TO a3() = 0. TaKuI o6pa3OM goHaaano, 4TO n(l, [e(t))) E L(a) I 

LIirn noJly'IeHIIn o6aero BHJ 4yHILutoHaJIoB, onopimix H vrai max )3(x(t), u1(t), 
/	S	 6 

rye S - HeKOTOpOe MNi epmmoe MHOflCTB0 opeaa L, rIoTpe6yIOTCa ABe 4op. 
MyJIU:	

S 

4.7)	f z(l, t) do, = f dt f z(Z,t) d3i81 aAA iuo6oa.Øynczuu z E L1 1 (a3);	- 

•	5) vrai max (o-) z(l, t)	vrai max vrai max z(i, t) OAA juo6oü tfiyitKlfuu z E L(a3) 
•	 C	 6	IEG(i) 

a	Mnocecm6a G, u3epuMo2o omnocumeiibno .4tepbt a8. 
S )oRa5aTeJIbcTBo: a) Hycrb F	Rd(h)+1 3amHHYToe MHoaecTBo. 0503Ha'IHM 

• epea {f}, /. = f(l, t), nOcJIegoBaTeJmHocm HenpephlBHhlx (fyHHIui, cxojaiuyioccr 
H 7F(1, t) B .Ka,KJO TO'IRe (1, t), 0 f(l, t) 1. B duly Teopembi Jle6era'o npe1eJIb-
HOM nepexoe nog 3HROM ni-ITerpaJia nMeeM 

•	f f,(l, t) di31 	f y(l, t) d, 1 JlJT}i Bcex I E ,. 

11 OBTO ray

fdt f /(i, I) di -->- fdtf Z,(1, I) dig, 

II, icpoe Toro, 

f /(l, I) da3 - f ZF(1' I) da3. 

OTcloa, HOCHOJIbHyf /(l, I) da3 = f dt f f(l, I) di;,, CJIeyeT 

fXF(1t)s =.fdtfyF(l,t)d1sg. 

B CBOIO .o qepegb I'IB 3TOFO BblTeHaeT, 'ITO f xs(l I) da3 = f dt f yg(l, I) dYii81 gin jno-
6bIx MHO?1CCTh THna F3 n G. H0CIOJIbcy Ha,Hoe MHOHceCTBO , H3Me1IMOe OTHOCFT-
TeJIBHO MbI 6., MOHHO aaKnIo qnTb memAy MHO?KeCTBaMI4	 Tina F3
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ii G6 cooTBeTcTBeHHo, T8FMM}1, qTO IT8( \ ) = 0, TO 

-	 f dt f xe• ( l t) dYii3 = f dt f ze.(l t) dm,. 

CJIeoBaTeju,Ho i8, *(t) =	= J(t) rIo4TH BCioy na A. HOaTOMy 
y(l, t) flO'ITM AJIR BCex t cyMMnpyeMa no mepe	14 f dt f z(l, t) di = f xg( l , t) da8. 

- TeM CMMM opyia 4.7 a) AoRaBaHo jirn Bcex xapaHTeplicTn'lecHHx yHKL[i miO-
aiecTB, 113MI4M1ilX OTHOCMTJ1BHO mepm 08, a ocio1a yae o6br'rnbIM o6paaoi )oKa-
8bIB8TCH CUPB)JIHBOCTb ee AJIfl BCex y}iKU1, cyMM11pyeMbIx OTHOCIITCJIBHO 

epii c. 
) florionciiti a = vrai max (os) z(l, t). CorJiacHo onpejeJie1-rn10 aoro vrai max 

C 
CY1UCTBYT I43M14MO - OTHOCHTeJIbHO MTh1 08 MHO14CTBO G,,	G TaHOe, VTO 
cx8(G \ G,) = 014 a = sup z(l, t). 148 opyjrn 4.7 a) BbITeHaeT, qTo ii8 G(t) = 3 iG(t) 

G. 

1IOqTII BCIOYW Ha A H 'ITO Ha MHoBecTBe noJ1O?H14TeJrbHOi riepii m3 G(t) > 0. HoaTo1y 

a = sup z(l, t) = sup sup z(l, t)	vrai max vrai max z(l, t). 
•	tEA 1E00 (t)	 A	I G(t) 

YCTaHOBHM o6paTBoe HepaBeHcTBo. Hycm 6 > 0.I-IahzeTcH 3MHHTO MHoaecTBo 
G, y306 > 0, Ha KOTOOM z(l, t) > a - 6. Tora vrai max vrai max z(l, t) > a - 

A 
TeM 6wiee vrai max vrai max z(l, t)	a - 6. B ciiiy HPOR3BOJIhHOCTH 6 cieye 

A	C(t) 
vrai max vrai max z(l, t) ^ a I 

A	CU) 

Tenepn MO?HHO onncam 061W4ü B14 4y11Eflu4OHa1oB 1IPOCTPHCTB 
OHOHLIX H BhHJIOM ()yHHrHoHaJIy-• vrai max 3(x(t), u 1 (t), e(t)). flycrb (x, u1) 

E L'', t - To'nca, coep*cauancn B o6JIacTn onpeeJIeHHH 4yHKIMk x, u 1 , e xi 
TaRan,' 'ITO e(t) E e(t). MHOIceCTBO To qeK t, YOBJ1TBOPHIO1HX 3T14M yCJIOBHRM, 
HMeeT nO.rIHyJo mepy Ha L. B Hamgoil 143 mix 4iyHMurn 03[e(t)]: Rd(r) x Rd ( u,) ^ Jl 
onpeeiena 14 BbluyHJIa. Coriiacno [1] iiMeeM 4opMyJry 

4.8	3(x(), u1 (t), e(t)) = max {l(x(t), u,(t)) +n(l, 08[e(t)])} 

V6eHMcH, 'ITO B ixek BMecTo max MOMHO nocTaanTb vrai max. /JrIH aoro 8aMeTHM, 
S	 I	•	 I 
'ITO ()HHIH14 n(l, 03[e(t)]) riepemeHliO g 1 onpeeJIeua, BOrHyTa 14 noiiyenpepuna 
cepxy Ha BHUYHJIOM HOM11KT acP 3[e(t)] npocTpaHcTBa R)±i), npiie 

In(	3[e ( t)])I < K. 143 CHa3anHOrO çJlegyeT, 'ITO oHa HeHpephIBHa BO Beex BHyT-
HHHX (oTHoCwre.mbno 113[e(t)]) To4Hax HonnaicTa e 3[e ( t )1 14 na Ha,xcOM oTpeaoce, 

coJepicaweMcH B a( 8[e(t)]. HOaTOMy 118 opiyni 4.8c.meyeT 

3(x(t), u,(t), e(t)) = vrai max .{l(x(t), ui (t)) -i- n(l, 03[e()])} 

	

104.Ie(I)I	 -

aiiee. Coriacno 4rnpnyie 4.75) 

vrai max (a8) {l(x(t), u1(t)) + n(l, 8[e(t)])} 

vrai max vrai rñax{l(x(t), ui (t)) + n(l, E3[e(t)])}. 
IE'	1E01e(I)J	 •	 -
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HoaTo1y 

4.9	vrai max 8(x(t), 1(t), e(t)) = vrai max {l(x(t), u(t)) + n(l, 8[e(t)])}. 
grb(e(t)1 

B [6] öbuIo-JioRaaaHO, UTO JIHHetHHe yHIuHoHaJ1bI HPOCTPHCTB L(a8), onopie 
K cy6JInHeHoMy 4yHKuuOHaJTy vrai max (o) z(l, t) aoro npoCTpaHCTBa, onycaio 
npecaieane	 G 

4.10	v3(z(l, 1)),	0 ^ v E L( 8), l lv,,Il = 1	 S - 

(v8 11 G oHaqaeT, UTO 4yHKIHOHa.I V. paBeH HyJUO Ha BCX yHKIU4HX' Ha 
I4CU38JOIIHX Ha MHO2HeCTBe G). HocIoJn,Hy 4yHKIHOHaJI vrai max (8) z(l, t) RBjlffeTCR 
Cy6JIHHeüHbM, TO n(v8, vrai max ( o s) z(l, t)\ = 0. HaRoHe1, HM rIoTpe6yeTCH npe- 
-	 / 

Jlo,ReHlle 0 HOMrIO3HI1414, )OK3HHO B [1] II COCTonmee B cJIey1oueM: 
Hycrnb V, Z, - 6anax06b npocmpancmea, 92 - ileflpepbi8flblIi 6uny,cJu2t 5ynhuO-

7ai npocmpancrnea V, A: Z -± V - zuneinut onepamóp, b E V. To2Oa Kasc0ua 
5yuuonai, onopn&ü c t-p 0(Az + b) = p(z), OonycKaem npe0cmaeiwnue 

4.11	= /2 (Az),	a E aq 0 ,	n(A, q) =	c'o) + /2(b). 

1134.9-4.11 BhITeHaeT, UTO Ha bI1yHKIHOHa.TIrIpOCTpaHCTBa	 OH0HbI 
H HeIlpepbIBHOMy BbIflKJIOM	 vrai max 3(x(t), u 1 (t), e(t)), AoriycEaeT

• npecajieue 

• 4.12 v3(l(x(t), u 1 (t))), 0	E L(a3 ) ;	IIv i! = 1, V8 gr 0 3[e(t)]00

n(r5 , vrai max	= v3(n(l, 3[e(t)])).. 
g	.1 

3ra 
opMyJIa uoaBo.UHeT ITOJIHTb O6ELMfi BH )yHKHoHaaoB nPOCTP6LHCTBaW0, 

OI0HLIX H vrai max 3(x(t), u 1 (t), e(t)). IIOCKOJTbKy paccMaTpnBaeMLrk BLIIPJHJIhIft. 

yuHLHoHa31 He aaBIldHT OT c, TO 
onopin.Ix i< vrairnax 3(x(t), u 1 (t), e(t)) B HOCTHCTB	 HBJ1HJoueMcfl - 

JmHeH}.IM Iei16roo6pa3ieM npocTpaHcTBa.	 PemeHue 3TOrl aaaqu onlipa-



ETCH na 4.12 u cieyionee flpejioaenne 0 npogoiaeHun, noJlyUeHHoe B [1]: 
Hycmb Z - 6anax0eo npocrnpaiicm8o, rc Z - Juneünoen0006pa3ue, T - e&ny-

JibItL nenpepue,uia 95yniuona.z na Z. 06o3na aLuu, Oa.iiee, ttepe3 oPr cyicenue ynh-
Iuonaia q' na .Mno2006pa3ue f. -ToeOa KaDICObltl a0Oumucnü 0y zuonai Ar, onop-
iturz q',-, Atowem 6&mb npoaoAweit na ece npocmpancmeo Oo ,ieomopoao ç/Jynntj uo-
nata A, onopnoo , 97, man tirno6u n(2, ) = n(Ar, pr). 

barony 113 IIPCTBJIHI1H 4.12 CJIeyeT, WO Hamguft JInHeiHM	HHLU1OHJI
npocpaHca W, OHOPHLIA ic BbfflRJIOM yHrniioHaiy vrai max 3(x(t), u 1 (t), e(t)), 

0rIycxaeT npegCTaBJleHHe	S	
• 6 

4.13 v3(1x(t), u i (t))), 0	v E L"( a3), Ifrv8I = 1,	gr 0[e(.)] 

nfr3 , vraiiflax
1 

= V8(n(Z, 3[e(t)]))	 S 

6 
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H 'eTp11BIaJibHoe pemee ypa BHeHHFI BflJiepa KpI4TI4ecXoro 3HaqeHHH 
Jo	 J B aae A0 

CorriacHo onpeeieunio RHTMHOCTb 3HaeI-IHH J0 YHRiAuotiajia J oHBl4BanegTHa 
TOMy, q ro HepaBeRcTa 3.7 HecoBMecTHhr C pai3eHCTBom 3.6. BMIue MM HJ1H 
BHA 4yHRrHOHai1oB HPOCTPHCTB W0 , OflOHbIX H COOTBeTCTBy1OU.H1%1 BbrnyIJmJM 

yHHri1oHaJIaM, coep?fcawI4McH B 3.7. HocIcoJIbHy onepaop P0 HpaBHJIbHbIi 11 )JIJ 
Hanoro nojiHoro HHAelica a 8aaqa A0 njrnecg HeBbIpoageH!Ioft, TO coraciio4.3 

B - (a, 6 9 , r°) HpRTH'4HOCTb J0 aRBHBaBJIeHTHa CYW CTBOBHHIO H. P. 3. dncTeMbI 3.6, - 
- 4.7 Ham K}1THCCROFO 31a qemlH J0 yHKw46Hi1a J B aaaqe A. 

II. P. P. 1KpHTBecKoro3HaqenHg J0 4yHHLHOHBJTa J B 3aaqe A 0 COCTOHT B 8M11031 
•	 HeHHH ciejyionux ycJIoBHü 4.14a)—j). 

Yc.izocu.c cyuecmooeanu.c u npunaO.eciicnocmu: CyHeCTByIOT	 - 

S 

(YHHW1OHa11M 
. v 00E	 as	(s(s = 1,.. .,.d()),	u E L,	 -, 

/A0, yj E L	(j = 1, ..., d(a)), 

CHaJrnpu	
. 

i9o,fli	(i=1,...,d()),	 .	. • 

B}TOhI	 •	 0	 .	 • 

'S	 Xo, Z i E	(i = 1, •.., d()),	c E Rd(To) 

TaHile, 'iTO	 S	

- 

4.14a) flo, j9 .' 0, y,	0, v,	0; v gr a 5[e(t)], Zo E ej , -	
S 

6) n (v3 vraimax 0, = v8(n(l, 5[e(t)])). 

Yciioeua icpumu'inocmw3ua'ienu.c J0: " .	• 

B) f tp - A 0x - A 1u1 - A 2 f a'u2 dt + u(B0x + B1u1) 

	

j^Zd(a)	/ 

± E v3(lx, u1) - I y,(&) + fLo( I 8d(ø)	jd(a)	 \jd(o) 

+ I thx1p + floXop + cRp = 
id(q) 

r)	-f Vao dt .±z(bo) + cr0 + I jn( j ;q j ) + fio(n(xo, J) - J0) 

+ I v(n(l, 03[e(t)])) - u0(1)	0.	 ". 
sd(ø)	 -

Ycitocue neebipoJ1côennocmu: 

). I P + flo + I I4I + I v II > 0.	 •	 •	 . - 

id(q')	jd(a)	sd()	. 

•	HoHa,ieM, 'iTO B H. P. a. 4.14 MOThHO Bcerga c quITaTb, qTO C E E, npii 3TOM Hop-

S	

MHPOBO'iHO C31OBH ) oHaaLTBaeTccI 3Krn4BaJIeHTHLIM YCJIOBHIO	
- 

S	 5	
0)	cj+ flo ± I fli + I liv.11> 0. •	 - 

id(q,)	8d()
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il 

LetcTBnTeJn,Ho. 06O3Ha9HM qepea Z COCTaB.flH1oILyIo BeRTopa C, coJepHaiuyIocH B 
11OJ flp6cTpaHcTBe E' =-(T0L0 ) 1 ,(HauoImm, 'ITO JJIH IIOJIHhIX I4HJHCOB TaL0 E, 
a Bce MH)eHcbI ita K noJiHue). YHTbIBaH o51rnft BHA yH}uHoHaJIoB IIPOCTHCTB 
W0 , Hcqe3aI6nBx Ha L0 , 3aIi1m gaeM, 'iTo cyriecTByIoT ()HIUflH 5 E L Xk H ()yHR- 
luloHajIhI ?o € L ' x	TaHHe,qTo 

4.15a) Rp +'f 3fr — A 0x - 4 1u1 - A2 f cSu21'1dt 
)•	

jd(o) 

+ flo( L' ) + ji(Box + B 1 u 1 ) = 0 
\jd(a)  

- JiR Bcex TO qeH w = (x, u 1 , x) .E W0 . flocKoJIb1. y HHHC a nOJIHbI, TO HageTcH 
TO'!Ha Tv = (, ) € TV0 raicaa, 'iTO P0(W) + y° = 0. UOcTaBJIciH i B 4.15a) no- 
JIyuM  

4.156) Zr,- - f fpao dl -,u0(l) + 1u(bo) = 0. 

BNqHTaHHe 113 KOMIIOBCHT c,v, It, Ito H. p. o. 4.14 Z, Tp, ,U,,Uo cOorBeTcTBeHHb ripu. 
BO)THT H H. P. 3. aHa qeHilfi J0 yHKLnOHaJIaJB3ajaqeA05 y iOTOOFO 6EE, a v, y,, 
th x, flo l Yo Te He, RaK H y HCXOAHOrl CTpOHIi 4.14. 

V6euMcH, 'iTO ARA Bcex cTpoK 4.14, y HOTOEIX C E E, ycJroBHe ) aKBHsaJIeHTHo 
HepaBeHcTBy J 0) . ,LecTBureJibHo, ecrni npeJnoJIoHTb, 'iTO B TaHOk cpoxe 
cl + E /9j + flo , +	= 0, TO, noycTaBJ1flH B B) BMecro W E - W0 TpOiHy 

id(q)	8d(ø)	 . 

(x( . ), Ei *(e( . ) ) (B1 (e( . )) B1*(e(.)))1 (B0(e( . )) x(.)  

re (x, , o) E AX) XL	X L	HOfl3BOJthHH HHIHR UOJiy'inMOO.A	00.6 

.4.16a) f	- Ax - A 1 B1 *(B1B1 *)-1 (Box -c- - A2 Z &u2 1) dl 
jd(a) 

.+ui() + L (
/
 - z yj() =0. 

\jd(a)	jd(o) 

flocHoJIbK' yrnciurn (x, , x) Up0B3B0JIBHaH, TO OTcioga cieye 

- 4.166)	(l) (=) 0,	u= 0,	/20= y	' (j =	d(a)). 

cy OTO['O YCJ1OBH 4.14r) flMMT BHA—/20(1) =	7 y,(l) > 0. TaMIIM 
o6pasoM B paccmaTPHBaemom . ciy'iae BMeeM	 (a) jd() 

O +.Z  i +	lll + f I11ll =0. 
id(9)	8d(ø)	jd(o) 

flocJ1eHee UPOT14BOP'i14T yCJIOBHIO HTHBHJThHOCTJ1 4.14). THM HMrIJ1H Eai.flg 
CIA: )	O) g6Ka3aHa. 

YCTaHOBHM o6paTHoe yTBepHJeH11e. IlOJIOI1M gan CTpOHH 4.14a)—r), O) c € E 
II y6cici, 'iTO ARR He( BbIHOJIHHeTCR Tx) . )eicTHTeJIbHO, ec.nn uperIoJioH14Tbupo-
TnBHoe, To JJJUI 3TOA CTOHH 6YACT uMeTh MCTO 

Z th+ I' Ib'j!l+ .2 llV II _0 
id((P)	jd(a)	8d(0)	 - 

B cnoio o'iepeuIo aroro paenca 114.1411) BLITeHaeT, 'iTO CR7) = CT0W HcqeBaeT 
Ha BceMnO?npocTpaHcTBe 1,0 . CJieyoBaTeJibHo CE (TL,,) 1 = E, a TaM MR no npe. 
flOJiO?KHO c  E, TOG = 0 HTeM 'caMLIM Icl + E. fli +. flo + !' 11 v811 =0. HocJieHee 
HOTHBOI4T 4.140) .	 id()	8d(0)
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§ 5. Ppanciiaiiisi uel llBuaJn,ul,Ix pemeuuI ypaBIIeILllhl uliepa aJccTpeMan.noro 
auaqcimi J0 OYHRqHOHa.,ia J no iinoaecmy K nonnrx llllCKCOB 

CorJtacHo onpee.11eHrno 3.2 aaqene J0 lflyHrnMOHaJIa J BaaMBaeTccf a)wmpetaIib-
nbIM, ec.iio T(Jo) 0 n aHaqeHe J0 gBnneTcn HPBTHCEHM BO Bcex aaaqax A0, 
oeaioux noJTrmrM uHeKcaM a E K. Hprnitn maHcHmyma 6yeT no.JIyeH HH 
ycJroBBe, aHBuBa.11ewrHoe C1ICTBOBHk11O H. p. a. gjifi iiamgoirl H8 aa)aq A0 (a E K). 
HaxoeRBe TpaHcJiøpy1orIelcn CHcTeMN H. P. a. aaaq A0 (a E . K) Tpe6yeT npej-. 
BBTJThHh!X HoHcTpyHIIft.  

HpHTH1IOcTb J0 B aaa'oe A0 paBHociijibHa HCOBMCTHOCT11 HBHCTB 

5.2a)	(p) <0,	J(p)'— J0 <0,	vraimax (x(t), u1 (t), e(t)).<-O, 

- 6) i—A0x—A1u1—A2 E &u'—a0=0, 
jd(a) 

Box + B1 u1+ bo =0,. Rp + ro =O ,	' cx'=l, 
jd(a) - 

vrai max {—ai(t)} <0	(j = 1, .., d(a)). 
A. 

0603HamI jiui y106cTBa epea Q1, MHWHCTBO pemei (x, u1 ) HPBHCTB 5.2 a) 
n qepea I 0 HPOHW410 MH0?KecTBa pemerni (x, u 1 , a) cHcTeMbI 5.26) B AX) XL. 
HoJiwidMI P = u {P: a E K}. flcno, qTo'I'0 11 P 
4d(z) XL d( A	oo,A 

• I{pHTH'iIIOCTh J0 Bc Bcex aaaiax A0 DHBHBaiieHTHa OTCYTCFBHIO 05nnx TO qCK y 
M11OHCTB Q,1, 14 P. Tpaiicnnpyiorianca eBeTeMa H. p. a. 3YtCTpemajlbHorO aHa'leHFrn 

B aajaqax A0 , oTBe'iamnx BceM UOBflhTM HHgeKcaM a E K, 6y)eT nwiyea HH 
aRBuBaJIeH'r Hertepece qeHllH 3TIIX MHoecTB. 

B03MoHM c.iiepyioune 'rpu c.nyasi: 
a°) MHOHeCTBO Q1, nycTo. 

50) MHOHeCTBa I' nycmi Aa q iiiijecoa a € K, o6pa3y1oaHx HOHIII1HBJIbHI0 
cI4cTeMy.	 -	- 

B°) MHOHcëCTBO Q1, B MHo?HecTBa ra, 	a > a 0 , nenyci. 
HaeM aHaJll4TI4'IeCHOe YCAOBne 8IcCTpeMaJIbH0CTM aHa qeHng J0	 J

Jl B KaOM Ha aTHx'Tpex cyqaeB.	.	 -. 

a°) MnoicecmcoQ .nycmo. Cor1acHo ycjioBi4.qm 4.3 aro aIrnnBaIeHTHo CyI1eCTB0- 
BaHH 10 H. P. 3. cIIcTeMbI 5.2a), CoCTORlleMy B BNuoJIHeHrn4 c1eymnnx rpyrirr 
ycioBnk:	 S 

•	 YCJWOUiO cyuçecmeoeanuiz ii npuKaJie?4cnocmu: - 

5.3 a)	HatlyTca cKaJlcIpl.r flo, fl	(i = 1, ..., 
BHTOPh1 X,) , x1 € Rd (P)	(i =1, ..., 
q1yHHI 

j9

BOH8JThI v8 € L(a8) (s = 1, ..., d()) TERM, qTo 

0, V8	0, Xo € J, 7i € 999 i , v, jJ gr	8[e(.)], 
•	 n(vs vraimax 03 ( . )) = v3(n(l, 8[e(t)]))	- 

-	(v-raimax	:= vraimax 3(x(t), u1 (t), e(t))).
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Yc.izoeus ,cpumui€nocmu: 

	

5.36)	E ftiXip + floXop + Z v3(lx(t), ui(t)) = 0 
-	 8d() 

(ypaBReHue 1xepa). 

	

B)	 9j) + o(n(X, J) - J0) +	v(n(l; 8[e(t)]))	0. 
id(q,)	 8d() 

Ycitoaue 1ernpu8uabn0cmu: 

	

r)	Efl+0+E 11V811>O. 
id(q,)	ad() 

TaKrn1 oSpaaoM B c.uyae a°) H. p. a. 4.14 CBO)11TCff K B11Y 5.3. 

I.irn aHa3rnaa ciyqae 50), B°) HM IIoTpeSyeTcH .neMla. 

JIeMMa 5.1: flycmb C E R(1(To),'ip E	2 E	yOo8J1em8op1om C408UIO 

a) cRp-Ff	— Ax) dt+2(x)=0 ôiaecex .xEA. 

	

• Toeöa	 - 

a1) — (t) (=) R, *c - f A O*ip dr +v[t, t1], 

a2)f A OV dr + (R1* + R0*) C + v[t0 ,t 1 ] = O f - 
to 

et3e v uepa PaOo,a, onpeaeiiennai 113 ycJioeuJ f (t) dv = 2(x) ô.ija ecex x € 

JoKa3aTeJ1bcTB0: 3aMeHxsi B YCJJOBH11 a) 2(x) Ha f x(e)dv, 1nn'erpHpy-no 
11	 t	 1, 

acTflM B BNP711}114H -f A o*ipx dt + f x dv 11 y11TbIB8JL HpOII3BOJIbHOCTh z(t0), t(t) 
to	 to	 - 

nocxe HecJIoHHux npeo5paaoBaH1 uo.lIy°rnM, qTO ycJIoBaea) 3KBUBaIIeRTE0 To?Ke-
CTBaM a 1 ) H a2 ) I 

- C u e A CT B If e 1: B yCiioeu.x 4es& 5.1 tp .szejuiemc.ct Oynxif uerz oapanu o eni-w( eapu-
auu. To'nee, me y eRa ee na Atuoaweem6e nyiiecoa -Atepu M& npuxoOu.t n Øynntuu 
oapanu a€ennoa eapuatuu, coenaôaiozqeil C npaeoti °acmb,o a1 ). Flcno, nmo ama 
iuiz 6yaem nenpepbtcnoi.i cJIeea. 

3T0 HeuocpeJcTBeHHo yCMaTpI4BaeTcfl 118 a 1 ) I 

PaBCHCTBa a 1 ) ii a 2 ) momHo 3arrncam B c31eJyoiue aKBIrnaxeRTHot opMe: 

6) 

	

62 )	p(t0) = Ro*c + v(t0),	V I (t 1 ) =	- v(t1). 
(HoncHeRHe: 6 ) o8HaqaeT, qTo Mepa PaoHa,	 HKLHI4 orpaanenno 
BapHaLHn ip, paaa - A 0*ip dt + dv.) 

CxeCTBne 2: B ycdioeuizx 4eM.t& 5.1 u.4eem .4ecrno oi1e,oca 

ftv.JIILdX < k (id + ii),iiLd(z)'' 
00, Aco./ 

re k Hey5IJBaIonax tyHHInn, k(z) -- +0 npH z - +0.
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oHa3aTeJIbc'rBo cJIeyeT na a 1 ) ii OqeBHHOk o1eHKH Ilv il d(z)'	11 2 11 d(X)' 

60 . Mnocecmea 1', nycmii öii ecex uw3e,coe a, o6pa3yiouçux )on6unaJzbny7o 
cucme.ty K'= K. B paccMarpuBaeMoM c.nyae iiwHgoe 118 MHoffecTB pememiri cj4cTeMbI• 
5.26) UYCTO AJIH acex a E K' AHaJUITWIeCXHM 8HBHBaJIeHT0M UCTOTh1 gjl q JauHoro 
a € K' coi'.nacHo 4.3 naJiff if eTc C1LeCTBOBaR11e H. P. D.- CHCTemEj 5.26),cocTOrniero B 
BLOJIHHBM cieyiorix rpyrrn yCJiOB14: 

Yciweua cyecmeocaiu.' u npnaôie,wnocmu:	 S 

' 5.4a)	HaeTcg	 . 

BETOP C E RdI(ro), 

u0 . E 1u € L', 0	y € L	(j =	..., d(a)). 
Yc4oeuii Kpumu°Rocmu: 

6) clip + f	-. A Ox - A 1u 1 - A 2 au\ di 
-	 t•  

IZO(	xi\ +(Bo+B 1u1 )	y(o) = 0 
\jd(o) I	 jd(a) 

(ypaBHeHlle 3nepa), 

B)	Cr0 - fa0 dt + z(bo) - (1)	0. 
to 

Yc.aocue empueuaJbnocmu:	 5' 

r)	XlIyIl>O°.: 
j <– d(a) 

BiennMTpanc.Jrnpy1ollyIoca ienpxy H. p. a. 5.4a) — B). Hpii aHaJrnae cTpoirn 4.14 
6i0ijio noaaaHo, q ro YCJIOBHH cynecTBoBaHHn 11 np14HaJ.fleflc11OCTH 5.4a) MO?fiHO 
yclIJIHTb AOnOJIHHTejibHEaAl TpeSOBaHHeM	 - 

:	5.5a)	cEE.	 - S 

Hpii 8TOM yC.TIOBHe HeTp14BHaabH0cTII cTaHeT aXBHBaJIeHTHI,IM HPBHCTBY 

6)	I c l> 0.	 S 

B gajibHerllllHX PCCY}HHHH MB! 5yieM 'cnTaTb, 9TO B H. P. a. 5.4 c E E n Id >0. 
BHme (npFl o6cyaenHH' UOHBTIIB 3aMrncaH	no iiepe) ML! noHa3aJiul, 'ITO ane-

MeHml MTHIALI (B 1 B 1*yi - orpaneiiie l4aMepnMI0Ie yHinrni,	 S 

H0TH BC1Oy na A. HoaToMy, nogcaajinn B 5.46) aMecro (x, u 1 , ) E Wa TpOfkHy 
(x,B1*(B1B1*y-1 , ), (x, , ) € A.JX)	XL ° X L, H aocnojjaoaaamnc upolla-
BOJIOM B Bu6ope (x, ,,x) 8aKjiio qaem, 'ITO 4u: z() = f m(t) (t) dt(m €	a6co-



JIIOTHO HenpepL!BH10114 ()HKI11OHJi n 5.46) anBHBaJleHTHo TCM ToHJeCTBaM 

5.6a) clip + I	- A 0z)de + f mBx dt = 0, 

6) Ai*p_Bj*m(=)0,	 S 

B)	_f dt + o(c) ' = y(ai)	'j = 1, ..., d(a).
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14a a) cor.macHo Jieiiixe 5.!. cJIeJye'r, 'ro 

- (=) Aip - Bo*m ,	p(to) = Ro*c ,	V(t1) = 

HJIH, C yeo  

a°) . —i (=) Ap B0*(B1B1 *)_1 B1A 1 *tp , 00) Ro*c, 01 ) = —RI *C. 

06osHaiiM vepea A0 coBoHynHocm Ecex CT O K (c,ip,fz0,m)EEXL, xL 
XL 

00.6 7  yJ oBJIeTBOp$Uoii11x cJIe1y1OUU411yC3oBI4RM: 

5.7 a)	—dip = (A o*,p - Bo*m) dt,	p(to) = R0*c , V(t i ) = _Ri*c, 

6)	A j*tp . Bi *m( = )O ,	 . 

B) TI 2U'dt + juo() - IIO8HTHBHbI	yHHLMOaaJI npocTpaHCTBa L0 

(j= 1, ...,d(a)),	 .	. 

r)	Cr0 — fipaodt - fmbodt_,uo(1) ^!O, 

)	IcI1.  

MeaycTpoIaiIn ma A,, H H. p. a. 5.4 cynecyeT c1eyIouaacBaab: HaHOfcTpoce 
H3 Aa oraeqaeT H. p. a. 5.4, y oToporo yHKIuOHaJ1bI yj onpegemilOTCH H3 yCJOBHH 

y,(j.= z0() - f ipA 2u2i dt	(j = 1, ..., d(a)), 
H o6paTHo,Haaoe H. p. a. 5.4 uocie geii ,eHHJi Ha oTJIH qHoe OT HJ1fl	Icl np-
BOJUT H C'poHe iia A0 .	 -• 

HoKa,fieM, qTo Ramgoe 113 MHO7IeCTB A0 BBJIHeTcH H0MHaHT0M B R •) xL
xxL	- ciia6ok TOHOJIOrHB, TO ecTb TOHOJIOrHH, nopomgeHHOik cxogi-
MOCTBIO Ha HafOM aJIeMeHTe aioro 1IpocTpaHcTna. ,L!nH aoro aaieTiiM, npeicye 
Bcero, qTO TR Haic 3JIeMeHTI,I MaTprnh1 (B1B)-1 orpaHuqeHlmle HaMepnI1Ne yHK-
THB, TO 113 5.7a) 6) It BTOOUO CJICJCTBHH Ha .neMMbr 5.1BEaTeRaeT, 'iTO 

11
•	 .	 -	 oo 

<k(cI), re k cyHFuHH, OIIHCaHI-IalL B yIIOMHHyTOM CJIecTBHH. ;Eaiiee,' B [4] 6bIJio 
)ORa3aHo, q'ro 4yn}crMOnaJ1 u0 MO}HHO pa8.IIOH11Tb B P3HOCTb Po Po	/o JIYX 

• HO3MTI4BHhIx	Talc, qTo6bi..Ilpoll = ,u&( 1) + du( 1).'rlocicoJlblcy y,() = -f tpA02 dt 
+ 4u0() 1103HTHBHLIf 4yHlcLHoHaJI, TO -f ipA 2u2i dt	1u0 (1) = Ik : I . Taicimi o6pa-



30M ILuoII < k1( c I) . CorilacHo 5.76) m = (B 1B1 *)-1 Bi *A i *ip . HO3TOMy PmJId(b0) 
^ k(c). 14, HalcOHeI, M3 5.7r) cJieyeT, qTO cr0 - f-ipa0dt + f mb0 dt' Ito(l) 
- /2o(1). CJ1eoBaTeJlbHo I/Aoj	k3(I c J) . aTIIM OrpaHI49eHHoCTI, A0 AoHa3aHa.. A 
TaIcxalcMHo1cecTuoA 0 3aM}cHyTo B R 1 (to) XLj XLxL	- cJIa6oiTonoJIorI1H,I'A



TO TeM CaMI,IM goHa3aHa H ero }cOMna,HTHOCTh. 
HenocpejcTBeuHo ycMaTpI.IBaTcH, 'ITO lcoMlTa}cmI A0 o6pä3yloT 4eHTpHpOBaHHy10 

dllcreMy ii rioaroriy corjlacHo Teopeme TITxoHoBa o5JIaaIoT lIenycThIM nepece'ieHHeM. 
CTpoica (, ip,	cogepmainaRCH BO Bcex IcoMnaicTax A (a K'), 3agaeT TpaHc-

• iipyiouyioci ueno,'icy H. p. a. 5.7a)—r). llOcKo.mlcy ica? ,Iii HHHC a € K o611a- 
jae MacopaHToc n K', TO CTPOR (, V, io, i) ygoBJieTnopReT yCJIOBI4HM 5.7 a) —r) 

jig acex a € K. FloaToMy CHCTCM 5.26) o61IaaeT H. p. a. 5.7a) — r) ii ciejoaa-
TeJIhHO MHO?HCTBO pemeHMt dHcTeMu 5.26) inii acex a € K RBJDIOTCM nycTLIM. To 
ecTb K' = K.	 . 

B O . Mnocecmeo Q u nowecmca I' en,'cm& Ou ecex a > a0 . B pacMaTpH-
BMOM ciy'iae BIn1yHJIOe OTRPEdToe Henycroe MHOHceCTBO Q,1, He uepecexae'rcsi C
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BI.rnyR.uhIM HerIycmrM MHO7HCTBOM P. C.J1eoBaTe.nbHo, B czy [5] cyuecTByeT maHeft-

HaH 4yHI{I1H A(x, u 1 ) + b, 11031iTHBHaH Ha Q, H HeiiojiomuTejibHafl Ha P. Tora 
nOJIynpOcTpaHcTBO 2(x, u1) - inf A(Q) > 0 He nepeceHaeTCq C B1fflIUthIM MHoHcecT-
BOM P. CJIeoBaTeJIbHo, H11 H7HOM a> a0 MHOHeCTBO pemeHHft C11CTMb1 5.26) He 
nepeceaecci C OTHPLITMK, BUfl}JIhIM IIflCThIM MHOCTBOM Q• Cor.uacno [1] 
o6igFilk BHJ yHKLHOHaJ1OB A UOCTRCTB W, y HOTOPNX inf 2(Q)> —00, aaa-
eTCH JOPMYJIO ft 

•	5.8	2(x, u 1 ) =	S0 [oXoP +	iXiP +	r3(l(x(t), ui(t))) 
-	1-	-	,	id(q')	8d('b) 

(Se, flo, fl i - 0; Zo € t9J, Xi € c9T i , 0 ^ v8 E L(a3)),	 -• 

V8 II gr ac 8[e( . )],	z II V II +	i + o = 

	

sd(ø)	id(q) 

inf A(Q) = s r	v8(n(i, c 3[e(t)])) -i-- 
i 
X rtxi , 99 ) + flo(n( 7o, J) - J0) 

L8	
' 

d()	 d(9') 

"	3aliHcupyeM TaHori 113 mIX, y HOTOOfO so 1. OqeB11o, VTO MHWHCTBO peinenu 
CHCTeMbI-	f 

5.9	19o[XoP + (yo, J) — Jol + E fliXip + (Xi, i) 
id() 

-+- Z v(l(x(t), u 1 (t)) -1- n(i,1)3[e(t)])) i 0	•	 - 

	

\	8d() 

HH jTIo6oM a> a0 øe riepeceHaeT MH0?LcecTBo pemeHnk cHcTeMhI 5.26). HO3TOMy 
CHCTMM 5.26) 11 5.9 o61IaaIoT H. P. D. gim uoôoro yeh-ca a > a0 . I1OCKOJmHy 

4yHI11oHa31, onopamri H JrnHe1HoMy, COBiiaAaeT C HHM, TO H. P. D. CMCTM 5.26) 

5.9 COCTOI4T B cJ1eyJoneM:	 - 

5.10a) CyLIeCTByJOT	 •	 /

4yHKgHH lp € L, 

€	Ito, yj € L	(j =	..., d(a)), 
ewrop C € Rd(ro) 

- Taiae, qTO y 2^0, C € F H BbHOH1OTCJ CJIOBH1L -

	

6)	flixip + flozop +	uj(t 
sd((p)	 •	 sd() 

± f v(t) [(t) - Ao(e(t)) x(t) — A 1 (e(t)) .u j (t)	A 2(e(t))	u2(0
yd(o) 

- /2 (	
' x i(t)\ -	' y,(i(t)) + cRp -j-- u(B0(e(t)) x(t) ± B1 (e(t)) ui (t)) = 0 

\jd(a)	• /	jd(o) 

(ypaBlieHile 3repa), '	 - 

	

B)	0[n(y0, J) — Jo] + Z	q') + E v3(nl, 8[e(t)])) 

	

idtq')	 8d() 

-f pao dt + cr0 + i(b6) - o(1) 0, 
r) flo + Z fl i + Z IIv II = 1 

id(q')	ad(P)	
•	 : 

(ycIoB11eHeTp11BnaJIbHocTn).	 -
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HaIIOMHHM, 'cro erpoxa th x, Iso, Xo ' V8 ormcaHa B 5.811 HBJI$TCTCR rnHCHpOBaHHO1 AJIR 
Beex a> a0 . JoHa3aTejIbcTBo cynecTBoBaHL4a H. P. 3. CHCTCMh 5.26) x 5.9, y IcOTO-
poro C € E, rIpoBoHTcH )OCJIOBHO TR ice xaic M flH aIla.J1113e H. p. a. 4.14. 

BHJej1IM TpaHcJHlpyIomymcH IeuoKy a. p. a. 5.10. HaqHeM C TOI'O, qTo nepe-
rn4meM yCJIOBIIH 5.106)—r) B 3HBHBaJ1eHTHOt OpMe	 - 

5.11 a) ( i Z thx + floXo	1,*c) p + f ø(t) [(t) - Ao(e(t)) (t)] dt 

+ Z v,(1..,x(t)) + (Bo(e(t)) x(t)) . = 0, 
• 8d(ø) 

6)	v8(i1'u1(t)) - f p(t) A i (e(t)) u1 (t) dt -4--4u(B1(e(t)) u j (t)) = 0, 

B)	-f v(t) Aa(e(t)) u2 (t) (t) di	uo((t))	0	(j = 1, ..., 
ripx Bcex (O	€ 

r)	27	'pi) + flo[n(xo, J)	Jo] + u(bo(e(t))) 
id(9,) 

+ !' v8(n(l, b8[e(t)])) - f v(t) a0(e(t)) dt + Cr0 - u(1)	0, 
-	

•' '8d(S1E) 

! 13, + ! IIII -	 id(q,)	8d(ø) 

BTa cxcTeaa yc.rroBHI oqeBHHHM oópaaoM 3RBHBaJIeHTHa 5.10ö)—r). KOMrIOHeHTI,I 
C, 1/), It Iso, "s, fib, Xo. flu, Xi OBHCBHU B 5.8 x 5.10. 

	

CoBoxynHocm Bcex CTpOx (c, ,, ,u, ,u) € E XL	XL' XL, yOBJ1eTBOp. 
rnoELHx 5.11, 6yeM o6o3naam A0 . Y6eHMcfl, q o A0 xBtIHeTcg xoMnaxToM B 

- X	xL7 X L OA - wia6o Ton	,L ojiorgx. ecTBxTeJ1bHo, Tax ax aiieeami 
MTPHIIJ (B1 B1 *)-1 HBJIrnOTCH H3MepHMTLIMH OrpaHMeHHhIMa c)yHHrxHMI, TO 113 a), 
6) B CHJIy .TIeMMU 5.1 cJ1e)yeT, 'iTO 1 1 1pIlLd( x ) ,< k(c), I1/1II d c b.y < k 1 (Jc), re k = 
k 1 = k1 (r) Hey6bxBa1orLxe yuicivaH, onpeeJieHHbIeJIcL r ^t 0. ganee,u = t9 - 
(/2'	0, ftu = Izo + IizoII). ilOaTOMy 113 HafieHHo! oIeHKH H B) CJIegyeT 
IPdUOJL1• <k2(Jcj). Tax xax cpoxa V8, Xo, flog Xi, th - HHCBOBHHH )J11 BCeX 

oo. 

paccMaTpHBaeMbIxMHoaecTB A,TO y'feTF) HMBOHT H LUo41! 1' < k3 ( id). 

HO3TOMY orpaHx'ieHHocTb A0 6yeT JORa3aHa, eCiix MM yCTaHOBHM, 'ITO HOPMbI 
BCHTOOB C, CO1p?HaIIHxcfl B CTpOHaX A0 , orpaHH'IeHbI o6meft xoHcTaHTo, saBn-
Cffluefi trnmb OT a. ECJIII OnyCTHTb npOTHBHoe,TO 13 A HaftAeTCH ceTh CTOH (c, ,, ,u, ,u0), 
BOJJh KOTOpofk cJ —b- 00. Hopmnpya ax ua Icl a nepexofl a nojcen, B)OJn HO TOPO JJ 
C -± , p - 5, I - /1, /to 'Jo B R ) x L	XL 00. A X L OA - cria6oLTorio.JIoraa, 
npHeM H cTpo}ce (, , p, /i) YAOBaeTBop juouteft yciloBMaM: 

- Z 57(i)	• 

jd(a) /	jd(o) 

+ f	- A - A 1u1 - A2 dt + cRp = 0, 
jd(a)	I	 S 

—(1) + (b0) - f	dt + r0 .0,	Iz i
 

= -f iA 2u dt+ /io() - xeKOTOpbItl flOBHTMBHbIII yHxu11OHaJT rrpocTpax-
cTBaL,. 

41 Analysis Bd. 4, Heft 2 (108)
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IlocKo.mbHy 11HJe1c a flOJlHbIti, TO 113 3T11X YCJIOBIIrI cJ1eJyeT, 'ITO MHoecTBo perneHnfi 
dHcTeMbI 5.26) nycro. [IocJ1eHee HOT11BO'I11T upe/uo.no?1eHn10 B°). OrpaHwIeH-
HOCTb MHO4ceCTB A0 oIa3aHa. lac RaF 3aMHHyTOCTb A,, B R'' x L> x Lb0, x 
— c.ria6ofi TOHOJIOI'HH O qeBLlJHa, TO TeM caiiii AoimaHo, wro Ha?11oe 113 n-io-
flCTB A,,(a > a0 ) HBJIHeTc}I }oMnaHToM. 

flocKorI11cy cøcreMa 1coMna1ToB A,, IeHTp11pOnaHHan, TO cOr'JIacHO Teopeme Tnxo-
HOBa HaeTcR cTpoKa (C, , , /2), o6wa9 BceM ni. 3ra cpoa HOPOH'Aan rpaHciu-
pyu1y1OC IenO'Ily H. p. 3. 5.2. 

CyMwpyn noJIy qeHHlJe P3YJIbT3Tb1 npnxonM H TeopeMe. 

TeopeMa 5.1: ,ZdI5l, d?Ccmpe.AlaJlb,iocmu mamenu g J0 Øyniuoa4a J, r(J0) 4 0, 
neo6zoauuo U 9ocmamo'iKo cyuiecmeoeaiwe CflipOKU C, Zo' flo, Xi, fit, /2, 90 ' 1's , /), y(900-
Jtem6opJuou4eii cileôyJoqeli cucmee ycitoeuü: 

Yc.aoau.g cyuecmeoeanuR U npunaô.le3scnocmu: 

.12a) 11aiaymci 

c)caJzizpbl fib' fi  

eemop& c E E, yo, y1 E R' 1	(1 = I 

95yKua V E LX U 

f/JynJcIfuonaJIb u,z 0 E	v,,E L , A ( o $) (s = I 

maite 'imo	- 

0,	Xo EaJ,	Xi € ag2i. 

Yciiocua' 1cpumuinocmu: 

) (R"c + f flixi + fioxo\ p + f '(	Ax) dt + /2(BbX) , + !' v,,(1x) . = 0, 

B)	f ipA 1 u 1 dt	. /A(B 1 u 1 ) +	v,(l,,,u1), 

r.) tPyioituonaii /20(e) - f ipA 2u2 dt ( E	 'jie.emcji no3umuqn&jt 
iuo6oti 95yuiuu u2 € E, 

) -f a0 dt + Cr0 + f fin(, i) + fio(n( o , J) - J0) 
id(q') 

± 11(b0 ) — 11o(1) + ' E v(n(l,0,[e(t)j))	0. 

Ycitocue nempu6uabnocmu:  

5.12e) fi + EA + z Iv + le i > 0. 
i d(q,)	8d() 

npeAB .apHTe.TiE,Ho6 npeO6pa3OBaHHe CTOR11 5.12 

V6eHMcH, 'ITO B) HMeeT MeCTO TOqHOe paBeHCTBO II 'ITO 4yH1cLHoHaJI/zoHB.flfleTCH 
a6CoJ1IOTH6 Henpep1IBHuM. ,LeflcTBMTeJ1bHO, nOcTaBJ1HH B a) — j) BMecro (x, u 1 , u2) 
aieeu	u1t, U2") flocJ7IeJoBaTe.flbHocTH r € r(J0), BMecTo - 'IHCJIO 1, cH.mabIBaH
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II yC1lJ1HBfl HOJ1yeHHOe HBHCTBO noJlyuIlM: 

- J0) ±	 - J0) 

+ Z II v311 vrai max 8(x"(t), u 1 (t), e(t))	 0, 

u"() = u) - f ipAouo' dt. 

fIoefforibHy Bee c.riaraeie 9TOI'O HepaBeHCTBa, KPOM	0(J(p') - J0) HeroioicH-
TeJIbHbIe, a J(p") -	-± 0 npH n -* Co, TO i3ce 01411 UMeLOT CBOHM npeAejiOM HyJib. 
OTc1oya ohne'aer, 'ITO B IIMT MecTo paBeHCTBOM l lyu ,.Il - 0. B C14JI r) 113 noc-
JIeHero ycJIOBwI cJlegyeT, WO U0 fiBJifleTcH ciia6iii npe)e.mOM 11OcJIe)oBaTeJIbHocTH 
a6coJuoTl-io HellpephlBHLIx 4YHH4F1OHaJIOB f ipA 2u de. fl03TOMy B YH}1U4OHJI /2o a6-
COJI1OTHO I-IerfpepblBeH. CJ1eoBaTeJIbHo Bee 4yHEIHOHaJIbI Yu," HBJIHIOTCH a6coJlIoTi-io 
HenpepbIBHbIMu. 

AHaJlorwiHhIe paccyaen noKaaMBaIoT, 'ITO YCJIOBHe 5.12)) 3HBHBaJIeHTH0 
cJIegy1oneMy YCJIOBHIO öonoiutJiknAleü neicecm,cocrnu: 

5.12 0) EcrIH {(x". u1 ", u')} c r(J0) H1OTOPH nocJ1e)oBaTeJIbHoeTb, TO 

fipA 2u2" dt -* / L0(),	v8(lx', u1 + n(l, 8[e(t)])) - 0, 

fl i ( Z ip" + n(y, 0)) --*0,	(p' -f- n(xo, J) - J0)—* 0. 

B gajiiieme (I)yHIcLu4oHa.m u0 6yye11 aanllchlBam B 4rnpMe /L) = f rn0 dt 
(m0 E L A ) . C ee yeoM ycJIoBl4a 5.12r, ) nplIMyT B14j: 

jr) m0(t) - V(t) A 2 (e(t)) u2(t) () 0 jjnj iii060i 4yiuwui u2 E S. 

) —f pao de + Cr0 ± I flin(y i , )	0(n(0, J) — J0) ± (b0) 
td(q') 

+	v3(n(l, 8[ e ( t )])) — f n o dt = 0. 
• sd(') 

flepBoe 143 npe7eJthHbIx coOTHOtueFI1ti gonoHHIouei HCCTHOCTH 5.12 ) 0) aanH-
llITCH B 4op11e A 2() u2" --4 m0. 

IJpoBe)eM Teneph IIpeo6pa30BaHlle 1YHKLUiOHJIOB ,u, v3 . CorJlacHo [4] CYWCTBYIOT 
.rI14He4HbIe onepaop A, sing: Li3) --^ L(o), yoioieropnoruiie ycJIoBl4HM: 

1. ,LriI iio6iix (14KC11OBHHHX 2 E Lc,(0), z(i, .) € Li8) 
•	A).(z(l, .) xe())	 / 

a6cojnoTHo HenpepbiBHaH ()H1UI4fl MHonwcTBa	(Ha Haacce It3MPHMh1X no
.TIe6ei'y MHOKCCTB. opeaa Li). 

2. CyuecTB yeTnocJiegoBaTeJmHocTb l43MHMbIX MHO?KCTB	, mes	-# 0, 
Taxafi, 'iTO sing 2 II R((i) X 016 npi Bcex 6 > 0 11 

sing 1(z(l, •)) = urn ;,(z(1, .) 7ô( • )) .	 •	 •6-+oo 

(HarIOMHIIM, wrO eCJiIl 71 HKOTOPhI 4yHHI1HoHaJI, TO II H o3IIaqaer, 'ITO 77 Hc'Ie3aer 

Ha 4yHxLLHnx, paBHbIX HJ1IO Blie MHO?IcCCTBa H.) 

3 III = IA 211 + using 2 11 .	 -	 - 

11*
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• - HenocpecTBeuHo YCMaTpIIBaeTCH, qTo A2 LI sing 2n3auMHo dHHrypHhleyrn110-
HaJIbI. ilpil 3TOM 143 yCaOl3MFl 2 0 cieye, 4T0 AA 0 11 sing 2> 0. B [4] 6hulo 
noHa3aHo, qTO HamgEaft ()yHIaHOHaJI a E L b f pa3.uar'aeTcfi B CMM fz = /20 + 28 

a6C6.HIOTH0 I-IerlpepbIBHoI'o 1yHH911OHaJIa /2° 14 I CI4HI'yJluIpHOrO ()yHKI11onaJIa /28. 

(Dyrn-wuoHaJi dU° onycae npecTaB.1IeuLie /20(.) = f mdl, rje m E	 '-ITO me 
1acaeTcn 4yImIuIoRaJIa /48, TO OH	 Ha HaHOM 143 MHO,IceCTJ, HIOTOO 
nocJ1eOBaTeJIbHocTH	 mes 616 —* 0. OqeB11jHO IIII = ILu°It + IlizII. 

flpm1eILH1 no.JTyeHHbIe upecTaBJIeHnH 4)yHHIuOHaJIOB It 14 v8 ).mn npeo6paao-Balnifi CTPOKM 5.12. CorJiacHo uepBoMy CBO1CTSy onepaopa A 4)yHKL11H Av,(.(.)) 
a6co.m1oTHo HeripepEIBHa iia iiacce li3MepHMMX no Jleôery MHO?ICTB 6 oTpe3Ha L. 

ficHo, TO Av3(yg( . )) nrneTca cqe'rHo a14T14BHOt1 (yH1He1 MHoaiecTb 3'r6ro RJIacca. 
IloaToMy corjlacHo TeopeNte PaoHa-HHIojiMa LIMeeT MecTo 

5.14a) Av3(yg(t)) = f b3(t) dt	(0	b8 E L, IIi'811 = f b8(t) dl). 

AaaJiorH4Ho Av;( g(t) 1), Av3( g(l) n(l, 03[e(t)])) gBJIsnOTcII a6COJIIOTR0 HenpepIIBH}IM14 
YIlRIJHflMI4 MHonecTBa OTHOCMTe.TIbHO MbI b8(t) dl. HO TeOpeMe PaoHa-Hu1owMa 

IlMeer Mec'ro upeicTaieuøe 

5.146) Av8(y(t) 1)	f b8(t) 13(1) dl,	•(b)8 E
g 

-	Av8('g(t) n(l, 8[e(t)])) = f b8(t) n3(t) dl,	(b8n8 E	 - 

IloaToMy Ji114 rIpOR3BOJ1bHO1 rapu 1yH8Luu (x, u1 ) E LX X L d(u.) H i4aMep4MOI'O 
MHomecTBa	HMeeM 

Av3(g(t) l(x(t), ui(t))) = f b3(t) 18(t) (x(t), u i ( l)) dl, 

Av3(y(t) n(l,	[e(t)])) = f b8(t) n(t) dl 

Tainni o6pa3oM 

Av8((t) (l(x(t), u,(t))	n(l, (18[e(t)]))) =f b3(l) (13(1) (x(t),ui(t)) -4-- n8(t))dt 

•	gain Ha?igoli yH11rI4H (x, u 1 ) E L'' 14 jiio6or'o 143MMMOO MHOneCTBa, c A. 
•	flycrb 6 c L H3MepHMOe MHOeCTBO, Ha KOTOOM ()yHIunhI b 3 , e, n8 , l Henpe-

	

h1BHbI m b8(t) > 0, a t,, E ' To'na UJIOTHOCTI4 '; (, v) E	X R'' 1 . Tora, o6o.
3HaqaH 6pe3 L' cerMeHT, COJepaiaLII1i1 t,,, H IcaqecTBe BIIYTpeHHeft Toq}rn, tIOJIy'4HM 

b3(t) (13(1) (, v) +n(t)) dl 

j
b8(t)-dt vri max	v1, e(t)).  

flepexogn K npeje.ny upu	0 14 copauasi na b3(t)> 0 UP14XOU4M ii Liepa-
BHCTB l(t) (, v 1 ) +3()	v1, e(t)). HOCKOnBIly 3)Cb -B KaqecrBe (, v)



HPHHWI[I maHcumyma Co cMemaHHbzMH OPHfl4CHUHMR	165 

MOflfflO HpHHRTb .ilI06yl0 To'J}cy HpOCTpaHCTBa Rd(x) X	TO 8() E 38[e(t*)], 
n3(t* )	n( l8( t ),	8[e(t)1). 

V6ejHMcn, To Ha CaMOM geae n3(t) = n(13(t), 8[e(t)]) HOTH BCFOAY Ha MHO?HCTBC 
it € L: b3(t) > 01. Lrn aToro 8aMeTM, WO corjlacHo 5.12 0) 4yHHIuOHaJI V5 .tOB-
JIeTBOpHeF ycJIoB}no A OrI6JIHFnouAerl HeRecTKocTH 

v3(l(xm (t) , u1 m(t)) -+- n(l, 08[e(t)I)) —* 0 

Ha Hwkgoft floc3IeJoBaTe.nbHocTH {(Xm,Um)} E T(J0). OqeBHHO, Aajiee, q 'ro CCJIH He-
xoTophI - yHHIHoHaJ1 0 V8 E L(o) yOBJieTBOpHeT YCJIOBHIO JOflOJH 011e He-
?RecTH0cTM, TO aTHMneCBOCTBOM 5yJeT . O6J1aaTb H Jllo6afl ero n03HTI4BHaR iacm 
i, € L" (a8), 0 ^5 v8. CJ1eoBaTeJIbHo, CBOtkCTBOM AOnOJIH,9ioiqeft HCHCTKOCTH 
o6JIaJaeT ii 11yHI1HoHaJ1 Av3(€(t) z(l,t)), re ol flp0H3BOIIbHOeH3MepHMOeMHOHeCTBO 
oTpe3a L. UJoaToMy Aim icaao1 nocJIeoBaTeJ1bHocTn {(Xm , Um)}. € r(J0) HMT 
MecTo 

•	f b5(t) (15(t) (xm(t), u1m(t)) + n8(t)) dt -* 0. 

•	I1OaTOMy nocJIeoBaTeJ1bHocTb b3( . ) (l( . ) (Xm(.) , Ulm(.)) + n3( . )) CXOHTCH cia6o 

H Hyalo, a TaH HH ee q jlenM HenoJ107PuTeJIbHbI, TO OHa CXOMTCH K Hy.TIIO B HOPMC 
L. 3HaHT b5,(t) (18(t) (xm(t), u1m(t)) + n3(t)) * O HOqTII BCIOAY Ha L. Cj1eoBaTej1bHo, 
nO'ITH BO ncex TOVK8X t € i, B HOTOLIX b3(t) > 0, 6yeT 

- b8(t) (xm(t) , u1m(t)) + n3(t)	0,	3(xm(t), u 1 m(t), e(t))	0. 

Ha 3TOM MHoKecTBe n(t) (=) n(18(t), 3[e(t)]). 
TaK EaK aHa qeHnn yHKIHfl 13 n8 Ha MH0?KecTBe {t: b3(t) = 0} He BJIHHIOT Ha 3H-

eHHs1 yHKIwH b3(18(x, u 1 ) + n4, TO MOKHO CqI1TaTB, 'ITO n8(t) (=) n(l3(t);5[e(t)]), a 
18(t) (E)	,,[e(t)]. 

	

flOcTaBJ1HH HaeHHMe	 HKI4OHJIOB V,, ,U B 5.12 a) If IICHOJ1b3H 
JIeMMy 5.1 saKjIioqaeM, 'ITO 5.126) aKBHBa.neHTHO YCJJOBI4IO	 - 

5.13a) —div = (Ao*V, - ' b3l8 - Bo*m) dt — dv, 

p ? (tO)	v(t) + f	o + floXoo + Ro*c, 

	

= —v(t 1) - '	-	- 

re v BHTOPHR Mepa PajoHa, 3aaHHan ;O?KCCTBOM 

fxdv =	sing v3(l*x) + 48(x) JIF[ BCex x € C. 

YCJIOBHe 5.126) ITHMT BHA	 •	 - - 

f ipAu dt = ,' f b3(t) 13U1(t) 'u 1 (t) dt -f- f m(t) B1 (e(t)) u1 (t) dt 

	

8d(ø)	 • 

	

+	' sing v8(lui ) + 1u8(Bi (e) u1). 

	

sd(ø)	 - 

Hocico.rrbKy 4yHIIU1OHaJI npocTpaHcTBa	flBJIRJOLLCfl oHoepeMenHo a6COJl-



JOTHO HenpephxBHuM H CHHry.nHpHbIM, paeii HyJuo, To nocJ1eHee ycJ!oBue aHBH-
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najieao nape TonecTbB:	 0 

6)	Ai*(e(t)) (t) (=) ,' b3(t) l31(t) + B1 *(e(t)) nz(t), 
•	

.	 8^d() 

B)	E sing v8(1v) + L 8(Bi (e) u 1 ) = 0.	 0 

8d('P) 

HTaH MbI npniuin E caegymigerl 'reo.peMe.	
0 

TeópeMa 5.2: Jta diccmpe./aJIbnocmu -3nawnua J0 g5yniauonaizd J, r(J) == 0, 
- - Heo6xoôu.4t0 U fiocmamouio cyqecmaoeanue cmpohil c, flo, fli, Z Xo ' b3 , i, m0, m, V8 , U, tp 

y806izeme0piuoufe( yCjIO6uj?.4:	 0 

Yc.,zoouA cyu4eem606anui u np uKaöJlecnocmu:	
0 

5.14a) 'C E Rd(r.), flo, fl i € R', Xo XiE fi)+)	(i = 1, 2, ..., 

b € I	l €	 (s - 1 2	d()) in0 € L	in € Lb 

€ L(a)	(s= 1, 2, .....d()),	€ L b ' ,	 -.	- 

A	Rd(z) - !fiyiKqaA opanuiennoi oapuazuu.	. - 

'6)flo , th 0 , 7O EaJ, xE9' 1 ,' b>O, v3 ^!O, 'c€E, 

l(t) (€).a3[e()].	. 

Ycoo,ii ,cpumuiuwcmu 'uciia J0: 

B) —dv(t)

	

	Ao*(e(t)) '(t) — E b(t) 13 (t) - Bo*(e(t)) ni()'1 dt - dv, 
sd() 

,(t) ='v(t0) + f- fliXio + floXoo + Ro*c , - 
id(p) 

tp,(t) =	 v(t i) - E 9iXii - /9oXoi	R1*c, 
i !5 d(v) 

eOe mepa v onpeaeiiiiemca U3 YCJ106UJ 

f .xdv = oto(J3o(e)) + E v3(lx) OjYi ecex x 
8!5d() 

i')	A 1 (e(t)) (t) - B i *(e(t)) m(t) —	b8(t) 13 ,(t) () 0. 

) ,(B(e) u1 ) +	' v(l,u 1 ) = 0 aas ecex u1 € 

e) m0(t) -. (t) A 2(e(t)) u2 (t) (^!) 0 OA q ecex u2 € 

) -f v(t) ao(e(t)) dt -f- Cr0 +. E n(y 1 , th) + fio(n(yo, J) - J0) 

+ + f m(t) bo(e(t)) dt +	f b3(t) n(13(t), 8[e(t)I) dt - f m0(t) dt	0, 
8d(0) 

aôe	= L' v8(n(1, 8[ e,])) ± b0e). 
8d(ø) 

Yc.'toeue nempueuaitbnocmu:	 .	
0

3 ) - P C I + z (Iiv lI +fb8(t)d) +flo + E fli >0. 
sdP)
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o ic a a a T e JIb CT 80: Heo6xoI1MocTb goaaana RHine. )iui )OCTaTOHOCTH noEa 
HeM, VTO eTpolca 5.14 riepecq ttTbIBaeTCFI B CTPOHY 5.12. I4ieeri 

f b(€) (13(t) (x(t), u1 (t)) + n(13(t),	3[e(t)])) de 

;5 f b3(t) de vrai max 3(x(t), u1 (t), e(t)). 

CJ1ejoBaTeJibHo, 4)yHHLU40HaJI 
f b8(t) 13(t) (x(t), u i (t)) dt RBJIHeTcH 011Opi-IbIM 

vrai max	(x(t), u 1 (t), e(t)) f b3(t) dt ii 

f b3(t) n(13(e); J'[ e ( t)I) dt 

n(f b3(t) l() (x(), u(t)) dt, vrai max 8(x(t); u1 (t), e(t)) f b3(t) de).	-: 

•	HoaToMy coraiacHo 4.12 yiiiuiouaii f b8(t) 18(t) (x(t), u j (t)) dt gonycHaeT npecTaB-
JIeHile	 s 

f b(t) 13(t) (x(t), u(t)) dt = 

0	€ L" (a,), -	IFz'8l =f b 6() dt, 

f n(13(t), 03[e(t)]) b8(t) dt :!z^	(n(1,	3[e(t)])).	 - 

floJIoanM

=	+V8	P(S) = u(.) f m(t) . dt,	/(.)	f m(t) . dt. 

Tora cpoica C, flo, th, Xo ' Xj ,' !8 , fto, /, p YAOBjieTBOpfieT BceMycJIoB14nMTeopeMu5.1. 
CJIeoBaTerIbRo, qHcJIo J0 RBJIHeTCR 3KCTPMJ1bHbIM aHa qeHileM (byHR411OHaila J  

11p14H1n MalccMMyMa 6yeT noJIyeH npeo6pa3OBaHHeM CT0HH 5.14 it OHBHBa -

jieHTHO fi 	He coJep?Ha[Ieft TaKoro 05beHTa Hal yHH1HOHaJI npocTpancTBaL. 
•	EeJIo B TOM, qTO 4)yHKLU4OHaJIBI flP0CTPHCTB OFPHHHHhIX H3MPHMhIX 4ynirui 

He HMeIOT HHHaKOrO He3aBHdHMOro OHHCHHH H RBJIFU0TCH061,OKTaMH CILCTBHHO 
6ojieë c.moaI-Iot UPHO)h! qeM 4yHIIHn. floaToMy oTBeT, HanKcaHHblfl C HCIIOJIb8O-

•	BBHHM Ta}dux yHHLI4oHaJIoB,He a )eHTMBeH B npIlHIu-Ine. flpeo6pa3oBaHHecTpoxll-
5.14 H 3}cBI4BaJleHTH0	OpMe, He cogepwameri aJIeMeHroB HPOCTP1ICTB L, HaabI- - 

•	BaeTcn pacwug5poeKoI. Hatt H B [2, 6-8] 3T0 npeo6pa3oBaHHe , onlpaercH Ha anpOicdu-
Mari.iHyio reopeMy [7, 8]. LeHTpa31BHbIM MecToM	 HBJIReTcH Haxo)H-
geHite npegcTaBJIellHH MnwicecrBa A 4yHIcusoHaJIoB f x(t) dv + gr flPOCTP8HCT8 

= C	it x ' C H0PM0 II(x, T)II = JIxlIc + rj: 

5.15	f xciv + ' = E v3(lx + n(l, 03[ eI) -r) + it(Bo(e)x + b0(e) r), 

/ -	 0	V8 E L"(a3),	L' IV 8 = 1,	E 

	

00

E v3(l,u1 ) + z(B1 (e) u 1 ) = 0.	I
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§ 6. PacmhipoB1ca ynIcIgoHaJioB f xdv + e 

HpejuapIfTeJ1bHue flocTpoeHnH 

Ham HOTpe6yeTCfl IIPOCTpaHCTBa	 -	- 

V = L(a8) x L XL c HOMO 

1Kv8, U, b)lIv = max 1I1v811Li() IIU1IlLdcL, llbllLb} 
00	00,A 

Z = L11() xx	C HOMO 

lI(z3, z, Zb)IIZ = 2.::' II ZSIJ	' -I-- IIZ IJLd(UI) •+ IJZbJId(b,) 
-	 sdR')	i 	 - 

onepaTop ' 3: 	V, 3agaHHEali corJlauleHlieM T(x, r) = (v3 , 0, b), re 

v8(l, t) = lx(t) + n(l, je(t)]) i,	b(t) = Bo(e(t)) x(t) -f.. bo(e(t)) r, 
H MHOKeCTBO N lyHHruoHa.11oB rIpOCTpaHCTBa V, gonycimiomux npecTaBJIeRHe 

E v8 (v8 ) + (b), re . v8	O	Z llv.11 = 1 ad(') 
11	

(Bi(e) u 1 ) +	v8( l 1u 1 ) = 0 UpIf Bcex U1 E 
8d(G) 

HefloCpecTBeHHo ycMaTpllBaercH,. qTo N B1.InyK.wLffi 6tKOMuaET B V-cjia6o 
TOUOJIOrHH (To eC'rb TOIIOJ1OI'Hll, nopowgeHHOR CXOHMOCThIO Ha BCeX aJIeMeHTax 
113 V). TaK Ha} 3 JIHHeftliblft , onepaTop, TO corip qmeHHMft onepaop 3*: V' —> 
HBJIHeTCcI HeHpepI.IBHLIM B -CJIa6Of TOHOJIOI'HH 11 

6.1	A=TIN. 

C.neoBaTeJu,Ho, A RaH O6paB 6uKoMnaKTarJpnHenpephIBHoMoT05paHeHu14HB.mneTcH 
6nHOMna1TOM JIpOCTpaHCTBa X'. B CHJIY 8IJ11T11BHOCT11 3 H BhIUyH.IIOCTM N 
6HH0MUaKT A g aaecg BhIHyKJmIM. B [5] 6i.iio goHasaHO npewoHceHHe: 
BEanywimll 6HK0MrIaHT A,1, COUJfHHOFO I1POCTPHCTB	' B TOqHOCTH COBHT CO 
MHOHCTBOM OflOpHbxyrn-cIHOHaJIoB Cy6J1flHeHOrO )H1C1HOHBJI sup 1(x, r), 2 E A. 
HoaToMy A COBrIayaeT C COBOKyIIHOCTLIO Bcex OIIOpHbIX 4yHKL11OHaJ1OB Cy6J1IfHe-
HorO )yHRIu4oHaJIa 

6.2	sup fxdv+p 

(MnoncecTBo A OH11CHO B 5.15). TaRHM o6pa3oM aaa qa 0 pacmwpoe A 6ygeT 
pelueHa, ecjni MU HaiJeM TaHoe upecTaBJ1eHne cy6J1llHeHoro YHH1U1OHBJ1 6.2, 
ROTOO 1103B0.JIHT HOJIHTL onlicaHile COBOHflHOCTH Bcex ero OHOPHLJX 4yHIc U 4 o-
naJioB B TepMHHax, He cojepauux HOHHTHR (yHFaHOHaJIa npocTpaHCTBa orpaHIf-
qeHHblx H3MP11MbIX yHH1H. 0Ka3r,iBaeTcn, 'ITO 3Ta 3a)a qa pa3pelnnMa H OCHOBHyIO 
pOJIb 1IM ee pemel-inil HrpaeT anupoHdHMaTIfBHaH TeOpeMa. 

HpziMeHeHne annpoRdnMTnBHot TeopemLi 

ilMen B BKAY HpI4MeHeHHe arinpoRcHmaTlIBROrl TOPMbI BBeeM BLinyiIjime HeUycTUe 
ROHyCU Q8 , L c V, H3 , H Z, oupee4eHnue flH UOMOrIH corJIameHH1: 

123 =

 

	

08 , u1 , b) E V: vrai mm (o)v3(l, t) > 0}, -	-
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= {(v8 , u1 , b) E V: v8(l, t) - i 1u1 (t) (=)O, Bi(e()) u1 (t) (=) 0), 
H. = {(z8 , ; Zb) E Z: z3(l, t) () 0}, 

H = {(z3 z, Zb) E Z: z(t) (=) B1*(e(t)) Zb(t) -	f zud8t} 
8d() 

14a onpegeiieHaR UpOCTpaHCTI, V, Z, HUOCPCCTBHHO ycMaTpHBaercn, qTo Z' = V 
14 ROHCbI H,, 'H 2YCMbt Ha 9?3 , L cooTBeTCrBeHHo. HaJIOMHIIM onpe)eJIeH14e:Ec.uH 
A c V	 rn B c Z iuyiiiiie Henycm	 a re KoHyCid, TO eycmoma B Ha A oaHqaer 

- Bbfflo.lIHeHlle JByX yc.11oBn:	 - 

1. a(b)	0 p.rrn Bcex (a, b) E A x B,	 1 

2. ecI14 a0(b) ^ 0 gan Bcex b E B, TO a0 E A. 

(A o8HaqaeT BaMBIRaHIle MHo?KeCTBa A B TonoJor1rn flpoCTpaHCTBa V.) 
HocxoJnKy MHO11eCTBO BCeX HCTPHB14JIbHhIX peMeHHft YBHCH1111 31iepa cuc-

TeMhl 1oHycoB Q8, L COBflaJaeT CO MHonecTBoM Ha6opoB yHH1i1OHaJ1OB 

(v3(v3) ,	E v8(l,u1 - v8) + 1u(B1u1) 
3d(ø) 

(0	v3 E L(a3),	E JIII > 0, u E 
\	\	 sd(ø) 

v3(l,,u1 ) + (B1 u1 ) = 0 gan BCeX U1 € LU 

TO corJlacHo a-unpoiicmmaTHBHOrl Teopeme }lMeeM 

6.3	N = fl	(N - aanairne V—' ciia6OR TOHOJIOrHII), 
6>0	-. 

Are	 - 

N5	{(z8 0, Z) € Z: z3(l, t) 2^ 0,	f z3(l, t) da8 = 1,	d(U1) 

sd(G)	 L1 

(t) =	z8(l, 1) lu ,dffi, i + B1 *(e(t)) z(t)}.	 — 
8d() 

V6eHMcn, '4T0 iiamgoe 118 MHOHCCTB N5 orpaiiueuo B MeTpuHeZ. ;LecTBHTeJ1bHo, 
8.fleMeHmI MTHLLI (PB,*) -1 HBJIHIOTCH orpaHMeHHuMH H3MP14MbIMH ()yHFUH51M11. 
floaToMy 118 4OpMyJiu  

= (B 1B1 *y 1 B1 .	' f z3l, 1dmYi8, - 
I58d(') 

CJ1eyeT, tITO ()HICIHH Zb orpaHzIqeHa B HOPM d(b. ) TH HaR 

vrai max max	ko 14 noaToMy f ;(l, t) l di8g d(u1) <k0. 

CJie)oBaTeJibHo icaagoe H3 MHoaecTB No orpaeo B Z.	 -
B -cuy ciia6oft 614KOMnaITHOCTH CAMHII q HOfl C4epbI COHPH?IHHOFO flOCTHCTB 

oTc10a cJ1e)yeT, qTO N76 cJIa6hIe 6IIKOMflaHTbI, y6MBaloruHe BMCTC C 6 > 0. TaR RR 
•npH Heupep1IBHoM OT06pa?eH11H o6paa nepeceeiiirn MOHOTOHHO y6MBa1oLuei cue-
TeMbi 6nKoMnaxToB paBeH nepeceeuio o6pasoB,- a o6paa aaMulcanurn coBnaaeT C 
aaMbIKaHz4eM o6pa3a, TO 118 (Li, 6.3 niTeiaeT A = Y'N = n PNM = r
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(6> 0). 0603HaH1 Y*No qepe3 A. Torga 

6.4	. A = fl A° (A° - aaMbIHaHue B -cjia6o TonoJinil), 

re

/1° 
= {	f z8(l, t) (lx(t) + n(l, 03[e(t)]) r) d8 

± f z(t) (Bo(e(t)) x(t) + b0(e(t)) ) dl: 

Z,	 0,	!' fz3(l.t)dci3 = 1,	tIll d(u,)<ô, 
8d(')	 . 

(t) =	f 1,z3(1, 1) d 3 + B1 *(e(i)) z(t)}. 
3^d(ø) 

flocIoibIcy npocTpaHCTBO X cenapa6erIbHoe, a MHoecTBa /16 1I8.ThHIOTCH cJIa6bIMH 
,61oMnaKTaMH, Y6HBaIOILU4MH BMecTe C 6 > 0, TO U3 6.4 c.JieyeT 

JteMMa 6:1: ,aAA moo, timo6u Øyniciuqnaii f x dv + er coaeprisca.'zci c A ,ie66xo-
u.*to u Oocmamo'ow cyufecmoocanue nocJieaocameJbJ6ocmu (z°, z°) E L 1 1 (a3 ) x 
mahoü, 'uno 

6.5 a)	.f x dv + t = 11th{
	

f z80(l, I) (lx(t) + n(l, 8[e(t)1) ) da8 
sd(p) 6-+O 	 -	. 

•	 ± f Z°(t) (Bo(e(t)) x(t) + b(e(t)) r) dt} 

ö)	(z86 , z°) € L1 1 ( 3) x L,' ;6	0,	f ;°(l, I) da3 = 1, 
8-d(ø) 

II°IId( U,) < 6,	q°(t) =	f z86 (1. t) l , di -I-- B1 *(e(t)) z°(t) . 
I.L/	 8d(ø ) 

flpeo6pa3oBaHlle YCJIOBKA 6.5 

flycrb nOcjeoBaTernJ4ocm (z36 1 z6 ) YOBJITBOPHT YCJIOBmjim 6.5. .BBee1 o6oaii a-
qeHilfi:

	

O(g) = f z80(1; t) d, -	p0(t) =	°(t),	•	 •	 • 

e86 = t: °(t) > 0},	e0 = t: j0(t) > 01 = U e80. 
8d(ø) 

Torga 0	€ L, f °(l) dt = 1. Mepea e6 ' o6oIiaaeTcR MHO?OceCTBO, gOnoji-
HIITeJ!bHoe ic e 6 , TO eCTb Ce°. ha 6.56) cegyeT 'ITO 

z°(t) Xeó'(t) = _(B1 (e(t)) Bi*(e(t)))1 B1 (e(t)) °(t) 7eO'(t), 

a 3T0 anaqwr, WO Z°7e6' -^ 0 a OTcioga, B VaCTH0CTH, cilegyeT; 'ITO B 6.5a)
IIA 

mi OHH Ha npeAejiOB He H3MeHHTCJI, eCJIH B UOCJ1OOBTCJ1bHOCTH 6.5- 4)yHHIJI4Io z6 
yMHOHHTb Ha Xe6 IIO3roMy 6e3 yajienoi O6EUHOCTH MOHO c qHTam, 'ITO B H0C-
J1OBTJIbHOCTM 6.5 4yHHUH11 z86 COCOTO'IH}il Ha e°.
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UyCTb (z30 , z°) Talcafi nocJ1eoBaTeJIbHocTb. IlOJIO1IM 

I fl8(t)/°(t),

 

e. CJIH t € e =
0,	 ecjiri te°. 

BBe)eM YHRUHIO 1,6 11pM 11OMOILH cor.nameHnoi 

-	1 °(t) = 5 
1/°(t) f ;°(l, t) 1dii5 ,	 Ha e°, 
J11060rf 113M. Bbl6opice 113 a 3[e(t)] Ha e36. 

flOCJ-OJ1bcy (z30 (1 , t)//9°(t)) dmi ripil t € e30 BepOffTHOCTHa q Mepa, 
Ha BhmyHJIOM }oMna}cTe 004e(t)], TO U Ha e, laMeeT Mecro i°(t) € 3 5[e(t)]. BBeJeM

	

aiee fl8 1 H m0 NPH ITOMOIJUI (OpMyJI	 - 

n 6 (t) = S 1/,83(t) f n(l, 03[e(t)]) ;0(i, t).di3	eciiii t € 

t n ( 13°( t), )3[e(t)]	 ecjut •t	e50 
11

f o

z°(t)/fi°(t) ecJIM t €eô 
m°(t)=
	ecJIH teo .	 - 

Torä
(cX, 13 n50 , M; 4 ) € L A X jj(X)±d(u,) x	x 
c°(t) () 0 1 	8 (t) = 1 H a	 x°(t) = 0 BHO e80 

ad(0) 

H HM1OT MCTO ciejyioiine paBeHeTBa: 
0(g) 

°(t) 150(t) = f ;°(l, 1) 1 di,,,, 

5ö(g) 9°(t) n50(t) = f z81 (1 , t) n(i, 05[e(t)]) dTh 8, ,	°(t) m°(t) = z°(t) 

• OqeBilgilo: m50(t)J (^S) k 0. C yqeTOM TMH BBegeHHh!x o603HaeHHt	 - 

p30 (t) (13°(t) x;u, 4- fl0(t)) = f z50(l, t) (lx, u, -)- n(l, 5[e(t)})) dm31 
-	

p8(t) 05(x, Ut, e(t)). 

ITloaToMy n3 '(t) (	) n(13°(t), 8[e(t)1). 
I1Tac goiaaaa JIeMMa. 

TI e M i a 6.2: A7Aa mow, 'mo6u Øyiociuonaii f X 4v + r coOepocaiic o A neo6-
•	xoOu.sto cyuecm6o6anue noclleFioeameltbnocmu (n 	O, jO) €	x	x L 

x	ygoBJIeTBoprnoweiiycJIoBnHM: 
Yc4o6ua npunaöiieici-iocmu U ceizau: 

6.6 a)	f x d +.r = urn f #°(t) {
	

8(t) (l(t) x(t) + n80 (t) T).
8d(") 

	

+ m°(t) (Bo*(e(t)) x(t) + b0(e(t))	dt, 

8 (t) ( ^) 0 1	°(t) (^) 0,	c°(t) (=) sign °(t) 
•	 • 

O(g) () a[e(t)],	n80(t) (;5) n(13°(t),	[e()]). I
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•	HopMup08014nue, /ciW8ui: 

• 6)	n3o(t)Iko,	f flb(t)dt = 1	IIILd() 

•	
•	 = flö(t) ( f a"M	- Bj*(e(t)) mö(t). 

\8d(ø) 

• Ham rloTpe6yeTcn cejyiouee upeo6pa3oBaHe HocJIeoBaTejIbBocTH 6.6. 0603Ha 
qHM xiepes 66 CoBoKyrrHOCm BCeX TO'ieK t E L, B HOTOPMX 

•	 rö(t) >	 S r(t) =	l(t) o(t) + Bi *(e(t)) mö(t). 
-	 d(ø) 

OeBuHo urieeri 

	

•	 f ö() dt ^- (lIIILa)_1/2 f ö() r(t) dt	(IIJiLdu1!2	 - 

	

1•	 so	 ! 

HocHoJlbHy	 S	 - 

- niO(t) fl°(t) e6()	 • 

= (Bi (e(t)) B1*(e(t)))1 Bi(e(t)) e() (	°(t)l(t) ö( t) - 

TO m8°e6 --> 0 B	HO06Hh1M O6paBOM 1 113 yCJIOBIIH 1n3 3 (t)I <'ko cJ1eyeT, TO 
- 0 B L. HOaTo1y }cJIacc ynKLuIoHaJloB, HB3H1O11IIXCH cia6hm1M npeje-

jiairn nocJIeoBaTeJmHocTei 6.6 He H3MeHHTcR, ec.rrn °(t) aaMenwrb Ha (f fi°(t) dt\- 1 

X °(t) ze('), a m0 , fl86 , x	OMHORHTb Ha '5' (' = L \ so) .	"ô	/ 
,LoRa3aHa JIeMMa. 

'	J1ea 6.3: ,4.ii m 'oo, nmo6bl 5ynicluonaJl f x(t) dv + or coaepcmaiic.c a A 

	

m,	9°) E L' A X 
x	x	X	yc9oe.tiemoopaiozqeii yciocu: 

Yciweuiz npu1aôIIe6cnocmu ii c6il3u:	 • 

6.7 a)	f x dv + -	urn f °(t) t	80(t) (l(t) x(t) + n80(t) )
d() 

	

+ m°(t) (Bo(e(t)) z(t) + bo(e(t))	dt 

0,	LX,6 ^ 0,	E	= Xeo	(eo = {t: °(t)> 0}), 
sd() 

	

- -	6)	180 (t) € 0 5[e(t)],	n56(t)	n(13ô (t),	3[e(t)]).	 - 

	

Hopupoeowue ycizoeu.v	 -	 - 

B)	I n30 () <	- f ,°(t)dt = 1, 

	

ö()	+ B1 *(e(4)) m°(t) <ö. 
- 

MH He OCTaH3B.TI11BaeMCH na Aoxa3aTejibCTBe Toro; qTo ic.nacc 4yHxIHoHaJIoB 
fx dv + or ripoCTpaHCTBa 3, 3agallHbIX ycJIOB11RMH 6.6 11, cooTBeTcTBeHHo,. 6.7 
coBnaaeT o A, TaK IcaR upH BbIBoge nPUHLknua maHcHmyma iiaieiii J0 yHKIuIo-

•	 • naia J3TO He Tpeôye'rc}I.	 • 

•	 S	 •	 •	
S	 .-	

.	 I



flpHHErn MaMcI4MyMa Co cMewaHHbIMu orpaHu qeHnnMH	173'' 

PeoMeTpll q ecKoe npecTaBJ1eHHe yHHr.MoHaJIoB f xdv + er, co)epna 
ILU4XC$IBA 

0603Haq inI 4epe3 H6 COBOLcyBHOCTb Bcex Ha60pOB	l, n, mö , flö, e6 ), yjon.aeTBop.
nioax 6.7. flycTb yHLCLHOHaJI f X dv + Qr , coAepMHTCJq B A. CorjlacHo .JIeMMe 6.3 

J x dv + er	sup f flI(t) 1";Sd(o) ô(g) (1(t) x(t) + n8ö (t) r) 
, 

+ m(t) [Bo(e(t)) x(t) + bo(e(t)) i} dt. 

01eHI4M cBepxy BMpaMceHI!e, coauee noj BHaK0M sup, o6oBEaqnB ero epe /: 

ai max {E a"m (l(t) x(t) +n3ô(t):) 
eo	 8d(ø)	' 

•	 + MI (t) (Bo(e(t)) x(t) '+ b0(e(t))	• 

••	

sup ls^SdW 
(t) lt x(t) + 8o(t) ) + mö(t)(Bo(e(t)) x(t) +. b0(e(t))

e6'  

sup '{
	

3(i3x(t) + nor) + m(Bo(e) x(t) + 
groö.i,â.nö 8d() 

mö.eIea 

re ea' c e6 ,- mes (e6 \ eo') = 0. 0tyHHtjH q	 - 

c 3(l3 x(t) + n8 ) + m(Bo(e)' x(t) - b0(e) r) 

HHIJBHO aaBHcnT OT (o, l, n3 , m, e, t). HoaToMy eciu MH0?HeCTBO eo'	ea TaK0BO, 
TO Ha HeM BC YHKLU1H	jö,	m5, e OPHHUHH (cyu.ecTBOBaHHe ra}coro MHO-

necTBa e6 '	€ô, mes (eo \ €ô') = 0, cJIeJyeT Ha TOI'O, iTO Bee nepeqHcJIeHHiIe yHH-



• I1414 H3M0BMbI H orpaHiieHhi no yc.noB}uo), TO HMT MCTO oIeHKa 

max { E (l52x(t) + n8r) + m(Bo(e) x(t) ' 60(e) 
gr 6 I,6,n 6 ad(ø) 

m 6 .eJe6'	 - 

flOcHoxbRy 3T0 HBHCTBO BLrnOJIHHeTCH JJiB Bcex e6 ' c e6 , mes (e6 \ €ô ' ) = 0, TO 
113(1.10 cJxeyeT, WO Ouo,BepHo Tame ecJii e e6 ' aaMeHHTb Ha e I e 6 . TaHHM o6pa30M 

OHa8aI1o:  

6.8	sup f x dv + er :5: max{ E	i3 xt) + n5r) + m(Bo(e) x(t) + b0(e) 
A	 ,6	sd(ø) 

re	•	 .•

Z -	 ad(G) 

i E M[e], t E L, —k0	m5 ^'– n(18, 8[e]), I E c 3i8 , ± B1 *(r) m ^ c5 
/	 sd(ø)	- 

RCHO, qTO 66 HoMnawrLr, y6I1Ba1o!11e BMCT c Ô> 0. Ecini A r 0, TO HOMflaRmI 
Irenycmi giui neex ô> 0. H0JIOMrnM O = fl O. Tora M3 6.8 B CMJIy ynoMHHaB-

6>0	•
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meiiCn BJrnié HeflpepbIBHocTll 4yH1IH11 

.^ c 8(1.x(t) + n3r) ± m(Bo(e) x(t)-- b0(e) r) 

oTILocl4TeJIbHo (x8 , i, n3 , m, e, t) BBITeHaeT: 

6.9	sup f dv +	
maxtf-,d(0) 

. 8(13x(t) + n.-r)
.4	 -	e  

+ m(Bo(e) x(t) ± b0(e)	
0 

:	

sd() 

i € a[e], —k0	n8	(li, 0, [ej), .' c 3l8 ± Bi *(e) m = 0 
s^d() 

OTc1oJa B CBOIO oqepe c.neJyeT, 9T0 

6.10	AcP, 

•	P(x(t), r) = m ax {
	

3(l3x(t) + n) + m(Bo(e) x(t) + b0(e) 
ê	8d(G) 

Cor.macHo[4] yH11L11OHaJ1JI HOCTHCTB C. (aeupepBH IxHa yHLWMi), oriop-
iie H max), o6pa3y!OT MHoacecTBo Wp PaoHa 6 ,COCpegOT0 11eHHLIx Ha O 14 BbI-

IIOJIHHIOII11X dt > 0, 11all = 1. flocRoJ1b1y orxepaop 

•	E x3(1x(t) + no r) = m(Bo(e) x(t) + b0(e) ) 
3d('b)	 0 

oT06panaeT HpOCTpaHCTB0 X B C4, TO corJlacHo Teopeme 0 IOMHO3H141111 [4] OP 
COCTOIIT 113 yHKuuoHaJIOB 

f {
3(l(t) + nr) + m(B0(e) x(t) + b0(e)	da. 

8d(') 

TaKll1 o6pa30M AOHa3aHa cJIegyIouaH 

iIEeiia 6.4:Icamôbu 95yniuuona.i fxdv + r € A aonycaem npe0cmac.zenue 

f x dv + QT = f { 3 (13 x(t) + n8t) ± m(Bo(e) + b 0(e) T)} d, 

d ^ 0 a jO, 118l!= 1.	
- 

§ 7. Hpuiiuni MKCIIMM 3RCTC3IJibHø 3HaqeJlllM Jo4yHKIuoHa.Ia J 

BBeeM MHoaecTBo 0 np IIOMO[Ui1 corJIameHnn 

7.1

l € P,[e], •	 ' cl + B1 *(e) m = 0 
SO	 8^d(ø) 

OqeBlljuio 0 11OMIIaHT IIPOCTpaHCTBa BCeX BJ(TOpOB	18, m, e, t).
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Teopeta 7.1: qA.R moeo,°imo6 i iucjio J0 , r(J) = 0, 6&iio cmpe.adbnbt dKa- 
'ienuet ôyILczfuonaJia J iteo6xouo a ôocmamo'i,w cyzqecmeoeanue npuniuna .Afa?c-
CUMyAa 3O2O 3na'enuji 5yHl#uOJiaJa J.	 I 

Oupejeieane 7.1: CTpoIa n = (c, y, Xi . b,, l, m, m0, V, ) HaabIBaeTcn 
npuniuno.t Maccu.ty.5ta aHaqeHilfi J0, i(J0) == 0, IYHHIJHOHaaa J, ecJlH BbJnoJ!HeHbI 
cJIeJyIonHe rpynnbi yCJIOBni: 

Yc.ioGui cyuecmeoeanu.c a npuKaadlecmnocmu: 

7.2a)	c E Rd(r.),	(,	) E fld(z)-l-d(u,)	
I9o,t E R1,  

(b8 , l, m, m0) E Ll x X L	X 

p	— mepa Paoiia,	 - 

	

€ 8J,	y i €	;	, j	0,	b8(t)	0, 

	

- 13(t) (E)	[e(t),	da -f^: 0,	CE E,	 . 

— (yHILnH orparnlqeHHofl BapHaLHh4 v: A - Rd .	 - 

Yc.ii,oeu.ci Jc/umulotocmu ana'enu.c J0 g5yioci1 uonaa J: 

B)	—p(t) = [A o*(e(t)) (t) - Bo*(e(t)) m(t) -	b3(t) 13(t)1 dt - dv, 
I	 sd('P)	 J 

17e v B}TOPHH riepa PaJoHa, onpe1eJIeHI-iaH Ha L llH llOMOU11 corjza-
meHftR:  

fxdv = f ( '	+ Bo*(e)mxda 1JUI Bcexx € C,	
S 

1	 - 

ip(t0) = v(t0) ± Ro*c + 2' fl i Xi o + floyoo, 
S	

i^d() 

-	 = —v(t) — RI*C — E fliyil - 1Xoi 

r)	A i *(e(t)) (t) (=) B1 *(e(t)) m(t) + E b3(t) 18,(t). 
8sd(/P) 

, ) m0(t) — (t) A 2(e(t)) u2(t) (^) 0	n Bcex u2 E.. 

e)	-f (t) ao(e(t)) dt + cro + ,9o(n(o, J) — J0) +. '	,)	 S 

± f m(t) bo(e(t)) dt + Q + E f b8(t) n(13(t),	[e(t)]) dt = 0,	
S 

	

= f (	3(t) n(18, 8[e]) ± rnb0(e)\ d. 
/ 

•	Yciiocue nempueua./tbnocmu:	S	 -	 S •• 

•	a)	cJ± j J aII+	 fb8(t)dt>o  

Hpeie qeM UPOBOWITh goHaaaTejil.CTBO TeopeMi 7.1 ycTaHoBMM cnpaBeIlBocTb 
BX npewIonceI-IHL	 •	 • 

S	 •	 S	 I
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H P e j no H e H n e 7.1: B npuniune taiccuya 7.2 ycllocue ac) paewcuibno 8bfl0iI-
e,uio icaccöoeo U3 3eyx yciloeui:	 - 

7.2:0) aAa vawa000 noinoo uneca a E K 'naiWemcn xomn 6& oana 95ywcqu. ,q 
u f E a inacan, 'imo 

timo — vA 2(e) U21 11L' + h a il + Z f b8(t) dt ± flo + Z fli > 0. 
I.	 8^d(t')	 i^d(rp) 

acOO) Cyuecmcyem no Kpaanea .epë oana oyu Kqa q U2 E S maKas,ttmo 

-	limo - A2(e) U2I1L1 + hail +	f b8(t) dt + o + E	0. 
8d(ø)	 id(g) 

oRa3arenbcTBo:	ac°): touycTuM, q ro am HMUflHHU$H HeBepHa. Tora 
hail = 0, b8(t) (=) 0, fl = 0, fl = 0, i d > 0 11HTCH rrOJIHLIft HHAeKc a E K TaHol, 
qTo 9JIfl Bcex u2i E a 

1 a)	m0(t) (=) V(t) A 2(e(t)) u21(t) 

HoaToMy 113 yCnOBH, cBR3hiBaIorL11x HOMIIOHCHTLI ITpHHIHILa MaHcliMyMa, 6yeT 
cJIeoBaTb 

16)	—(t) (=) A o*(e(t)) p(t) - Bo*(e(t))'m(t), p(to) =Ro*c ,	(t 1 ). = —R *c, 

B)	A i *(e(t)) (t) (=) B j *(e(r)) m(t). 

flycm w = (x, u1 , a) HeHOTopaff TOqHa i3 L,. Torjia - 

2a)	±(t) (=) Ao(e(t)) x(t) -4--. A i (e(t)) u 1 (t) -4- Aa(e(t))	aim u2(t) 
-	jd(a) 

YMHocaH aro Ha 7p, 16) Ha X, Bh!1HTaR no rieporo PBHCTB& BTO poe H HHTFPI4PYH 
110 OT3R L, HOJ1HM 

2 6)	x(t)
 	

I 
Vi	A,*(e(t)) (t) u 1 (t) ± m(t) Bo(e(t)) x(t) 

•	 .	 La	 - 

+ (t)

 

4 2(e(t)) f a(t) u(t) dt. 

•	 aro, C y ^IeTOMHpaeBLU ycJIoBH1 B 16) 11 PBHCTB 1B), I1PHB0HTCH H BH1 

2B)	—cRp =f {m (Bo(e(t)) x(t) + B 1 (e(t)) uj(t)) 

+ (t) A 2(e(t))	a(t) U2i(t)1 dt. 
jd(a)	 3 

3aMeHHH B 3TOM (t) A 2(e(t)) u2i(t) ua m0(t) (aro B03MOHHO B ciiiy 1 a)) nony 

3.	—cRp = f lm(t (Bo(e(t)) x(t) + B 1 (e(t)) u 1 (t)) + m0(t) Z,aim} dt. 
-	 d(a) 

Ho ycnouio Toq ica w = (x, u 1 , a) CO)PH11TCH B L0 . CneoBaTenb11o, npaaa qacrb 
paBeHCTBa 3 pam-ia HyJuo. Taicmi o6pa30M cRp = 0 AJIH Bcex w E La. CornacHo On-
peenenio oneparopa T- HMeeM T0w = Rp. Hoaroriy cT0w 0 BCIOAY Ha La. A aic - 
icm-c HHeHc a nonHh1-,'To oTcioja cneyeT, IqTO c j T0L0 = E. B CHJIyyCJIOBI4fI npa-
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Ha)JIe?KHocTu 7.2ui) c E E. CJ1eoBaTeJ1bHo c = 0. flocienee HeBoaMoHHo TaH KaK 
I CI > 0. 

M) = a°°): 3T0 cpay c.neJyeT n3 1rIJrnKaJ.Hh1 a) = H°).' 
a°° = ac): Eciii gOnYCTHTb, q'ro aa 1lMuJjHHa1Hn HeBepHa, TO 11CII = 0, c = 0, 

flo = 0, fl i = 0, b3(t) (=) 0 n 1JIH.HeKoTOpo3 4iyHRullH u2 E IlMeeT MecTo HepaBel-t. 
CTBO  

4.	f (rno(t) - v(t) A 2(e(t)) (t)) dt > 0. 

flpu 3TOM, HaM H Bhime, 113 yCJ1OB11i, cBfl3bIBa!o[IU4x K0MnOHeBmI flP14HIHfl MaKdH-
MyMa, cJIeyIoT paneHcTBa	 . 

5a)	—(t) (=) A *(e(t)) () - Bo*(e(t)) m(t),	(t0) =	= 0. 

6)	A *(e(t)) (t) (=) B i *(e(t)) m(t). 

B)	f v(t) a0(t) dt = - f m0(t) dt +f rn(t) bo(e(t)) dt. 

llycTb U 1 E	HOI43BOJIbHH ()yHKLu4s1, ax pemeiae clIcTeMbI 

6. t(t) (=) Ao(e(t)) x(t) - A 1 (e(t)) u1(t) -4- A 2 (e(t)) -u2(t) -- ao(e(t)) 

YMHoaaH ee Ha , OB) Ha X, BbIHTaa 143 rieporo paBeHTCBa BT Opqe 14 HHTerpupyn 
HO OTpe3Hy	noJ1yu4M	 .	 S 

x(t) '()	= f {o(t) A 1 (e(t)) -u(t) -4- (t) A2(e(t))u2(t) 

+ p(t) ao(e(t)) + m(t) Bo(e(t)) x(t)} dt. 

YI1ThIBaH 56) H iipaeBme YCROBIM B 5a) npHxO11M H TorKeCTBy 

7. f in(t) (Bo(e(t)) x(t) + B 1 (e(t)) u 1 ()) dt 

'+f (t) ao(e(t)) dt +f (t)A2(e(t))2(t) dt = 0. 

OTC1Oa, B CHJ1 SB), BbITeKaeT 

S.	f m(t) (Bo(e(t)) x(t) ± B 1 (e(t)) u 1 (t) + bo(e())) dt 

+f v(t) A 2(e(t)) u2(0 dt = 0.  

• COI'JIaCHO 1.14 vrai min det B j(e(t)) B i *(e(t)) > 0. floaToMy cpeu pemeHllti cllcTeMM 

6. HTCH TaKile rrapbi (x, u 1 ), AJIH KO'rOphIx B0(e(t)) x(t) + B 1 (e(t)) u1(t) 
+ bo(e(t)) (=) 0. CJ1ejOBaTeJ1bHO, 1188. BhITeKaeT f ((t) A 2(e(t)) ü2(t) - mo(t)) dt= 0. 

• flocjieuiee npOTHBOpenT 4	- 

O) = at): DTO cpaay CnegyeT 118 HMrIJ1I4KaLMH a°°)	i) I 
BBeeM o603uaqeHlle: Ec.rrll J0 HeROTOpOe qi-icjio, TO 14epe3 (J0) 6yeM o.60aua-

qaTi, COBOKyIIHOCm Bcex nocaeoBaTe.nbHOcTe1 {(x' 1 , u")}, )OflCTHMLIX OrpaHHeHHHM1f 

12 Analysis Bd. 4, Heft 2 (1985)	 -
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1.1, 1.2 H y10BeTB0PHJ0LW1X YCJlOBMFlM 

a) J(p")--)J0, 
6)	E	pjuI Bcex n. 

ficHo, qTo r(J)	(J0). 
HpeiqeHne 7.2: B npuiqune xaxcuuyua 7.2 yuoaue e) aeueaenmno aaic-

Oo.My WI mpex mpe60eanua: 

7.2e°)	f x' dv +	0,	b8(18(x", u 1") ± n(18,'8[e])) 
Ll'A 

MO - ipA 2(e)	i- 01 

flo(xov + (x0, J) - .J ) -- 0,	P(x1p" +	9'1)) -- 0 

ô.izA iaacOoui noclleOoeamelibnocmu {(x",u°)} E t(J0). 
•

	

	e°°) Tpe6acaiie e°) 8unoJeno xoma 6& ö.ii oô,wü nocjeôoeameinnocmu 
{(x', u")} E t(J0). 

0000) f (t) ao(e(t)) dt 4-cr0 +	 q) + fio(n(xo, J) - J0) +
&d(q) 

-f- f m(t) bo(e(t)) dt - f m(t) dt -4- L' f b3(t) n(18(t),	[e(t)]) dt	0, 

	

sd())	 - 

.re e = f ( E 8' ''s 1'J) ± ,,th0(e)\ da. 

t oxa8aTe.rrbcTBo: HpI4JoRa3aTeJIbCTBe aTOrO npepioaein M T0OPMht 7.1 HaM 
noTpe6yeTcn oJHa IOHCTpyH1llB. HyCTI, 22 HeKoTopan 4yHKrI4H. BBeeM' H0MuaKT 

1.
 L	 8d(') 

(e,.v 1 ) E(e, u 1 ) (t), i €	[e], Z xl 1 ± B 1 *(e) m = o}. 
8d('b) 

OqeBIIHO, 1IPOCTPaHCTBO C8 yHHIJH1 ; H0HPPLIBHMX Ha 0, HBJrneTcH no)npocT-
PHCTBOi Ce[u,J yHKiu, HHPPLIBHLIX Ha 0[i2J. floaToMy Kwiigail mepa a 11 0, 
dci 0, B CMJIY TeopeMu BaHaxa o npogojimeHuH MO?KT 6uT1, ,,]:[OUIflT" B HOKO-

opyro Mepy cia, II	do	0, Talc, qTO, f fda	ft dcia 1 jirn Beex ()yHIcI14k / € C. 
148 OTHX CB0CTB mepLi ora, cJ1eyeT, To	161,I1 H j1R Bcex orpaHu xieHHLIx iia 0 
60peJIeBcldH ()yHKLH! / ilMeeT MecTo paBeHCTBO ft da = f/ daj,. 

llpHcTyrniM c goHaaaTeJIbCTBY rlpeJ.1Io?fceHF1H 7.2. Coriacio .meMMe 5.1 conpffeH-
Hoe ypaBHeHne 7.213) gonycHaeT cieyionyio 3HBIIBaJIeHTHYIO 3aJmcb: 

2. CRP + Pow -4- Z jy,p -4- f (t) ((t) - A 0(e(t)) x(t)) dt 
•	 id(gv)	A, 

-- f ni(t) Bo(e(t)) x(t) dt -4-	f b8(t) 15 (t) x(t) dt 
/	A	 8:5d(P) A 

+	 ' ff	+ mB0(e)
j
 x(t) da = 0 yil Bcex	x E C 

A [ad('P) 	 A 

flycTb (x* , u*) HPOH3BOJIbHH TpaelcTopBn, OThyCTHMaR qrpaHHeHrnmn4 1.1, 1.2 i 
Talcag , 'iTO u2 € .E'. 06oaHa'iH! 'iepea 0[u i *] icoMnaicT, OTBe qalOIUH]rl IcoMuoHenTe
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u ynpaBJleHHa u, a epea	UO3HTHBHIO Mepy, COCPOTOHHY1O Ha O[u] H 
'ITO ft da = f t da 1. Bcex 6opeJieBcKllx yHKW1 /, orpaunqeHnblx 

na 0. HOCHOJIBRy B 7.2 11 2. coepaaTcJI RKME, TaKHe MHTerpajiEj 110 mepe a, y KOTO-
pitx uo1MHTerpaJIbHbIe 4HIflHH 6ope.IIeBcKHe H orpaHu qeHHLie Ha 0, TO B MIX a 
MO)HHO 3aMeHHTb Ha a;s. B'pe3yJlbTaTe'nOJly'IHM mua paBeHcTBa:	- 

3a)	cRp + I9oXoP + E ix p '+ fv(t) (t	Ao(e(t)) x(t)) dt

+ f m(t) Bo(e(t)) z() dt -4- t' f b8(t) l(t) x(t) dt 
8d(G) 

+ f ( E cl3 + mB0(e)\ x(t)	= 0 grn Bcex x E 
ad(G)	 / 

6) L. o = f1	x8n(18, 3[e} + rnb0(e)) dae. 
1sd(ø)	 J	- 

Hama rJe.JIb noRasaTb, 'ITO B , 7.2 6yeT e) '' 00) 0 '—' 000 )	e°°°). llo.iIoKIiM 

:= -f v(t) ao(e(t)) dt + cr0 + E	)	0(n(, J) - J0) 

+ f m(t) bo(e(t)) dt + e + £ I b3(t) n(13(t), 8[e ( t)I) dt - f m(t) dt 
8d(P) 

(e = f-F E ,,n(18, 8[e]) + mbo(e)1	. 
•	L8d(P)	 J 

Torja Tpe6yeMafl aKBMBa.IIeHTH0Cm 6yyeT ycTaHoBaeHa, eciii ML! noHaHeM, 'ITO, 
ycioue d ^ 0 PBHOCIbHO ancoy 113 Tpe6oBaH!41 7.2e)—e°°°). I4MeHH0 a'ro 
1 6ye'r goHaBaHO. 

Ha 0[ui*] BLInoJIHgeTccI L' 31SU + B1 *(e) m = 0. + HoToMy 
8d() 

3B)	f ( :: 81$U, + B1 *(e) m u1 dan,. = 0. 
8d(ø)	 .	 /	 • 

.11 paiiee, ila 7.2r)—) cJ1e.1yeT	•.	 - 

•	3 r)	f [m(t) B1 (e(t)) + E b3(t) l3 (t) -	(t) A 1 (e'(t))] uj*(t) dt	0, 

)	f [mo(t) - q(t) A 2(e(t)) u2*(t)]tdt ^t 0. -	 - 

flÔCTaBJIHH B 3a) EMecTo X a1IeMeHT X' 14 upI46aBJrnH 3a)—) H paBeHcTBy, rIOJIy-
'IeHHOMy 113 7.2e) 3aMeHOIi B npaoi 'IacTH HJIR iia d, flOJIHM 

4.	(cRp" +	+ o( Xop* + (Xo, J) - J0) + E 9(n(y1 , ) +. XP") 
id(q') 

,.f.. f.p()(*() - A 0(e(t)) x*(t) - A 1 (e(t)) ui *(t) - A 2 (e(t)) u2 *(t) - ao(e(t))) de 

•	+ f m(t) (Bo(e(t)) x*(t) + B 1 (e()) u*(t) + bo(e(t))) dt	 - 

-	+•	f b8(t) (18(t) (x*(t) , ui*(t)) + n3(t)) dt 

•	+ f m(Bo(e) x*(t) + B 1 (e) u1 + bo(e)) dan,.	 -	,.	• 

+ f ,.^' ( 3i3(x*t , u1 ) + n(13, 8[e])) da 1.	- 
od(P)	- 

= f [nio(t) - (t) A 2(e(t)) ua*(t)J de + d ^— d.  

12*	•.	 •	 --
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ITOCI<OJIbKy TpaeKTop141 (x, u*) onyciiia OPpaH14eHHHMH 1.1, 1.2 aaai A, TO 

ce nO1eHyTbIe c.maraeMble B 4. PBHh1 HyJIIO. 143 ycJoBHfnpHHaean1QcTH 7.2i) 
BbITeHaeT, qTO 

5a)	Zip* ±	j)	q(p*) 0, Xop* + n(y0, J) - J0	J(p*) - 

13(t) (x*(t) , u1*(t)) -f- m(1(t), )3[e(t))) ( = )- 8(x*(t), u1*(t), e(t)) (	) 0. 

Kpoie roro 113 oripejeien }coMna1Ta O[u i *] cJIeJyeT 

56)	B0(ê) x + B(e) u 1 + b0() = 0. - 

Taxii o6pa30a BCC cJIal'aeMble JIeBo1 qacTt.i 4., iciiioiaii o( Xop*. + (zo, J) - J0), 
HenoJ1OK11TeJLbI1bI. IloaToMy 

6.	 - J0] + IF th(p*) + f f b3(t) 3(x*(t), u 1 (t), e(t)) 

f [m0(t) _L (t) A 2(e(t)) u2*(t)J dt + d*	d. 

flycrb ((x", u')} E -(J0). Tax xax rn 0(t) - (t) Az(e(t)) u2"(t) () 0 AJlfl BCeX fl H 
J(p') --> J, TO CO1'JIaCHO 4. m 6. HepaBeHerBo d 0 axHnBaJleHrHo Icalc ToMy, qTo 
Bee cjlaraeMbleJIeBoh 'iacTii 4. 11 f m0(t) - (t) A 2(e(t)) u2"(t)} dt 11 1)14 fl - 00 HMe1O -
CBOIIM ripegeaom HJIb TaH II yCJIOBIIIO d * 	0. To ecTb.d 1, > 0 aIcBFlBaJIeHTHo HaK 
clacreMe npeJeJTbHbIx cooTIiouieHni	 S	 - 

•	7a)	oIop + n(o, J) - J0 ] –* 0,	th[x" + n(y1 , 92) –*0, 

6)	b3(l,(x', u 1 '2 ) ± n3)	0, 
LA 

B)	m0 - pA 2 (e) u2	)- 0, 

r)	f [	' o 3l(x',, u 1 ) - n(13,eI)1	---> 0 
- 

rax w YCJIOBmo 7.2e). B CHJ1 56) B0(e)	±B 1 (e) u 1- ± b0(e) (= a,n) 0. fl03To1y 
.neBan liaCTL B 7 r) g011yCFcaeT npecTaBJIeHue	 N 

8.	f	E	+ rnBo( e )1	+ [ E 3n(l, ø [ e 1) + rnbo(e)1}dor ul. 0. 
[sd()	 J	Lad)	 J 

(IyHHIU44 Y c'3n(l3 , 03[eD — 6opeJleBcican H orpaHMeHHaH Ha 0. floaroiy B 8. 
MOocHO dor,. 3MHHTB iia da. CpaBHHBaH pe3yJlbTaT c orIpegeJIeHIlaMIl dv 11 , co)ep-

KauulMncfl B 7.2B) — e) noryiii f x dv + o –*0. 1'Iraic 7 a)—r) panociiJiiiio }ca?lcgoMy - 

113 yciloBilhi 7.2e)—e°°°) U 

11 cooTHoweIIH 7.20) C	 HeecToc,TH.AnMeHHo, 
B CHJ1 5a) 113 7a) — r) BbITeEcaeT	 - 

flpeJuioaeHne 7.3: jii j,o6oti nocIe0o6ameJbnocmu {(x' 3 , u')} E -(J0) minojt-
njuomc.'i cJzeôy?ov4ue yclwcuJI:	-,	- 

0, oc,O,(x", U i , e) —* 0 

B
Li'(crus), b 3(x',u 1 ", e) —> 0 H	. 

flpi.i qoKa3aTeabCTBe npeJ1OfleHHfl 7.2 ycTaHoBJIeHo . eue OJHO . CBOiCTBO crpoxn 
7.2, xoTopoe aaciy+cuaer oTeJ1bHOü 11opMyJJHpoBKH.

/ 

I
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HpeoeHHe 7.4: Ilycmb t npuun .4ahcuMy'Ma accmpe.Ma./cbnoo 3na'enuHJ0 
ôyoccuonaica J. Toeöa aA g 41o6oü mpaeimopuu (x* , u*), Oonyc,nu.4t0ü o2panu'enu-

ii.icu 1.1, 1.2 U ma,coü, irno U2 " E ui4eern .tecmo Kepaeencmeo 

	

- J0) + Z fliggi (p*)* +	f b3(t)	(x*(t),.ui*(1), e(t)) dt	0. 
id(q')	 8d(0) 

LoKa3aTeJIbdTBo: OHO npo c.rieyeT 113 4)opMyJlhl6., YCTaHOBJIeHH0R flpl1 
goca3aTeJbCTBenpëoicenHH 7.2, ii na yC.ThoBrn 7.2e) I 

) olcaaareJIbcTBo Teopembi 7.1: /locrnamo'uwcmb. B cnuiy Teope1iI 5.2 oHa 
6yeT yCTaHOBJIeHa, CCJIH MM noHaaceM, 'ITO Ka?Ran ilapa. C, dv, coepawaaca B 
crpoie jT, Lonyc}caeT npeACTaBjieHHe - 

f x dv	 vs(lrx + n(l, 0[e])) + u(Bo(e) x + bo(e)), 

0v8 EL(a8),	Ilv3lI=Ifrill, 

E v8(l,u1 ) + u(B1 (e) u 1 ) = 0 gan Bcex u1. 
sd(ø) 

B [1] 6bI!o noKa3aHo, ']TO ecjini 92 BImyKJ1bIiiHerI}epbIBHbIi (YHKLU1OHJI 6aHaxona 
npoCrpaHca 3, H	3 noJnpocTpaHcTBo,	—JI HHefiHb.1fi 4)yI1EciuzoIIaJ, OnOpHbIÜ 

Ha H, n1f(). 1f , q) = inf {() —	TO CyIIeCTByIoT J!iIHeiiHbIe 4yH}LLuOHaJIbc /.
H 

11 /2jj HPOCTPHCTB 3, ,t E agg H u11 E 11* , Ta}cnie, 'ITO A ll	' + U,,, fl j (I. jj , q) = n(2p). 
(3jech q epe3 H" 0603Ha'iaeTcH COBOHynHOcTb Bcex J!n1HeIHbIX 4yHI14HOHaJIOH. Hc-
qe3aoiu14x Ha 11.) 143 aroro cJieyeT, '[TO ecrni Pc 3 I'I4HepHJIOCKOCTb (CJBHHy-
Toe noJnpocTpaHcTBo) II 2,- mi efii-uiil ()yHnwnIoHaJ1, OflOpHh!i ic 99 iia I', TO cyll1ecT-
BIOT JIl4HetlHhIc 4yHHL4OHaJLbI 2. fL1- E 3', A E . a92, /i . r* Talcile, 'ITO 

1. 2r = 2. + lurl	flr(Ar, ) = n(i., ') — ir(f). 
— COBOFcyIIH0CTb Bcex-JnhI-ielHLIx yHictu1oHaJIoB, HPiIHBMIOEUII Ha 1' flOCTOHH-

Hoe aIfa'IeHnle; u,-(P)	3Ha4eHue ,LL1- B To q icaX paccMaTPMBaeAioft rHnepITJIOCHOCTu '; 
flr(A,-, 9') = inf {'() — 

r	 - 
I4CXOaH 113 3TUX ()opMyJI MU Mo?fceM noica3arh, 'ITO napa Q, dv, coltepmamaHeF il B 

cTpO!-ce -n, HpHHaJ1eflfl1T 11all A ni, c.nejonaTeiibHo, )onyd}caeT yicaaal-lHoe Bbnue npe-
IlyOTh ui "' E L U	eicoopac HicCHPOBHHB 4)yHic!HH. Tora	- 

f  dv + e = f t f	+ n(l3,.3[e])) + m(Bo(e) x ± bo(e))} da. 

I'Ia onpe)eJIeHiiH icoMnancTa 0[u1*] CJIeJyeT, 'ITO na HM 

13(x, u 1 ) + n(18, 6 [e]) ^S 8(x, u 1 , e)	vrai max	(x(t), u 1 (t), e(t)) 

II	 ± B(e) m = 0. IloaToMy 
sd()

2. f x dv + o ;5; 1 1all max vrai max 3(x(t), u,(t), e(t)) 

+ f rn(Bo(e) x + B 1 (e)	+ bo(e)) dan,. 
/



182	A. R. LvBoBHIKHt H A. A. MHJUOTH 

0603HaHM qepe3 ! FHHeIJIOC}(OCTb flpoCTpaHCTBa C x cocorniyio 113 
TOVR (x, u1 ), WIFE KoTopI,Ix Bo(e(t)) x(t) + Bi(e(t)) u1 (t) + bo(e(t)) (=) 0. Hycm 
(x1 * , u1 *) E!. Torja Ha e[ui*] 6y)eT B0(e) x* 	B1 (e) u1 + b0(e) = 0. iloaToMy 113 
2. BIJTeKaeT, q o Ha!	HKIHOHJI f x dv + RBJ1HTCH OflOHbIM K Bb1[1KOJIMY 
4YHMOHaJIy	

r	 - 
(x, u) = lJa max vrai max 3(x(t), u1 (t), e(t)), 

icipH qem 'ilMeeT Mecro HCBHCTB0	n4fxdv, (I)(x, u 1 )). OTcIoJa B CHJIY 1. cjie-
JyeT CyWeCTBOBaHIIe yHrnnoHaJ1oB py E J 11 2 €	TaHHx, qTo 

3. f x dv = ..(x, u1 ) + 1u .y(x, u1), 	n4f x dv, ) = no., ) - 

Ramgwi Jr11HeHaH yB1UIrn, nocTornma}1 Ha!, Hc qeaaeT Ha MHomeCTBe pememi fli 
ypaBHeHnH B0(e(t)) x(t) + Bi(e(t)) u 1 (t) (=) 0 14 II03T0M	OI}YCKT npecTaBJ1eHHe 
/2(Bo(e) x + B1 (e) u 1 ), 17e 1UnpOu3nOJIbHbIi ()HKLHOHJ1 IIPOCTPHCTB	C.,ieo. 
BaTeJIIHo	- 

-.2!(x, u1 ) = u(Bo(e) x + B1 (e) u 1 ) 'ii 4ux(Z) = _t(bo(e)). 

OcTaercH H&T14 06uf B14) 4yH1uwoRaJ1oB A UPOCTPHCTB C> x	onop-



HhIX H BLmyKJI0My 4y1na14oHaJ1y (x, u 1 ). CorJlacffo [1] kamAMR TaHoe 4YHKW4OHaJ1 
onycxaeT rrpecajrene	 - 

•	 2(x, u 1 ) =	88(x, u0,	 - 

-	0,	cc, = 1, 28 € e {lkl vrai max 3(x(t), u1 (t), e(t))} 
•	 8!5d()	 . 

n(A, 2)) =.	' 0 3n (18 , Il or l l vrai max 03(x(t), u 1 (t), e(t)) 
-	 sd(ø) 

Jaiee, xa?KJ1t 4yHHI11oHaJ1 28, onopHLzri K ll aH vrai max 3(x(t), u1 (t), e(t)), coriaco 
•	(opMyJie 4.10 onycHae'r 

),3(x, u1 ) = 3(l(x, u1 )),	0	€ L0(a8), 

llcrll vrai max 08(x(e), u1 (t), e(t))) =	(n(l,b8[eJ)),	ll78lI = lkl 
Tarnii o6pa3oM	 - 

A(x, u) =	' v(l(x, Ui)),	0	v E L(cr3),	E 1141 = Call, 00
8d(ø) 

n(2, ) =	' V3(fl(l	8[e)). 
8^d(ø) 

•Ho3ToMy 113 3. iThITe}CaeT cyigeCTBoBaHHe npeyCTaBJIeHnH 

4. f x dv =	' v8(l(x, u1 5) + 4B0(e) x + B1 (e) u1), 
8^d('P)	 • 

=	' v3(n(l, 8[e])) + u(b(e)), 
8d('I') 

•	0v E L(a8),	E.. 11 V8ll = Hall,	ti E 
8d(P)
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lloKaeM, 4T0 CTPOK& (c, Zo ' ,, j9	, b8 , l, m, m0, v8, 1u, p) YAOBjieTBopjieTBCM
CJIOBHJ1M Teopei 5.2. HocIo.mIycor.macHo 4. JJTH 4yH}C1HOHaJ1OB V,, ,U BbOJIHCHO 

To,RecTBo	 - 

E v3(l,u1 ) + 1u(Bi (e) u 1 ) = 0 IIPH Beex' u 1 € LU 
ad(ø) 

TO ocTae'rca ycTaHoBHm, 'FF0 JJ1R paccMaTpuBaeMofl CTPOKH riMeeT MCCTO H8BHCTBO 
5.14a). A 3T0 EepaBeac'rBo HeuocpecTBeHuo ciieA -yeT COFJLaCRO 7.2e) 113 4. II H3 
Toro 'FF0 Q. CJiegoBaTeJIbuo cTpoRa (c, Xo ' Xi, i90 , b8, 13 m, m0 , v8 , u, V) yoB- 
J1TBOPiTT YCJIOB1IHM 5.14: B ciuiy 'reopeMbi 5.2 oTcioa cjieAyeT 3KcTpeMaJibHocTb 
3HCHHR J0	 J.	 - 

Heo6xO0u.4t0cmb. fIyCTb J0 acpeaimoe 3HatIenHe	 J. B duly
eopeu 5.2 cyrrecye cTpoia (c, Xo Xi ' flo, , b3 , 1, m, m0, v3 , ,u, MY), ygO* BjieTBO-

pmomaFi ycJloBHHM 5.14. CorJlacHo JIMM 6.4 cyuLeCTByeT iiepa aO, d 	0, 
= !' 11v811 TaHag , 'ITO 

8d('J)

f.x dv+ = 11	cl + mB0(e) x + !' c 8n3 1+ ntho(e)1 d 
8dP) 

jiui Bcex x € C. Coriacno onpeeneHHIo IcoMruaKTa O mmeehi n3	n(13 , 3[e]).
Hoai'oMy 

•	= fl E x8n(l8, 3[e}) + mbo(e)] d. 
L8d(ø)	 J 

floIHTerpaJmHag HIIHff upaBOft qacTM 5. gBJlgeTcg 50peJIeBcHo1 H orparn4eH-
HO Ha* 0. HoaToMy a MWHHO'aaMeHnTb na mepy c, FiBji;iEomyioc q CMHHM 6 Ha 0. 
Mime oTMeqaJioch, 'ITO dx .0, J = Iofl . PaCCMOTPMM CTPOKY = (c, Zo' Xi, fib, fit, 
b8 , i, m, m0 ,o, s)) . OHa YAOBjieTBopfieT yCJIOBHRM 7.2a)—j), e°°), ac). CorJlacHo 
npejioeHøio 7.2 BMeeM B HHX c OO) .' e). 1103TOM crpora 7r Y1OBJITBOHT yCio-
BHffM 7.2 iu CJle)OBaTeJlbHo, fiBJIHeTcH I1PHHIHUOM maHcHmyma 3Ha'IeHHff J0 4yHH. 
IHoHaJIaJ I 

CJIegCTBMH H3 cynecTBoBaHHH Ilp14H!.Hna maRcHmyma aHa'IeHHR J0 

TeOpeMa 7.2: Eciiu C npzintine AtascuAtpta 3i-iaenu J0, r(J) + 0, cocma6A.R-
iotqas #0 cmpoo noiuxscumeiIb;a, mo J 0 .'ieiuiiemca onmu'IaJubnbIM 3na qeue fiyuic-
iuonajua J. 

Lo K a 3 T e Jib CT B 0 JeCTBI1TeJI9HO, gJIR ino6oft goriyCTHMOftorpaHH'IeHHHMu 
aaaqn A TpaeK'ropI.rn (x, u) coriacHo npeioenHIo 7.3 ilMeeT Mec'ro HPBHCTBO 
j9o(J(p)_ Jo)	 0.TaKuaiufi0 >0,ToJ(p)	J0 U 

AHaJIorH'IHo oKa3brBa1orcH TeOpeMbi 7.3, 7.4. 
T e op e ia 7.3:. Ecitu 8 npunt#une waxcumpta ana'en'ua J0 Øynciuo?iaiva 'J 6y8em 

i9.> 0 u.' u iIb3.Il	> 0 u.'iu Ilorll > 0, mo ne cyuec,neyem mpaeimopuu (x, u), Oo-

nycmuMoa o2panu'eiu.slAtu 3aa'iu A, ôiui ?comopoü 

,(p) '< 0,	vrai max 8.(x(t' , u1 (t), e(t)) < 0,  

max	03(ic4t), u 1 (t), e(t)) <0,  

COOmeemcmgegno.



184	A. H. )YSOBH1Hifl H A. A. MI1JIIOTLI11 

.Teoperea 7.4: Eclia e npuniune tacuItyia dnatzenujl J0; r(J0) + 0, 5ynciu0. 
naia J 6yOem

E th+ Eid(q') .	sd(ø) 

mo J0 cma1uonapnoe 3aenhte mow Øynciuonaita. 

T e op e a 7.5: Ecjui ece uithecu 3a0alLu A noiinie, mo U3 cyzqecrleoeanu. npun- - 
iuna . Ataccuny.ta naçenu J0 /iyn uo,uza J, T(J) == 0, cieayem cmaiuonap-
nocmb nnoo ina'enu.ci /Jynfr4uo1-aJIa. S	 S	 S 

Loica3aTeJIbcTBO: OHO CJIT 113 TOFO, qTO flP11HL14H MaIcdilMyMa 3HaqeHn11J0 
4)yHKw4oHaJIa J 3KBHBaJIeHTeH RI4T11HOCT14 ero BO Bcex HOJIHbIx uyecax, a Talc 
Halc Bee HHe}cchI noJlHbIe, TO OTcioAa cJ1eyeT CTaU1IOHapHOCTb 3HaqenHH J0 I 

•

	

	 B qaCTHOCTM, ec!H epeiu orpaHn qeHui aaaqu A He CO?lMTCfl Blcj1oqeHHn 
U2(0 (E) Z(t) 14jH MIlo?}ceeTBa Z() OHOajIeMeHTHbIe, TO eyi"eCTBOBaHne rIpHHUHfla, 
mammtpia aI-iaqeHHH Jo alcBuBaJIeHTHo er'o craIL4oHapHOcTJ4. 

o CBR3H C K.nacd11 q ecxo ()o p mofi aanHdH 14p14}lUHfla Ma}cCI4MyMa 

•	flycTb 71 1IPHHUH11 m aKcHAiyma 3HaqeH!411 J0 4yH}c411OHa31a J 14 {(x", )} E (o)• 
B cuiy 7.20) itieei	--	 S 

7.3	(t) A 2(e(t)) u2"(t) - m0(t) (==) —ô 1 (t) (:5:), 0 A.TTfl BCCx 71, 

B 

Taic icaic corJiacHo 7.2) !mIuoJIHaeTcH (t) A, HO) u2(0 - m0(t) (^) 0 JJIH BCeX 

112 E .E', TO 143 7.3 eJ1eyeT, 'ITO 

74	 ) - u2 (t) A 2(e(t)) (u2 fl ( t )) (^) ô(t)	 .	S

icaic TojibicO u2 E .E. ,Lajiee, corjiaci-io 7.2r) 6yeT 
7.5	

• 
p(t) A j (e(1)) (=) m(t) B1 (e(t)) +	b8(t) l(t). 

• S	 •	 •	 8d()	 .	•	 S	 - 

• - 

UyCTb)yHlcUuh1 U 1 E L' TalcoBa, VTO	 •	 0 

7.6	(x"(t), u1 (t), e(t))	0,	
•	 •	S	 S 

Bo(e(t)) x"(t) -f- B1 (e(t)) u 1 (t) -f- bo(e(t)) ( =) 07 

Tora B CIIJIY 7.5 rlo.ny'IaeM 

7.7	- (t) A 1 (e(t)) u 1 (t) ,- (u 1 (t)) (=)	b8(t) l3 ,(t) (u i (t) — u1(t)). 
ad(9)	

• 

floeico.mbicy	•	.	 • 

0 () b8(t)	(x(t), u1 (t), e(t))() b5(t) (1R(t) (x"(t), u 1 (t)) ± n8(t)),' 

•	0 (-) b3(t) )3(x(t), u(t), e(t))	b3(t) (13(t) (x(t), u 1 (t)) - n8(t))	- - 
14, B CHJIy 7.20),	 S •

	 S 

•	b3(t) (l,,(t) (x'(t), u 1 "(t)) ± n3(t)) (=) _o2(t) () 0 gu Beex • n, 

bn 

3^d(ø) 

-- 0 B	 •	 - 

/	 0
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TO 143 7.7 cJlegyeT, gJIH BCeX U 1 € E YOBJ1CTBOPO1IHX 7.6, qTo 

7.8	(t) A 1 (e(t)) (u 1 (t) - u 1 (t))	2jg 

CpaBHuBaa 3T0 C 7.8 aauJllo qaeM, qTo aaoe ynpaBJleHue u €	y HOTOPOI'O
cocTaBJInIoLaH U2 COe7K14TCH B Eu p,.irnu 1 BhIrIoJillueTCn 7.6, yOBJTeTBOpneT Hepa-
BeHCTBy	I	 - 

79	(t) A(,-(t)) (u(t) - ufl(t)) (<)	(t) (=)	'(t) ± 0 2(t).	 S	 - 

flocHo1buy ,(t) He aaBudnT 01' ynpaBJleHufl u(t), yJw BJ1eTBopaIonux 716 u TaKIIx, 
4T0 u2(t) E ., TO 7.9 nBJlHeTcR UPHMMM o6o6ueHHeI 1cJ1acdHecHoro npuuiuina 
MalceBMyMa.	- 

I1Tac, flpHHU,HI1 Ma!-ccnMyMa alccTpeMaJlbHol'o aHa qeHHa J0 gonyc}caeT aaflhICb B 
JBX aEcBuBaJIeHTHux 4opMax: 7.2a)—j), e), a) it 7.2a) — ), e°), at). flepuaa 113 
HHX 06o611taeT npu1-uun MKCHMM JulHetiHbIx aaai co CMeI11aHHhIMH orpaHil- 
qeHHRMH HepaBeHeTBa, ROTOPLIft 6iii, noiyqe B [2]. BTopaH - KJIaCçueCHH upuH-
u, iin 1taicc11iy1ia floHTpHrIilIa. 

0 upui-iuune aicuyMa aKCTpeMaJIbHOti TpaeRTOPHM 

OupeeJieHHe 7.2: i\lbI cicaacei, 'ITO TpaeHTopFlR (x°, u°) 3P.4t.4bi B 3aaqe A 
(nBJ11eTcH 3KcmpeMa.Ib'10 aajau A), ecju 

1. (x°, u°) AOFIVCTHma orpauueuu
2. IoMI!oHeHTa U20. ynpaBjieH nFi ,u0 nHHaJIe1c1lT EH	 - 
3. qucjio J = J(p0 ) fiBiuleTcH aHCTpeMa.mbHbIM 3Ila qeHueM (yH141oHaJ1a5J. 

I-IanoMHIaM, 'ITo oupeJeJ1eHHe aIccTpeMaJ!bnocTu 'IHcJIa J0 (onpegeileHne 3.2) 
coep?fdHT 113a Tpe6oBaHuH:  

a) J0 AOJIHMO 6Mm 1IiTI14CFilM B Haaoi ua aaaq A 0 , oeaioiwix 1IOJIHbIM 
I1HeKcaM a E K, i. 

6) r(J0) •ø\  

OnpeeJ1eHue 7.3: CTpoIa Ft= (c, fib, fit, xo, yi, b3, l, m, ip, a) Ha3br8aeTcH 
npuutfunou .4taccu.4tyMa 31CTpCMaJ114 (x°, u°), eciii BhInoJHeHhI cieyiowiie ycJ!OBHH: - - 

Yc,'joeujz cyufecmeooanhe.o it npunaa./iedfdnocmu:. 

7.10a) c € RTo),	fin, fi € Itt , (zo, x1) E Rd(z)+( L)	b €	m € '	8 

- (yHH1u1H orpaHH EieHHOIA Bapmal-till'!Co 31-1aqeHI4gMH B R', 

-	- epa PaoHa, a 11 0[u 1 0 , x°], 

O[u°, x°] = {(a8 , l, m, e, v 1 , t) € 0[u 1 0 ]: 18 € ail(x°(t), v 1 , e), 

c,P3(x°(), v1, e) = o}
 

0	
(1HoecTBo (9[u 1 0] 6HJI0 oupeeieo npu jjoiiaaaTejibCTBe npeoneuci 
7.2).	 - 

6)	c € E	flo, fli a 0,	yo, Xi E eJ(po) x a(po) ,	b8(t) () 0, 

-	-	1(t) (E) 0b8 ( x°(t), u1°(t),.e(t)).	 S	-
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Yc.aoeu.g ,cpumut€nocmu:	 -	S 

7.10 B) —dp(t) ='(Ao*(e(t))) (t) -	'. b3(t) 13 (t) - Bi*(e(t)) m(t) dt - dv, 
8d(ø) 

p r(to)s v(t0) + Ro*c + I9oXoo + f fliXio, 
id('r 

p1 (t 1 )	v(ti) -	- oXoi - L' i9ixi, id(q) 
•	dv - epa Pa)oHa, onpee.J1eHHaH ycJloBneM 

f x dv =	+ mBo(e)) x daiSui Beex x € 

(conpcennai cucm&sa) 

r) A i *(e(t)) p(t) - Bi *(e(t)) n(t) -	b8(t) 131(t) (=) 0 

-	(Jzo,cadbn&ü npuniun aKcuya). 

)	(t) A(e(t)) (u0 (t) - u(t)) (Z^ 0) wiff i3cex u € 
yCJI0BIIHM 

U2 € 5,	Bo(e(t)) x°(t) -+- B1 (e(t)) u 1 (t) - bo(e(t)) (=) 0, 
08(x0(t) , u1 (t), e(t)) 	 - 

- (npunif Un acuya). 

•	e)	th9'(Po) = 0,	b8(t) 8(x°(t), 'u 1 0(t), e(t)) () 0 
(YCA06UA aonOAHiuOUf.ea neaicepmocmu). 

Ycizoeue FempucuaJibnocmu:	
S	 S 

•	a) Icl + flo + Z fli + '	f b3(t) di + k11 > 0. 
id(ç)	sd('P) 

TeopeMa 7.6: Hycmb mpaemopuiz (x°, u°),/Ooe4emeop.em ycitocuii 1.1, 1.2, 
%0 € u t(J(p0)) rh 0. jAs moeo, imo6u (x°, u°) 6&ia aiccmpeMaJmw neo6xoauto U 

• ôocmamoto, -imo6u Oiin neé eunojnajc.ci npuntun uaKcuffyma 7.10. 

• JJoKaaaTeJIbcTBo: Ileo6xoaulvocmb. Hycrr TpaelTopHn (x°, u°) HBJIReTCfl aK-
c'rpeMaJIb!o. I Tora ic.mo J0 J(p°) awineMq 3KCTpeMaJ[bHIIM 3HaqeHHeM 4yaK-
wloHa.ma J, i4 corJiacHo Teopeme 7.1 cymeCTByeT flHHLIIfl maHcumyma 7.2 aoro 
allaqeRnhr. To eCTb CIICCTBT CFpoKa n = (c, %o, xi ' flo, fl, b8, l 7 m, m0, ip, a), yoB-

CJ1OBHffM 7.2. HpliHIHEI MaxcnMyMa 7.10 6yger noapieH ripeo6pa3o-
BaHneM CTOKH 7.2.	 5 

Cor.iacno YCJIOBH qm 7.200) I4MeeM 

la) • flo(x0p0 +n(xo,J)_ JO) =O,	- 

6) fi(xp0 +	Wi)) = 0, 
•	B)	b8(t) (18(t) (x°(t), 4 1 0(t)) -4- 7i(13(t), 08[e(t)])) (=) 0. 

HpH 3TOM B CHJIY yCJIoBHt	 7.26) 6yeT	 -	- 
2a)	ZOEaJ,	

•	 S 

6) 
B)	18(t) (E)' 88[e(t)]	S	 S	

•	 S
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FIa I a), 2a) cJIeyeT, MTO floxo(P - p°) 0J(p) - fl0J(p°) npii Ecex p € Rd(P). rlo-
9TOMY floxo € 8fl0J(p0 ) . C.neJoBaTeI1bHo, ec1H 190 + 0, TO Xo € aJ(po) . Ecrni me flo = 0, 
TO 1111 OHO 113 ycnoBHR 7.2 ae . iiapymaei'c, ecrn MbI BaMeHHM Xo Ha aJIeMewr Ha 
aJ(p°). HTai, B YCJIOBHJiX HpHHaJIeflfflOCTH 7.2 6) MOMHO cqllTaTh, qTO 70€ J(PO). 

14 ya.uee, 113 yCJIOBH1 16), 26) cJ1eyeT, 'iTO fliy 	- p°)	 A TaM HK 
9q(p°) 0, TO Tipil Bcex p € Rd(P) 6yjeT - p°) Iq,(p) - q(p°). floaToMy 
j9; € a1 (p0). CjIeOBaTeJIbHO, ecJInfi > 0, TO x € a(p0). Eciu ?Me fli = 0, TO 
Hi! OHO 113 yCJIOBHfi 7.2 He HapymHTCH npii aaeae yj Ha 3JIMHT cy6rpa)lieHTa 
c9Ti ( pO). 14TaR B YCJIOBH qX npI4HagJIe?KH0cTII 7.26) MO?1HO cq uraTb, 'i'ro Zo € J(p0), 

x j €	j(p°). 
AHaIorH'iRMe paccymqeHHFI noKa3uBa!oT, 4TO B 7.26) Bcera MOHHO c'iHTaTb, 

'iTO 1 .,(t) (E) a 8(x0(t) ,	 nR u1 0(t), e(t)). CorJ1acHoopMynaM 7.2 BhrnoHercH	t(p°) = 0,
b(t) 03(x0(t), u1 0(t), e(t)) (=) 0. Taicni o6paaoM, g im npRHijHna MHCMMM8 -r BLmOJI-
Hern1 ycJIoBnfl	 HeaecTKocTu 7.10 e). B dua1yopMyJmJ7.9wIMcTpoIn
T BhIno.uwIeTCR y.cJIoBHe 7.10). 

OcTaeTcsi rIoKaaam, 'ITO Mepa dv, cogepmawa.9CH B CTPoK.e n, onyciae upej-
cTawaeHMe 

f  dv = f (	' 8l8Z + mBo(e)\ x d,	119[ui°, x°], da	0, !lII = Hall.
\sd()	 / 

flOao11M 

6[u10, x°] = {(x8 , l, m, e, v 1 , t) € 0[u 1 0]: x8(18(x°(t), v 1 ) + n(13, 8[e])) = o}. 

B cil.my ycioni 7.2e°) MHO,HeCTBO 6[u10, x°] ilMeeT UOJ1H!O MCY Ha 0[u1 0]. Vera-
HOBHM }coMnauTHocm , 6[u10, x°]. HocHo.libHy 0[u1 0] HOMIIaMT, TO J1H BTOrO ocTa- 
TOqHO oMa3aTb BaMHHyT0cTb O[u10, x°]. Hycm ( x813 , l, Vi", e", v 1 1 , t") —* (8, 1 ë10 11 0  
ii (xe", li", m", e", v 1 ", t") E 6[u1 0 , x°] AJIFI Bcex n. ACHO, RTO (, t, ffi, ë,0 1 , ) € O[u°]. 
Y6eJHMcg B nunoJlHenHH PBHCTB x,(18(X0(t), 7) + n(l, 8[e])) = 0. EcJIM 5. = 01 
TO OFO oqeB11JHo. Hycm o8> 0. Tora AJIFI Beex 1OCTTOHO 6oJlbIuiix fl uMeeM 

18"(th0(t"), v 1") + n(16", 8[e"]) = 0. 

floc1qJ1bMyl3" € a 8[e"] n 8(x0(tn), v i ", e") ^5 0 1 TO 113 3. c.neJyeT, 'ITO 

4. ln €	8(x°(t"), v 1", e") H	8(x°(t), v", e") = 0. 

B C11.uy H11MBHOCTI1 IYRHLU1H X° 118 3T01'O BblreMaer l € e(x0(i), u l , e) 0 
c 3(x0(i), U, e) = 0. TaKOM o6pa3oM 13(x0(l), ,) + n(18, ,[e]) = 0. 3aMKHyTOCTb MHO-
KecTBa 6[u10, x°] Jo1ca3aHa. 

Biiue riOKa3aHO, 'ITO ([u 1 0 , x°J ilMeeT ilOJIHIO (y, -	Ha O[uj°]. I103TOMy 

5. fxdv=f( f al,, 
+mBo(e))xda=f(	

x,l,+ mBo(e))xdciuo 
8d(ø) 

^ max (
	

cl + mBo(e)) x(t). 
*	 sd('P) 

Y6eyuecg , 'ITO MKCHMM jocraerc	Ha 49[ 0 , x°]. ;LecTB14TeJIbHO, nycTb 

ig, 9 1 , e, 1) TO'IRa 6[U10, x01, B XOTOPO (YHKU11H (E cl + mBo(e)) x(t) goc-
THraer HaM6oal..bmero 8HBqOHHH... HoKanceM, 'ITO HaMeHemleM HHOTOBIX 113 t, MO?HiIO 
npUflTM H roqice O[u,°, x°], B MOTOpOt paccMaTpllBaeMaR YHKIWH rIpMHnMaeT upeMc-

ee aHaveirne. Paao6beM MHo?HecTBo 14HeKCOB S :!—, d() Ha gBa 1IOMHO?ReCTBa 

'0 =	= 0) H 1 = {s: o> 01. EcJIH s' € 10 , TO BeJII1qHHa 4yHK1i4n (L' c8lSX 
+ mBo(e))xO(t) He HBMeHHTCI UPH aaMeHe i s , HeKoTopbIM 3JICMeHTOM 113 a 8 . (X9(1), ii i , e). 
TaKH1 o6paaoM MOHHO CqHTaTB, 'ITO l € a0,.(x0(i), U, e) 9JIH BCeX 8' € 4. fICHO, 'rro
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JIH 3THX 8' 6yeT N , , O., (xO(i), U, e) = 0. ECJIII ice s' E 1,, 'ro 113 onpeeJ1eHu MHO-
+cecTBa J'± cJieyeT, HTO 8.(X0(1),j1) ± n(1 6 . ,	[el) = 0,	•(x°(l), U,, e)	0. Tax icaic 
1' E	8'[ë1, TO OTCIOa BbITe}caeT 3.(x0(1), U 1 , e) = 0. 14Talc go}caaaHo, qTo MHC11MM 

(I) YHHIUIH (E	+ rnB0(e)) x(t) no KoMneicTy 6[u 1 0 , x°] He flBOCXO11T ee 
MyMa no O[u1 , X011103TOMy 113 5., c.meyeT HepaBeHcTBo 

6. f x dv	max ( L'	+ mB0(e)\ x(t). -	 &[u,°,x°J \ad(0) / 

FI3Bec'rHo, q'ro Ka?i LIh JrnHeftHbIti 4yHKLU1oHaJI . ILpocTpaHcTBa	OflOHbL
K cy6JI11HeiHoMy 4yHK!ROHaJIy IIa max f(•), aajaecn 1iiepo1 PaoHa or 11 (9[u 1 0 , x°]. 

0 u,e.x0) 
do:.^E! 0, JIFY11 = Il crll. fI03TOMy B CIIJIy TeopeMM 0 KOMfl03I4111I4 (fyHKUHOHaJI f x dv 
AOnycKaeT npeJcTaBJIeHLle 

fxdv= f (	' cl + mB0(e)\x do:, o: II (i)[u10, x°}, dö	0, 1: 11 = kII• -	 -	\8d(ø)	 / 
CTpoHa 3Y = (c, flo, th Xo ' y, b,, 1,, m, , o:) YAOBjieTROPFICT Y CJIOBMffM 7.10 0, c.riejo-
BaTeJibBo, HB.nneTcH U11H1HHOM MaKcllMyMa 3}CTPCM3JII4 (x(l , u°). Teii caiiiio iieo6-
XO)U4MOCTb goua3aHa. 

Ha caMciM geiie rslF,1 yCT3HOB113114 6ojlbulee. A oMeHilo nO}ca3aJiH, 'ITO HalcW3iit flpHH-
win maRci4m yma aHa qeHun J0 = J(PO) 4yHoIMonaJIa J nepecumJBaeTcH B HeKoTo-
pbIi npuH1nn maRciusipia acTpenaJiM (x°, u°). flpn aTOM }coMnoHellThl c, flu, flu, Yo, 
y, b3 , 13 m, V ocTaioTca npeicHuu. 3'ro'r riepeCqCT HeoJuiOaHa qeH nocKOJIbKy mcpa 
& onpee.uIeTco, Boo6ue r'oBopH, no mepe Cr HeoHo3Ha'1no. 

,L oc'ra'ro q oc: [LycTb (x°, u°) Tpae}cTop14fl, AOTIYCTII.Niaq OI'paH11eHHBM11 1.1, 
1.2, 3.9 ii yJoBJITBoprnouan npH1Itu1ny MalcenMyMa 7.10: To ecTb cyluecTByeT 
cTpoKa = (c, fib, fl, Zo' Xi: b3 , 13: 7n, V , o:). VôernlMcn, 'ITO J0 = J(p°) fiBjujeTco 3K C- 
T0M3flbHbIM 3HaqeH0el yicwioaiia J. Beei yiiuoio m0(t) = '(t) :42(e(t)) u20(t) 
o repy PaoHa a11 0, rnin9nonyIocH CyacCHMeM iia 0 iepi PaOHa o:. Tor'Ma da 0. 
H co, 'ITO m0 E L A o ivia Bcex (HKW1 113 C0 iireeeo f /( t9 ) cia = f f(1)) do:. 
O'rcioa cJIeJyeT, wro !a II = Io:U, II gJJIFf Bcex 6opeJleBcIcIlx yiiIctuii 'i, or'paHll'ICHHhIX 
Ha 0, 6yei' TaoIce f /(0) da = 11(t9) do:.	- 

Y6eu1McH; 'ITO 7r = (c, fib, fit, y. ,. b 3 , 13 m, rn0 , a, v) aBJioeTcn IzpHhIIu!IIOM MaHcO-
MyMa aHaqeHH g J0 4yoocuooiiaia J. CpaBHHBaH 6rIpeeJ1eHon 7.10 ii 7.2 aaoe'IaeM, 
'ITO HM gocTaTO qHO upoBepoTh BblrlojiH eHHe ycJ1oHHt 7.2) o 7.2000).. Cor.na'cHo 
7.10) rn%ieeIo , ip(t) A 2(e(t)) ('u2°(t) - u2(0) (3^) 0 jia Bcex u2 E E. CJIeoBaTeJIbHo 
cpoa r VJOBJ1eTBopfleT YCJIOBMo 7.2). flpoBepul1 Teriepb BMnornleHne YCJlOBl4 iA 
7.2e°°). 143 Ofl0CJI0H11fl Jo H yCJIOBI11 EII4HJI0?0HOCTH 7.106) cJIeyeT, 'ITO 
J(p) - J0	x(p - Pb) I403TOMy n(Zo, J) = JO - XoP° Cj1eyoBaTe.nbHo n(;,0 , J) 

x0p0 - J0 = 0. Taxoo o6pa3oM ilMeeM 

7. fi0(zp° + (z0, J) - J0) = 0. 

flOIca,IceM, 'ITO 

8. flu(Xup0 ± n(y1 , pu)) = 0. 

ECJIH fi = 0, TO 3TO oqeBi4LHo BMn0JIHReTcH. Ec.nii me fl1 > 0, TO 143 yBJIOB141 
7.106), ) BLITeKacT, 'ITO (p0) = 0 11 p ( p)	Xu(Pr p0 ) AJIR BCCX p E Rd ( p). Ho-
3T0M n(z, (pj) = XiP°- CJ1 eJ oBaTeJmHo	q'u) + yp° = 0. BTHM CflB1JIHBOCTL
8. goHa3aHa. AHa.IIOI'HLIHO yc'raHaBJIIIBaCTCH -

9.' -b8(t) (13(t) (x°(t), uj°(t)) + n(&,( t ),	8[e(t)])) (=) 0.
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• OcTaeTcørIo}aaam, qTo 

10.f x0 dv + = 0,	= f (z a,n(l,, 8[e]) + rnb0(e) d. 

	

\sd(P)	 / 

I'1ieeri •

x° dv + = f {8:313x + rnBo(e)) x° 

+ ( E 8n(l3, 3[eJ) + mb0(e)d. 
sd()	 . . / 3 

• HoCicqJthFy 110/bIHTerpaJ1bHafl YHKLU1}I cnpaa RBJIBeTCH orpaHH'1eHHoi H 6opèie-
CHOfl iia 0, TO 

11. fx0dv+ = f {( E C3l8z + nB0(e) x° •	 I 

\sd(G)	 / 

-	 +( Z a,,n(l,,, ne] )	mbo(e)4 d. 
sdP)  

Ha 0[u 1 0 . x°J HieeM f	+ rnB 1 (e) = 0 it B0(e) x°(t) + B1 (e) v1 -f b0(e) = 0. fib-



OTOM 11. MO?fHO rlpeb6paaoBam R BHJy 

12.f x° dv + 2 = f ( E x3 ( l3 ( x0(t) , v 1 ) + n(13,
- 

floIaaeM, 'iTo x3( l3 (x0(t) , v 1 ) + 71(13 , 03[e])) = 0 B Ka?KOi Toq e 0[u°, x°}. ,LIeftcT-
BIITeJmHO, 003Haql4M qepe3 jo COB0HyII1IOCTh BCeX HHge]KCOB 8, AJIH IOTOPHX 04, = 0, 
a qepe3 1+ - ex I1H1eKc9B 8, ARFE IOTOb1X x > 0: Iiia S € 10 BatHe yTBepiçw-
mae o'aeBiH€. flyCrb s € 1+ . Cor'jiacio onpege.rieHBJo MHoicecTBa 0[u 1 0 , x°] HMeeM 
l E a 8(x(t), v i , e) ii 03(x0(t) , v 1 ,	= 0. [I03T0My ñ(13, 3[e1) = _18(x0 t) , v 1 ). C.rieo-
BaTeJibHo ,cxdn(13, (P8[e]) + 18(x0(t) , v 1 ) = 0. IlTaii no}a3aHO, 'ITO yHiiw, coAep-
mm"ancn B npaBO3 qacTil B 12., o6pauaeTcH B HJb Bc1oy Ha 0[u 1 0, x°]. Cjieo-
BaTeJIbHo fx° dv. + = 0. 'I'aKHM o6pa3oM CTOH i	 H OBJITBOCT BceM yCJIOBFIHM 
72 •	 . 

flpnHtuln MaHCIIMyMa 7.10. accTpeMaJiH (x°, u°) coBrjaaeT C rIpnHIJ.HIIOM MaRcH-
MyMa, IIOJIy4I[HbIM B [6]. floepK1IeM, oHaKQ, 4T0 H3 [6] CJIeyeT cywecTBoBaH1e 
ripHHEttiiia MaKCMMyMa He gii.9 jiio6oi Dliffpemajui (x°, 'a°) a J114111h AJM TaRoi, y 
KOTOpOil 112 0 HBJIReTCB BbI6OpKO na '1(t). 

CJ1ecTBue: Eciw aaa'a A o61iaaaem 3FcmpeuaJib?0 (x°, u°), mo eCMb mpaeKmo-
pueü, OonycmuAtoiL opanuenuitu 1.1, 1.2, 3.9, aA q KoinopoitJ0 = J(p0) .aii.emc.' 
3Crflpe.4taibflbM Maneitueit Øyiociuonaiw J, mo npu ebtoo3e npuni#una .aiccuMyata 
amoü nccinpeitaiiu (nun 3a'enua J 0) moascito onuaaarnoc.' om npeOnouiocenu. c 1.4r). 

LoKa3aTesIbCTBo: FIycTb(x°, u°)aiCTpeMaJ1baaJai1A. I1OJIOWIIM 1) = IX°Id(z) 
oo.A 

-l-IIu°M,, + I. PaccMoTpIa1 aaay A, ITIOJ1yCHHyIO H3.A aaMeHoü 4yHKuI4t10Ha 

)yHKLHIO

v1,.e) = max {l3(—	v1 - v1*) + 8(*, v, e)} 
•	 (1.r,)EOD 

H npH6aBJIeHHM OFPHH4H14H P 0(, v 1 , e)	0,	v1, e) = -II + Iv,I - D. HeT-
pyHo y6enmci, 'iTO B aTIIX 4)opMyJlax max JOCTHPCTCH 11 cyHKIHll	v1, )
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npi (E, v 1 ) E OD CoBHaaIoT C H1111f$IM11 v1, e), s = 1, ..., d(). .flcno, qTo 
J1}I 4YHR4FIR C5, YCJIOBiie 1.4r) BbmoJIugeTcg . Heriocpe1crBeHHo ycMarpHBaeTc, 

'rro (x°, O) HBJIHTCH 3KCTMJIbIO aaan A II B CIIJIY TeopeMz 7.6 o611aaeT npøH-
I11HOM MandilMyMa. B cøiy yCJTOBH!1 96HOAHmoigeft He?%cecTxocTl1 113 HBCHCTB 

o(x°(t), % 0(t), e(t)) () - 1	tiTO b0(t) (=) 0. Ha aoro me HepaBeHCTBa BhI-
reKaer, tiTO MnoHecTBo 

e[u io , x0]=1(o,l8 ,nz,e,v i ,t): g E, x50, .E o=1, I	-	sd(ø)	.	 . - 

c'alav, ± mB(e) = 0,	 S 

Ood(ø) 

	

(v1 , e) E (u 1 0, e) (t), l E	i8(x°(t), v 1 , e), x88(x°(t), V1 , e) = o} 

COCTOHT 143 TOK, y HOTOPhIX x0 = , l E a3(x0(e), v 1 , e), x3P8(xO(t), v 1 , e) = 0. Cie. 
JonaTe.ubHo, 31ccTpeMarn (x°, u°) o6.TIaaeT 1414H1I1HOM maRcHmyma 7.10 B HCXO;tHOik 
aapaqeA I 

3To CJIJCTBM MO1{HO C4OpMyJI14pOBaT16 B cJIeJyoiIe1 opMe: 

Eciju J0 3kcmpe4iaJmnoe 3na'enue 6/H,c11 üo6a.aa J u cpeu nocieaocamemnocmeti, 
coOepicauçuxc.c e t(J0), naüOemca xomi 6& oaua oapanu'ennai e .'.tempu,ce 
mo . npu 8bMo0e npuuiuna .4a?ccu.tyMa 3moeo anatienu.r 95yUP.Lfuofla4a J mowHo 
omha3ambcir om mpe606aNu.sl 1.4r). 

L ellcTBuTeJIbHo, 113 .u}IHeI1H0CTB orpaH11 qeHn1 paBeHcTBa cia6oti aaay- 
TOCTH .E' cJieyer, 'ITO B PCCMTPHBCMOM ciytiae CYIICTBYT aHCTpeMaJIb (x°, u°), 
Ha KOTOPOII HEU11OHJ1 EI14HHMT aHa qeHile Jo. CJIeoBaTebuo C11CTBCT lTpHH-
qnn maiieHmyma i aHcTpeMaJxn, KOTOpbIi MOHO 11CPC'I11TTb B flpHH!Hll MHC11MYM 
aHaqern4a J0 4ynxLHoHa.ma J U 
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