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A Necessary and Sufficient I)iséreteness. Condition for the Spectrum
of a two Term Differential Operator of Higher Order

)
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Im gewichteten Hilbertraum L, (0, ool) werden selbstadjungierte Diffcrentialopera.toren der
Ordnung 2n betrachtet, die von dem Differentialausdruck Ay = w=[(—1)" (py™)™ + gy]
erzeugt werden. Unter Verwendung von Bedingungen fir die Diskretheit des Spektrums
solcher Operatoren, wie sie von Kwong und Zettl angegeben worden sind, wird eine not,“ endige
und hmrenchende Bedmoung fir die Dlerethelt des Spektrums abgeleitet.

B Becosom mnbﬁep'rouow npocrpauc'rae L, ,,(0,"00) paccMaTpuBAIOTCST CAMOCONPSHEHHHE -
0OnepaTopH nopAika 2n, NOPOICHHEIE nmb(bqpeuunam,uuw BHIpawmenneM Ay = w[(—1)"
(py™)™ + qy]. ﬂpumeurm YCAOBUA [UIA JMCKPETHOCTH CIIEKTPA, LaHHBE Hrourom n Ifer- .
TelabeM, BHBOAUTCA Heobxoxuoe w nocmToquoe yCIOBHE [AA HCKPETHOCTH cnempa

Self- ad]omt differential operators of order 2n are considered that are associated w1th the ex-
pression Ay = wl[(—1)" (py™)™ 4 ¢y] and the weighted Hilbert space L, ,(0, oo). By use
of discreteness conditions for the spectrum of such operators given by Kwong and Zettl a

necessary and sufficient condition for the discretcness of the spectrum is established.
> : 4

Consider the differential'expreésion . _
Ay = w[(—1) - > (py™)m + qyl, . O Lz < oo, o ('l’)
whcre\the 'weight function'w and the coefficients p and g are real- valued and v
w >0, ‘p>0, =0, wel, pE W10, X), qELz(O,X)
- forall X >.0. | ' .
"The e_x‘pression A determines t,he~ s'ymmetric operator Ao,
A =dp,  p€DA) =C"0,),
in the weighted Hilbert. space L, ,,(0 oo) of all complcx valued measurable func-'

- tions f satisfying ||f|l,® = f [/I2wdx < +o0. It is known that all seif adjomt exten-

‘sions A of 4, have the same essential spectrum o,(4). In the following we are inter-
ested in establishing a necessary and sufficient condition for the case o,(4) = #,
, for the discreteness of the spectrum of 4. In the specnal case where w =1,
p =1,and ¢ =0, by a theorem of .A. \I MOLCHANov [8] the spcctrum is dlscrete
if and only if - ‘ !
o z+h )
Hm fq(t) dt = o0
=00 T . " L
for each & > 0. This theorem has been generalized in different directions by several
.authors. Relating to this we refer to (1, 8] (the case n =1, w =1, p = 1), [9]
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(MZLp=Lw=1),[274 @21, w=1¢=0),[9 (r =1, w=1) and [3]
(n = 1). In the following by using sufficient cconditions for the dlscreteness of the
spectrum of Max Kam Kwoxg and A. ZETTL'[6] we discuss the case n = 1 with
general functions w, p, and ¢. According to [6: Theorem 2] the spectrum of A is
bounded below and discrete if the following conditions are fulfilled. .

i) There exists a positive function f(x), 0 < z < oo, such that

o V4 T : ) :»l . 4 .
lim {lim sup [kf(z)]2"—1 ( f (w -+ q7) dt) ( f p! dt)} =0,
h—0- z—>00 z . z . .
Zn =z + hf(z), '
where g = q*' — ¢ with ¢*(z) = max (q(x), 0).'
*ii) There are numbers X > 0, K > 0, and ko > 0 such that

s Zn fn’ . '
fJw+q)dt <K [(w+g)dt
z 3 .
for all =X, all positive‘iz S'ho, and for all & with - . . _
I8 &) = [ & F 3R] < [z, % + hﬂx)], B = 31k,
iii) “For each & > 0 we have '
: Zn : -1 Z» . .
lim(f (w+q‘)dt) fq*dt:oo, xy =z + hf(z).
00 2 - .

" The condition iii) proves to be also necessary for the dlscretencss of the spectrum in
the case that : N\
. : x)\1/2n . RN
w(z) '

°

Theo rem: Let the following conditions be /ul/zlled
. The function w™lq, 0 < 2 < 0o, 18 bounded below, so tkat the opemtor Ay s

bounded from below.
2. There exist positive numbers hy, ¢,, ¢;, dy, and d,, such that
p@) < p&) = eple), N )
dw(z) S w(§) < dw(a), | | e

. wkm z<E< hof(), (‘)4< xz < oo, where f(x) = (i—((z—)))llzn .

‘Then the spectrum of any self-adjoint extension of A, vs discrete of and only if

Zn

lim [w(:.v)f(ac)]‘1 ( f qdz) =00 for each b >0 ) . (4)

where Ty =2z + hf(x)

" Proof: The semlboundedness of 4, easily follows from the hypothesxs 1. Now we
prove that the condmons i)—iii) from above are fulfilled. By means of ‘conditions 1
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l - 'l Al . . N . ’ ~ ' '

' and 2 we obtam

e

< [hf(@) Y B3f2(a) dgw(e) sup (i'+£) oipi(z) o
. : - 0<z<o® w . ‘ o .
< Chpr@) we) pi@) = Ok, L
Hence, i):is' satisfied. ii) is obtained from the estimate '
[ w+aras s (1+ )dzw(x) h(2) = Ohf(z) wi@)
0<T<O0 .

: ’ &y’ K 13 ) -
' . [2n . . \ ’ :
. = o (%) e ue =0 Jowsk [wroa
A 1 y - B .. . . .

g ¢
. : - . ' \
. Fmally, in view of condition 1 and (3) we have

\ N z -

a L 1 BF--7Y
[ué(x)'/(x)]" f gadt édah;)gt;&o ( ) f (w+¢q7) f gtde],

z

and by medns of (4) it follows that iii) i is also fulfilled. Hence, t,he specbrum of any
self-adjoint extension of 4, is discrete. ". . '
Now we prove that.the condition (4 is necessary for the discreteness of the spec-
trum. Without loss of generahty we can assume that g(z) = 0, 0 < z < oo: for the
spectrum of the operator 4 is discrete if and only if the spectrum of the operator 45
is discrete where 45 arises from A by replacing the function gbyqd =q+ ,uw 'Frbm ‘

inf L~ —,u > —o, however, it follows that q = 0. Hence, let g be non-nega- ’
0<z<oo W
tive in the following.

To prove that condition (4) is necessary for the discréteness of the spectrum we:
assume that (4) does not hold. Thén there exist positive numbers C and %, and a

sequence of points (zj)j=1..., 0 < #; < 2, < -+, tending to infinity such that

‘ 2, I | |
[w(zj) /(xj)]_l ( [q dl) = C, Tjn, = %5 + f(x;). \ )
Zy : .
At this pomt we may assume that O < hy = hy, because the inequality (5) also holds
when h, is replaced by any number k,’ > 0 smaller than k,. Now choose zy; >izjn,,
j=1,2,... In the following a sequence of functions u; € D(4,), j = 1,2, ..., will
be construcbed with the propertles .

O< d, < ”u,ll.,,2 = d2 and (Aou,,u,),, =C, i=1,2...

Let ¢ be a real-valued function satisfying - e o,
gEC™(~c0, ), suppep=(0,1), [erdz=1,
. . 2 .
and set : '
wy(@) = [hw(zy) [ "2 @[huf(z)] 7 (2 — 77)), 0 <z <00, j=1,2,...
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Then ~we have

Ti.hy

. nu,nw = hste) /)1 | (st (z — 2,) w(z) do

= [w(z;)]™ f ¢i(x) wz; + Mflx)) 2] dz
. ' 0 :

_ a.n_(i;by_ usli_ﬁg t,h\e, i‘nequa.l'it,y (3) ' _
Vo Sl Sd. | - o ®)
Further we have ‘ .

, [0 ™ (@)]E S oy ~Cr+0 {4 10(55) 0071 (z) 5 : (7)
and by virtue of (3), (5), and (7) we get

Zj.hy B
(Aou,, usho = [ [p(a ™) + qu; 21 dx ‘ )
' . l h: V
< Capw l(x,)/ 2n(z,) czp(x,) + con[w(x,)f(x,)]‘ f gdt

S Cante + Co nC = C*.

The constant C* is independent of j. Consequently, by a theorem of Rellich (see
[10]) from (6) and (8) it follows that the essential spectrum of a self-adjoint exten-
sion of 4, is not empty This proves the Theorem 1

. In the case where n=1 condmon (4) is closely related to the corresponding con-
dition of D. B. HIxTON [3]). :

- Remark: The hypotheses (2) and (3) are fulfllled if t,here exxsts a number M
such that , ,

/()I sM and f(x)' Wl =M, v0<x_<oo. 9)

0

g

} ' 1/2n :
_This can be scen as follows. From f = ( ) ‘and (9) we have

’

f'(:z:) =‘]_ /(x)'v (71 - ’%) and —M < j’(x) <M ', 0 <2< co.

By mtegratlon we obtain —M (¢ — z) < /(5) — f(z) < M(Z;‘ — x) where & is restricted
by r < 5 £ z + hof(z) ho > 0. Hence we have

(1 — Mho) f(z) = / (§) = (1 + Mho) /().

Choosmg the number k, sufficiently small we see that there are posntxve numbers
Vs and V2 such that :

ni@) S fQ) S pf@), 2<ESTHhf(r), 0<z<o0. - (10)

(N .
. i
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Further from (9) it follows that — M S (& p(( ) <M, 0 < ¢ < oo, and because of

(10) we ha.ve . t)

~My oy S 20 S My, eSS b,

By integrétion from z to & we get
— M) (€~ ) S 0 25 S M) (€ = )

and

M, < m%;gzﬂ,, % S ES T+ hof(a).

Hence We have , .
e~Mip(z) < P(f) Sefp(z), z={=z+ ).
Concermng the case n = 1 the condltlon (9) was established by D. B. HI\ITON [3]

Exa.mples 1. In the case
Ay =z [(—1)" (z"y‘"))‘”) t+ayl, 1=z<oo,

. f-a
~“we have f(x) =z 2". The hypotheses (2) and (3) ‘'are fulfilled when B — &< 2n.
Then the spectrum is discrete if and only 1f N
(1—2n)a—B z, ’ : B_-_z S, )
limz fgdt =00, axy=2x+hx?, foreachh > 0.

Z—00
The special case & = 0'is handled in [9].
2. In the case

Ay =p [(—1)" (py™)™ + gy}, O<z<oo, [p|< Mp,

the spectrum is discrete if and only if

Cox4+h

. lim p‘l(x) fth = oo. for each h > 0.
Z—)&
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