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Laplace-Gaug Integrals, Gaussian Measure Asymptotic Behaviour
and Probabilities of ‘\Ioderate Deviations

W.-D. RICETER

Fur beliebige endlichdimensionale Borelmengen awird eine allgemeine Formel zur Bestlmmung
ihres GauBmaBes angegeben, welche die von B. Cavalieri und E. Torricelli entwickelte ,»Methode
der Indivisibeln* widerspiegelt. Darauf aufbauend werden fiar Mengen, deren Abstand vom
Ursprung gegen Unendlich strebt, entsprechende Aussagen iber das asymptotische Verhalten
ihres GauBmaBes formuliert und zwei spezielle Grenzwertsitze fir Wahrscheinlichkeiten mitt-
lerer Abweichungen von Summen una.bhanglger, identisch verteilter Zufallsvektoren abge-
leitet.

.

~ IInn BeYMYIEHAA rayccoscxon MepH J1060ro KOHEYHOMEPHOTO GOpesieBCKOro MHOMKECTBA
BHIBOTUTCA 00mian GopMysia, KOTOpas OTpaMaeT METOR ,,Hefleaumbx BenuuuH‘ B. Hasa-
abepu 1 9. Toppuuesniu. Ha ocrose aToit popMyIIH U3yYaeTCA aCHMITOTHYECKOE OBe/leHIe
rayCcCcOBCKOH Mephl Ha MHOMKECTBAX, PACCTOAHHME KOTOPHX OT HAYaJia KOOPIUHAT CTPEMMTCHA
Kk Gecrxoneunoctd. HKpome TOro IpMBOAATCA IBC CNelHalbHHE NpefesbHhle TEOPeMH HIJA
YMEpPEeHHHX YKIOHCHHUIL CymM HE3aBUCHUMEIX CIY4YaiiHEIX BEKTODOB.

: .
There is given a general Gaussian measure representation on arbitrary finite dimensional Borel
sets. This representation reflects B. Cavalieri’s and E. Torricelli’s *“‘indivisibeln method” in

"a modern language. Based upon it, assertions are derived about the Gaussian measure asymp-

totic behaviour on Borel sets whose distance from the origin tends to infinity. Also two specific
multivariate modemtc deviation limit theorems for sums of i.i.d. random vectors are deduced.

1. Introduction

The most general integral limit theorems for probabilities of large deviations of
sums of finite dimensional random vectors have been considered by L. VILKAUSKAS
[21], A. A. Borovkov and B. A. RogozIN [2]'and A. V. NacaEV and S. K. Saxosax
[12]. Their results, however, due to insufficient knowledge about the Gaussian limit
law, are not quite practicable at present. B. von Baur [1: § 8] has pointed out one

- of the underlying problems, and both he and many authors after him have considered

various more or less specific cases.
The main purpose of the present paper is to give a gencral Gaussmn law represen-
tation on arbitrary Borel sets and to derive from it some asymptotic properties of

- the Gaussian law. The underlying idea is a generalisation of B. Cavalieri’s and E. Tor-
.ricelli’s indivisibeln method, which will be deduced and formulated here With the

help of some standard methods of measure theory. After a discussion of different
examples, we will finally formulate two specific multivariate moderate deviation
limit theorems as a consequence of the aforementioned results and those in [16]. In
[17] we use the results of the present paper for deducing some general assertions

" related to the structure of multidimensional céntral limit theorems under moderate

deviations.

~

17 Analysis Bd. 4, Heft 3 (1985)



258 W.-D. RICHTER _ -

 Let R" k=1 be the k- dlmensxonal Euclidean spa,ce equipped with its Borel .
1/2
o-field- B¥ and the usual Euclidean norm x — |jzf| = )_7 z2) ,x = (2,..., %) € R

We denote by @(-) the standardized Gaussmn law On %" and by u® the Lebesgue
measure on B, Further put A4 = {(Az,, ..., Az): 2 € A} Then .

P(14) = (2n)~ wiz 1) -
forall A > 0 and A € Q}" where the parameter 1ntegral
C IR = f exp {—lzlj2/2} u* (da) : (1

’

will be called a Laplace-GauB integral.
Finally, let us make reference to the considerations [7, 8] on Brownlan motion and
rencwal theory, where integrals of type (1) or similar also arise. '

"2, Laplace-GauB integrals in R¥

A

With the notation 4 .
a = inf {|gf:z € 4},  m(})=al?2,  M(i) = sup {22 |jx|®/2: x € 4}
_and s S | |
e RO e A 22 <e) i o> m),
aale) = 0 T e\lsewhere,
. we are able to formulate the starting point of our considerations.

Lemma 1: There eiists a ps‘“-ééro set B <= R such that'on RY\ E there exists «
derivative Via of the function V4. Putting V7, ie) = 0 for c € E, the /um'non V.
vs Lebesgue integrable on R and

M(A)—mu) ‘
I(}) = ;." exp {(—i%/2} [ Vilc + m(2) e u®(de), (2)
0
for all 7 > 0. '

Define S, -—-{x € R" llzfl = r} r=0. For z ¢ RF with flzl =7 and zfr =6,
0 € S, write x = (r, 0). Let w_denot,é the-uniform distribution on S, (with o (S,) =1).

Put . ‘ . )

I ()_-liflxz(c,B)EA, . -
477710 elsewhere,

forallc = 0,0 €S, and .

e = 2782 (k[2), ’

. ‘where I" denotes the gamma function. Now we are in a posmlon to formulate the:
main result of the present paper:. .

' Theore.m 1: For all 4 > 0 1t holds that
I(2) = wpik=2 g2l

M(A)—m(4)

X [ e o e-cg(]/_ + a) uods, @)
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where . _ ‘ -

s Fe) = [14.(0) w(dd), . c=0.
s . .

Remark 1: Be'cause of

'

%(c)—w({OGSl :L—(c,O)EA}) c=0

one can explain z)-(c) as bhe percentage” of A n S, wnth respect toS The consider-
ation_of -the function § reflects B. Cavalieri’s and E. Torricelli’s “indivisibeln
method” [13, 22] in & modern language. Namely we extend this method to a.multi-
dimensional measure which is not a usual volume but a Gaussian measure. One may
- say that two solids have _equal (centred) Gaussian volumes if they are situated
between the same two fixed spheres, centred at zero, of radius’ r; and 7,, 0 < 7,
<.7ry =.00 and if for almost .all spheres centred a.t zero and having radius 7, r € {r,,7,],
theu‘ values §(r) coincide. To evaluate the actual (centred) Gaussian volume of a
ngen solld one has to mulbnply the respectlve function

e Ta), 20

by some dimension dependent constant and by a we;ght function
' e 2c// + a)k2=1ee, c >O # S

before mtegratmg this product with respecb to the Lebesgue measure.

Remark 2: Because of fc""2 ‘Cdc S*2V—, e > 0 the mtegral in relatlon (3)r

is also well dcfmed in the case a=0k=1. .

Proof of Lemmma.1: Replacmg z by 2z and applying mtegral transformatlon
formulac [9 p. 163] we obtain .

N . M(A) s :
2 1(2) /"fe—*'llffll'l2 BN dx) = 2% [ e dV 4 i(c).
m(/l)
\Vlth the notation
naalB) = p(w € Az 72 a2 € B)
for Be€ SB‘ it follows that ,
Vi) =vaalite Rt <c)), ce€R. Vo
. That is why V4 ; is an absolutely continuous function iff the measure »,,; is abso-
lutely continuous with respect to the measure u™ [9: p. 181]. We shall now show
the validity of the aforementioned relation between v, ,; and u™: As the product

measure wiw(d0) r*"1u®(dr) coincides with the Lebesgue measure ,u(‘>(dx) [4 pp- 36,
63], it holds that

vaaB) = [ f‘IA.,(O)wkw(dﬁ)r""#“’(df)-
| . TE2BIA* 6€S,

Hence
, #(B) < (wif2) [ z"’”‘ luh(dz).

2B/a*

17%



260" W.-D. RICETER
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/

' Consequenbly uM(B)=0 ylelds v4.:(B) =0 for any B € B Now,b from

- MQ) .
I0) = 2 [ oo u(0) u0de) ~ - :

m(3) .
after replacing ¢ by ¢ 4 m(2), equation.(2) follows l
Flrst proof of Theorem 1: Ich R! \ Z then , S

. 'UA ,1((;) = llm [VA e+ k) — Vaale — h)]/ 2h) " .

. TS ‘ ] . , _A‘./.
= A 2 lim A7t f r*=1%(r) pO(dr).

. A0 l/2cll’

From Lebesgue’s theorem [lO p. 277] it follows tha.t '

/2t +h

lim A1 [ §(Yz) 2k2-tuirdz) = (2«:/7.2)‘/2%%3(V2c/i¥>, .

=0 2t
Hence
Viaale) = and~2(2o[22)21 %(VW)
Putting z = »2 and replacing ¢ by‘c + m, Lemma.l 1. now ylelds 3) 1 T,
= Second proof of Theorem 1: Since '
Vasl) =wn [ Li,(0) w(d) r-iu(dr),
S:x(0.¥2¢/3) : )
by Fubini"s theorem [4: p. 35] it 'foll(')ws that s A S
. Vaeid : C
- Vaalo) = wkff" 13(r) ,u“)(df) ' ‘

IchRl\Ethen

V) ) = oulfBa)1 (1YZ0) %(ﬁ/z

Finally, Lcmma 1 implies . : A

I(2) = w Qkl2=1 o—Aaf2

M@A)y—m@)

2., \kl2—1 o~ .
X f (c + %L) 0“‘5(1/;?—5 + a) y“’(dc) g
0 ' N g

In the following let {A(4)}:50 be a system of Borel sets in R¥. Further, define the

quantities ¢ = a(),), m(,z), M) and,g(-) = ¥, ), 4> 0in the same way as above .

-and put ‘
. . I f e ”"‘u'/zﬂ(l‘)(dx) 2 > O X ] . -
v 14(2) o '

We shall now formulate some consequences of Theorem 1 concemmg the asymptotlc
‘behaviour of the integrals 1,(2) when 4 tends to infinity.

s



\

-

Laplace-GauB Integrals 261

Corollary 1: Suppose that F(2,¢) = Fo for all ¢ > 0 and all 1 > 0. Also, assume
that a(d) = ay for some podilive ay and all A > 0. Then

L)~ oS Yal) e e s s oo @
Here f(/l) ‘~ g(2) means hm /(}.)/g(}.) =1. ’

Proof: Let o bea functlon with the properties
- limg(l) = co and lim g(2)/22 = 0.
A—o00 =00

" Then the following two relations hold as 1 — co:

asi—>oo N

\

e(4)

J (2¢/22 + a(A))42-1 e¢ dc ~ a(2)421
and | ’ 4 ' ’ . . . /
f (26/72 + a()))“’z" e“‘ de = O(a(l)klz—x)
\ etd)

Here f(A) = o(g(/l)) means hm /())/g(}.) = 0. Hence (3) implies (4) 1

Corqllary 2: It holds that .
_ B(24(2) = o(1) -2 e~Haiz , ' 3 (3)
as 2 — oo if and only f :
' M —m@) S

f (2c/;2 +a /1))“2 e e F(2, (V27 T a2 ,u(‘>(dc) = 0(1) (6)

7

L

Remark 3 Condition (6) can be understood both as a condition concerning

(2) — m(A) and as a condition concerning the ‘‘percentage” of the volume of the
set {x € A(2):y < ||z|| £ y + 8} with respect to the volume of the set {x € R*:
y <zl <y + 6}, where y + 6 = (2¢/22 + a A))‘/2 ~ a(A)!? = y as 1 — oo. Further
-note that condition (6) plays an importand role in limit theorems for probabilities
‘of moderate deviations. Namely it describes all cases in which the function d from
[16: (3)] satisfies x2(d(x) — a) — 00 as ¥ — oo. In all these cases [16: (11)] cannot
correspond to [16: (12)]. . .

Corollary 3: Let g be a function with lim g().) = co and put

e(d)

J(2) = j (2¢/22 + a( A.))“m_l e-cg A, V2¢/3® + a2 ) Ml)(dc)

: Then it holds that

L() ~ @t~ ey () | ' U
as}—>ooz/and only +f '

f (2c//12 + a(A))H2-1 e“%(/lo, V2¢/3% + a(A) ),u‘l) dc) = ofJ( A)) (8)
etd)

as A — oo, -
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’

/Remark 4 Condition (8) will be fulfilled if the function (4, -) satisfies suitable
* lower and upper inequalities for ¢ € [Ja(2), Va(4) + 20(4)/22] and ¢ > Va(2) + 20(2)/72
respectively. If M(A(4)) = {x € R*: 22T = a(4)} then (8) expresses how large a
neighbourhood of M(4(2)) must be in order to determine the exact asymptotic be-
haviour of ®(24(2)) as 2 — co. : '

3. Examples of Gaussian measure asymptotic behaviour

In this chapter we shall derive some assertions about the Gaussian measure asymp-
‘totic behaviour on various Borel sets whose distance from the origin, generally
spoken, tends to infinity.

Lemma 2;\'11 holds that

D({z €, R¥: [lz]] = 4]) ~ 21-HET(kj2)] 1 A4-2 =402 I ()

“as ) — oo.

3

Proof: By Theorem 1"

T(3) = apdt 2 e~ P12 [ (26/42 + 1)H2-1 ¢ do
0

so that )

' Blfz € RE: [l 2 ) ~ 2m) M2 w2 2o 0 |

Lemma 3: Let f and g be positive functions with f(2) — 0 and g(2) - 0 as 2 = oo,

Assume & to be a function satisfying £(A) = &, for some positive &,. Also, suppose that

£(2) f(4) — 0, &(A) g(A) = 0 as 2 — oo. If ‘

AR = e R ED) — g() S |l < £2) + £

then - ‘ g S L
P(A(2)) ~ 21-HTR[2)]7 (£(2) +7g(2)) ER)1 emEdi2 (10)

as A — oo. .

Proof: First let 2 =1 in definition (1) of the integral I. Next put 4 = 4(2),
in (1). Then we get a = (5(1) — g(3))%, m(1) =.a/2 and M(1) = (£(2) + f(A))/2. .
From Theorem 1 it follows that - . ’

L D(AQ) = (2n)H wy c—(ED g

- 02

X [[20 4 (£0) — g et de,

where I . o .
T 6 =[(E@ + fA)) = (52 — g@P)2 = Ef + g) + [2 — g?)/2.
/‘,F ro'm. Lebesgue’s theorem [10: p. 277] we get
0(;1) . t .~ -
J (20 + (62) — g1 e-ede ~[£(2) (£(2) + g(D))] £2)F2
0 o

Lemma 4 (see Figufe 1): Let k = 2,8 > 0 be a constant and. t be a function with
(he properties 0 < ty, < t(A) < s and (s — t().)) A2 —> 00 as A - oco. Put A_(/‘.) = {(z, ¥)
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’

¢ R2: s + y3 () = 1}. Then
P24(0) ~ V25 [z 0 - (s—t(i))ie*‘““/ﬂ]‘ S (1)

as A — oo.

- Proof: It is casy to check that a = ¢(2) and sup {2% + yz (z, y) € A} =g If
¢ = (s— ¢2) 42/2 then F(2,V2¢/22 +a)=1 and if 0<c =< (8 — t())) A2/2 then

(4, V2¢/A2 + a) equals 4 f V1 + yo'%(z) d= divided by the 01rcumference of the circle

+ Yy =t + 27, where o = (2sc/[(s — ?) }»2])1’2 Using the same method as in
the precedmg example, we obtain’ (11) [ I

BN "(

: y
X2+y2 =5
\

. Fig:(A=1) ' Fig. 2
. ’ ‘ A !
We return now to an arbitrary flmte dimension k. Let, B be a symmetnc posmlvc
defmlte k X k-matrix. Put

Gp(M) = [(2)* det B]"/% [ exp (—yB-ly"/2} dy, M € B,
o ' M o

€ =@, ..ox) with 2, >0, i=1,..k,
ro=(r, 0 rk) = BT (B~} denotes the inverse of B) and

Q() z). = [ (2rA2)* det B] 1/2 (lkz ]ri|‘1) exp {—/.~er/\2}.
Furt-‘her, let . ) ‘ ‘ ’ '

= (.)i(‘[:‘z:i, oo)) X ( )k( (l‘—_oo., xi]) for some 7'6‘{1, e bk — 1},
i=1 . i=j+1 : ~ .
Lemma 5: The condz’tion‘. 4

s1gnr,—s1gnx,, 1.'=1,...,k , L ’ (12)

. [15: p 56/Bedmgung D] s necessary and su//unent for )
By(Ad) ~Q(h7), A—>oo. | | (13)
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" Proof: First suppose that (12) holds. Substituting ¢; = |y; — ).z(l,,i.r}, 1=1,..., k,
we get Pp(14) = Q(4, ) J(4), where . ,

'J(}t)=f...fexp{—q, — =gt Gt @
0 —o0

(q:/lrxl) B I(QI/ITtI —/ 12)} dq

Because of (12) there exists Co >0 w1th |r,| ='Cy for © =1, ..., k so that J(}.) ~1,
A —>.00.

Now, suppose (13) holds Condition (12) means that the quadratlc form yB-1yT
has over.the set 4 a uniquely determined minimum at the point z. Assume (12)
does not hold. Then there exists z, & « such that B~ 1x0T = inf {zB“zT z€ A}
< zB 11T (see Fi igure 2). One can show then that '

Dp(Ad) X A le~ VB 02 . ] 5 00 . (1)
so that - o , ; .
QA x) X A7k e~ HEBITI2 — o(Py( ;.A))

Here f(4) X g(2) means 0 < hm/ Agd) < 11m f(l)/g(}.) < co. However, ﬁhe :last '

relation is in contradiction to (13) 1 .

It follows from Lemma 2 and (14) that the considera.tion's in [6] are incorrect. The foll'owing '
example shows that even in the case where (12) holds, the assertions in [6] are not right. Let

— 2tz,2 + z i
I(al,az)—ff exp{ o 1212) 2}dz, —1<t<O.
a a, .
A strmghtfomard integration by parts [14] then yields

v

(1 — tz)2 exp _a,® — 2ta,a, + a,?
(@2 — tay) (a; — tag) 2(1 — 17)
~ a8 @, —> 00, @, — 0o, While [6:-Theorem 3] asserts that .
(=@ ta? [ af—2aeta]
(@2 — 2a,a,t + a,?) a,a, 2(1 — ¢2)
In the case a, = 3a,, {.= —1/2 one has 12/1 = 875/39, which is a contradiction to I ~ I,
and I ~ I,. .

I(ap ay) ~1I, =

I(au @) ~ Iy =

For a slight generahsamon of the precedmg example let B = DB(4) be positive
definite, . .

2(A) = (2,(2), .. .;‘:ck().)) xi().) '—> 0o as A— o0,

AQ@) = ()’( [z:(4), 00)) ( X (—o0, —1; (/1)])
i=1 . i=j+1
and '

(@) = (), ... nd) = 2(4) B1(R). .
Lemma 6: Put x = x().), B = B()) r =r(2), @ = @, and suppose that both (12)
and : . .
' )} = Co > 0, forall >0 L (15)
are satisfied. Then / o
¢B(1)(A (1)) "."”Ql(l’ ZC(A)), ' A= 0. ) ) (16)

N\



" Laplace-GauB Integrals 265

4.-Probabilities of moderate deviations i speclal sets of R®
1

 The aim of this chapter is to show with two examples how to apply the results from
Chapters 2 and 3 to the moderate deviation limit-theorems from [16].

Let X,, X;,~.. be a sequence of independent random vectors, each having the
same distribution as X, being defined on a probability space (2, %, P) and having
values in R*. Assume that there exist second order moments of X. Let EX —p

= (0, ...,0) € R* and E’XTX B, where B is a symmetric, positive definite k X k-
ma.tnx Put Zy, =X+ -+ X,,, n=1,2,... and let E; denote the k X k-unit
matrix. . . T S

. Theorem 2 (see Figure 1): Let k = 2,B =F,,0 <t <sand|z| = (2,%s + x,2[t)}/2 -
for x = (x,, 2,) € R Then the asymptotic relation

P(1Z,] = 4(n) V) = B((z € R?: [z > () N1+ 0(1)) 7> 00 (17)

* holds uniformly with respect o Am)€e[1, ¢ ]/log n), ¢> 0 if zmd anly of /or any norm
||| I} % holds that

P(|[1X]If = y) = o(1) (log y)"”"‘"" y~rN, o y—>oco. - (18)

Remark 5: Note that condition (18) does not depend on s in an explicit way.’
For easy comparison with the case s = ¢ we quote the correspondmg conclusion
from [16: Theorem 5] (see also [20] or 18]): If ¢ = ¢ then (17) is valid if and only if
,1t holds that -

P(IIXII| 2 3) = o{1) (log )+ y=2=", 3 > oo, )
Note that (18) is somewhat sharper than (19) ' -

We return now to the case of an arbitrary fmlte dlmens10nk Let M,, M, be sets
of natural numbers with

MyuM,={1,...,k} and M,c0M,=8.
Using the rectangle ‘ ) ‘
Ay = {0 m)iz 22,1 € My, 2, S —a, 0 € M)
for some positive zj, ..., 2; and the complement of an ellipsoid
Ay(B) = {z € R*: 2B = la(B)), I>1

we construct the set 4(B) = A4, v A,(B). Here a(B) inf (zB~12T: z.€ A,} Note
that in the case B = E, one has a(B) = x;2 4 + ;%2 and condition (12) Is satis-
fied. If (12) does nob hold, then B &+ E,. .

Theodrem, ‘3 (bee Figure 3): Assume that condztzon (12} does not hold. Further, put
A = A(B) (where B =f= E). If

P(X € yA) = o(1) (log y)1+c’/zy=2=ca. = 4 5 oo Lo (20)
then the asymptotic relation )
P(2, € An) Vn 4) = B5(A(n) 4) (1 + 0(1), . n—> o0 , (21)

" holds uniformly for A(n) € [1,cYlogn], ¢ > 0.

For the proof of Theorems 2 and 3 we shall use the following auxilary results,
which can be checked by straightforward calcula.tgons
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k=2, M= ¢,
. M']' {112}

7/

Lemma 7: The solution h = h(y) of the equation

L

’ Fig. 3

hexp (B2/(2) =y, y>0
satisfies the asymptotic (y — oo) relation

_h(y) = cV2log y (1 + O(log log y/log y)). - N
Here f(y) = O(g(y ) ‘means hm /(y)/g(y) < oco.

Lemma 8: If
_d(2) = a + ylog 2/2%(1 +\0(1/log}.) As>oo - - (22)

then the (probability-tail-) function )
T(k, y) = (log y)-+erahuiz y=2-cdlha) - S
from [16] satisfies the asym/j)lotic (y — oo; relation » _
T(k, y) < (log y)k+eta=vizil2 y—2=ce, o @3)

Proof of Theorem 2: Puttmg A = {xz € R?: |z| = 1}, with the not-at,io'nlof [16],
it holds that 4(1) = A4. From [16: Theorem 1} it follows that (because of k = 2)

P(2A) ~ 8o(2n) exp {—2d(D)[2}, A —> oo, ' (@24
where 6, is some positive constant and d is some function with the properties
b d(2) 2 inf {|jzlf: o] = 1} =¢ and d(2) - ¢ for 1 —oco.

The relations (11) and (24) imply (22) with @ = ¢ and y = 2, so that (23) is valld
Substituting (23) into [16 (11)], it follows from [16: Thcorem 4] that (17) is equi-
valent to (18) 8

Proof of Theorem 3: From (14) and (24) it follows that .
- 27lexp {—A*zeB 2 T/2) X i¥-2exp {(—Ad(1)/2}, A —oco.

This ylelds (22) with a = 2,B~1z,T and p = 2(k — 1). Substituting (23) into. [16:
. (11)), one gets (20) and if follows from [16: Theorem 6], that (20) implies (21) ¥

The author would like to thank Z. Sasvéri, D. Krapavickaité and the referees for
.useful discussions and remarks related to this paper.
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