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" Ritz-Regularization versus Least-Square- Regularization.
Solution Methods for Integral Equations of the First Kind

E. ScEOCK

A}

Es.werden drei Regularisierungsmethodén diskutiert (Tikhonov-, Ritz- und Galerkin-Methode),
und es wird gezeigt, da8 im Falle positiv definiter oder selbstadjungierter Operatoren die
Ritz- und die Galerkifi-Methode (die letzte mit nicht-reellem Parameter) bessere Konvergenz-
- eigenschaften haben als die Tikhonov-Methode.

~ O6Cy®IalwTCA TPU METONH peryisph3anuu (MeTOHH Tuxonosa, Purua n Taneprina) u
IIOKA3LIBAETCA, YTO B ClIyyae HOJOMUTEIbHO-ONpPENeNeHHHX WM CaMOCONPSAKEHHBX ONepa-
TopoB -MeToAb Pitua 1 IasepknHa (mociaemsHuilt — C HEBCHIECTBCHHHIM uapameTpOM) obna-
- mawot JUYWIM CBOKCTBOM CXOMNMOCTH YeM MeTon Tuxonosa.

Three principles of regularization methods are discussed (lehoilov-, Ritz- and Galerkin- -
method), and it is shown that in the case of positive definite or of selfadjoint operators the
Ritz- and the Galerkin-principles (the latter with non-real parameter) have better propertles

" than the lehonov prmclp]e .
A -

1. Formulat.ion of the minimum principles

* For the (approximate) solution of equations with positive definite operators in a -
Hilbert space by minimum principles it is common to use a Ritz variational method
instead of a least square principle. For lincar equations with unbounded operators
J. N1rscHE [8] has shown that the Ritz method has better convergence properties
than.the least square method, for linear equations of the second kind I proved a
similar result [9]. For linear equations of the first kind'J. N. FrRavgLI~ [3] discussed’
both methods. Here I will improve’the results of J. N. FRavkLIx and will show
that also in the case of the finite dimensional approximations the condition numbers
of the systems of linear equations which occur in the computational process have
better properties in the Ritz case than in the least square case.

In the sequel H is a real infinite dimensional Hilbert space, W is a dense subspace
of H,-and N , .

' T:Ho>H, L:W-H oo
are linear operators, both selfadjomt, and positive definite, but 7' is compact and L
has a bounded (for instance if L = I, H = W) or a compact (for instance if L'is a
differential operator) inverse. For solving equations of the first kind '

Te=y | ‘ - o

one uses regularization methods to convert the‘ill-posed problem (1) in a wc.11 -posed
problem. A. N. ’I&KHONOV [11] and others considered the positive quadratlc func-
tlonalQ,.W—>R «>0,"

Quw) = ITw — Y + « ILew?



.. mum of the-quadratic functional (« > 0)
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and computed the minimum w,%5 of Q, '
Qa(w,™5) = min {Q.(w) :w € W}

orwkie w, : A
Q.(wt ) = min Qa(w) weE W}, ‘ ‘

where W, is an n-dimensional subspace of W. In the sequel I w1ll call t,hls method
the least- -square-reqularization.
By Ritz-regularization I will denote.the followmg principle: to compute the mini-

-7

R,(w) = (Tw, w) — 2(y, w) + «(Lw, w):

* “This method is due to M. M. LAVRENT'EV [5] and A. B. BakusHInskI [1]. Fér sake

of simplicity I will always assume that 7'is injective. Also I will assume that
y € Range 7'. If ¢ is an arbitrary approximation of y, than it-is known that the
least-square-regularization'is not worse than the Ritz-regularization (see e.g. (J Var-
MKKO [12])

7

2. Ritz-regularization for commuting operators -

In the case that the operators T and L commute, I can exactly describe the advan-

tage of the Ritz-solution. Let’ (r;) be the sequence of eigenvalues of T, (2;) the sequence

of eigenvalues of L, "and (u;) the orthonormalized sequence of the eigenvectors both

of (z;) and (4;). The compactness of 7' implies 0 < 7; — 0, the compacbness of I71

1mp11es 0 < 2; > o0 or the boundedness of L1 implies 0 < inf 2; In each- case
7 :

8]'—’—)0 ¢

Let
z -=\Z E,-ui .

It is well known, that w,”® and w,® have the répresénta,t,ions
w, IS = (T% + L2 Ty = (T2 + «L?)1 T2%,

wek = (T + aL)y 'y = (T + «L)"1 T

or o R

» — v s R_° Ti

1’7'2 + (X).jz, fiu', Wa' = Z T + oc).; 51“1

AweLs — Z

_The error norms are ) \ ) '

m—wﬁm=2@-4iiif 22(—ﬁiﬁQf )

T2+ al? ;2 + al?
) N2 2 B
N “Z@+J§’ \
and _ )
R o R e I 2] e I
A 2 'T’- —+— oc).i 7 . N Ti + (X).i 7

!

2 -
_ﬁzﬁﬁw)ﬁ' o




Ritz-Regularization for Integral Equations 279 .

- The linear operator S, : H — H,

S e . R
S,,x/ 2 & + o (=, "“fr) Uj,

has the property £ — w,*S = S.(£ — w,%), therefore
llz — w, | S ISl - 18 — wAl, I — wP| < [18a7H - f1€ — w™.

Since S is selfadjomt the norms of S and S ~!are
; .

CET] p &

T Sa = su and ||S,7Y| = su .
oS = swp e s, = sup J
The function /10, 1]—>R with f(e) = c 4._ % has its maximum for ¢y = Ja? + & —
-r

and it has the value IS S/(eo) = — (sz2 + x — )t = O(a‘l/z) From max

1

ey =1 it follows ||S,71||'< 1. This proves the following t,heorem
€

1

i

Theorem 1: For the errors £ — w,R and £ — w,S hold

6 — wis) £ 5 (VaT ¥ & — o)V — w18 — wR) = [ — w0

Since lim ||S,|] = oo the Ritz-solution is always better than the least-square-
- solution. Of course these estimates are the best possible ones. J. N. FRANELIN [3]
compared the minima of the functionals R; and @,: but since the regulanza,tlon
methods are important for lim « = 0 and the numerical problems occur for small ¢x,
it is adequate to compare w,ZS with w,R.

The computation of w,® and w,’S are also infinite dimensional problems as the « .

solution of (1), therefore one has to ask for, the properties of finite dimensional
approxmxatnons The optimal n-dimensional approxmlatlon of selfadjoint operators
. is given by approximations which use the eigenfunctions. So if we will compare the ~
optimal least-square solution with the optlma.l Ritz-solution we have to specialize
W, = = span {uy, g, «. ., Up}-

Co rollary 2: In W, = span {u,, .. u,,} for the n-dimensional Ruz-soluhon wk/

and the n-dimensional least-square- -solution wks hold

& — s Y (l’oc2 +oa—a) g —wlil, = wk] S 2 — wkill

N
°

"Proof: Let P, : H— W, be the ort'hc}gona.l projection.i Then by the same com-
putation as in the proof of Theorem 2 one géts

& — whi? = o 21 ( + ) &% + I — Pa) ZI, -~
1= &j

. m—wz(

j=1

ﬁ,+m1—P>w2“

i
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The linear operator S, ,: H — H,

. & + « :

‘ , 155

Santtj = &t + o f7 ="
uj, j>n

has the property # — wlS$ =, (& — wh,). Since IS, )| < IS, ISzH < 1, the
corollary follows from Theorem 2 K - : ’
.3. The general cage ' ' Lo )

. - \ M
If T and L do not commute then the exact’ behawor of the errors is not so easy to’
“compute. But it is possible to obtain a result which shows that also in the genera,l
case the Ritz-solution behaves better than the least-square- solutlon :

Theorem 3: For the errors £ — w,® and £ — w,S hold. - -

- = S. (& — 2,7), £ — xa{* = 8, Y& — x,15)

" where S, =1 + B, - C with ||B,|| = l
- ) . x

. Proof: We have again the rei:)rcsentations

W, 1S = (T + «L?)"1 T2, w,? = (T + oLy T%. -
The linear operator S, : H — H with the properby & — w,S = S.(£ — w,?) is de-
fined by thé equation I — (7% + «L2)1 72 = (I — (T + «L)? T) Therefore

Sy = (T? + aL?) (LT + «L?) =1 + (oI + L2771 (L“T — L77%)

o =1 + B;,-C. | N

“The spectrum of L 2T%is contained in the non- negablve reals since from L~ 2T2v =
follows T = AL2, ||To| = ) ||Lv||2 _therefore the norm of B, = (aI + L2721

is for & > 0 by [2: Cor. 3/p. 566] ||Bl} 2 l | |

A similar result is possible for the flmtc dimensional approﬁnmahons Let W, =W "~
be an arbitrary n-dimensional subspace of W and P, : H — W, the orthogonal
pI‘OJC(.thH Then the minimal solutions of @, resp R m W, have the representatlons_ .

= (P,T?*P, + «P, L°P W)t P, T2,
— (P,TP, +ocPLP)1PTx ,
The operator S,.:H—>H with & — wkS-='8, ,(# — wk,) is defined by
3 : S“1(1~_P,.m_ 1—P,, ’ : L '
and, using the abbrewablons T, = P, TP, T,®= P, T?P,, L, = P,LP,,

¢ o
. I - (Tn2 + O‘Ln2) 17,2 = Sa.'n(I — Ty + «Ly)™? Tn)-
Then again ’ T . -
’Sa = =1 + (0‘1 + L -7 2) (Ln—lTn - Ln-ZTnz) . .
and . L
[Baall = oT + Lo™?T0?) 2l = —-

s,



~
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4. Galerkin-regularization . ’
/ .

In the case of linear equations of the second kind the Ritz-method leeds to the same

equations as the Galerkin-method. But the following exa.mple shows that the usual

Galerkm method for the equation - ‘

A}
Tw+ oalw =y . ;
_does not give a convergent set of solutlons W, wmh lim w, = .
a0 .

Exa mple Let T be selfadjoint, injective and compact with an infinite number
tof positive and an 1nf1n1be number of negatlve elgenvalues "For x #+0, x € R the
equation

Tw—{—ocw—y' . , ‘ .
has a solution W,, if —x is nOt an elgenvalue of T', so it is nonsense to ask for lim Wa

also-in the general case. : . e

But I will show that_there is & convergent regularization method for non-real

. parameter «. For L = I this method is dueé to A. B. BaxusmiNski [1]. Let 7 : H' — H
be. compact and_selfadjoint, L : W — H continuous invertible and selfadjoint,
0Fa€R. Then T call the followmg method Galerkin- regulanzatwn To compute
a solution w§, € W + W resp. Wi, € W, + W, from

‘(w+uxffw—y,v)——0 : : N
forallv € W 4 zW resp. v € W, + z’W,,’.V ‘ _ . >
In the case of commuting operators 7' and L as in § 2 one get the solution

1 . 00 1 .

= (T + D) '7¢ = ) —1—&u
(7' + ) : ]Z; 7 + ixd; i -
7, = Rewf and s, = Im wf, have the representations \
7,2 AiTj :

ra=2——2 2;2§,u,, Sa = o )]
. . - . . ’
This shows } .
LS, b)limr, =42, ¢&) lims, =0.
a—0 a—0

In the general case a smula.r result; holds. ' -’

a) T, =W,

¢

Theoremd: Let T: H - H, L: W — H be selfadjoint lmear opemtors, T compact
m;ectne, L continuous invertible and L~ compact and posmve definit. For real & == 0
- let wg, € W + «W be the solution of the equation

(Twf, + taLuf, —y,v) =0 .
“forallve W 4 iW. Then - : . ’

Rc wh = [(LT)? + oIt (L\T)2 &

11m Re wf, = %, lim Imwf = 0. A : 2) .

a—0 a—0 . . . X
‘Proof: Let 7, = Rewf, s, = —Im wf. Then T + ixL is continuous invertible.

Since L-1T is compact. L™I1T + il is not invertible only in the case if —7x is an
eigenvalue of L'7. But (Tu,u)+ dx(Lu,u) =0 contradicts the condition’ of

—
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e

selfadjomtness The equatlon (T + uxL) (ro —1s,) = Tt is eqmvalcnt to Tr, + (sta
= Tx, oLr, — Ts, = 0. With To = — L 17s, one get TL7's, + «2Ls, = «T'¢ and

Vd

Sp = oc[(L‘lT)2 + oIV LY &, ‘
re = (L) + oI} (LM)2 4. ' |
From : ‘ . :
c&— e =1 = (LR [LTR + o)) &= o2[(L7T)2 + o] &
-it follows - :\ : . o | o .
' '(L“I'T)2 & —r)=a%r. ‘ ' . (3)
- Since L' is positive definit, it follows '
a2(Lr,, 74) = «%(Lr,, 7.) + (I P& — ?3,) T(E — ra))

S o S a¥(Lrgr) + (LI (& — 1), & & —1,)

' =< o¥(Lr,, 7,) + «3(Lrg, £ — 1) < «¥(Lr,, x)
Therefore forall & > 0 ,

w, € K = {w € W: (Lw, w) < (Lw, £)}.

But K is contained in the relativ compact eet {we W: (Lw,w) < (L%, £)} because
w € K implies |LYV2w|2 < (LV2w, 1M22) < || LV - ||ILY24|. The injective mapping

(L 1T)2]K K — (L~ IT)* K is continuous invertible, therefore (‘3) implies dimr, = %
and therefore lim s, = 0 ]

The representa.tlon N

= [L 21 + a21]‘1 LT

shows that r, differs from w4 only by a quantlty which is glven by the measure of
' non-commutativity of L a,nd T.

 C. W. GroETscH [4] discusses the convergence of the fmlte dimensional approx-
imations wZ$ in the case L = I. In this case 7, , = wi3, so his convergehce proper-
ties also hold in the case of finite dimensional Galerkm -approximations.

5. Condition numbers * |

The appromma,tc "solutions wkS, wk, € W, resp. w, € W, + W, of the least-

square-regularizatioh, Ritz-regularization resp. Galerkin- regulanzatlon are - deter-

mined by systems of linear equations. Here I will discuss the conditions of the systems.
The condmon of a matrix 4 is defined by ' ,

x = |4 - )4~ 1II

In the case of Hilbert space operators it is adequate to use the spectral norms of the
matnces ‘

For arbitrary subspaces W, and non- commutmg operators T and L it seems to be
impossible to find a satlsfactory estimate of the conditions. But it is easy to com- -
pute. the conditions in the case of optimal choxce of W, for commutmg operators
and to compare these optxmal conditions. :

The following general lemma is folklore.
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’

Lemma O Let § : H — H be a selfadjoint compact positive defzmte linear operator.
Let (u,) be the monotone ordered sequence of eigenvalues of S. Let P, be the orthogonal
projection onto the space of the first n eigenvectors and P, an orthogonal proyectzon onto
an arbitrary n-dimensional subspace with

"SI = 1PLSP,|| = |PuSP,. o
" Then the optimal condition of the projected operator is

Hopt = x(P SP,) = l’j‘ < #(PuSP,).

Proof: The ext,rema,l principle of Pomca.re and Flscher states

4y = max min 8z, 7) = min (82, z) = min —(&'M = jta(P,SP,) l.
HacH 2€H, (%,%) ~ zepn (%,%) zepn  (2,%)

. . . i
- 'To compute the conditions with respect to the solution£ I assume the following
assumptions and normalizations: Let 7' and L commute, the quotients ¢ = ]
monotone, & = 1, W, < H with u, € W,. Then.the following thegrem is true,* *i

Theorem 6: For posuwe definite operators L an(l T the condition »(R, ,) of the
Ritz-system . ~

4
!

Z’ [([‘w,,wk) + x(Lw;, w)] = (x Tw,), k= 1,2,...,n °

28 . . .

14 xe, 1 -
1+ V

: llhe condition (LS, ,) of the.least-square-system

(Ra,n) g xopt(Ra,n) =

n
3 l(Tw;, Twy) + a(Lw;, Lwg)] = (& Twy), k=1,2,...,n
. j=1
(2 '

1 4+ xe,™2

2

%(LSG_,.) ; ”opt(LSa,n) = 1 + x

and the condrtion x(G';,,,,) of the Galerkin-system

Z c,[(T’li)’, wk) + ?:“(I/u)i: wk)] = (f, ka)’ k = 1, 2, ey M
1 .

8 - . -
14 a%,72 - N
"(Ga,n) = ’fopt(Ga,n) 1 _1+T

Proof: By Lemma 5 bhe optimal condition is obtained by-using the first » eigen-
functions, so the systems of linear equations have ‘diagonal matrices with the ele-
ments

1+ xg;~1) O, (1 + «%;72) 0y, 1+ iaef'l) Ojk )
for the Ritz-, least-square- resp Galerkin-system. So the modules of the eigenvalues
are obvious 1 . y ‘

I remark that it follows .

"opt.(Ga n) = V"opt LS. n) ~ "opt(Ra n) ' -
* This shows again the advantage of the Ritz- and the Galerkin-regularization.

\
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