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<
In der vorllegenden Arbeit werden die Untersuchungen des Autors zu Verzweigungs- und

Stabilititsverhiltnissen periodischer Gleichgewichtszustinde magnetischer Flussigkeiten in
einem vertlkalen Magnetfeld auf den Fall endlich tiefer Flussigkeitsschichten ausgedehnt.

B npononmemm uccnenonarmﬁ aBTopa B paGore uayyaoTCA ycrottuuBocts M 6Hq)ypxaunn
AePHOAHYECKUX  PABHOBECHBIX COCTOAHMA MAaCHMTHOMN UJAKOCTH B -BEPTHKAILHOM MarHUT-
HOM ToMe: IIaeTca PacmpoCTpaHeHHe HA Cyvalt 3UIKOCTH KOHEYHON IiyGHHML.

This pa.per continues earlier work by'the author concerning bifurcation and stability of periodic
equilibrium states of & magnetic fluid subjected to a vertical magnetic fleld Here the treat-
ment is extended to cover the case of a fluid of fmlte depth.

' Con51der a. magnetlc fluid in a vertical magnetic field under the 1nfluence of grawty
and surface tension. This paper continues earlier work [2, 3] by the author on this
subject. Here the treatment is extended to cover the case of -a fluid of finite depth
Let —h <z < Z(x, y) be a layer of magnetic fluid. Any steady-state equilibrium
position of its upper free surface I': z = Z(z, y) is characterized by the variational
‘principle 6% = 0, E being the potential energy of -the system. Clearly the plane
horizontal interface, which may be taken to be the (z, y)-plane, always represents an
equilibrium state. As the exterior field increases past a certain critical value H,,
this basic solution loses its stablhty and the system moves into a new. nontnvnal

state.

As in [3] we look for periodic I" with hexagonal lattice structure A. Our approach
via’Lyapunov-Schmidt procedure is based on analytic expansion “of E relative to
the Sobolev spaces H,-of A-periodic functions with mean zero as defined by (1.19). .
It turns out that (prov1ded s 2 5/2) the first variation DF of the magnetic energy
F acts as an analytic map from H,.into H,_,, this improving a correspondmg result
of [3]. As an 1mmed1ate consequence thlS 1mplles analyticity of DE as a mapping

" from H, into H,_,. -

An outline of the paper is as follows. In § 1 our ob]ectlve is to compute the Taylor
series of F (resp. E), essentially up to fourth order terms in I P&rtlcularly dim N

(D2E(0)) = 6 at criticality where N denotes the kernel. In § 2, using the symme-
trles of E, we solve the bra,nchmg equations for three types of solutions I, IT=.
Tésted against disturbances in the lattice class A the transeritical'branch IT* turns
out to be stable only Havmg (2.15) in mind; this indicates hysteresis at HCr (cf.
[5, 7]). The final § 3 is devoted to the proof of Theorem 2.1."

It should be remarked that a further supercritical-branch can be determined by
means of scaling ‘techniques. Bifurcating solutions to the nonlinear problem (infi--
nite depth) were first constructed formally by Garvriris [5]. For a detailed discussion
of bifurcation phenomena in the presence of a symmetry group see the expository”

paper [7] , = oo



414 K.ABEYER'

- §1

Consider the upper free surface I': z = Z(x, y) separating a layer —h < z < Z(z, y)
of an incompressible magnetic fluid of depth 2 >0 from a vacuum. Subjected to the
action of surface tension B, gravity (0,0, ~g) and an exterior vertical magnetic
field § the plane horizontal interface — say z = 0 — always represents an equili-
brium state. As § increases past a certain c\ritical value H,, this basic solution loses
its stability and the system moves into a new nontrivial state. _
As in [3] we look for perlodlc states. Choose dimensionless coordinates {2y, T, 3)
=(z, y¥,2)/l where 1.> 0 ineasures the wavelength to be specified later on. If i in the
(21, X3, 23) reference -system labelled by ]
\

I?'I T3 = ,(Qﬂ;, Z2) = Z(x3 y)[ll

we restrict the interfaces I" to be A-periodic with respect to the hexagonal lattice
A = {kyw, + kpwy : ky, ky € Z) generated by w, = 2a(1, 0), w, = 21(1/2,/3/2). Let
P(0, wy, wy, W, + wy) be the fundamental parallelogram of the lattice. On & we assume
the fluid/vacuum to occupy the regions

QV: (2, ) € P, —q'<'x3_'<C(x1;$2)§ q:=hil>0 (1.1)
resp. ' .

Q@) & Poay < —g, Q0 (@m) € P, 3 > L(x, %)
. (lower/upper vacuum part);-'let 2 = Q- u Q*. If necessary, in the following we
shall ‘distinguish the corresponding fields accordingly by indices ,fl (“=”). Let
{=0whenH=0. .

By definition an equilibrium state  has to satlsfy the variational equalton (DE(%),
k) = 0 for all admissible variations k where E denotes the energy functional of our -
system. Considering incompressibility we impose  and % to have mean zero: o

[ \ ’ . ~

[ ¢ doy dz, = 0. T (1.2)
’ . N N .

~

If the magnetic field =H Vy:

SE .
Vi, y,2) = % +1 _T# uf(z), x5, 73) on Q1

. 1 (1.3)
i@, y,2) =z + | — £ ut(z,, 2, ¥3) on Q*
. s . ‘ o
is permitted to vary in a neighbourhood of H(V(zf‘/,u), Vz) we get
S— ’ 2 ' 1
E = f‘/l + |VE? dz, dz, + %fcz dz, dz; — q:9. '%F ' (1.4)
2. ' ‘P ‘

for the'energy (per unit area) measured in units of § (surface tension), see [3]. Here
F = F(C) is defined to be the minimal value to the quadratic variational problem

[ |Vul? av +u )Vu|2dV—+m1n ' : (1:5)
0 R M
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(dV. = dz, dx; dz,) which is to solve subject to boundary and periodicity condi-
tions .
™ Cou = (uf) ut) A- eriodic,
P - ) -(1.6)
u* — uM = z; + const. on T w" — w~ = const. on T3 = —¢.

The dimensionless pafa-mete}s ’q,, g, are defined by

8au(l +p) gy = (29B) ™2 (u — 12 H?,  B2g, = I(og)"2 ,
where ¢ > 0 is the density and x > 0 the magnetlc permeability of the fluid (=1
in .Qi) Note q =hjl = hVog/q. VB.

To begin, we compute the derivatives of £ — at the present staoe on a somewhat
formal way. Consider, in addition to I', .a family of nexghbourmg surfaces I7: x,
= {(x), o) + th(xy, 7,), Iy = I'. Let 2,1, 2,* be the corresponding family of domains
(1.1). Solving (1.5) relative to 2,1, 2,% gives’ rxse to fields u(¢; z,, z,, 2;3). Let a dot

"denote dlfferentlatlon \uth respect to t at t = 0: & = &u/@t (0; -, -, -). Differentiation
of ¥ ylelds < ‘
(DF(@), by = — F(C + th)li=o

—2fVuVudV+2,usuVudV
on

+J Va2 — [Vut]) b dz, da,

(1.7)

-~the last term due to varying the boundary. Note Au =0 in on (resp Q*) due to
(1. 5) From (1.6) we get by differentiation

Wt — ol = (1. —.u}, — wh) + const. on 1. (1.8)
Therefore (1 7) leads.to
<DF(¢), hy = f (s VU2 — [Vt |2) B ds, de,

. E
+'2faa” (ui, — Ul — 1)hdl . ! T (L9)
r ' N

- when integrated by parts (note that u; 4 € O(exp( 2|x3]/}/— ))) In (1.9) the normal
n has to be taken directed to 0+

‘ Remark 1.1: Rer\nembermg (1.3) we get, after retra.nsformatlon

vZ ,
DE(), by = ()~ | {—p div — 7z
(DEQ), By ) f( BV e ~zp Y

P

o+ i) b (0 4) deay,

O: (resp. 9,) being the tangentlal (resp. normal) component of 9. Because of (1.2) -
this implies

vz -y
—fdiv —=—— Z 1w 2 oH%) = const.
BAiv rogn 2 T gy (B I = const..

*. along an equilibrium interface I". -
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FurtHer differentiatidn gi'v‘es "N
- DU 0 = T FC i . |
—2f ]Vu|2+VuVu)dV+2,uf(|Vu] +VuVu)dV N

on
+ 4 [ (u Vul' Vaft — Vu+ Vi) b dz, dx,
o o

2 f (VU Vil — Vut Vul) e de,. 0 (1:10)
r : . : . P : .
Its value at { =0: - > - . .
D2F(0) (k% = 2f |Vu|2dV + 2” \vazdv- . - Ty

. an
is of partlcula.r interest. '
I‘or simplicity we adopt the followmg notation:

a(u, v) = fVqudV—}—,usqudV
- . folt R c
 dfu, v) = f (#,Vu". Vofl — Vu+ Vot) hdx, dzy, ‘ ‘ (1.12)

N

di(u, v) = — Vut Vv*) h2dx, dz,.

~

If we keep ¢ (hence on Qi) and % both fixed then we- have to think of (1.12) as of
bilinear forms i in , v. Now (1.10), (1.11) reads v

D2F (%) {h"} = 2a(u ) + 2a(u, @) + 4a(u u) + d(u, u),

, (1.13)
~ ‘ DZF(O) {hz} = 2a(w%, u). ,
i As above we get by repeated’ dlﬁerentxatlon
N D3F(0 h3—6auu—}—6au,u, '
: ( ) {r?} (4, ) (d, ) (1.14)

DAF(0) (%) = 8a(d, u) + (i, i) + 244(d, @) + 12a(d, 4).

We still have to determine the derivatives of u. We start with differentiating the :
variational: equation a(u, ¢) = 0 to.(1.5) choosing the test function ¢ to be suffl-
cnently regular. This yields

7/
/

a(u @) + a(u @) =0 for all. ¢ A- perlodJc : .
In a.ddl‘tlo’n, % has to satisfy’ (1.6)Ar_esp. (1.8). At £=0 thls partlcularly reduces to '
a(u, )= 0 for all p A-periodic; _
@t —ah = h + const. along z, A=. 0, : S (1.15)
@l — 4~ = const. along 2, = —q. B ' - o
. Slmxlarly by repeated differentiation
a(u @) + 2d(4, @) = 0 i A-p—erirodic, for ’all ® A-periqdic;
Wt — 4t = —2(zw,, — 4f) k + const. along z; =0, o (L.18) .

if! — %~ = const. along r3 = —¢q

v
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at ¢ = 0. Integrated by parts this leads to -
- Auh .=\ 0 on Q"  Aut =0 on Q%;
. : ‘ (1.17),
% — wull =0 along 23 =0 (23 = —q) '
resp. ' :
Aii' =0 on O, Aix=0 on 0QF;

iy, — il =2 (aa B — i) + o h(u,. — pul >) along z, =0,
- ‘ l .
g — ui =0 along z3 = —q. (1.18)

From now let C = 0 be fixed. To solve (1.17) resp (1 18) expand hin a Fourler
‘series

h= Y hye*,  hy=h,. : (1.19)
: wEA' ’ . . t .

Here A' = {kyw," + kywy': ki, ks € Z} is the dual lattice to A which is generated by
W = 2/}/—(}/—/2 —1/2), wy’ =2/¥3 (0, 1) and wz denotes the scalar product of
‘w € A" and z = (z,, 2,). In the followmg Lemma we consider #, @ to be dependent on
u also. , .

Lemma, 1.1: (i) Let £ = O, then .

i ;\ '2,u. . . Z hm eiwz+|wlz.
‘ . . (.u' + 1)2 weA’ 1 — (‘u — 1)2 e-fqlwl ’
~ w1 .
V! = - (e"’.‘"" +E= 1 e"""““.'”+z')) »
/“+1wEA 1_(F )equm /‘+1
el o
Wt = 12 ,u + 1 i hm éimz—lwlz.‘
{lt +1 weA'l _ (/“ - 1) e—2lwl
. Au+ 1) .

' (u) If in addmon u =1, then

' u (ZE], x?s 0) = uﬂ(xlr Za, 0) ,_ A(k2):

it (e, 2 0) = il (2, 2, 0) = 5 AR
b 3

“where A denoles the 'map' )
h— Ah = X || ke e-’«'»z
w€A’

Proof: (i) is easily verlfled when mserted in (1.15), (1. 17) Let 4 =1, then in
view of (i) .

u (xl’ T2, 0) = —‘ll“(xl, x, 0) = -_h2—,,
ﬁ;.(xn zy, 0) = ul (2, 25, 0) = -5 Ah.

Eoo
27  Analysis Bd. 4, Heft 5 (1085) } oy
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¥

— _ _Cohsequent];lr (1.16), (1.18) reduces to

i* (2, 23, 0) — iz, 72, 0) = comst., :
S ) A o (1.20)
U (@), &, 0) — 4l (x, p, 0) = A(hz.). .

Now consider the harmonic function v on Q* with boundary values R along z3 = 0,
. and whose Dirichlet mtegra,l extended over 2+ is finite. Obviously i+ - ; Vz,3
4t - (215 29, 73) = —% Ve, (%)5 Tosm —,) ropresents the desued solution of (1 20). -

This immediately implies (u) 1 '
| Insertmg (i) in (1.13) we. get after mtegratlon by parts

D*F(0) (k) = —2 [ it (2, 0, 0) by diy,
b . : .

’

= i z I\ ol |hal?, . - (1.21)
/“ w€eA M — _ .
| '1—(+1)"2"'wI o
. ” :

[Pl =2 }/1_3 n2. To stress the dependence on the additional’ parameters in the followmg ,
" we use the notation F(; &, 9), E(C 7 q,, qg) As above we get from (1. 14) by Lemma
1.1 .
DFO; p,q) () = 6 e — i) e dy dy + )
N ! | .
3 - 1 A .
=3 (u — 1)\((Ah, hA4r — EAhz) — (A%, A eTWAk)) '

+O(w—11), (122)

Where (- -) denotes the L,-scalar prodﬁct on &# and o -

- ~ A .
e~4h = 3 h, el gfer : e
weA’ . '

We pomt out that D3F(0 1,¢) =0. -
In order to obtain an ana,logous expressxon for D“F(O 1 q) we differentiate (1.8)
twice in ¢. Settmg { =0, u =1, this in view of Lemma 1. 1 leads to '

' uf‘3> — ufl® — -——3(& Ug) h — 3( - u“) h? + const
. =3(—h Ak? + k2 AR) + const. = —AA® + const.
along xa =0. \Tow from (1.14) we get by Lemma 1. 1 and the prewous formula

1

g DY{F(0; 1, q) {h“} =8 j u} (u“(3) - u+<3>)|, —odz, dz,
. + 6 [ (il — fzfa;.)l,.;o dz, dz, 1 2466, @) + 12404, )
‘ CRE - .

R o =‘4(k,~{43k3) — 3(h?, A3h2).v ' (1.23).
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Stablhby of the unperturbed state { =0 is determmed by the second variation
DZE'(O By 41, qg) which we proceed to study. Let /
- B p—t 1 e-20nVeslVE
QO qr) = 94 1 —2g0 ——EE .
" C1— ('“ ) e—zonﬁZ/VE ‘
u+1

then in view of (1 4) and (1.21) ) : o , pie

’

DzE(O w4 0) hz} = f (IVhl2 + ;™) dz, da, - R
| b . o
- 9192‘ “ ‘DzF((); & 42) {R%)

= e 1P| 2 Q ("‘" ' q,) |kw|2. ' (1.24)

Lemma 1.2: For pin a nezghbour}wod of ,u — 1 there exist analytw 19" @ > 0.
such that for all 9 =0 .

i

Q(z9 s qy) > 0 ‘f 0 =< ?1“

: and Q(i}", I’ q,cr) = O Moreover Q(3, ,u, %) > 0 lf 19 £ 9°.
Proof: The critical v&lues d°r, q,cr are to be determmed from @ = 6Q/6z9 = 0.

Ehmmatmg ¢, leads to ) P
u—1 é—ZaO . _ 1 92— 1
B ( e l.é_m) (1 | (= 1) _) 8 B 1

, u+1 ) u+1 '

, where & = h ]f—/ V8. For u near to 1 thls is easﬂy seen to be umquely solvablc ,
for 9. Power series expansion shows ' - :

..29""(/1) =1+ae®u—1)+ 0k — 1),
- L= s T R (1.25)
Q"W =1+ 3 e-w — 1) +0((e = 1) B,

Let H, (s real) be the Sobolev space of A-periodic functions (resp. dlstnbutlons)
(1.19) w1th finite norm . K o
1Alls* = 1hol® + Z |l lh I2

and H, that subspace of functions in H satlsfymg (1.2). Obvxously DzE(O 16 'Qys @2)

is continuous on H, x H.
If we defme the critical ‘wa.velength” to be

2
cr = — ‘8;}1 = —

27“\‘. T . ’ ~

(1 — e — 1) +0(u — 1)), | (1.26)
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then Lemma. 1.2 implies positivity of D2E(O; u, 41, ¢2) on H, xH, as long as 0 S T
< ¢,°, whereas

DEO; u, %, 0,7) (8} = (@) 5 Q 'c',,,,, ) hale
lwl>2/l’§ 92

possesses the six-dimensional kernel

Ne:h= 3 hyews, h_,=h,.
lwl=2/V3 . ! )

_ Accordingly ¢ = 0 loses its stability as g, crosses ¢,°".

g2 v . X . v .

In. this section, assuming s =,5/2, we look at E as a functional on the spaces H,.

Theorem 2.1: Assume s = 5/2, then (i) F(¢; p, q) as de/med by (1.5), (1. 6) is ana- -
lytic as '@ map of a neighbourhood N of any (0;1,9) in H, % R? into R and (11) its

derivative DF (wzth respect to L) maps N into H,_, amlytzcally

This Theorem is proved in §3. As an immediate consequence of ‘(ii) and Lemma
1.2 we get,

Corollary 24: Let s = 5/2. (i) E(C s (1'+ £) i (p), qg"(,u)) is. analytic from a
neighbourhood of ({;'e, u) = (0,0, 1) in H, X R? into R. (ii) DE(Z; i, (1 + &) 0" (w),
cr(,u)) considered as a map from H, X R? mto H,_, s analytzc at (0; 0,-1).

Corollary 2.1 1mplles by mterpola.txon

Corollary 22: Let s = 5/2, then DZE(C ws (1 + &) (1), ¢ (u )) — ongzmlly
_considered on H, X H, — is continuous on H 1 X H,. Its continuous extension on H, x H,
considered as a map from H, x R? into L(H,, H,; R) is analytic at (0; 0, 1).

P\r'oof: Let e oo

E(C§ #, (1 + &) ‘Ixcr(/‘): %cr(ﬂl)-: .’.Z;os"(,u — 1) Eiik+2(ck+2l
i.jk .
\ .
be the power series expansron of E; E”k.’.g denoting certain symmetrlc and contmuous
(k + 2) linear forms in £¥*2 = (¢, ..., £).€ H,*+2, Analytlcrty of

DE(c; (1 + &) ¢, ) = 2 (k+2) eu — 1Y B, )

: $.7.k20

‘as a mapping from H, x R? into H s—g — Aas referred to in Corollary 2. 1 — by defini-.
. tion means convergence of - .

5D e e — C e

:;kzo

in some ncrghbourhood of (0;0,1) in R3? where |]E,,k+2[| is defined by
ll l)k-‘2ll == Sup lE17k+2( k+1 h)l

Hefle-llAfle-a= 1

’
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’
Since. .

k1 : . '
Bopeaa(h, oy, )| < UERTS Bl 121 ol el

| =
(cf. [4]) we get by irﬁ:erpol@tibn :

_ A
Biial = sup  |Eijean(Z® b, b)) sc%u ksl

Bzl bl sl s 1 (k +1

421

(2.2)

" where the constant C is 1ndependent ofi,7, k (see e.g. [6]). From (2. 1) (2. 2) we deduce

the convergence of

2 (k+2) (k +1) IEa';k+gI' e — 1) 2*

ij.k20

in a nelghbourhood 6f (0; 0, 1) € R? and hence the a-nalytitlity of-

DZE(C,,;A (1 + & a (12") = AZ (k + 2) (k + 1) 6‘(# — 1) Eijenal8", ;)

4.j.k=0. .

at 0;0, 1) € H X R2 con51dered as a mapping from H, X R"’ into L(H,, H,; R) |

4

In the followmg let Lh = ~Ah + = h —= Ak denote the hnear operator defi- .

%)

3

ned by the quadratic form (1.24) at (u, q,,qz) = (l q,"(l), qzcr(l)) = (1 1,

Obviously L € L(H,, H,_,) for any rcal s = 2,itsrange mH s—2 béing H,_z e Ne. Fur-

ther:
L acts as an 1somorphlsm onto H s—2 © Ng when restricted to, H e N 6-
We are now in position to solve the equilibrium condmon

- (DE(t; u,(1+s>q,c'w) 4 ( h)—o ceH,, W heH,

near ({; ¢, p) = (O O 1) for ¢ Accordmg to Corollary 2.1

E(c:; w1 e) 0. (), qz".'(#))

(LC 0 + Z ‘(/t - 1)’ Eijo(2?) + 7‘ 8‘(# — 1y E.;k+a(€~“)~

|;>

" where By = E\o3 = 0 and

X el —'1Y Eijp(L?)

i+j>0
(92 )2 l or 2
B 4::; Q »M,(l +e)q ICwI ——(LC, C)

- _
oy = Vi_ ((— Az — £, 40 + @, Ae-Vﬂaﬂc)),

S Em=_7_(3(c~ 4% — 4¢, Asca -—f|vc| do, duy,". "
of. (1. 22)_(1 26). -

-

(%)

(2.3)

L (24)

(2:5) |
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Rema,rk 2.1: Note that (1) ,,2(5 h) = 0 0 —}—7 > 0) When te H =) NG and
he€. Ne and (ii):

X e — 1) Bi(l, ) = (qz (’9",,“:(1‘*‘5)91") )

i+7>0 - .

2

/‘_1 c—2a0°
e

=
pt1

(¢, h)' 91“92?5

if C, k 6 Ns as a consequence of (2 5) and Lemma 1.2.

-Let denote ' : . o o
EBret= 2 el — 1Y E.-;z(cﬂ) + =1 Fold®) + Bt "
i+i> . )

‘and Ere the highenorder'terms‘(i + 7" T k= 2) in (2 4):.
CEGR+9 e e = 5 (I £) + B f e,
Settmg t=20& + Cg (¢ € Ns, L, e H/© NG) then (2 3) will- be equivalent to = ,
(LEay b)- = —((DEre? + DE™*) (C; + Loseuhhy -V he H S Nc: (2.6)
0 = ((DE™* + DE"”) G+ Gseph) . VYV he N, @20
Because of Corollary 2.1 the linear functional on the rlght hand side actually belongs : -

to H -2 Thus, according to (*) equatlon (2 6) can be solved for ¢, via the contraction
mappmg theorem .

L= 3= 1 gl . - | (2.8)

c;go lr>1

where- Zijy = Zoy, = 0 (3,7 = 0) by comparison of coefficients (cf Remark 2.1).
Substituting (2. 8) into (2.7) we get the bifurcation equations ' -

<DEted(El’e’ u), k) + h.o.t. _0 forall h € Ng : - (2.9)

the higher order terms (h.o.t.)’ being of order ef(u — 1)i [M l|"H @ + i+ k=2).
Introducmg on N, thereal valued Fourier-coefficients L‘,‘,x = a, — ib,, C,,,, = a,2 by,
{—wy—w, =.a3 — 1by and settmg . .
‘0'2=a1—{—b1+a2 +bz.+aa?+b32:' . A -
,03 = 01883 — alb2b3 @2b3bi — aab by, ~ ' L ]

00 = (@, + b2 4 (@ + b o+ (af + b, - -

L (2) = (@,® +.b,%) (a® + b;%) + (a® + bzz) (a5® + b32)
‘,' + (as® + b5?%) (a, + bl2) N

itis eaey to check that for ¢, € Ng

’ ) 8 : .,‘, .
B = || {—'.3(.1 +O0u=1)en ..

7
el B ’

. 8 . 20 8 -
A T LR s (4V3 —5) 04-‘2’}-
‘ N ' | . (2.10)
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We now esta.bhsh the existence of two types of solutions for Wthh (2.9) reduces to
a scalar equation. Considering the translational invariance of the energy functxonal
we may assume b, = b, = 0 without loss in generality :

(I): az a3 = b3 = 0, then (2. 9) reduces to

6a
(II): a, = ay = ay; ba =0, then (2.9) reduces to

—— Ered (Cl, £, ) + h.o. t =0, { = 2a cosw'7, ' AN

red ' |
aa 2 g (Cl,e,#)-i-hot =0,

A _ v (2.'12')
.4'1 = 2al(cos wy'T + €os wg 'z 4 cos (w, + wy') ). -

_Remark 2.2: As a consequence of the invariance of E under the group of rigid
motions every solution of (2.11) (resp. (2.12)) satisfies' the complete equilibrium con-
ditions. For, let 7', be the representatlon of the tra,nsla,tlonal group defined on H .
as usual. Then . .

a\ _ AT ~ .
_ (DE(L), k) = (DE(T.l), T.k) forall(, ke H,,
" hence {,(T.¢,) = T,Cg(&',) in (2.8)‘..In particular, if {, is a solutien of (2.11) then

(DE(L; + Ga), 2o 8in 0,'2) = (DE(C, + 2., ai)

: "
(DE(C, + ), g a&;) =0

Ve

s -
6

(DE'(Cx + L), ef®) = (DE(L, + Cz), e""”) = —(DE(Cl + Cz), e“"")

- . whence (DE(L, + {p), €+%) = 0 as desired. Similarly (DE(L‘1 + &), e—iter e ”) = 0
Similar considerations apply to solutions of (2.12). . .

in vu'tue of E H,_l S NG Further fr:z —>2 +

Returning to (2. 11) (2.12) and applying the Welerstrass Prepara.tlon Theorem we
arrive at the ‘‘reduced” blfurcatnon equation
f : T .
a - . AR X
—a—a— Ered(cl s & ,llr) =0. . ’ . o . . : (213)

Solvmg (2.13) we get in v1ew of (2. 10) ’ - _—
~N

@: a* ~_i|/%s‘.(e;0), - S : ‘(2.14.)

(D) g F & 0.078(1 4 267%) (u — 1) L :
‘ £ {0.078%(1 + 2672 (u — 1)% + 0.181¢]12 N (2.15)

~

2

" in cases (I), (‘II)'respecfively. In fact both solutions (2.14) coincide under translation
x—>z+ “ N '
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Remark 2.3: In (2.14), (2.15) those terms from (2.13) have been dropped which
carry no information about the actual solution. Observe. that (2.15) is sufficient as
an approximation to (2.13) only in a restricted neighbourhood |e| < gy(u — 1)2 of

- (0, 1). Further: Suitable rescalmg of (2 11) resp. (2.12) via the Implicit Function
Theorem leads to power series expansions , :

(I): ali = ive’{]f + X agsip — w}
s i+j>0

(ID): eyt = (u — 1) {0 156(1 + 2e) + ¥ aj (ﬁ)w = l)f}

i+j>0

(u—l){'——(1+2e 2)-1

V3 (e — 1)2

€ s ) .
: +;+%>oa'l (7——1)2) ~(/'t N 1)’}. “

" We conclude this section with a stability result. By deﬁmtlon stablhty of a solu- '

tion ¢ € H, means ' .
D2E() {h*) >0  forallhe H, h =#= 0. . : (2.16)

.Considering the translational invariance of £ which imp]ies . ‘
D2E(L) ({2 b} = D*E() {{), k) = 0 forallk e H,

oy o

) 7
we have to impose some additional constramt eg. h | — pl 8y

Theorem 2. 2: Solutions of type 1 (¢ = 0) and 11~ lead to unstable ethbrm w}wreas
the branch 11+ is stable in the sense above.

n (2 16).

Proof: We first study the branch II*. Inspectmg the expansion of the second
variation D?E along our solution { = ¢, 4 {, (£, € N, &, E H, e Ng) yields -

DZE(C ps (1 o+ €) g% (), @ (w)) 1h?) = (Lh, b) ERIEN

+ 6(;; = 1) Bo(tr, 4 + 12EW(¢,2, 12 + hot, o @17)-

the hlgher order terms being of order (;l)?) (u — 1)2+1 4 + §>0.Let h=h, .
m = i '

) +h2(hl€N6’h2€H eNe), then
(Lk’ h) g c”’"‘2”1 » c >\ 0’
(s = 1) Boys(Cas by By | Bona(L2, by, o)l

‘ ‘ C , .
S Olp — 1) [Ikally helly = - (e = 1 IRl + 1o — 11 [iRells?) .

(ef. Corollary 2.2). Thus, for (e, ,d) in a sufficiently small' neighbourhood || < ¢,

X (u —1)% of (0, 1), positivity of (2.17) is implied by that of
6(u — 1) Eoi3(Cy, 7i®) + 12E004(8y%, R C (2.18)

this being true even if we replace C, by its first approximation 0,312(1 4 2e-2%)

S X (u — 1) (cos wy'z + cos wy'x -+ cos (w," + wy’) z). Since the eigenvalues

(A1 22,3, 2> 25,6) = |P] (0,72, 1,37, 2,17, 0) (1 + 2e7%)% (u — 1)? :
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of the’so modified form (2. 18) are posntlve (with the exceptlon of 24.¢) the branch IT+*
is'stable on both sides of criticality. )
Similarly

DPE(Z; 4, (1 + &) @u, ¢2°7) {h% = (Lh, k)
+ 25F102(k2) +.6(n — 1) Ems@l: k*)-+ h.o.t. :
along the branch II-, the higher order terms now bemg of order ((__E_T)_z)“.'\ ,
X (g — 1)**7, ¢ 4+ § > 0. Thus, on a neighbourhood of (0, 1) as above, its sign is
-determined by that of

2¢E,0p(hy?) 8 — 1) Eo.s(zl, hy?): ‘ - (219)
Replacmg ¢y in (2.19) by ' )

V_ 1+ 2e‘2") Le(uw — 1)1 (cos w,'T -+ cos w2 'z 4+ cos (w,” + w, ) x)
we get : ' . ,
' 16 :
()'l: ;'2 3> 249 ;'5 8) = |‘7)| (17'_27 _3: 0) £
for the correspondmg exgenva]ues Hence the solutlon II turns out to be unstable

a,lways . :
" Concerning the branch I one finds- : -

‘DZE(C us (1 + &) g%, Qz") {h? = (Lh, h) + 28Eq12(h2)
+-6(1 — 1) Eoig(Cy, b)) + 12E00u(012 A% F oot

with i).o.t. of order }/_”"(,u — 1)/, 4 4 > 1. Thus its stability is determined by the
eigenvalues of 2eHy)5(k,%) + 6(u — 1) Eg13(C1, 7% + 12Eg04(8,3%, by ®). After rep]acmg
¢, by (2 14) we _get for their values

/.
T

()1, 29,3y A5, Ag) = |P] (10 66, O 835 + 3,57 (1 4 2e~%) ]/s (;4 - 1),
0836? 3,57(1 + 2e- 2«)1/_(,“— 1),0),
showmg the (supercntxca]) solution I to be unstable |
Remark 2.4: Concermng the value of E.at a solution II*+ we get
B e L+ 907 0 = (= 1) Bolls®) + Bunaldy?) + oot
T = 0,004 |P| (1 + 2e- 2“)‘(/;—1)4+hot <0

.

with higher order terms (

Fel)z) {p — 1), 044> 0.

§3
We now pass to the proof of Theorem'2.1. We adopt the. followmg notation: For any

open interval I on the z-axis let ||u|[, denote the norm of « in LZ(I) Let

‘ o™
. Wm.l = {’U € L2(I, Hm) cpim) — % € Lz(I, HO)}

‘
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A .

be the Sobolev space of A- perlodlc functlons
@, 9,0 = X v(e) o T

. wed

‘with dlstnbutlonal derivatives up to order min Lz(f X I), the derivatives up to order

--m — 1 bemg A-periodic again. Choose

(olffn,r = llwollr® + Z; (loP™ llwall® + llo,"™1i,%) A
wE .

to be 'phé norm in W, ;. Similarly, for m = 1, let .
e Vir = (v € DI, H) 10/, 9™ € Ly(I, Hy))*
- normed by ’

T +\2:A(|w|2"'uvwn,2'+uvmw’nﬁ) G AT

P

~ In the followmg for I- _( o0, —15), I = (—go,00), I¥ ;"(0, +_ot>)‘we shall

consider the various spaces Ly(I7) X Ly(I") X Ly(I*), Wy = W p- X Wepn X W, 1,
Vo = Vimg- X Vin X Vi pe the corresponding norms of which we denote by i 1,

l-lbms |*|m resp. Further let % = P x I+, SN = P x I Accordmgly, we write ,

v = (v, " v*) for a functlon belongmg to W, (resp. Va). -
» Lemma. 3.1: Let u>0 and T € (Wn)3; then the unique v € V, which satzs/zes
vt(z, ¥, 0) — vf(z, y, 0) = const, v'(z, ¥, —qo) — v7(2, ¥, —qo) = const. and ’ :

‘rfJVthpdV—{—,usqundV—ffV(pdV—{—fngodV o (3.2')
U’ . -

for every peV, (satzs/ymg the homogeneous jump condztzons) belongs to Vy,. M oreover
Wl < Clllln S ‘ » : (33
with a constant C independent of {. - : U -

o

~,Pr60f : For convenience we assume x4 = 1. Getting the estimate (3.3) for general ,

# > 0 requires minor modifications only. Let | = (f,, f,, fs) and o

i=Zfe@ e (=12, 3

'its Fourier expansion, (notice: f; = (/, , f, 3 We set f, = (fn @ fz ws fs ») and '

Of .= 01005 frrn)- Obwously the Founer coefflclents v,(2) of our solution have to
satisfy the variational equations : :

[ 0% + |0l v.pa) dzt- [ ( (0.5’ + |w|2vw%> dz

-+ Soah S o
—f (fa, .,,(p,,, — iwf.Po) dz +f f, oPo’ — zwf,,,(p.,,)dz R (3.4)
r-orv. S

subject to the jump condltlons % (0) — vo"(O) = const., v"(—¢o)— v~ (— 90)
= const., resp. v,*(0) — v:10) = 0, v,/ (—q0) — Yo7 (—q0) = 0 if © = 0.. Choosing
the test functlon Po, in (3.4) to be v, and applymg Schw&rz s mequahty we get

oI + |wl? Ilva2 = IIfoll oIl + }wl llvall),

whence- . ' '

vo'lIP + |of? Ilvwl["‘ =2 [foll. ' . (39)
This proves (3.3) for m = 0. Likewise by dlfferentlatmg the Euler~Lagrange equa-
tions to (3 4) we get. _

—, m+1) 4 ]w|2v (m=1) — L jgf,m 1 _ /("') \ (m =1).
Thus ‘
' loatm+ DI < 3(jof [l ™= Dl2 + le2 W™= + W)«

N4

N
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) Applymg the well known mequa]lty

-

1 |
e ™| < const. (e uuwm+*||2+—nu.,,<')n2) e>0 . 0

and recalling (3.1), (3.5) gives the desired estimate for =11

"Proof of Theorem 2.1: The strategy is to transform (1.5) into a variational .
problem posed on the fixed domain (5%, #"). Note that by mterpo]atlon it 1s suffi-
“cient to assume s = m + 1/2, 2 S m € N

Now, for ¢, q) € H,,,le X Rin a nelghbourhood of (0, —qo) let

xl—xxg-J,zs-—-z-{—w(x,J,z) . . (3.6)

" define a dlffeomorphlsm from & (resp. 1, J’ *) as defmed above onto 0~ (resp
01 0%, cf. (1.1). As the example

~

. W = g — q, w Z Cm etw: Im[z
) w*O . '
1 ‘Io +q° e—lwlz: elelz -\~
u)l o +“§OC ( e2|m|q. + 1 — e—2|°’|00

shows, it is always possible to require: 1% the transztzon function w = (w wi, w*) to
'belong to V,,,,,l ‘and 204 the map

(€. q) (€ Huiip X R) > w € Vi

to be analync at (0, —qo). Let w = 0 when (¢, q) = (0, —qq). .
According to (3. 6) the variational problem (1.5), (1.6) transforms mto _

)

2
(|Vv[2 (1 + w,) — 20, Vo Vo + 221V )dV

. 1+ w,
S-uS+ N . R . .
2 2 ’ T ,
g pf(va (1 + w,) — 20, Vo Y "l—fﬂ-) dV - min (3.7)
b4 ., i ’

(dV = dz dy dz), which has to ‘be solved for v(z, y, 2) (— w(z,, T, a:,,)) subject to -

v*(z, y,0) — vl(z, y, 0) = {(z, y) + ‘const, ¥(z,y, —qq) — v™(2, ¥y, —qo) = const.
. To show, in a first step, the analyti¢c dependence of its so]utlon von (g, M q) near
(0, 1, qo) set v = v, + v, where _
. ' . \

v 1 g . . ) )
v = 4 sgnz ) {, efertlell }
2 . w0 . N : ’
. is the solution to ' : .
- f |Vv1|2dV+f|Vvl|2dV-—>mm : -
s Fooo

;subJect to 'vi*(x, J, 0) — v,“(x, y,0) = C(:c y) + const., v,’ (.Y, —Qo) — v, (, Y,

—qo) = const; Notice |v))lme = —5 Illm+1/2- Then, cpllectmg higher order term§
f = (¢, 1. ¢; v2) and denoting e, = (0,0, 1): S
2
fi-—--—w Vv—}—v Vw—}-(VvV v_'::)l)e,,
A Tt (3.8)
fq: —(/u _1) Vvl._,uwz Vo +.u'v: Vw’*',u(vv Vw %’l—) €,

’ . \
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_ onthe right- hdnd side, v, has to satlsfy a varlatlonal equatlon subject to homogeueous
jump conditions as referred to in Lemma 3.1. If T € L(W,3, V,.,,) denotes the solu-
tion map for (3.2) this equation will be equivalent to

P = T{ (C: M, (1, ’02)} “ ‘ (3 9)

Recall that the spaces W, form Banach algebras prov1ded that s > 3/2 (see (L.
Hence, under the.assumption m = 2, mapping | which transforms (¢, x, q; v,)
€ H,,,+1/2 X R? X V., according to (3. 8) into {(¢, u, q;v;) € W,, turns out to be ana-
lytic at (0, 1, gg; 0). Thus we can solve (3.9) via the contraction mapping theorem for
vp € Vyuyy as an analytle function of (¢, u, q) € H,,.+,/2 X R2 near (0, 1, g,). Obviously
this implies v = v, + v, to be analytic too.

We proceed by expandmg the minimal value (3.7). Its analytlc dependence on
(v, w, ) € VX Vayy XRis easﬂy seen by Sobolev’s embedding theorem. Replacing
- v, w by its power series expansions we get ahalyticity of (3. 7)asa functlon of ({, i, q)

€ Hm+1/2 x R2. This proves part (i) of the theorem. .
" The remammg part (ii) now follows in a few lines. Observe the earlier formula (1.9)
— obtained in § 1 by formal differentiation — actually to be valid in virtue of the
_ present; hypothesis. By tramformmg (1.9) according to (3.5) we get

(DF(Z), by = f P(VE, Vol:ol, Vitls=o) b da dy

‘where the integrand is analytic in its arguments By the trace mapping theorem
V|,—0, Vw|;—¢ € Hyp_yjs. Consequently @ € H,,_y, since the spaces H are Banach
algebras prov1ded that s > 1. This flmshes the proof I -
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