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/ 
In dér Arbeit wird em nicht-klassisches Randwertproblem der ebçnen linearen Elastizi-
tätstheorie betrachtet. Durch Zuruckfuhrung auf singuläre Integralgleichungen werden die 
Fredholmschen Sätze bewiesen. Mit funktionentheoretischen Methoden werden der Einheits-
kreissowie Epitrochoiden eingehend untersucht. Es wird bewiesen, dali zu jeder natürlichen-

• Zahl n und iñnerhalb jeder beliebig kleinen iJmgebung des Einheitskreises eine soiche Epitro-
choide existiert, daB das homogene nicht-klassische Randwertproblem für diesea Gebiet mm-
destens n linear unabhängige Losungen besitzt. 

B pa60-re paccMaTpIIBaeTcH IIeIzaccM qecIan 3aaqa imoemoll rnfllenuoa TeopKK ynpyrocTil. 
ic CHHPJHbIM KHTerpajibHjblht ypaBHeHHHM A0KaauBa10TPH Teopembi pe1roJ1h-

Ma. Meoore Teopiii lyuKru1fl oiiofl IcoMnJIeIccHot riepemeiiHoff HccjieAYl0TCnciyai 
eJMHM qHoro icpyra U 81111TPDX014A013. lJoxa3azuaeTcR, 'iTO yIJIH npOUBBOJThROI'O HaTypamHoro 
qncia n ii BHTl npoH3soJibIroa oicpecTHocTu eUHM'iHorO icpyra cyuecTByeT TaHot aflilT-
PoxoM1, 'ITO ogopoaw Ileic.nacdll qecKaK xpaean naa'ia gitpkxne B aTO'l o61aCTH ilMeeT 
no Meimmel Mepe n 1UHetH0-He3anhicrfMaxx- pe[uenri. 

The paper deals with a non-classical boundary value problem of linear plane elasticity. With 
the aid of singular integral equations, Fredholm's theorems are proved. Using complex variable 
techniques, the problem is considered for the unit circle and epitrochoids. It is proved that for 
every positive. integer n and within every arbitrarily small vicinity of the unit circle there 
exists such an epitrochoid for which the homogeneous non-classical problem allows at least n 
linearly independent solutions.	 .	V. 

In the present paper, a non-classical boundary value problem of linear plane elasto-
statics is treated. In § 1 this problem is formulated with remarks on its mechanical' 
significance: The proof of Fredholm's theorems is sketched in § 2. Using complex' 
variable methods, we consider the related homogeneous problem in § 3-7. In this 
way we can realize a remarkable sensibility of the considered non-classical problem 

,in respect to the variation of the domain. Indeed, we shall Prove that in every small 
vicinity of the unit circle there are such domains for which the homogeneous problem 
allows an 'arbitrarily large number of linearly independent solutions. .This property 
is quite interesting with respect to the simultaneous validity of Fredhoim's theoV. 
rems. Notice that.a similar behaviour is unknown in the theory of related plane-pro-
blems for a single elliptic differential equation of second order, for instance, the obli-
que derivative problem. In this case the number of linearly independent solutions - 
of the corresponding homogeneous problems depends only on the index of the problem, 
but not Ofl the domain (H0RNIcH [3], EECHERA [2], SCHUBERT [11]).Another non-'.	V 

classical problem of plane elasticity has been studied in [7, 8] by the author. 
'V
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§ 1 Statement of the non-classical problem 

Let D R2 be a given bounded simply connected domain with boundary L = OD 
E C' (0 <9 1). Let D be occupied by an elastic isotropic and homogeneous body 
in the sense of plane elasticity with the Lamé constants A, /i > 0. We consider the 

-problem to solve the system  

axi
a(x) = 0	(x E D); i, j = 1, 2, summing up j!)	"	 (1)


of linear plane elastostatics withOut volume forces with the boundary. conditions 

—o 1 (1 (z) cos (n(z), x2) + a2 ("(z) cos, (n(z), x 1 ) = 0	 (2a) 
it, (z) cos (n (z), x 2) + U2 (Z ) cos (n (z), x 1 ) = g(z)	(z € L).	 (2b) 

In these formulas, n(z) means the outward normal of L at z, g is a given function of 
the class C1,1 (L) (0 z	1), and	mean the components of the stress vector


= (a1 ", o(ru) in the Cartesian 'system, which satisfy the relations 

	

= ci,, cos (n, x,)	(i, = i 2 summing up j).	 (3) 

u' in (2k) are the components of the displacement vector u = (u1 , uj). The relations 
between u and a1 , are given by the generalized Hooke's law 

	

I au,	&u,\ 	au,	&u2
(4). 

	

ax,	 a,	ar2 
The mechanical meaning of the condition (2) will be apparent from the consideration 
of the "extreme fibre" of the body along 'L. In virtue of (2a), the extreme fibre is 
tracted by pure tension or pressure, but not by shear stresses. The tangential dis-
placement of the extreme fibre i's given by (2b). 

•	In terms of displacements, the problem (1), (2) can be formulated as follows: , To 
find a solution u= (u,, u2) of the equations	.. 

u zu + (A - u) grad div u = 0	 (5) 
with boi'mndary conditions (2), where the connection between the stress vector and 
the displacements is given by 

•= (i1 " > , a2 ") = T(n) U, 

au	 /'du1	du2 
•	 ,	(6) 

-	•n = (n1 , 712) = (cod (n, x 1 ), cos (n, x2)).  
.T(n) is called operator o/ normal stresses. 

§ 2 Fredholm's theorems - 

Fredhoim's theorems for the problem (1), (2) (or (5), (2)) can be proved by the aid 
of a potential approach with the framework of [6], which is sketched below. The consi-
derations are 'restricted to such solutions u of problem (5), (2) which belong to the 
class C'(D) n C2(D). For such a solution u we can find a vectorial density (y)
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= ((y) 2(Y)) of the class C°(L) which satisfies the formula 

U (X ) = V(x,) = .._fr(x	y) ' (y) ds,	x E D.	 -	 ( 7) 

Furthermore, the density 4 is uniquely determined by, the displacements u [6]. The 
matrix F(x - y) in,(7) is the Kelvin-Somigliana fundamental solution, given by 

F(z) =

,k.	 - P11 (z) = a in -j- ô + b -j--	k> 0,	,	 (8) 

a = 2+3	,	24	- 
-	 2u(2 ± 2a)	2,u(A + 2u) 

The real constant k must not coincide with an exceptional' value, but fora given do-
main D there exist no more than 2 exceptional values [6: p. 34 Hhfssatz 9.2] The 
main properties of the simple layer potential (7) can be found in [6]; for instance the 
jump relation	 - 

Y- (n V(z; 4')±	lim Y(n) V(x; ) = 1 440 (z) + - f r, (z, y) ID (y) ds 
•	'	.	 xD±-+zEL	 J •	 '	

L 

with
D+- = D, D- = CD, F1 = 
(r;, 1 (z, y), I'1 ,(z, y)) = Y(n)(I'11 (z - y), I'2 (z - 37))	(i = 1, 2)


and - the formula  

=-.-f-	
F(z - y) 4(y)ds, 

which are valid under the assumptions L E C", 0 E C0 . a (L). Moreover, the displace-
ments u of (7) are solutions of (5) in the classical sense.	 0 

	

In order to satisfy the boundary conditiOns,	must be a solution of the integral

equation' system 

— n2(z) 1 (z) + n 1 (z) 2(z) 

+	{K1(z, y )	(') + K12 (z,	2Y ds, -•, 0, •	 (9a) 

• .1 f {K21 (z, y )	(y) + K22 (z, y ) 2(Y)} d& = g(z), •	,	( 9b) 

- where the kernel functions K1 , are given by	•

K11 ( z , y) = —n2 (z) F,,(z, y) + n1 (z) P,,(z, y), 

	

• K 12 (z, y) = — n(z) P,,(z, y ) + n1 (z)	y), 

K2 (z, y) = — n2 (z) r11 (z - y) ,+ n 1 (z) -r2 ,(z - y) , 

K22 (z, y) = — n2 (z) r1 2_ (Z - y) + n 1 (z) T22 (Z- y). ,	-'
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The equivalence between (2), (5) and (9 a), (9 b) follows from the results of [6]. Further-
more, the. equation (9b) is subjected to the operator 

.	. Q = 
Q (z) (- +
	s - are length parameter. 

Thus we obtain the equation  

-	f{--_ 
K21 (z, Y) b(Y) ±	K22(z, y) 2(Y)} ds	 .	- - 

Sz 

f { K21(z, y)	(y) + K22 (z, y ) 2(Y)} ds7 =	g(z) +g(i).	(9 b')- 

Using the considerations of [4: p. 113], one can easily prove that the equati6ns (9b) 
and (9b') are equivalent for	€ C°. (L). The system (9a),(9b') is a singular integral 

• equation system. In the complex c-plane ( = z1 -i--. iz2 ), the system (9 a), (9b') can 
be splitted into the terms	 .	. . 

A() 4) +	f	dr +	() = F()	 (10) 

•	where e is a completely.continuous operator and  

A(C) — 1 fl2()	' ( ) 1	B —	cn) cfl2()]	- ______ .
JU 

— L 0	0 •]'	— —n2(). an i ()j' .	± 2 
•	 .	 .	 .	 V 

Because of  
V	 -	 fl2±Cfli	I fl j . Cfl2	 . det L.A + B] =	 .	= ac = const. r= 0, •	.	. .	fan2.	±an1 

the s'stem (9a), (9b') is of regular type in . the sense of MIJSKJLELiSHVILI [10] with 
index. ,=0. 	 - 

Consequently, Fredholm's theorems are true' for (9 a),. (9b') and, in virtue of the 
equivalence between (2), (5) and (9 a), (9b), we get the same result for the boundary 
value problem(5), (2) (or (1), (2), respectively). Particularly, there exist at most a 

• finite number of solutions of. the homogeneous problem (1),. (2) (with g = 0). 
In the following, we will determine explicitely the number h = h(D) of linearly.. 

independent solutionsofVthe homogeneous problem (1); (2) for some special domains 
D by using complex variable methods and conformal mapping technique. 

- § 3 Fundamental formulas  

In order to apply complex variable methods, we make' use of some widely used for-
mulas. Let w(z) be the conformal mapping from the unit circle in the complex z-plane 
to the domain D in the c-plane. Then we can introduce curvilinear rectangular 
co-ordinates , t in D, which arise by mapping of the polarco-ordinates	of the


• unit circle. Furthermore, it is well-known' in plane elasticity that there exist two 
holomorphic functions	 which decribe the deformation completely. 

•	These functions are in oncto-one correspondence to the holomorphic functions 

•	

.,••	 -..	 /	.	

0,
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•	çv(z) = q2 1 (w(z)), p(z) = i(a(z)). By setting 0, (C)	q), W1 () =. ''(),	(z) 
= 01 (&)(z)), I(z) =	one gets	. 

çv ' (z) = oJ(z) P(z)',	1,11(z) = w' (z) W(z).	 I'	 (11)

The following formulas were deduced e.g. in [9]: 

oh '— ia = b(z) +	) - 	'(z) + w'(z) Y"(z)), 
2w'(z)

(12)' 
4u I00'(z)f (ue + iu0 ) = ---w-(z) (9w —	 —	. S 

a'(z) 

- Here o, aQO niean the components of the stress tensor with respect to the Cartesian 
system in the-considered point c E D, whose axes have the directions of the e- and 
O-co-ordinatelines. u, u0 are the corresponding components of the displacement 

• . vector. Moreover, we can always assume (0) = 0. Setting e = 1, we get the boundary 
values of the. éxpressiôns (12). Now, the homogeneous problem (1), (2) (g = 0) can 
be considered as a problem for determination of the analytic functions (z), p(z) in 
the unit circle from the boundary conditions 

t2w'(t)[j	'(t) -I-- w'(t) P(t)]	 6  

	

17[v(t) '(t) + (o ' (t ) P(t)] = 0,	 (13) 

........................... ........€

	

co ' (t)	-

1 
—.tw'(t)Ix(t)----7----'(t) — '(t )I =0 for II= 1. 

w(t)	-	j 

In the next section we corisider the boundary- value problem (13) for the mapping 
function w(z)'=4 z + q9, q E R. The corresponding domains D are epitrochoids. In 
consequence of the conformity. we have the condition al(z) = 0 for Izi	1. This 
implies q<'1/p.-	.	 .	.	. 

§ 4. Tile homogeneous problem in the case co(z) = . z ± q9 

A. Now., we. consider the problem (13) in the special case co (z) = z + qz (p E N; 
J ^ 2). Because of ti = 1 on the unit circle, the boundary conditions become 

t2w'(t) [ () 0' (t) +:w(t) PM
 

ail

R)	R)

=0,	•	-	- 

-.	
i' (....) 

(t)± ti (..)	(:t)t)S  

- ,ctw'(t) ç(t) —	ql(t) —
	 i= 0 for Itl = 1. - 

	

- 1) In the case of 'plane defrmation we have x = +	= 3 - 4a, in the case of generalized 
5+6,i 3—a 1	1 

- plane stress' 'C =	+ 2 =	
(a - Poisson's ratio, —	a < --).
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Using the construction of Schwarz' reflection principle, the holornorphic functions 
92(z), p(z), Ji' (z), J'(z), defined on the unit circle, relate to the holomorphic functions 

Z	z	z 
(±.), (±.), ' (±.) ,. ii (7,

)in theexterior of th unit circle. The boundary va- 
 ,	/i\	-	/1\  lucsof these functions are given by {-) = 92(t), ..., (-) = g7(- Withthepiece- 

vise analytic functions	 /	 \ t I 

z2co'(z) [ (--) ø'(z) + CO , (Z)	(z)] for IzI <1 

Q1(z)=	
(71\	 (15a) 

z2	[(0(z)(-_) + i' (_) ;.(_)] for Izi > 1 
'and

	
(z) +	

() 
' (z) + zo) '(z) (z) for Jzj. <1" 

.122 (z) =	 -	( 15b). 
XZ(O'(z 9	+	(Z) 1" . (1) + for IzI>1, 

the boundary conditions (14) are transformed to 

Q1 (t) - Q1- (t ) = 0,	Q2 (e) - Q2-(0 = 0.	,	 (16) 
According to (15a) and (15b), the analytic functions Q1 (z) and Q2(z) have poles' of 
the order (p.— 2) and p - 1), respectively, at the origin and at infinity. Thus, the 
general solution of the jump problems (16) is given by 

-.	
921 (z) = R(z)	(i = 1, 2),	 (17) 

R1(z)	-fE +	+- + bo + & iz +	+ b 3zP- 3 + 2zP-2, 

R2 (z)	 +	+	+ C0 --- EZ +	+p_zZl2 + p_iZ', 

with arbitrary complex constants b 1 , 6j, Ck, 6j. Bearing in mind(15a) and (15b), one 
obtains	 -i_. = Q(z) (i = 1, 2). Consequently, we ,

 have ., (-i--= R1 (z), which 
implies	\ Z \ Z) 

=b 1	 1,...,p-2),	E,=,	(j=1,...,p-1), 
b0 , co - real constants.	 (18) 

B. Further restrictions for the constants c, bk can be deduced if we pay attention 
to the connection between (15a) and (15b). In order to establish these restrictions, 
we consider the following Taylor expansions in the neighbourhood of the origin:. 

= K1z + K2z2 ± ... + KzP + O(zP + ')	( 92(0) = 0), 

(z) 
=

	

	= (K1 + 2K2z +	± (p + 1) K+1zP + ...) 

X (1 - pqz 1 + (pq) 2 z2' - ...) 
•	 Ki+2K2z+.+(p_1)KpizP_2p(Kp_qKi)z1h' 

+ [(p + 1) K 1 - 2pqK2 ] zP ± O(zP'"), 

2•
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Zi'(z)==2K2+6K3z+...±(p-2)(p-1)K9_izP-3 
•	•'	+ (p —1) p(K9 — qK 1 ) z92 

•	 ± p[(p + 1) K9+1 - 2pqK2 ] z9T 1 + 0(z9 )	for p 
but.

tlY(z) = (2K2 - 2qK 1 ) + 2(3K3 4qK2 + 4q2K1 )z + 0(z2) for p = 2. 
a 

Comparing the first coefficients of the Laurent expansions at the origin.on both sides 
of (17), one gets the linear equations 

(xp + 2) qK2	 = 
(xp + 3) qK3	 =c3	. 

[xp + (p - 1)] qK91 = c1	 (19a) 
2qK2	 •.	 = b,_2 

6qK3	 =b9_3 

(p - 2) (p - 1) qK91 = b 1 ,	- 
(x + 1) K1 + p(x +1) qK, = CO	 •	

( 19b)

—(p - 1)pq2K1 + (p - 1)pqK9 = b0,. 
c_ 1 = (xp + 1)qK 1	 -	 0	

'(19c)

p(p + 1) qK91 = b 1 - 2(1 + pq2 —p2q2) K2, 

but in the case p = 2 the last equation must be substituted by 
- •	6qK3-= 2q(1 - 2q 2) K1 - 2(1 - 2q2) K2 . 	(19c') 

Because the coefficients on the right-hand side of (19a) do not vanish, we can choose 
arbitrary complex values for the (p - 2) constants K2 , K3 , ..., K9_ 1 . Th coefficients 
of (19b) are real, and the determinant does not vanish. Therefore, we can give the 
constants K 1 and K. arbitrary real values. The general solutiOn of (19) is 

C,,-., = ( cp -- l)qa,	(1 = 1,2,..., p - 1), 

bp_=(k—l)kqa,	(k=2,3,...,p—l),
(20a) 

•	 CO = (x + 1) (a1 + pqa9), 

b0	(p - 1) pq(—qa 1 + a9);. •	• 

R=a,	(i=1,...,p),	 • 
-.

	

	 -	 •..	(20b)

p(p + 1) qK91 = b 1 - 2(1 ± pq2 - p2q2) a2, 

where a2.... . a9.1 are arbitrary complex constants and a 1 , a, arbitrary real ones. 
For p = 2 the last equation must be substituted by 

6qK3 =2q(i - 2q 2 ) a1 - 2(1 - 2q2).a2 .	.	• ••	 • (20b') 

• • Let 92, ip be holomorphic solutions of (14). Then the existence of such complex 
a2 , ..., ap_ 1 and real a 1 , ap is necessary for which the constaiits c, b, and the first 
(p + 1) Taylor coefficients K1 of 97 satisfy the relations (20a), (20b). Henceforth. 

• the constants c 1 , b i are chosen in the sequel in accordance with (20a). 

-S
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§ 5 The complex differential equation for the function q 

A. Taking 'into.account p ' (z) = w'(z) W(z), we have for Iz < I 

	

(--)(::) ± ?p'(z) 
= (z2w'(z))_l R 1 (z)	 (21 a) 

and

	

; (--)	) 
+	 + v(z) = (z (O (z)) 1 R2 (z)	 (21 b) 

Differentiating (21 b) and subtracting (21 a), one obtains the differential equation 

(k.— 11Q(z) q'(z) ±Q'(z)q(z) = B(z)	 (22). 
with	 S 

	

-,(Z)
	 S. 

Q(z) =	 ,	H(z)	.(^R2!(Z) \.. R(z) 
z- 	(z) 	 z)

	
Z2 (0,(z) 

or	

+ v(z) = ± Q(z)'H(z)	(22) 

with	
S 

v = S1 . S SS	

S	

.5	

.	 .5 

The singularities of the linear differential equation (22) result from the poles and 
zeros of. the functions Q and H. Because of 0 < jqj < 1/pthe zeros of Q(z) have simple 
multiplicity and are located at the (p — 1) complex roots z 1 ,'. .	of (—pq). The, 

• . only pole of the functions Q(z) and H(z) is z0.= 0. In this point we get the following 
Laurent's series: 

-	
1	z 1 +pg .	pg 1 

-	Q(z) =	1 +	=	+(1 — p2)	± 0(1) for p ^3, 

(23a) 
2q	 1 

•

	

	. . Q(z) = ---.+ (1 — 4q 2) -!- — 2q(1 — 4q2) 	0(1) for p = 2	(23b) . 

and  

z2w(z) =	
+ - + (b1 — pqb 2)--+ 0(1) 

S	 (R2(z) 	' (p + 1 — .) -co —. Pqcp' +0(1). S	 S 

kzw'(z) —	 .•  

Bearing in mind the last two formulas and the relations (20a), one obtains by simple 
calculations the Laurent's expansion  

p-i	 -a	.1	 S 

H(z)	-L pq[(p — I + .1) x + 11	— -	 S S	 • 

X [(X  .	 p2q2) a 1	pq(x +p) a]  

— -- [(p — 2) (p — 1) qäp_j — 2pq a2] + 0(1)	 (24) 
•	 S	 S
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At first we consider the differential equation (22')in the z-plane with non-intersecting 
branch cuts ' long the lines z0oo, z1 oo, ..., z_ 1 oo. We define certain' one-valued 
branches of the functions Q(z)', Q(z)'' such that Q(z)' Q(z)' 1 = Q(z) 1 holds. 
Thus, the coefficients in (22') are, well-defined holomorphie functions within the 
unit circle with branch cuts. Consequently, in this domain we get the general solu-
tion of (22') by 

= CQ(z)' +	fQ(z)hR(z)'dz1 	 (25) 

•	
C - arbitrary complex constant, 

as a one-parameter family of analytic functions defined in the unit -circle with branch 
cuts [1].  

B. Obviously, the function q(z) of (25) cannot be holoniorphic in the case C == 0, 
for the function Q(z) 1 has singularities at, the points z 1 , ..., z,_ 1 because of v > 0. 
Now we consider the integral in (25). By virtue of (23), we have 

•	 Q(z)' = z'3(z)	($(0) = (pq)'	0) 

with a- regular power series ¶ 1 (z). Similarly, in consequence of (23) and (24) one gets 

Q(z)''.H(z) = z 1 ' 3 2 (z)	'((0) * 0" 

If we assume additionally that (p + 1) v is not an integer, then we can deduce 

f Q(z)''H(z) dz .= Z33(z)	(13(0) + -9).	
0 

(This implies that the integral term 'of (25) is holomorphic in a sufficiently small 
neighbourhood of the origin. Analogously, we have in' the neighbourhood of z1 

p—,1)
 

(z-- z)-' 3 4 (z - z)	(34(0) + 0),	',	, •	 '.	 '	 S 

•	-	Q(i)'' H(z) = (z - z),- ' $(z - 1,)	((0) + 0). 

Therefore one gets '	- '.	 • - 

1 f Q(z)'' 11(z) dz = 36(z - z)  

in a neighbourhood of the points z1 (i = 1, . .'., p - 1). For that reason, the solution 
(25) is holomorphic in the unit circle if and only if C = 0, provided that v(p + 1) is 
not an integer. Introducing the 'notation	-	•	•	•	- 

r1 =a 1 ,	r2 =a,	r3 =Rea2 ,	r4 =Ima2 ,..., r2 i.. 3 =Rea_ 2 ,	S.	 - 

.	

r22 = Tm a_2 ,	,	.•	 .	-	 -	 • 

the choice of parameters '	 . •	 S 

•	 . 

ri
	 1, 2, .., 2p -.2) '	 (26) 

corresponds to (2p - 2) linearly independent (in 'the real sene) ' holomorphic solu-' 
tions q 1 (z) (i = 1, 2,..:, 2p - 2) of (25).'	 -



464	J. MAUL 

§ 6 Regularity of $' 

In accórdancé with (21b), we,define the functions 

Vi(z) =	)	-	' (--) 
q(z) - zi (1) c i ' (z)}	 (27)'


(i=1,2,...,2p-2), 

which are related to the holomorphic functions q,, (i = 1, ...,	- 2). In this formula,

we understand byR2 (0 (z) the function R2 (z) with parameters (26). Since the q, 
solve the differential equation (22), the	are also solutions of (21 a) 

•	 + '(z) = 

We have still to check whether the functions 1j are holoriiorphic in the unit circle. 
At first sight one realizes that the only singularity of Vi can be placed in the origin. 
Furthermore, it is easily seen that Vi is holomorphic within a neighbourhood of the' 
origin if and only if the first ,(p + 1) coefficients K,M ,..., K 1 of the Taylor expan-
sion of the functions q, satisfy the relations 

=a1 , ..., K,,( ') = a,	
•	 (28) 

-	p(p+ 1)qK 1 = - 2(1 + pq2 - p2q2) 

with parameters (26). In order to check these conditions, we consider an arbitrary. 
holomorphic solution q of (22). Let the'Taylor series at the origin be 

= K1z + K2z2 ± + K +1 zP1 + O(z"2). 

Using (23), one obtains by simple calculations 

- 1) Q(z) V(Z) ± xQ'(z) ç(z) 

= —pq[x(p - 1+ 1) +l] 

q(x + p)K +(x + 1) (1 - p2q2 ) K1 

- (p + 1) pqK 1 ± 2(1 - p2q2 ) K2	for p 3,	 (29 a) 

but 
•	(,c - 1) 9(z) ,' (z) + xQ'(z) *-p(z) . 

= —2q(2x ± 1)-- - {2q(x +. 2) K2 + (x + 1) (1 — 4q2) K1 ) _-	(29b).

z z,

— {6qK3 + 2(1.— 4q') K2 — 2q(1 — 4q2)K 1 }±. for p = 2. 

Consequently, the holomorphic solution 99 of (22) fulfills in every case the conditions 
(28). For proof the expansions (24) and (29 a) (or (29b), respectively) . must be com-
pared, taking into consideration the parameter choice (20 a), (20b) ((20b')). Hence 
we obtain with the parameters (26) the (2p - 2) linearly independent solutions 

(z), v,(z) (i = 1, 2, 3,..., 2p - 2) of the boundary value problem (14).

/
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Because the problem (14) is equivalent' to the homogeneous boundary value 
problem (1), (2) (with g = 0), we get the following interesting result:, 

Let D be the domain to which the unit circle is mapped con/ormally by w(z) = 
+ qzP (p	2, 0 < qj < l ip). Then the homogeneous problem (1), (2) permits exactly 

(2p - 2) linearly independent solutions. 

This result shows that the considered boundary value problem responds extremly 
• sensible to a variation of the underlying domain. This is remarkable with respect to 

the simultaneous validity of Fredhoim's theorems. 

§ 7 Remarks 

The result, of § 6 holds true for every 0 < II < -.-. If q converges to 0, then the 

considered domain D lies in an arbitrarily small vicinity of the unit circle. Thus, for 
every positive integer n and in an arbitrary vicinity of the unit circle there exists, 
such a domain for which-the homogeneous problem (1), ' ( 2) permits at least n linearly 
independent solutions. Finally, we consider the borderline case of the'unit circle 
itself. Here the'considerations of § 4-6 ban be repeated with (z) = z. The complex 
boundary-value problem is 

t'tlt)+ t2W(t)_'--	t).qJ(t)=0, 

--q(t)	 for jt = 1. 

Its solution depelids 'on the number 2v' = 2m In every case we get the solution 

99 (z) = Cz,	V(z) = 0 • (C - real constant). 

These functions generate a radialsymmetric displacements field. If 2v is an integer, 
then one obtains additionally 2 linearly independent solutions, which are the func-

- tiohs  
(p(z) = C 1 z2', - s(z) = —C 1 (x + 2v) z2'. 

We have 2v = 2 +1 , in the case of plane deformation, but 2v = 1 + 2 1-2cr 	 1—ri 

for generalized plane stress. Provided that Poisson's ratio a is restricted, by -k--
	

a 
'. 

<--, the number 2v can assume the integer values 4, 5, 6, ... (for aa -i-,  = 

a = -, ...) for plane deformation, but only the integer value 2v = 4 for a = 

in ,the case of generalized plane stress. 
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