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- Weighted Inequalities for Vector-Valued Anisotropic Maximal Functions

V. IKOKILASHV]LI and J. RAkos~fk

-
.

Die, anisotrope Maximalfunktion wird hier mit Hilfe einer éinparametrigen Famlhe von Qua-

dern (statt Wiirfeln) definiert. Fir vektorwertige anisotrope Maximalfunktionen werden

gewichtete Ungleichungen vom schwachen und starken Typ bewiesen. Die Ungleichung vom .

starken Typ wird dann zum Beweis der Stetigkeit des anisotropen Ma.xnmaloperators in ge-
. wichteten Rdumen mit gemlschter Norm benutzt.

AHNZOTPORHAA MaKCUMalbHAA QYHKUMA ONpeNeNAeTCA 3HeCh 4epes onuonapame'rpnqecxoe
ceMelficTBO -mapajJeiennmefos BMecTo KyGoB. J[A BeKTOpPHOBHAYHBIX aHH30TPONIHHX
' MAKCHMAJBbHBIX QyHRIUMH AOKABLIBAIOTCA BECOBEIE HEPABEHCTBA €J1abOro M CUIBLHOrO THIIOB.
HepaBeHC’mo CHIBHOTO THIA ncnonbsye'rcn B KOHILle¢ OPH JOKA3aTEJIbCTBE HENPEPHIBHOCTH
a!maoTpomioro MaKCHMAILHOrO ONepaTopa B .BECOBWX NPOCTPANCTBAX €O CMELIAHHHIMH
HOPMaMH. s . : '

\ The anisotropic maximal function is defined by means of one-parametric para]leleplpeds
instead of cubes. For vector-valued anisotropic maximal functions there are proved weak and
strong type weighted inequalities. The strong type inequality is then utilised in the proof of

“an amsotroplc Wexghted mixed norm maximal mequahty .
.

\

1. Introduction K v - -

1.1. Let R"{_be the Euclidean si)ace of points z =z, .. ) R." be the set of all

points ¥ = (y,,"...,¥,) With y;, >0, 2 =1,.-,n. By a wezght function (shortly a

weight) we shall mean a non-negative measurable functlon w: R* - R The weight

w generatcs a measure u, given by .

T e = [w(x) dx,  ecRe measurable. — “(1.1)
; ‘ .

.The chesguc measure of e will be denoted by lel. o
For a weight w and 1 < p < co we define the weighted Lebesgue space L,? as the
set of all measurable functions f: R* — R! with the norm

Ilfllp,y,=(f|/ z)[P w(x) dx)w <oo. . ' L

1.2, Let zx\= (%15 ..., &,) be a fixed point in R,”. For z € R* and ¢ € R we_defixie

o ) 1 '
E(z, t)={z€ R%: |2; — x4 g;zw,. 1= l,...,n}
and _ . '
E={E(x,t):z€ R" t € R,Y).
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-1.3. To each measur\ble function f: R" - Rl we adJom the amsotromc ma:czmal

function o . e i . :
M=) = sup Bz, 0 J @) dz L : (12)
i t>0 . E=o . ) o
_If Oy == &, then Mf is the classncal Hardy thtlewood max1mal functlon

-1.4. Let (Y,S,») beao- finite measure space and T' be a o-algebra of Lebesgue meas-

" with‘mixed norms. For L?-valued functions the first author obtained in [9] a full -
. descnptlon of the weighted Lebesgue spaces in which the Hardy Littlewood maximal

urable sets in R". On the o-algebra T x S we define the measure 4 as the product of -
the Lebesgue measure and of’ k2 For a J-measurable function f: R*.X Y — R we
define the: vector-valued amsotropw maximal furiction ' ‘

M<,)/(x, y) = sup |E(z,t)* [ |f(z, y)] dz, z € R", ye Y. . - (13) ’

>0 - : E(Z D}

’

, L5, In1 1] see also [5]) there is gwen a chara.ct,enzatlon of those positive functions w

for which the classical Hardy-Littlewood maximal function is bounded operator in
L,?. In (7] the well known theorem of Hardy and Littlewood on L? boundedness of
maximal functions was generahzed for I?-valued functions in the unweighted case.

This result was extended in 2] for functlons with values in the spa,ccs % and L?

function is a bounded operator. For I?-valued functions a similar result was derived
independently in [1]: The welghted weak type inequality for I%-valued Hardy- thtle :
wood maximal functlons was established earlier in [8].

In this note there are proved weighted weak_and strong type inequalities for a -
vector-valued anisotropic maximal function. The main ideas follow the first author’s
paper [9]. At the end an apphcatlon of the strong type incquality to the weighted

mixed norm maximal mequahty is. shown. ,
. N

2. Auxiliary notions and assertions -

\ . St Y o R
2.1. The class A,(x). Let E be the set defined in Section 1.2. If 1 < p <. co, the class
A (E) consists of all weights w in R"™ for which there_ exists.such a poqmve constant c,
that for any £ = E(x t)eE .

p—1 ) : S
' (|E1,—1fw(z) dz) ([E fw P~ l(z) dz) <c. o2
5 : LD
o - . R
The function w is said to be of the c]ass A,(E) if there exists such a constant ¢ > 0,
that - - - .

Mw )(x)<cw(a:) aem}{" S o (2.2)

.2

- where M is defined by (1.2). Remind. two propertles of functions from the class

A, E): IfweAd »(E), 1 < p < oo, then there exists p, such that 1 < py < p, and

w €:Ap(E); in addltlon we Ay (E) for arbitrary p, > p. The second property is a

- snmple coro]lary of the Holder mequallty, and the first was: proved in [10]. There was ,

also stated the following assertion.

2.2. Proposition: Let-1 < p < co.and E be given in Section. 1. 2 Then there exists
a constant ¢ > 0, mdependent of f; such that . , v :

J DI v de S e [ P wle e
Jae R

if and only if w € A,,(E).

1
>
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2.3. Lemma: Fora meas_urable /@mion /. we define N o
| Mf('xj = sup |E|—1f |/(z)'| dz, . zeR?, S S (23)
where the supremum 8 taken over all E € E awhich contam z.
It holds. : :
M/(:v) < Mf(:z:) < 2lally Mf(x) B o (2.4)'
where |« =0 + - v+ q,, and ' ! . |
- .y::ml.nrv, - | . _’ ) . - 4 >(2.5)

Proof: The first inequality is trivial. Now, suppose that .z € E(u, ) € E. This .
. : 1 : - - L. T
means that |z; — u;| = 5 % 1=1,2,...,n,and for y € E(u, t) we have

. 1 -
,|J —al S Iyl ol S S5 @O

\vhere v =2, y defmed by (2.5). Consequently y € Bz, t' ) SH-N E(u t) L E(z t,

and, moreover |‘E(x t)| = (2t)le! = 2le} |E(z, t)|. Hence o o,
|E ut|1f|/(z dz£2|ally|F(xt|1fI/z)[dz o
T . Bwb E@ . e
and so the second mequahtv (2 3) hods -~ -~ ' o

We recall two covermo' lemmas which we utilize later -

2.4, Lem ma [4 Sectwn 3.6]: Let / € LY(R™) and s > 0. Then there exist a number

Xg = (depenqu only on « from Section 1. ") and a sequence of non-overlapping
pamllelepepeds R,, jEN such that .
‘ s <[B! [ If(z)] dz < (20(0)“"5‘ "~ jEN, . - 286 -
Ry . : - . .
' 1f(z )| S‘s a.e. in R"\ U R;, ) A - - (2
: [ : - .
and /or any j € N there exist U,, V; € F so that L . ;
V.cRcU and }U]—ocol“'|V,| S , (28)

2.5. Lemma ({6]): Let D be'a bounded set_in R*, ana’ let for any x € D there be given a
parallelepiped R(x) with the centre x. ‘Suppose that for -each two points @, x2 € D the
purallelepipeds R(z,) and R(xg) are compamble i.e. one of R(x,) and (acl — m) R(’zc2
) contams the other.
Then from {R(z): x € D}a sequence {R;} can be seleoled such that

D=UR;, _ ' - - (29)
X anf2) S0, xED, o o " @10)
i ) ' .

where the number O dey)ends only y on the dzmenszon My L B

; 2.6. In this section we shall prove an amsotropl(, version of the lemma, by C. TEFFFB
MaN adn E: M. S’I“FT\ [71:
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Lemma: Let 1 <p < oo and f, g € Lio.(R®) be nbn-n’egative functions. Then
there exists a constant ¢ > 0 independent of f and g, such that :

J (M)} g(z) dz < ¢ [ () Mg(z) dz.
R . R~

Proof: Let s'be an arbitrary positive number and m € N. We denote

. H,=@@e¢RMf(z) >s) and Hm = H,n(z € R [2] <m).

" For each z € H, there exists E, ¢ E such that ' - . o
B\ [ fz)dz > 5. e . (2.11)

N Ez .

Since the family {E,: x € H,™)} satisfies the assu_mﬁtions of Lemma 2.5, therc is a
" sequence of non-overlapping sets E; from this family, satisfying (2.9) and (2.10) .
where E; and H,™ stand for R; and D, respectively. By the Holder inequality, and
the estimate (2.11) we have ' o o ~

\ 1
J @) dz < 2 [ g(z) da(st || [ f(z) da)?
Hm j By E,

< 5P 3 |Bj|! [ g(z) dz [ fP(z) Mg(2) dz
o j E, E, IR

. “\r-1
% (IEfI“ [ Mgy 7 dz) ;

. E,
Since My(z) = B! f g(x) dz for all z € E;, by Lemma 2.3 we get -

E, .
’ 1 p—1 ,
(!E;l“ [ (Mg(z)] 71 dz) = 2.0,,,( E;1~ [ 9(2) dz)-l
) * 8, . N . Bj . ) . N
“and so by (2.10) . . .
: f-g(x) dzr < 21,57 [ fP(x) My(x) dz. . ‘ . (2.12)
Hm R : . .

Passing to the limit m — co and assuming that the right hand side does not depend on
m we can write H, instead of H,™ in (2.12) and so we obtain the weak type (p, p)

. inequality for the operator M with respect to the measures uy, and y,. It remains
to use the Mé.rcihkie\yicz interpolation theorem (see, e.g. [12]). '

"~ 3..Weak anﬂ stron'g( type in'equalitiés

3.1. We shall now prove the weak type inequality for the vector-valued anisotropic
maximal operator M,y defined in Section 1.4. This,weak type inequality will be then
used by the proof of the strong one. - o

Lemma: If 1 <p<d <oco, #>1 and w € Ay (E), then there exists u poéitié;g; :
constant ¢ such that ‘ ) o . '
po i € B :"( J Mz, )1 ) > o)

. Y : .

L =g (f |/<x,y)|0dv)ﬂ/*w<x>dx o IR @1
. Rr \Y . ;

Y N _— .
for every s > 0 and every A-measurable function f.

)
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&

" Proof: Let s > 0 and'a 2- measura,ble function f R" x ¥ - R! be glven (for the
measure 2 see Section 1.4). Denote :

' No(f) (2) = (f If(z, y)l"dV)”"—Hf(x )ll,,,,m

By Lemma- 2, 4 there exist non- overlappmg parallelepipeds R; a.nd paral]eleplpeds '
U, V;€E such that relations (2.8)-hold and, moreover, -

~

< B [ Noff) (@) d& < @a)ls, " jENS - 32)
. Ry A o : .
(/)(x)Ss ae Ain R”\UR o e (83)
PutR UR R“\Randfor(xy)ER"xY ' )

w(r y) = flz, Y xrl2), oz, 3),= f(z,y) — ¥, ).
' One can easx]y observe. tha.t

el € B2 N (M ) ()% 0) S s+ el S ¢ X' I

v

" where

Q= {95 € R": No(M.(x)ﬁp) () >'i},

Q: = {xe R Nuo) () > }

Since w € 4,(E)and ¢ = P it is w E A(E), and the Chebyshev mequahty, the Fubm)
theorem and proposmon in Section 2.2 yield "

~

\

@y = (_‘) f [Mmfp(x Y du ¢ d” t o " E <

< 07t [ Netlo) (0 e S 0 fNo 0 @ dﬂw

Accordmg to (3.3) we conclude that ' . o ) :
- e S e [ N2 (@) it - S GBS

Now we shall estimate the- second summand of (3. 4) Let us introduce the step- .
function

B ] e CmeRr, .
f(xJ) { - .

0, L T €R. . ‘
Wlth each U = E(2'7, ¢;) we associate the parallelepiped U = E(z', ,) where
1;'= 317, y given by (2. 5) We denote U = U U and U’ — R \NU.
We shall show that - )
- M)y, y) SdMG f(z, s (@y) € U X Y | " 13.6)

' whered = 3lally, Let z€ U and t € R,1. Ewdent]y zE€ E(x 1) \ U.Put S = {jeN:
n;nE(x,t) + 0}. Forj € S we ha.ve

v

e — 2 ;Ea,«‘ ), i=1, . : 3.7).

’
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'Since x ¢ U, there exists Ic,. 1=k § n, such that

. Cq L o v .
ERL — &l > 5 U C . (3.8),
From (3.7) and (3.8) we get 2 > ¢, i.e. o o : , ‘ :
b <t, J € S. St . ‘ (3.9) .
Hence ifze U,, 7€ S then by (3 7) and (3.9)
] S e —
1 3 1.
=— &g oy iy -1 — fag
. 2(t‘+t +$)<2t£2§

-

and so U = Bz, ) for each j € S. On the other hand obv1ously 3 < [E(x t)]
./ | Bz, t)]Sd”foreveryxe R"andté R.'. Thus forzx € U’, y € YandtéR 2 we

have :
Bz t)‘flwzz/)ldz—ZlEx,t)‘ f Iw(ﬂ)ldz .
: E@) j€s E(z.0) R, AR .
L =X IEE Y ‘flfz y)|dz—21E(x t)- 1f/<z yd
o jES - . €S- .
<dn. ]E(x 3 f (z, '1/) dz = d"M'(I)f(x Y),
’ E(z.t . o

L.

Because of (3. 6) we can write

QSUQ, L SENCAUN

‘wherc Q; = {x €U No(JlI(,)f) (x > d " } So, 1nstead of ,uwQ2 it sufflces to esti- o

s N

mate u,U and w3 i -
By the generalized. Mmkowskn mequahty ‘and’ (3 2) for z € R;

- (ffo(T 9) d”)‘“’ = 121~ 1f(fl/(z yI° dv)‘lo dz

, =R J-No(h) () dz < (Z_AO)'“‘_S:
and so N T " : . '
) No"(/) (z) = (2« )'“'0 s,z €R;. . : © @)

By a similar way as we obtained (3 5) we derive from Proposition 2.2 and from (3. 11)
the cstlmate T - :

Pu@s = 6570 [ No (T) dl‘w < capul = caunU. o (3.12)
. R

Thus, lt remams to’estimate the measure of U. At flrst suppose that p = 1. From
~(3.2), (2. 8 and (2.4) we obtain :

U gs—lgfu(x dz |R;|- lfNo(f

J Uy . )
- -sd"alﬂs-lg,|U|lfw(x)dxfzv,, (2) dz .
K i : Ry .
L= d"oco‘“'2'“”>' P f Ng(f) (2) JWw(z)

j Ry
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' Since f}"f € E, the condition (2.1) yields’
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and usmg the condmon (2.2) we conclude that

,uu,USc‘slfNo(f) (2) (2) dz. T (3.13)

Finally, if 1 < p < oo, by the use of (3.2), (2.8) and of Hélder’s inequality we get
ol S5 » 3 [ wix) de [R,|-v( [ Ns(t) () d’z)” ' '

7.4, _ . .
< dmPaglelrs- p‘\:‘ |U | wa(x) dxf Ny*(f) (2) w(z) . \
. j. Uy . !
Y . | 1 p—1
LX (fw P=i(e) dZ) -
. - \g, )

#wUécss_pINo”(/) @d. | o 31,

The 1nequa.11ty (3. 1) now follows from (3. 4) (3 5), (3.10), (3. 12) (3.13) and (3. 14) |
3.2. Theorem: Let 1 < p, 19 < oo. There: exzstsa constant ¢ > 0 such that the meqwzlzty ’

- f ( f [M(l,f z, y)1? dv)”/" w(z)dx < ¢ f ( f |[(.'1:, 9| dv)”/” w(z) dz. (3.15)

Be Y
holds for every A-measurable function f if and only ifwée 4 (E)

3.3. Remark: Let us consider the isotropic case (x; = --- = x,). In this case Theorem :
3.2 was proved by the first author [9]. Particularly, if-the measurev is concentrated in
the natural numbers, an analogous result was obtained mdependently by K. F.
A~xpERSEN and R.T. Joux [1]. In the unwelghted case (w(x) = 1) (3.5) is a special
-case of the maxnmal mequahty proved by R. J. BAGBY [2]. , o

‘3 4. Proof of Theorem 3.2: At first we suppose that 1 '< p < ¢ < oo. Let po, P, .
be such that p, < p < p, <P and w € A, (E)n 4,(E) (see Sectlon 2.1). Accordmg o
to Lemma 3.2 there exists ¢; > 0 such that A »
,uw{x E R No(M(,)f Y (&) > s} < ¢85~ P f Noi"(f w(x) dx 1=0,1"
Rn P
for every /-measurable function f. By the use of \Iarcmklewmz. s mterpolatlon théo-
.:rem we obtain (3.15). )
Further, let 1 < ¢ < p < co. According to Section 2.1 there exists p,, 1 < Po.< 7)
such that w € A, (B). Choose B, 1 < #y < Ppo L. We can consider two cases: 1 < &
S’l?o&lld'&o_<?9<2) , .
If | <d £ 8, thenw € Ap5(E). We have .
{f(f [M(,)/(x 9. dv)Pl@ dﬂw}olp = supf ( f [(Mpf(z, y))° dv) h(x
R" : :
o ' ' e 3. 16).
where the supremum is taken over all non-negative functions A: R" — R! for which’
S |
(A())P~? [w(z)]) P-odz < 1.

R
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Using the Fubini thoorem and Lemma 2.6 we can wrlte

- ( | (M, )7 dV) h(z) dz = f( f[Mmf(x, )¢ k(x) dx) dv

. R Y Y
= ¢ f ( f If(z, y)? dv) Mh(z) dx.
- o R \Y :
. Hence, by the Holder inequality we obtain :
f(f[M(,)f(x y) ))° dv) x) dz
R \Y o
' S L % \p=f
S cx( ] (] e o0 dop i) dsy o | 077 e 72 )7
R \ v : - \Re . L
’ ~ p -,' ' - S (3:17)
"Since w € 4,5E), it isw P%¢ 4 ,, (E), and applying Lemma 2.6 to the second
integral on the nght hand side of (3 17) we get - =
f ( f (M, 1) dv) k(x) dx < ¢4 ( f ( f |f(z, ¥)|° dv)”/" w(x) dx)"/”.
R* \Y ' o ~\R" \y '

(3.18)
The mequahty (3. 15) now follows from (3.16) and (3.18).

Since, among other, we have just ‘proved the inequality (3.15) for 9 = 290 and the
inequality (3.15) with ¢ = p is a simple consequence of the Fubini theorem and of
- Proposition 2.2, we can use the interpolation theorem for spaces with mixed norms
(see, e.g. [3]). By this way we obtain the 1ncquahty (3.15) for 8y < 9 < P.

Thus we proved, that. the condition w € 4,(E) is sufflclent for (3.15). :

"Vice versa, if we consider functions f of the form flz,y) = <p(x) v(y), where the
functions ¢, p satisfy the conditions’

[ @) dr >0, [le@Pu@ds<oo,
Y . Rn .

then the necessmy of the condition w ¢ AL(E) follows from the correspondmg assertion
" of Proposition 2.2 L

" 4. Maximal inequality- with mixed norms

4.1. We shall use Theorem 3.2 for the proof of an mequahty for thc -anisotropic
maximal function in spaces with mixed norms.

Let EW, E® be families of one-parametric parallelepipeds in the spaces R~ R",
~ corresponding to the vectors a’ € R™, ¢ Rn, respectively (see Section 1 2) ,
By E we denote the family of all £ = EW x E@, O ¢ E9, 7 =1, 2. Let us intro-
duce the maximal function ‘ N

M*f(:v y) = sup | E|! f/(u z) du dz,

Wherc the suplemum is taken over all E.¢ E with’ the centre at (x y) € R’” xR,
" 4.9. Theorem: Let 1 < p,, Py < 00 and w; € Ap(BD), i = 1,2. Then

- J ( J [*f(@, y)1P () dx)”'“" wy(y) dy '
R® \Rm

= Cf(fl/(?c:y [P+ w, () dx)”””' wy(y) dy
‘ R» \Rm
with ¢ > 0 independent of |.

BN .
I : : o



.Weightédvlnequalities for Maximal Functions 511

Proof: Let M, be the maximal functlon defmed by (1.3) and
Mf(z, y) = sup |E@[1 [z, 2)dz, . g B

E™ - o ) .

.

where. the supremum is taken over &ll E(z) € E® containing y. Then obviously,

Mz, y) < Mo M) (2, 9), (x Yy) € R"' x R". @
N Accordmg to (4.1) and Proposition 2.2 we have

f ( [ [ M*{(z, y)] w.(x) dx)m'ﬂ- wly) dy
Ro-\Rm =~

< . ( [ M (M) (, )] wl<x) dx)ﬂ'/m wz(J) dy
R»

--\;cf(

Rn

| Wleofte P @) daplrt) gL

Rm

It reﬁ;ains_ _‘to use Theorem 3.2 with ¥ = R™ and'v = g, 1
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