
Zcitschrifl für Analysis 
und lhre Anwendungen 
Bd. 4 (6) 1985, S. 493-502 

Some Special Inverse . Problems for the Laplace Equation 
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Die Arbeit beschäJtigt sich mit einem speziellen inversen Queliproblem für die Laplaee-Glei-
chung. Eineunbekannte Massnverteilung (Ma13), weiche auf einem vorgegebenen Gebiet kon-
zentriert ist, ist durch die Randwerte ihrcs Newtonschen Potentials bzw. durch die Randwerte 
dessenGradienten zu bestimmen. In Theorem 1 boweisen wir, daB das zweite Problem aul das 
erste zuruckgefuhrt werden kann. Es existieren unendlich viele positive Massenverteilungen, 
die den angegebenen Bedingungen genügen. Deshaib wird auf der Menge alter positiven 
Masse n verteil ungen eine Aquivaienzrelation eingeführt. In früheren Arbeiten studierte der 
erste Autor these Aquivalenzrelation von einem systematischen Standpunkt aus. Um die 
unbokannte Massenverteilung eindeutig bestimmen zu können, sind zusiitzliche Bedingungen 
notwendig. Flier studieren wir den Fall elner harrnonischen Dichte. Weiter zeigen wir, daB em 
Identifikationsproblem für die Helmholtz-Gleichung mit Hilfe unseres speziellen inversen 
Problems behandelt werden kann. 

CTaTbH nocnH1IeIma cr!ejaajlbuoil o6paTlIoft npoGJIeMe IIcTo'LHIIHa, HacaIou.eltcn ypanmmeimiin 
Jlanjiaca. l-leo6oU1Mo IlafITim pacnpeerieuee Macc, CHoHuenTpmiponalIlIhlx mia 3aaHHolt 
o6aacTi1, npmi noMOIIu ipaeimtx 31-1a1eHmlit ero HbloToHcKoro noTeiiIuaJIa, liJul mpaernix 
aHa'iemiü rpajimIeHTa ero HbIoToHcmoi'o noTeHluajIa. 'l'eopeioil I oHa3aHo, 'ITO 1303M0)+{IlO 
cRecTu ISTOpyJO 3aa4y K nepioft. CyRecTByIoT 6ecmoiie'iiio Muoro flOJOH11TC21L1iIAX pac-
npeJeJ1eIlmaf r.iacc, ioopue oTee qaloT 3Jl8HHbIM yciloeHaM. IIoaToMy onpeeiio OTHO 
uiemiiie RBuBaJIemlTHocTM mia M11ofiecTBe Bcex noJ1o+uITenh1Iblx' padnpeeJIeHHfl Macc. B 
EiO1llJIbIX pa6oTax nepubin anop 3aHIINiaacff 3THM oTuoweif iteM 3HBHBaJ!CHTH0cT14 c cucre-
MaTuecIolt Toqim apeHila. mFro6bi wuiosua q uo onpeeium HeuanecTnoe pacnpeeueHiie 
M acc, HaJO IsIcalO q u	n Tb oou(mlTe1bmIbIe ycioBu. 3ecb -,iii paccMaTpllnaeM ciyaft rap-
Mouu4ecHoft nuloTilocTu. AaJIbwe noxaabmnaeM, 'ITO MO-IHO II CCJI eJI.O B aTb 3aLLa' l y lIJLeHTI1I1-
iaiiiu AJIFI ypanuellllH Feib1l'oJibI.a c nOMOu.blO mratiielt dneuua jlbllofl o6paTllofi npo6JIeMbI. 

The paper deals with a special inverse source problem relative to the Laplace equation. An 
unknown mass distribution (measure) concentrated on a given domain is to b'e determined 
from the boundary values of its Newtonian potential or from the boundary values of its gra-
dient. In Theorem 1 we prove that the second problem can be reduced to the first one. There 
exist infinitely many positive mas distributions satisfying the condition under consideration. 
Therefore an equivalence relation on the set of all positive mass distributions is introduced. 
In earlier papers the first author studied this equivalence relation from a systematic point of 
view. To uniquely determine the unknown mass distribution additional conditions are neces-
sary. Here we study the case in which the density of a volume distribution is a harmoniè lime-
tion. Further, we prove that an identification problem for the Helmholtz equation can be 
transformed into the special inverse problem considered. 

1. Some remarks on the inverse source problem for the Laplace equation 

For the Laplace equation it is well known that the measure y with support 
supp /2 Q, where Q lV is a bounded domain, cannot be uniquely determinded 
by the boundary values (see [1-8]) 

G L/Z I8Q11	 .	-.	 (1)
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of its potential GLSU or by the boundaiy values 

grad G I U IQ = g	 - (2) 

•	of the gradient of GLU. Here G. is the Newtonian kernel 

GL(X, y) = --- log	1	
,	x + y, n	2, -2n	jx—yI 

1	1	 (3) 

	

x_y1fl2-. x + y ; n	3, 

wheje a is the surfaëe are 'of a sphere aB(x°, r) with center x 0 and ' radiusi r	1. 
•	The potential GLIU is defined at x € Rn by - 

GLP(x) = f G(x, y)djz(y). -	 S. .	 ( 4) 

Similar facts hold for the heat equation [9] and the potential Gy with respect to a 
locally integrable fundamental solution 0 (see [2, 4, 5, 24]). 

Special measures are	 - 

-	(/) =f /() (y) dy,	dy volume element, -	 (5) 

•	/a(f) = f 1(y) a(y) dS(y),	dS(y) surface clement.	 (6) 
•	 - 

Here /. is an element of C(.), the space -of all continuous functions defined on 
• The dual spade C*(Q) consists of all mbasures v satisfying sipp v 

Since u cannot be uniquely determinedby(1) we introduce fort 0, supp u c Q, •	the set ••	.	
S ••	 -	 S 

() 
=(v	0: suppv, U,.v(x).= OL(X),X 4 Q}.	-	( 7) 

The set	C*(Q) is convex and weakly compact [1-8, 24]. Further we/intrO-



duce the sets  

F-(aQ)= {)	0:suppAc .Q, OL)contifluouS}, 

F(Q) = {= 2-- : )., A2 E F(bQ)},	 • (8)-

{/ € C(Q):-/ = L1., it € F(8Q)}.	 • 

	

•	Special measures A € F(aQ) are the measures ,u0 , cf. (6), where Q is sufficiently 

	

•	smooth and a continuous. Integrating the relation-in (7) with respect to 1 € F(Q)	- - 
• we get  

f OLv dl = jG'i u dl,.- •	 .	 S	 •	 • • ( 9) 
i.e.	

f Gl dv = f GA dz	 .	•	 •	( 91) 

In applications the relation D(Q) = C(Q)-holds which is equivalent to the condi-
tion that Green's function is zero on the boundary [2, 24]. Then (7) can be defined as 

•	 •.(,u)= {	0,: suppvZ, judv= f ud,u,uE H(!')},	 (7') 
where	-	•	-	-•	 .	S... 

H(Q)	{/ E C(): 4/ = 0 on Q}. -	 - .	• -	(10) -
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In the case of the boundary values (2) we suppose thit the gradient of the potential 
GLIU exists on Q and the following conditions are satisfied

 f a 
=	

G(x,.y)d/(y),	j =1, ...,n.	(11) 

Special measures u satisfying (11) are the measures	€ L°°(-Q), defined in (5). 
To get a relation like (9') we consider measures with supp	aQ generating poten-



tials

ayj	
G1 (x, y) dA(x),	j = I,..., n,	 - (12)

• which can be continuously extended on 0 = Q u aQ .. Such theasures are the har-
monic measures u' relative to Q' = R" \ Q, € Q', where,	' solves the Diriehiet
problem at . For the boundary values u(x) = GL(X, y), E Q, we get 

f GL (X, y) d2(x) = f	y) dt'(x) = G 1 (, y).	 (13) 
In 112 we have to apply Green's function relative to a,ball Q 0 c: R2, Q Q. The spe-
cial measures. 2. =-°' satisfy (12) as far as &Q consists only of regular boundary 

• points [2, 14, 24, 28]. 

Theorem 1.: Let QcR', n> 3, be a domain with rnooth boundary OS2, and 
two positive measures on Q satisfying (11) on a set Al	D) containing a.Q. From 

grad GLV(x) = grad G L u(x) for all x E aQ	 (14) 
it follows that	• 

fudr = f ud1z fbr,all. it € I1(!	 (14') 

	

'Proof: Let 2 be a measure on aQ satisfying (12). From	 -	- 

	

•	 --Gv(x)=_-01(x),	j.=1,..-.,i,on&Q	 •	• -xi, axj 

it follows that	 •	

0	 • 

axj 

	

•	f (- f G(x, y) dv()) dA(x) =f (f	y) dv(Y)) d2(x) 

=
 1(f

GL(X,- 	y) d2(x)) dv(y) = --- f(f !_ G 1 (x, y) d2(x)) (111(y)axi

 
('ai—. f GL (x, y) d2	 G' (x)) dv(y) = _f ---	2(y) d(y) 

	

_f0L2(Y)dY .	j= 1,..,n.	
0	

(15) 

We now Consider (15) fbr A = 1u°' and obtain	 -	- 

	

ayjO, y)dv(y) = Payi- 
G, y) dt(y).	 '• 

Since —aaL(, y )IY, =	y)/,a we get	• 

a$j
G1v() 

=	
0LP-(),	i' 1,., fl,	E Q'.	'
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These relations are equivalent to 

grad GLCu - v) = 0 outsideQ. 

Therefore GL(U - v) is constant outside .. Since GLCU - v) (x) -- 0 for lxi -- 00, 
n 3, we obtain GL(t - v) (x) = 0 outside Q.' The boundary aS2 is smooth. There-, 
fore GL(fz - v) (x) = 0 on Q (see [2, 24]). Integrating this equation relative to 
A E F(Q) we get 

f GO dA = f 01y d). or f GLA du = f GL' dv.	
0 

From D(eQ) C(Q) it follows that 

f u dv f u dy for all u E H(Q) I	 (16) 

In 1t2 the same result holds with respect to Green's function GL -Q - instead of G15. 

For t	0 satisfying (11) oil the set M we introduce instead of (7') the-set 

	

= {v € 53(u): v satisfies (11) on M}.	 (17) 

Remark 1: 2,11 (y) is a convex set, and	,(ie)(,u)	C*(Q).	- 

At the beginning of our article we noted that the set (u) usually contains more 
than one element. The same fact holds for the set cM(,u). The mathematicians 
C. NEUI'IANIc (1909) and G. HERGLOTZ (1914) (see[16, 17])studiedthefollowinginverse 
problem in fl2 Let Q c R2 be a domain bounded by an algebraic curve,	the meas-
ure defined in (5), where 0 *(y)\= 1 on Q. Then there exists a measure v0 € 2(,u,-)
concentrated on a curve joiningthe foci of the algebraic curve aQ [16]. En the case 
of an ellipse the measure v0 is concentrated on the line segment joining the two foci. 
Similar facts hold in R3 for rotating bodies. In his paper G. HERGLOTZ [16] proved the 
first uniqueness theorems in R3 for the inverse source problem of the Laplace equa- 
tion. Further uniqueness theorems for the inverse source problem can be found in 
[2, 4, 10, 13, 21, 22, 27, 28].	 5 5 5 

To apply functional analysis we introduce the solution of the i)irichlet problem ais 
a projection A on 0(Q) and use its dual transformation (projection) A* on C*(Q). 
The transformation A* contains the physical information and plays . a fundaniental 
role in our considerations. 

For simplicity let a.Q be sufficiently smooth. Fdr an arbitrary domain the solution 
of the Dirichlet problem can be found in [15, 24, 28], the latest results in [28]. Let 
fEC(Q)and	

0	

0 - 

A/(z) =f/(y) P(z, y) dS(y) = 11(y ) du°(y ),	z E Q,	 S 

Al(y) = 1(y),	y 	Q,	 (18) 
O where	-	 S 

duJ(y) = P(z, y) dS(y) = -	 dS(y),	 (18') 

G,11 is Green's function of Q, n, the exterior normal at y € SQ. if f €H(Q) then 
A/(z) = f(z). Further, let	 0 

S	

(f, i) = f / d/L,	I.E 0(Q),	a € C*(Q).

The adjoint mapping A*: C*(Q) i* C*(Q) is defined by 
S	 (Al, a ) = (I, A*u),	.	 ( 9) 

S.	
S
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where the so-called swept-out measure A*1s is concentrated on Q. For A* one often 
• writes 171u (see [24]). Let nov u ^ 0, supp ,u	Q. Then the relation 

-VCU)	(A*)-i (ii)	 -	 (20) 
holds. In the case of a smooth bouiidth-y and a positive measure v from (18) and (19) it 
follows that 

dA*v(y) = (f P(z, y) dv(z)) dS(y).	 (21) 
If v	â, zE Q, we obtain dA*6(,)	d,u(y), the harmonic measure., The special 

•	measues	= 1 on Q, studied by C. Neumann and G. Hergiotz satisfy	= 0
in Q. Further, the boundaries bQ are analytic carves. It is very useful to consider - 

•

	

	more general measures iUe defined in (5) satisfying e E H(Q), and to study the sets 
c(jt). Such special measures play an important role in applications [10, 18, 22, 25, 
26]. From (18), (19) and (21) it follows that	 - 

(1' At) = f-f(y) (f P(z, y) e(z) dz) 'dS(y) 

	

= f 1(y) (f P(z,y) (f P(z,.t) 90 (t) dS(t)) dz) dS(y)	
S 

Q	Q OD -S 
•	

0•	

= f /(y)( jeo(t) ( f P(z, y) P(z, t) dz) dS(t)) dS(y) 
D	Q	U 

= f (j Q(y, t) (t) dS(t))/(y) dS(y),	 • (22) 
'5-	 øQQ•.	 S 

where	'	 5	 - 

Q(y, 0 =f P(z, y)P(z ) t) dz;	y, t € Q.	.•	 -	 . (23). 

'Lt.  

-	T(/)	f Q(y,t)o(t) dS(t).	
:	

(24) 
OD 

We have proven the following theorem 

•

	

	Theorem 2: Let Q c R" be a bounded domain with sufficiently smobth boundary
Q and P the kernel defined in (18). Further, let o be a harmonic/unction from H(Q). 

• Then the surface density O of the swept-out measure A*u= y, is given by (23), (24), 
where 00 is the restriction of on Q. •	 •	S	 •	 ,-

2. Some remarks on identification problems 

•	In 1967. and 1970 J. BONY (see [14: p. 96]) proved the following theorem. Let 
Lu =Ea,D0u	 •	

•	 (25) 
•	 .	 •	 -	 - 

be a linear elliptic differential .operator of secopd order, where the coefficients a - 
defined on an open set Q	R" are continuous and the coefficient of -u is negative:
Further, let Mu be a second linear elliptic differential operator with continuous 
coefficients defined on Q. If for all u satisfying Lu = 0 it follows that Lu = Mu = 0, 
then the relation	

•	 S	 S 

• •	• LU = h0Mu	
•	 S	 -	 .	 - 

(26) 
-	holds, where h0 is a continuous function.	• ••S 

32 Analysis Ed. 4, Heft 6 (1985)
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If the solutions u of Lu = 0 are not known on a ball B(x°, r) Q then the coef- 
ficients a cannot be uniquely determined. 'In R' we consider the following counter-
example. Let x and 1 be a fundamental , system of Lu = u". Further, let 99, q 
€ C°(RI ) be two functions satisfying supp 99j  B(x°, r). Now we consider the two 
fundamental systems 

'u1 =x +1,	i=1+9,	 (27) 

v1=x+q'2,	v2 =1+922 .	 ( 28)

Using the Wronskian we can construct the linear, differential operator 

Liu	u"(l + 92(x)) + u'91 (x) + u90(x)	 - -	 (29) 
and	-

L2u = u"(i +h2 (x)) + u'&1 (x) + uh0(x)	 (30) 

having u1 , u2 resp. v1 , v2 as fundamental system. Here the g, and h, are zero outside 
B(x°, r). For x j B(x°, r) L1u and L2u have the form - 

L1u=L2u=u".-	 (31) 
Thereexist infinitely many different differential operators producing on R 1 . \ B(x°, r) 
the same differential operator. The same construction holds in Rn relative to the 
Laplace. operator and solutions depending only on r. To construct counterexamples 
for more general differential operators the methods of J. Bony can b6 applied. 

In applications these results are important. The solutions u of ha = 0 are not 
known on the whole domain Si It". Without additional information coming from 
the applied problem the coefficients a cannot be uniquely determined.	- 

3. A special-identification problem for the Helmholtz equation 

We shall see that an identification problem for the Helmholtz equation is governed 
by the same kernel Q defined in (23). This kernel wasintroduced in [3] the first time. 
Let'	 S 

u±q(x)'u=0	 (32) 

be the Helmholtz equation, where u satisfies on c9.Q the boundary condition ujajQ = h. 
Further, let u = u1 + u2 , where LU I = 0, ulIQ = h. Then u2Ia = 0 and 

Au. +q(x)u1 +q(x ) u2=0 . -	 -' '	 ( 33) 

Following V. G. Ror1ANov [23] we consider the so-called linearized problem neglec-' 
'ting the term q(x) u2	- 

u2 + q(x) u 1 = 0,	U2IØQ = 0.	•'	"	 (34) 

In this case q(x) u2 must be sufficiently small. If u 1 = 1 the solution of (34) is given 
by	-	-	 - 

U2(X) = f GL(Z, x) q(z) dz,	-	- -	,	( 35) 

where G 1 is the -Green function of Si. To uniquely determine q additional conditions 
•	are necessary. In the , following let q be a harmonic function, i.e. iq = 0 in Si. Using

(18)- and Fubini's theorem we get'  

- u2(x) = f (f GL(Z, x) P(z, 1) dz) q0(t) dS(t).	 (36)
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•	To determine q0 we can use the following condition	 . . 
-S 

--i---	 =g.	
S	 (37). 

•	 UftSaQ	
0	 - 

From (35), (36) and (37) it follows that	.• 

g(y) = f Q(y, 1) q0(t)dS(t),	 ..	 (38)

where Q was defined in (23). Equations (24) and (38) have the form 
b(y) = Tk(y) = f Q(y, t) k(t) dS(t).	 .	

-	(39) •	.	,-	.	 . 

At the end of this paper'we shall write down the concrete formula of T and T' 
for a ball B(x°, r) c: R2 . The complete study of this transformation, especially its 
inverse transformation ic = T'b, can be found in [19, 20]. 

4. Properties of the kernel R	
S	 r 

Let Q c R" be a bounded domain with smooth boundary and v a measure on 
Then the swept-out measure A*v concentrated on aQ has the form (see (21)) 

dA*v(y) = a(y) dS(y) where a(y) = f P(z, y) dv(z). 
In particular,. if the measure v has the form	 S 

—	 dvp(z) =P(z, t) dz,	t	Q,	 .	 (40) 
then the swepout measure is given by its density	.	,• 

Q(y,t) =f P(z, y)P(z, t) dz; y, t E 3Q. . . (41) 

Furthermore, if Q is the ball B(0 1 r) c R2 one can find a measure v0 € (vp) on the. 
line segment joining 0 and t. This procedure is an analytic continuation for the poten-
tials considered.	 S 

Theorem 3: Let B(0, r0 ) c R2 be a ball and t € aB(0, r0) a fixed point.The measure 
Vp defined in (40) can be replaced by the measure	S	 •	 S 

dv0 (z) = - dâo(z) =.-.- ds 

concentrated on the line segment Ot joining the points 0 and t such that	ô € (Vp), 
i.e.,	 •	 ,	

S	 •	 S 

Q(y,t) 
=	

P(, y) d6(v) =	P (s L ,	ds. •	•	(42)	•
ro 

Proof: In polar coordinates the kernelQ has the form  

	

Q(y, t) = f P(z, y) P(z, t) dz = f f P(z, y) P(z, t) dS(z) dr,	 (43) 
S	 r=O ôBtO.r	

• 

where z € aB(0, r). Further	• S	 •	 .	

5	 5 

•	1 r 2 —z 2	1 r2—r2 
P(z t) = --- °	= -	..	 .i	(44) 2nr0 2 - tJ 2	2nr0 Iz — t1 2 • 

32*
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We no	fix r <r0 and apply the Kelvin transformation [15] t i— t* = L w
To

relative 
to the circle eB(0, r). The following relation holds for z € aB(0, r) 

r	kI	LIV. 
-

V	
V z -- t

V 

V

V 

V r02.
V 

Hence it follows that	
V	

V	 V 

V 

•	 V	

V	 V . '

( ro) 2
V 

V 

1	r02 --- r2 = V T	1
V (45) V 

2,-r0 it -	I 2	r0 2rr
z--t

.2 
V 

•	 V	
,

V	 V

V 

V	 Let pB(O.r.) be the Poisson kernel relative to B(0, r0). Then (45) can be written in the	V 

form	
V	

V	

•V	 V 

pB(O.r)(	,t) = L. pB(O.r)(g*, z).	.	.	V (46) 
To . 

V	 Using (46) we obtain	 V	 V 

V	 f	ViB(O.ro)(Z, y) pB(O .ro)(z , t)dS(z)	V	 V

V 

ØB(O.r)	
V	

V	

V

V - 

V	

.	 f	B(O.t.)(, y) L pB(o.r)(t*, z) dS(z) = -- PB(O.ro)((*, y) (47) 
V 

•	

V	 . 

V	 B(O,r)  

V	

, V	 From (43) and (47) it follows that	V	 V	
V	 V	

V

V 

V	
V - Q(t) =f P(z,y)P(z,t)dz=fP(toY)dr	

V 
V	

V

V - 

B(O.r0 )	 r=O	
V	 V

V V 

V	

V	

VV	 fPV(t,.y),_Tdr=fP(s.Ly)ds 
2 r02

V

ro 
V	

V	

=	
fP(	y) dô() I	V	

V
(48)	

• 

• 

V 

V	

V	 V	 Remark 2: In the case of m points ti,	I	€	B(0, r0) the measure	
V

'V	 • 

•	 dvp(z) = (a j P(z, t)	+ amP(z, tm)) dz, I	 , (49) 

where aj ^ .0, a	± am =1 and	= a1&+	+ am&,,,, can Vbe replaced by 
V

the measure	
V	 •	

V V 

ro 
vo =	- (a 1	-I-	+ am5 m ) E	(vp, );	V	 r	V

•	 (50)	
V	 V 

Similar results hold relative to  V
V	

• dvp10(z) = f P(z,t) d,u(t),	
.	 V (51) • 

V 

•	

-	 where 1u is a positive measure on aB(0, r0) satisfying fd.0 = 1.	•

•	 V 

•	
•	 Lety	r0 00 , I = ro e'.. From- (42) it follows'that	n •	 V 

ro-	 V	
•	 V 

Q*(	) = Q(y 0	
f27ro r	+ T2 (52)
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Using the abbreviation 1 = - we get	 . 

Q*(j) _Lf 
2	

(ro2 - r2)	
dr.	 (53) 

-'	 4jrr0	r0 + r - 2r	1 0r cos 	. 
•	 r=o 

The transformation defined in (39) has the.form	 :. 

-	b() =Tk() =ro fI( - 1) Q*(l) di.	.	...	 (54) 

•	Its inverse T- 1 is given by [19, 20]:  

k() =	 [b(fi) +	 1) log 2 sin	di].	-	(55 

The inverse contains derivations of the second order. The problem to replace a given 
surface distribution by a volume distribution with harmonic density is ill-posed with 
respect to the topology of C(Q). It is well known that most problems in applications 
are ill-posed problems [5-8].	 . 0 

'The results of paragraph 4 were proved by the second author, the'other.ones by. 
the first author. 
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