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Some Speclal Inverse Problems for the Laplaee Equatlon

- and the Helmholtz Equatlon

G. AxcEr and E. KLEINE N

Die Arbeit beschiftigt sich mit einem speziellen inversen Quellproblem fiir die Laplace-Glei-
chung. Eine unbekannte Massenverteilung (MaB), welche auf einem vorgegebenen Gebiet kon-
zentriert ist, ist durch die Randwerte ihres Newtonschen Potentials bzw. durch die Randwerte
dessen: Gradienten zu bestimmen. In Theorem 1 beweisen wir, daB das zweite Problem auf das
erste zurickgefithrt werden kann. Es existieren unendlich viele posmve Massenverteilungen,
die den angegebenen Bedmgungen geniigen. Deshalb wird auf der Menge aller positiven
Massenverteilungen eine Aqmva]enzrelatlon eingefithrt. In friheren Arbeiten studierte der

erste Autor diese Aquivalenzrelation von einem systematischen Standpunkt aus. Um die

" unbekannte \‘[assenvertexlung eindeutig bestimmen zu konnen, sind zusitzliche Bedmgungen

notwendig. Hier studieren wir den Fall einer harmonischen Dichte. Weiter zeigen wir, daB ein
Identifikationsproblem fir die Helmholt,z Gleichung mit Hilfe unseres spcnellen inversen
Problems behandelt werden kann. - :

Cl‘aTbH MOCBAINEHA cMeynanbroit obparnoit IIpOG.'IC\lC HCTOYHHKA, hacaxouxeiicn YpaBHeHUA

Jlamiiaca. HeoGxomnmo HAATI pacmpenejiedne Mace, CKOHUEHTPUPOBAHHEIX HA 3aMaHHOI

06nac1'n npit l'IO'\lOlIII[ ‘KpacBhHIX 3HAuCHIIT ero HblOTOHChOl‘O no1‘euuuana I KpaeBBIX

3Hauenuit rpagnenta cro HpoToucroro norennuana. Teopemoit 1 ;101('13aH0 "UTO BO3MOMKHO

CBECTH BTOPYIO .3d;(a4y K nepBoit. CywecTByloT GeckoneuHo 'MHOTO TOJIOAHTCALIHX pac-
opefiesien it Macc, KOTOpLIE OTBEYAlOT 3alanHeIM ycaosuam. [TooTomy onpepensiior '0THO-
WeHHEC DKBHBAJEHTHOCTH HA MHOMKECTBE BCEX MOJOMMTENLHLIX' PACHpeseneHitl Mace. 'B
MPOUITEIX PaboTax Mepsbit ABTOP 3aHIMAJICA 9TUM OTHOLUEHHEM IKBHBAICHTHOCTH C CHCTe-
MaTHUYCCKOI . TOUKI 3peHuA. IToGbl ONHO3HAYHO ONPpesenuTs HEH3BECTHOE paclpefeseHie

MAacC, HAJ0 BHKIIOYMTH [HOINOIHNTENbHBE YCTOBHA. 3HeChb Mbl patcmaTpuBaeM caywalt rap--

MOHH‘leCKOn MJIOTHOCTH. Hanbme AOKa3bIBAEM, UTO MOKHO HCCJIE10BaTb Sd,la‘ly ll’lOHTH(I’)II-

’ Kaulm naa ypasHenis TeJpMrosbua ¢ HOMOWBIO Halleit creUHanbuoN oGpaTHoii npoGne\m

The paper deals with a special inverse source problem relative to the Lapluce cquo.t.lou. An
unknown mass distribution (measure) concentrated on a given domain is to be determined
from the boundary values of its Newtonian potential or from the boundary values of its gra-
dient. In Theorem 1 we prove that the second problem can be reduced to the first one. There
exist infinitely many positive mass distributions satisfying the condition under consideration.
Therefore an equivalence relation on-the set of all positive mass distributions is introduced.
In earlier papers the first author studied this equivalence relation from a systematic point of
view. To uniquely determine the unknown mass distribution additional conditions are neces-

sary. Here we study the case in which the density of a volume distribution is a harmoni¢ func-

tion. Further, we prove that an identification problem for the Helmholu equu.tlon can be

. transformed into the special inverse problem considered.

N

' 1. Some remarks on the inverse source prohlem for the Laplace 'eqliation

For the Laplace equation it is well known that the measure u with support
supp u <= Q, where 2 < R* is a bounded domain, cannot be uniquely determmded
by the ‘boundary values (see [1—8]) .

Goulan =9 . ‘ : - . _ (1)
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_ of its poténtial GLu or by the bbundai‘y values

grad Giulag =g o )
of the gradient of Gy u. Here Gy is the Newtonian kernel _ o

Gz, y) = o | ‘ -2

1, y) = 5 log E—a * Y. 7»?.= , )

) _— ‘(3)'

(n —2) w, |z —y["*".

' ”GL(;_C_::I/)= 'x#y,'ng?q,

1

‘where w, is s the surface area of a sphere 0B(29, r) with center z0 and radlus r= 1
The potential Gy u is defined at z ¢ R” by . :

Gunta) = [ Gy duty). - (@)

. Similar facts hold for the heat equation [9] and the potential Gu w1th respect toa’
locally integrable fundamental solution @ (see [2 4,5, 24])
Special measures u are ,

wlh = [ [ e dy,  dyvolumeelemens, (3
1a(f) = [1(y) oly) dS(y), 5(y) surface olement. - (6)
. . Yo . . .

~ Here f.is an element of C(Q) the space.of all continuous functions defmed on 2
-The dual space C*(Q) consists of all measures » satisfying supp » = Q. .

Since u cannot be umque]y determined. by (1) we introduce for u = 0, supp p — @,
the set . B S

CBu) = = {v 2 0: suppv = 2, Gl v(z). = GLu(z), z ¢ Q} . o (;])

The set Bu) = C’*(Q) is convex and weakly compact [1—8 24]. Further we) intro-
duce the sets ‘

FHo0) = {/ = 0 - supp AC 00, OL) contmuous}, A
| FER) = ti= o hat iy de € FHOQ), e
D(9) = {f € aQ) f = G2, & € F(oQ)}. '

Spemal Tneasures 4 € F(@Q) are the measures p,, cf. (6), where 99 is sufflclently
smooth and ¢ continuous. Integratmg the relatlon in (7) with respect to 1 € F(0Q)
we get ' - . N

fGI’Vd)—fGlud) C . . o : o (9)

f(q/dv fGL/d,u, » ) g (9/)

In applications the relation D(@.Q) C(o.Q) holds wluch is equlvalcnt to the condi- -
tion that Green s function i is zero on thc boundary [2, 24] Then (7) can be defined as

- Bu)'={» = 0: suppvc .Q, f udv = fud,u_, u € HQ)}, (7)
where o : - ' ' ‘ o

:))'—{fEC ‘A/—O on Q). 4 - ‘(10) N

.
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3

In the case of the boundary valucs (2) we suppose that the gradlent of the potentlal
GL,u exists on 92 and the followmg condltlons are satisfied °

. v

Specml measures u satisfying (11) are the measures j,, 0 € L*(Q), defined in (5).
To get a relatxon like (9' ) we con51der measures A with supp 2 < 002 generating poten-
,tlals . L

_/.G,(m y)d, =1,..,m, ‘ o a2

" .which can be contmuously extended on @ = Qv 292. Such measures are the har-
monic measures ¢ relative to Q' = R* \ @, & € 2', where 1?2 solves the Dirichlet
prolg]cm at & Tor the boundary values uw(x) = GL(x Y), ¥ € 2, we get

[ Gulz,y) dife) = [ Gul#, ) due® ()—m, Y). o Ty

In R?we have to apply Green s function relatwe to a,ball Qo — R?, Q=0 Qg. The spe->
cial measures 2 = p 7 satlsfy (12) as far as 60 consnsts only of regular boundary
'pomts [2, 14, 24, 28]. :

Theorem 1: Let 2 — R" n > 3, be a domain with smooth boundary 09, v and ,u
two positive measures on Q satzsfymg (11) on a set M C 2 containing 052. From

: grad Gv(z) = grad GL,u(x) for all z € oQ o . (14)
it /ollows that = .. : < ’ ' o
fudv = fud,u for, all u € H(Q) R ' ) (149

Proof Let A be a measure on 20 sat,lsfymg (12) From .
.8—2:,~'G_L11(x) = 8_2:, G'L#(?«?, _ 7._..'1, e n, on 8Q S

it follows that . - " e ‘
(5 [ e ew) de f(f— G y)dvu))d/( 5 L
= f ( f a—x,GL(x’ ) d).(x)) dv(y) = — f ( f %GL(%’ y,)vdi-(‘x)_') dv(y)

0 ) L . :
- —IE—. GL’~(?/) du(y), . j=1, RS , ~ {15)
We now consnder (15) for A = p; and obtain

—f—c (&, 9) dvly =—f‘—GL<e,J>du<y) o .
Since —60L 5, Yoy, = aG’L &y /65, we get '

S

Gl.”(‘f):a—g.
S 06

7z
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. These relations are equivalent to
grad G (u — v) = 0 outside 2.
Therefore Gy(u — ) is ‘constant outside 9. ‘Since Gr(u — v) (x) = 0 for |z| — oo,
n = 3, we obtain G (u — ¥) (x) = 0 outside 2. The boundary 212 is smooth. There-.
fore - Gr(u — v) () = 0 on 982 (see [2 24] Integratmg this equation relative to
i€ F(0R2) we get ‘

fGL/I. d/. = f GI’V d/.. ‘0 f GL) dlll. = f CL/ di'
‘From D(62) = C(22) it follows that ' - ‘
[udy= [udy forall uecH@O) W )

In R? the same result holds with respect to Green’s function G2 instead of G\.
For u = 0 satisfying (11) on the set M we introduce instead of (7') theset

Barlp) = { eﬂ(y) v satisfies (i1) on M. E . (17)
Remark 1: By (p) is a convex set and &?M(p) = B(u ) C*(f—)). ' ‘

At the beginning of our article we noted that the set ﬂ(,u) usually contains more
than one element. The same fact holds for the set Jy(x). The mathematicians
C. NEUMANX (1909) and G. HERGLOTZ (1914) (see[16, 17])stiidiedthcfollowinrrinverse ,
problem’in R2. Let 2 <= R? be a domain bounded by an algebraic curve, p,e the meas-
ure defined in (5), where o"‘(y) = 1 on Q. Then there exists a measure vy € B(u,)
concentrated on a curve ]ommrr ‘the foci of the algebraic curve 002 [16] In the case
. of an cllipsc the measure v, is concentrated on the line segment joining the two foci.
Similar facts hold in R3 for rotating bodies. In his paper G. HERGLOTZ (16] proved the
first uniqueness theorems in R3 for the inverse source problem of the Laplace equa-
tion. Further uniqueness theorems for the inverse source problem can bc found in
[2, 4, 10, 13, 21, 22, 27, 28]. '

To apply functlonal _analysis we introduce the solution of the Dirichlet p_roblem as
a projection A on C(£2) and use its dual transformation (projection) A* on C*(Q).
The transformation A* contains thc physical information and plays a fundamental -
role in our considerations.

For simplicity let o2 be sufficiently smooth. ]*or an arbitrary domain the solution
of the Dirichlet problem can be found in [15, 24, 28], the latest results in [28]. Let
fe C’( Q) and :

/Mz=fﬂumwd&w=fﬂm@wwx z€Q, -
: A N :
Afty) =1(3), y€oL, : : o (18)
. where : ‘ . I : o
. R e . .
duo(y) = Pla ) dsty) = — 2L CD gy, - (18)

on,

(12 is Green’s furiction of Q, n, the exterior riormal at y € 0. 1f f € H(Q) then
Af(z) = f(z). Further, let N ) : .

(f, w) ffdﬂ, IS 0(!—2 u€ C¥(Q).
Thc adjoint mapping 4*: C*(Q) = C*() is defined by
(Af, ) = (f, 4*), . (19)

\
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where the so-called swept-out measure A*,u is concentrated on 32. For 4*u one often
writes [Ty (see [24]). Let now u = 0, supp u < 982. Then the relation .

CBle) = (A% () . " (20)

holds. In the case of a smooth boundary and a posmve measure » from (18) and (19) it
follows that .

\

aavwy) = ([ Py be) ds). | : (21>
Ifv=24,z2¢ Q ‘we obtain dA*s (Y) = du. ”(y) the harmonic measure. The special
measues Uov» 0* = 1 on Q, studied by C. Neumann and G. Herglotz satisfy Ag* =0

in Q. Further, the boundaries 942 are analytic curves. It is very useful to ‘consider i
more general measures u. defined in- (5) satisfying ¢ € H(Q), and to study the sets
B(te)- Such special”measures play an important role in appllcations [10 18 22, 25, .

N 26] From (18), (19) and (21) it follows that

-

(h A%) = ff(y)(f P(zy Je@ddSty) . -

= f 1(y) (f P(z, y) ( f P(z..4) oot) riS(z)) dz) dS(y

= [ i)( f ot ([ Ple.y) Ple.t) dz) dS(t) dS(y) )
= Q(y,t)eo(t s asw, . @)
. - - ('/‘Q 60 ~ ~ ' .
where ' , A T o
Q. t) = [ Pz,y) P, ) dz;  y,t€ aQ. LT ey,
- ) = [ Qe dS). | , S e

We have proven the followmg theorem.

Theorem 2: Let 2 — R® be a bounded domain wzth su//zczently smooth boundary .
082 and P the kernel defined in (18). Further, let p be a harmonic’ /unctwn from H(L).
- Then the surface density o, of the swept-out measure A*up == o, is given by (23), (24),
where 00 18 tke re.strzctzon o/ oon 9R. ‘ / ‘ :

. 2 Somb renfarks on identification problems ' _ -
In 1967 and 1970 J. BONY (see [14: p 96]) proved the followmg theorem Let

Lu = 2 a. D% oo . . " (25)
lals2 ‘ . S .

" be a linear elliptic differential .operator of second order, where ‘the coefficients Qq
defined on an open set £ < R" are continuous and the coefficient of « is negative.
Further, let M« be a second linear elliptic differential operator with continuous
_ coefficients defined on 2. If for all u satisfying Lu = 0 it follows that Lu = Mu =0

b

* then the relation

, . . 7
= hoMu . ] A ) \ . . K (26)
holds, \vnere hy is & continuous function. : I . .

32" Analysis Bd. 4, Heft 6 (1985)
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. If the solutions » of Lu = 0 are not known on_a ball B(z? r) < 2 then the coef-
ficients a; cannot be uniquely determined. In R! we consider theifollowing counter-
example. Let z-and 1 be a fundamental system of Lu = . Further, let ¢,, ¢,
€ C(R') be two functions satisfying supp ¢; — B(z?, r). Now we consider the two
fundamental systems

Cuy =2+ ¢y, U =1+ g, . 3 L : (27)
=2+ @, vé=1+?’2~' ' A (28)
Using the Wronskian we can construct the linear differential operator PR
‘L,u = u”(l =+ gz(x)) + u_'gl(x) + Wq(x)' - L J(29)
and ) ' : . :
Lo = (1 + 1o(2) + whi(@) + who(2) - (30)

having u,, u, resp. v;, v, as fundamental system. Here the g; and h; are zero outside
B(:z:" r). For z ¢ B(2°, r) Lyu and L,u have the form o . ;

Llu_Lzu-—u Co : - ' (31)

There-exist infinitely many different differential operators producmg on RL\ B(z2, r)
"the same differential operator. The same construction holds in R” relative to the
Laplace. operator and solutions depending only on 7. To: construct counterexamples
for more general differential operators the methods of J. Bony can b¢ applied.

In applications these results are important. The solutions » of Lu = 0 aré not
known on the whole domain 2 < R®. Without additional information coming from
thc applied problem the coeffxclents a, ca.nnot; be uniquely determined. ~

3. A specia-l'identificatioh problem for the Helmholtz eq’uation

We shall see that an identification problem for the Helmholtz equatlon is governed
by the same kernel @ defined i in (23). This kernel was'introduced in [3] the first time. -
Let - .

Au + g(z) u = -0 : ) ' : ) (‘32)
be the Helmholtz equation, where u satisfies on 20 the boundary condltxon o = h
Iurther let u = u, + u,, where Au, = 0, u,|a0'= k. Then Uy|ae = 0 and

A%+ﬂ@m+ﬂﬂw—0 R - (33)

Followmg V. G. Romaxov [23] we c0n51der the so-called hnearmed problem nealec-\
ting the term g(z) uy ‘

By + q@)uy =0,  wlag=0. - o - (34)

In this case q(x) u, must be suffxcncntly small. If ;, =1 the solutlon of (34) is given

by . . .
uy(z) = f GL"(z, z) q(2) dz, - . (35)

where G 9is the -Green furnction of 02.To umquely determmo ¢ additional condltlons
are necessary. In the following let ¢ be a harmomc functlon i,e.Ag = 0 in 2. Using
(18y and Fubml s theorem we get :

up(z) = _“fGWz@P@U&MNM&t ' O (36)
. 89 Q. . . :

’
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To determine ¢, we can use the following condition

LT T
" “From (35) (36) and (37) it follows that - - -
=Jewnawas, "~ S )
where @ was defmed in (23). Equations (24) and (38) have the form
) =Ty = [ QG0 KOASY. - ()

/

At the end of this paper we shall write down the concrete formula of T and T-1
for a ball B(z° r) < R2 The complete study of this transformation, espe01ally its
inverse transforma,tlon k = T, can be found in [19 20] S

. 4. Properties of the kernel R oo T r

Let Q — R" be a bounded domain with smooth boundary and » a measure on 0.
‘ Then the swept- out measure A*» concentrated on 92 has the form (see (21)) -

A*v(y) = O'(J) dS(y) where aly) = fP(z, y) dv(z).
In particular, if the measure » has the form :

. ST o)

dvp(z) ~_—/'P(z, t)ydz, ¢ € 00,
then the sWepQ out measure is given by its density - 4 -~
’ Q. = j P(z Y) P(z t)dz;  y,tedn. : (41)

I‘urthermorc if Q is the ball B(0, 7) — R? one can find a measure vy € ﬁ(vp) on the,
line segment joining 0 and £ ThlS procedure is an analytic continuation for the poten-
tials considered.

Theorem 3: Let B(0, 75) < R2 be a ball and t € 8B(0, ry) a fized point. The measure
vp defmed in (40) can be replaced by the measure

1
dvg(z) = D 5 40Gi(z ) ) —ds

7

concentr,ated on the line segment ot joining the points 0 and t such that -2 To 60¢ E (ﬂ(vp) o

””, 4 '
Q<7/’ =_f (¢, ¥) ddgi(v ———-—f (8—, ?)ds ’ : .(42)

Proof: In polar coordmates the kemelQ has the form

o . . ¢ . . .
Q(g/, jPz y) P(z, z) dz= [ [ Pz, y) Pz, t)dS(z) dr, (43)
) r=0 3BO." i : b
- where 2 € 3B(0, r). Further
. 12 — 212 1 72 — 12

o | P(z’t)=2n:ro [z — ¢t)? =2nro z — 2 "

L (44)

32%,
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' 2
. We now fix 7 < ro and apply the Kelvm transformation (15] ¢ > t* = —; ¢ relative
to the circle 2B(0, 7). The following relation holds forz € 6B(O ry . 7o?
ol i e B
o |, .
702 -
Hence it follows that
. ) r2\2
R S i } . ) .
1 r—1r* r 1 (ro) ’ . . '
s T RS (45)
rcro t — 2| re 2ar 72 8’2 . ' '
7o2 |

Let PB4 be the Poisson kernel re]atlve to B(0, 7,). Then (45) can be written in the -
form

.PB(O.u)(;; ’t) — 7‘1 PB(O,r)(tx_k’ z) - . . . . (46)
To . ) , !
Usmg (46) we obtam . o N I .
f PB‘°'°)(z y) P8Oz, t). dS(z) -
B0, _ .
PB(Or.)(z y) PB(Or)(t* 2) dS(z ) _r PB“”"’(t* ", 3 .
o 3B(0.r) . - R

From (43) and (47) it follows that

. s . -
Q(y;n:f,P(z,y)P(z,c) = [Zp(Sng)ar
- . To 7o~ K .
. B(0.10) , r=0 . - .
Te Te o . o
1 2 - \'2r 1 ¢ .
"2 plGus) =g [Plie
=0 =0 - - . )
o {. :
=2 [P ) 55 8 . . (48)
Rémark : In the case of m pomts tl, ..t € 8B(0, 75) the mcaéu.re . N
 de(e) = (P t) + o+ P b)) dz, | o (49)

'whercv'ai =0, a .0+ a,m =1 andv,u = a0, + -+ + @by, can-be replaced by .
“the \mea-sure ' : : ' g

oy = ’_0 (aléa‘ g + améo:,,.) € ﬂ(v‘p”) P . : (50)°

’ : -

' Similar results hold re]atnve to .
Cdvp,(2) = [ Pz.t) dult), ' . i (51)
where u is a posmve measure on 8B(0, 7,) satisfying f du = 1. '

i

Let,-‘y =7, e‘“, t= ro e‘ﬂ., From (42) it follows that

r=0

'1 - 1 (ro? —'7'2) \ S .
Q*(o‘ ﬂ) Q(‘/’ T2 f-Z_n?o T2 + 72 — 2747 cos (x — f) ar. . - (52)
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Using the abbreviation I = « — Bwe get’
N . . e - : : M -, .
1 (re* — 1%) o . :
*(l) = — . . . 5
K e*l) 47l’of7'02 + 72 — 27¢r cos ldr'. - ( 3).

- r=0 ~ ’ .

The ﬁransformation defined in (39) has the form

—

S ma)—rTua.—rofkww—l)Qﬂudl R g [«wa

Tts i inverse -1 1s glven by (19, 20]

2

Mm:rwmzzbw+ fwwmmmzm—w.“-wm

.

The inverse contains derivations of the second order. The problem to replace a olven
surface distribution by a volume distribution with harmonic density is ill- posed with
respect to the topology of C(f2). It is well known that most problems in apphcatlons

are ill-posed problems [5—8]. s :

*The results of paragraph 4 were proved by the second author, the other ones by.
the first author '

’

¢
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