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Interpolation by Special Exponential "Polynomials!)

L. BErG S - S

Untersucht.werden die Verzweigungseigenschaften der nichtlinearen Int,erpola.t,lon durch ein
mit emer Exponentialfunktion multlpllzlertes Polynom. .

M3y4aloTcs  CBONCTBA PA3BETBICHMA TPOGIEMH HEJUHeAHON WHTEPIONANMH MHOLOYIEHOM, ~ .
_ YMIOMEHHBIM axcnouenuuanbn‘oﬂ dyuxuest. :

There are investigated the branchmg properties of the nonlinear interpolation by a polynomlal -
multlphed with an exponential funct,lon . ’

For given n + 2 points in the real plane .
(ti, ?l’)!‘ i=0:‘1: "':n+ 17 M

with' =10 < t', <t < < .+, we consider ‘the special 'exponenti'al pblyno_mia.ls

PO = Py L W
j=ot : ' :
and try to determine the real coefficients Yy, '---s Yn, & in such a way that
TP =2, i=1,..,n4+ 1. : ' (2)

. , T ..

Moreover, we always choose ¢y ="z, so that (2) is also satisfied for z = 0. .
Approximating values ¥,, ..., ¥,, Z for the assumed solution of (2) can be improved

by means of Newton’s method (cf H: SCHWETLICK [2]), calculatmg the differences t

. the 1mproved values y; 4 AJ, and z + Az from the lmear system - ' .

th’A?/,+Zyt’+‘Ax——ZJ,., T (3).
i= - j=0 :
i=1,2"..,n+ 1. The determmant D of- thm system reads D = y,4, where A is
Vandermonde s determinant of the n 4 1 points ¢; with > 0 multlplled by ¢, ..
" (cf. (8) later on). Since 4 is fixed and always posmve D= 0 is p0551ble if and only
if y, = 0.

In what follows .we dlscuss the situation in the nelghbourhood of the branchmg
point y, = 0; where Newton’s method usually breaks down numerically. The results
are very lucid and may give some quahtatlvc inside i in similar nonlmear a.pproxxma-
tion problems. . - .

We always exclude the, trlvml case.zg = - = 2,4, = 0 with yy = .- =y, = 0
and an arbltrary z, and wnthout loss of gcnerahty we assume 2y = 0.

-

o

' ') The author is indebted to Prof. Dr. H Schwetlick (Hnlle/S ) for improving the text by some
critical remarks.
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1. The case n = 1

RERY

Forn =10 eq'ilation (2) reads z, e‘l‘l- = 2;. If 25z, > 0 we have the unique solution

- otherwise. there existé no solution.
For n=1 the systcm (2) reads

(Zo + ./131) e*h =z, (Zo -+ ylt2) 0"' = 23, . (4)

which for zez;z, = 0 after elimination of z 1mplles the equation’
, (20 + %its)[zy = ((zov + ?/1‘2)/22)"”’~ . o (5)
At the zero y, = —z,/l, of the left-hand side the basis -at the right-hand side reads -

fozgiofomz L

t 2, 4] 2 . .

.In case z, < 0 this basis is posmve and (5) possesses exactly one solution y, (cf.
Fig. 1a). The straight lines in Fig. L are the graphs of the left-hand side of (5) for diffe-

A

2<0

2/t - -zl o Tl ol T iz
a) ~ b) : '

 Fig. 1

rent z,, and the curve is t,he graph of ‘the right-hand 31de In case z, > 0 let z1 =z*
be the solution of the equation

(z1]20) = (2a[20). S : . ()

‘Then cquatlon (5) possesses no solutions for < z;*, the double solution y, = 0 for

z) = z;* and-exactly two solutions for z, > z,*, one negative and one positive (cf.

Fig. 1b). Especially, there is no solution for z, < 0. . .

Aftor having determined y, we find z form one of the equatlons (4). In the case
v, = 0 cquation (6) guarantees that the given points are lying on the graph of an
exponential function zy e** with a certain z. The cases that one or some z; are vanishing
can be considéred as limit cases.

e ~

[y

~
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2. The general case

) - . ’ /
For » = 2 it is more convenient to eliminate the linear parameters y; instead of z.
.For this reason we determine real numbers 2,, ..., 4,;, from the homogeneous system

nt1 . . . .

i, =0 e ) : (7)

=1 . - . . :
forj=1,2,...,n w1th the addltlonal condition %, = 1 for a certain number v with

1 S v n + 1 After mtroducmg the notatlons

-

7 R R v b itan -
4,=1: i i | 4= : | (8)
AL Aot o

~

‘we have by foaﬁ)er’s rule
e t‘, ...t“_? f”—' e.,,-ﬂ o .
i = : o ol ; . R )

4, -
R I R L

and the system (2) implies in view of (7) the cquatidp

b
T+

l

0= Z) (Z(‘) Yt — 2 e—"') = X (4izo — );z; e~Th), (10).
i= -

=1 :

I
-

Let P,(t. ’c) by fixed x be the alw a'ys existing:polynomial (1) éatisfying the condibions_.'
(2) apart from 7 =.», i.e. with ¢ &= », and define z,(x) = P,(l,, z). Then P,(t, ) satis-
fies all condmons (2), only mth z,(z) instead of z,.

- Theorem: The polynomwl (1) with yo = 2, satzsjymg the equatzons (2) 8. supposed
to have the coefficients

x-—f: n = Yn1 = =yn~k4~|;0:‘ ‘yn-k‘#:o _ \(11)

with 1 <k < n. Thgn_ the function z = z,(x) possesses the properties -
L= = a R =0, 2k = Gy Sy e (2)
I;roof: From (10) we find in view of /'.,‘= 1 )
A . n+1 n+l'. ! ) ' : .
z(x——e“'(Z/zo-—Z)z,ez‘t), , (13)
i=1 i=1 .

where the dash indicates that the value 7 = » is to drop in the second sum. By diffe-
_rentiation we obtain for [ = 1

\

n41 - . \
2 “)(x) = et 2, lizgbt — 3 dzit, — & O e’(‘v—'«’
l=l
and according to (1), (2) a,nd (11)
\ ) n+1 . n—k .' !
20(E) = et T AL — (6 = t)) X yitd,
i=1 j=o0
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because. in view of the factor (£, — ¢;) we.can add here the term with ¢ = v.,Now,
from (7) we 1mmed1ately fmd the ﬁrst equatlons of (11) and from ‘

-z <*+”<s) = (-1 o % ALY, ‘

i=1
(8) and (9) we find the Jast equation of (12) l
Since the determlnants (8) are always positive we have the followmg )
Corollary: Under the conditions of the theorem'the /unctwn 2,(x) possesses /or z=¢

-a turning point if k.is an even number.and an extremum if k is an odd number. In the - -

last case the extremum 8 a mxzmum for (—l)’*’”" Ynk > O and a minimum for .
( l)rrin ynk<0

" Defining & spbnelghb'_oqrhood of a point_:"as an. open subset of ‘a neighbourhood
of this point with this point as a limit point, the corollary says that in the case of an
extremum there exist a subneighbourhood of the given points (¢;, z;) where the inter-
polation problem is unsolvable and other subnelghbourhoods with even numbers
of different solutions. Especially, we have this situation in the usual case k. = 1. In -
the case of a turning point there exist in subneighbourhoods odd numbers of solutions,

“especially, at least one solution. On the boundarles of these subnelghbourhood< two
or more -solutions coincide. " .
 The case (11) arises_if alreddy . the graph of an exponentml polynomlal (1) with -

‘n — kinstead of n goes through the given points. In this case we can drop k equations

“'in (2) and solve the remaining equations, and the numerical difficulties arc removed.

If the mterpola,tlon problem is unsolvable it makes sense to search for the best approxi- i .

mation of the given pomts (cf L. COLLATZ and W. Krass [1]).

. 3. Numerical’ resu]ts

For the numerical solution of the lnterpolatlon ‘problem it is not necessary to use the
. method (3), because it is easier to determine first  from (13) with z,(x) = 2, and

afterwards the coefficients 1 Yi from the linear system (2) with ¢ 4= ». To lllustrate
the investigated possibilities in the neighbourhood of glven pomts with (11) we con-
sider two examples with n = 2 -and ¢; ="1.

10, Let be z;, =1 — 1/3 then z — 0, y,=—1/3, y, = 0 According to (12) the

value z, = —1/3 is.a maximum if we fix the other z;. I‘or some smaller values we

have. e. g the fo]]owmg rounded results ) : N

» | ~ o033 . 1 0.333 1+ 03333 - 0.33333

z -—O 1054 - 0. 0953 —0.0321 0.0311| —0.0101 0.0100 —0.0032 0.0032
Y —0.0370 0.0303|—0.0109 “0.0102| —0.0034 0.0033 | —0.0012 0.0011
- —0 2222 —0.42421—-0.3007 —0.3640| —0.3232 —0. 3432 —0.3302 —0. 3365

20, Let bo zi="l,thenz =y, =y, =0 and the values z, are turning points. For™
fixed zg == 2, = 1 we have in the nelghbourhood of z;, =2; = 1 the rounded results

A S S T | 09 09 I SRS ‘ .
| 1,709 T 09 1 1] 1t

z | 07403 05971 0  —05971 —07403] 0 05411 —0.5411
v | 00891 00859 005 05153 08211]=005 - 00460 0.2335

v, | —0.5644 —05355-—0.15 = 0.1199 02755 0.15 —04057 0.6562
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- where in the case 2, =2 =11we ha.ve found three different solutlons In the (zl, 2,)-
plane the points with y, = 0 are lying on the curve

i

80 + 2% + 1= 30t + 62z, | e

. which. under the subsmtutlon z, = 1 + (1/}/2) (u — ), Z=1 4 (l/}/2 (u + )
turns over into

° . . .
-’1)2-—(3}/_+u)2—6\12(1+£) X R . (15)

' Here we have cancelled the branch with the plus sign at the square root, since it

has no meaning for real solutions: For small u the curve (15) is approximately equal

" to Neil's parabola v2 = (J2/18) w3, cf. Fig. 2. At the inside of the vertex we have three
solutions of the interpolation problem and one at. t;he outSIde The dotted curve is °

_ the meanigless branch of (14).--

’

. . Z,

,'_'6"—

".,Fig.2A : | y . . o .
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