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In dieser Arbeit beschiftigen wir uns mit Regularititsuntersuchungen von Lésungen nicht-
linearer partieller. Differentialgleichungen in Riéumen vom Besov- und Triebel-Lizorkin-Typ.
Dabei werden Resultate von J. M. Bony und Y. Meyer auf die hier untersuchten Riume aus-

- gedehnt. .

B aTo# paboTe MH MCCJIeAyeM peryjApHOCTb pelueHuH HeJMAeHHHIX TuddepeHHaNbHEX
¥ ypaBHeHMH B YRCTHHX IPOU3RONHHIX B MPOCTpaHCcTBax Tuna Becosa u Tpu6e.nb -JIn3opkuHa.
.Mu 06o6umaem pe3yabTaT, mosydeAHele Am. M. Boru u l'[ Metiepem, Ha Hcc'lenye\me

HaMM ITPOCTPAHCTBA. . K

- In this paper we study the regularity of solutions of non-linear part,lal dlffcrentlal equations
in spaces of Besov. and Triebel-Lizorkin type. We extend results obtained by J: M. Bony and
Y. Meyer to spaces considered here,

In this.paper we study the regularity of solutions of nonlinear partial differential
equations. Here we shall extend results of J. M. Boxy [1] to Besov and Triebel-
Lizorkin spaces. J. M. Bowvy introduced in [1] the method of para-differential opera-

* torsin-order to prove some theorems about nonlinear partial differential equations.
" He considered solutions in generalized Sobolev.space H,* (s > 0) and in Holder

. spaces C?%, where s > 0 is not an integer. In recent yedrs Y. MEYER extended the
regularity results obtained by J. M. Boxy to solutions i in other classes of- functlons
spaces, cf. [3—5]. ‘ -

- In this paper we consider the Besov spaces B;, , and Triebel-Lizorkin spaces Fy,
in the Euclidean n-space R,. In Chapter 1 we introduce these spaces, which contam
many classical spaces as specnal cases. In the spaces Fj , and Bj, , we study the regu-
larity of solutions of nonlinear partial differential equations and extend the results
of J. M. Boxy and Y. MEYER. In order to prove our results we use .the method of .
dyadic decomposition and maxnnal functions, mulmpllcat;lon properties of Besov
and Triebel-Lizorkin spaces and results with respect to the boundedness of pseudo-
differential operator of the “‘exotic” class L?,. Applying the theory of para-diffe-
rential operators introduced by J. M. Boxy [1] and Y. MEYER [3—5], we are able
to prove our regularity results. All immaterial positive numbers are denoted by ¢
or ¢’ etc. ) J

-

1.1. Definitions '

R, denotes the n-dimensional real Euclidean space. S = S(R,) is the Schwartz
space of all complex infinitely differentiable rapidly decreasing functions on R,,
and 8’ = S'(R,) is the correspondmg dual space of tempered distributions. Let, F

' .
\ . ’
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‘and F-1 be the Fourler transform in 8’ and its inverse, respectlvely @‘ is the set

of all systems ¢ = Ape(@)}ilo = S such that:
(1) supp o= {yllyl's 2,
supp g = {y | 21 < Jy| < 21, k=1, 2, ...
(ii) For any multi-index « there &xists'a constant c, _.such 'that,. '

) 1D (2)] S e,27B,  k=0,1,2,... .

" @0 denotes the set of all systems @ € ®@° with Ty 0 o

(iif) X gu2) = 1if z € R,..
k=0 L.

It is eésy to show, that & is not empty. We use the following'usua.l abbreviations -

.

W1l = (S 1P de)e i 0 <p <.oo,
- R, : S

' II} |Lo'°“4 = ess sup [f(x)| (L.ebesgue measure).
. . zeR,

€k,

- If {ag(2)2, is a séquence of functions then -

. ) o 1/ - )
o 111 = ( 5 futae) it 10 < g < oo,

lloe | Lsll = sup la (@),
I 1 a(Ep)l = [ o) | Lyl | Wl i 0<pqs oo, _\
low | Lyt = | lox(a) |1 Lyl i 0 < p < o0, 0.< g < co.

' After these preliminaries we can defme t‘,he1 spaces
" By, =B (R, ) and F;, = Fs,q(]{”) :

Definition 1.1: Let—oo<s<ooa,nd0<q$oo
(1) 0 < p < oo then

B:’ _Bp q(Rﬂ) = {/ 6 8’ , ”/ | B; q”v i .
. = [2%F g () :»7( ) @) | )l < o0 for some ¢ € 39)..
(i1) If0<p<oothen - : e
- B, —F,,,,(Rn)—{/eS'|||/|Fqu¢ .
= 125 () /()] @) | LylGo)ll < o0 for some g € B9,

Here and in the followmg, we omit R, in the notations for spaces if they are
defined on R,
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1.2. Properties S N
/

' 1.2.1 VBasic properties A - . . o .
(i) §<— B, < 8,8 Fy, < 8, where “? denotes the contmuous 1mbeddmg
“Proofs of (i) "and all other in "12 listed results” may be found in [8—11]

(ii) If @ € @°, then B? ,, equipped with the quasi-norm ||f | B, i[|° is a quasi-Banach

‘ -space (Banach space if 1 < p, ¢ =< co0). All the quasi-norms ||/ | B l|® with ¢ € @0

- are equivalent to each other. The corresponding assertion is valid for the space F;, ..
(i) 0 < p < o0 and 0 <-¢ < oo, then § is dense in B}, and F;, , respectively.
(iv) The.following imbedding theorems hold. - - .
(a)IfO<pSooO<qSoot,hen o T o

B o
(b) If0 < p < o0 (P <o in the case F“’_q) and 0 < ¢ glq, < oo then .

y B o> B, and FMQF;Q,

P.qo

1

p.min(p,q) L’ F L’ Bp max(p.q) *

' 1 2. 2 Relatwns to classzcal _spaces ‘
- (1) The followmg relatlons to the classical Holder spaces c and Zygmund spaces 8°
~are valid: -

If0<s=§=integer then 8% = C* = Bgm ind
if § > O, then &* = B, ..

(ii) If 1 <p < co0 and 0 < s.5= integer, then W * denotes the Slobodeckij spaces'

and W, =B},

If1 < P < o0 and m — -0, 1, 2 then W,™ denotes the classu,al Sobolev.spaces

“and W, = H,™ (W2 = L,); i.e, the- Sobolev spaces are special Lebesgue spaces.-

(iii) Furthermore 1f —o<s<ooand 1< p < oo, then Hy* = Fj,, ie. all

these spaces are special cases of the spaces B3, and F3 .
, g |

1.2.3 Iinbedding theorems I | .

/7
In"this éubseetion we déscribe imbeddingé for different metrics.
(i) Let 0-< pp £ Py £ 00,0 < g = o0and —o0 < 8 < 8 < 00. We have
1f 8o — l._ 8 — _’ﬁ

Po Y4 : )
" Let0 <7p0 <p < oo,( 0 < ¢, 7 £ o00and —oo"< § < 8 < oo. We have

Baa; (_>B|

Pod P1q

P L»F;;,', i s — = =8 — —.
o Do 4

(ii) TU's'ing B =8, if s > 0, and the just- mentloned mclusnon it follows that
| B8 i s3>0, 0<p, ¢ oo. - '
R (111)1f1$p$oobhen~ : _
B, G L, B, BL,o>CoBL., BL SCOmoBL

m=0,1,..),
where. . L.

on —{/ ID°/e C for all |zx| =m, II/lC'"II X supDef| < °°}'

lalsm zeR,

.



560  T.Ruxst : : .

Here D* are classical derivatives and C' = C° is the set of all bounded umformly
continuous functions f on R, with ||/ | Cll = sup /().
(IV) Using (i) it follows

F;:GQF‘;}llpx—BP:in .
n oom
1f0<po<p,<00—00<s,<so<oo 0<q<oo 8°—ZT=S'_77
o 1
(v) Let 0<p0<p<plsoo 0<q$oo,'—oo<s,<s<so<oo and
n n
s——=s——‘—s—— Then (cf. [2])
Of “Po’ - Py ( [] .
By By B,

1.2.4 M azimal functions and maximal inequalitves.
In the following, we use the techr_l_ique of maximal function in order to answer the
question whether B}, or F4  is a (quasi-normed) algebra under pointwise multi-
plication. In the case of B}, 1t is also possible to modify the proof in [1]. Let ¢ be:an
mflmt,ely differentiable function in R \ {0} such that

sup (jzf* + |- 9 X Do) =y < 0. . o)
zeR,\ {0}

Here L is a natural number Whlch value we shall choose later on. Let (p,,(x) = (2~ "x),
k=01, ’

Definit‘ion: If u'> 0,f €8, then the mazximal function q),,'*/ is given by

o F e FD ()l
- @) @) = s e

@€R,; k=0,1,...).

. We recall the maximal inequz}-]ibiés prbved in a more general framework in [S;].

“Theorém: (i) If 0 <p, ¢ < 00, —00 < § < 00, &> % L> L%s,p, q) = Is]

.+t 44 6— then there exists a positive number ¢ such that for all @ wztk (1) and
all / eB,, P

”2ak¢k*/ | lq(Lp)” = ch, ”/ I B q”
Here c,, has the meanmg of (1). i

(11)1/0<p<oof0<qSoo—oo<s<oo andL>If(s1/)q)

- n
6n , min (p, g)

=|s|+mn + 4 + —————, then there exists a positive number c such that jor all.
min (p, )’ ‘ :
(pwzth (1) and all/EF . : '
120/ | Lyl < cep I | Pl - -

" Here c, has the meaning of (1)..,
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2, Multipliéat-ion properties; the first example of linearization
of nonlinear prohlem’s‘ - '
‘ In our further consxderatlons we use essentially the fact that the spaces F3,and "

B, are a (quasi-normed) algebra, under pomtwnse mulblpllcanon if the numbers
s, p, g are chosen suitably, i.e.,
A . o either 0 < p'< o0, 0 < g < oo, and s’>\%
I
, . t01" O<p=o0,0<qggl, and s =—
S ST o . P

. ) 'éither0<p<oo,0<q§oo, ands>l

v_ﬁ‘;.q'F;.qL’Fsb.q if ) _ ) Z
. Yor O<'p§1, 0<g=<oo, ands=—."
SO N P’

. Proofs of these assertions and references may be found in (11: p. 14:)—146] and in.
[2]. In the following, we shall a,pply essentla.lly the treatment given in [10]. :

The purpose of this section is to'give a natural approach to the theory of “para-
multiplication” introduced by J. M. BonY [1]. Let {pi(z)}F.o € @°. We may assume
© that @z} = @p(2 %) if k= 1,2, ... If f and g are’ functions m B;, , and Fp o respec-
tlvely (bhe values of s, p and q we sha,ll ‘choose later), then we put,

bk=f 1¢k<?‘g,,‘ Ck=c7’ ltpch/ (k =‘0;_1,\..).

We assume temporary that J’ g has a compact support In tha.t: case all the sums
below are fmlte

Usmgz q;,,(x) = 1 z € R,,, we have ,

_0/

' g(2) = fbk(?c), 1) = ch(x)
S k=0,

CIfk=1,2,..., then holds

1

[FaF @) @ = [ (F9) () (@)@ — y) dy.

=2 70 @) 0D (e = 1) dy
. ‘R, i

= f (i) () 5 byl — 2- k-2 wyay. ()

1,j=0 s
' The intersection of the supports of g, and F(bjc;),

[é'<b,c,)1 = I W) (Fa)' @~ ) dy,
R,

is empty if the non- neg&tlve mtegers { and j do not belong to one of the following
three cases: : . ~

()k—3£l$k+3and7—0 k43,

36 Analysis Bd. 4, Heft 6.(1985)
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(i) 1=0,...,k+3and k—3 <j<k+3 S
(i) Lk + 3,5 >k +3 and I —j| <3, '

i.e., in the sum in (1) there are of interest only values of ) a,nd l ngen by (1)—(111)
-
We use the followmg composmon of /- g(z) = 2 < (x) Z bj(z):
1=0 i=o0 .

f'ng/g+Tﬂf+R(f’g)s . N . . ' (2)

-

where

ng_ P cl i» - Tyf =.'Z b;c,, - R(f,9) = Z bic; .

1<;— " i=ji<3

Therefore, it will be sufflclent; to consnder the following three model cases
(k=1,2,..):

"Case 1 :
’ Zkt @ =2 [ (&) W b — 24y e — 2 *y) dy,
j=0R,
S (x) is equlvalent to [F1 kJ(T,f)] (x)
C’asa2 b ' EE | : B !
S @) =5 J (f o) () belw — 2°*9) alz — - 274y) dy,
: 1=0 R, A
"2 (@) is equ1valent to [F! q),,J'(T,g)] (x).
. Case 3: ' )
2 Z f 1) y) bz — 2- *) c:(x — 24y) dy,

k Ry

2 (x) is equwalcnt to [5" ‘I’k‘y(R(/ g))] @).

Let ,

, b, .
»b*(x)—sup% P )
and : . . - . o

leilz — y)l
*(p) — o\t — I . : 4
'c; (x) lIseulz T4 2 , | ( )
n

be the maximal functions. We assumea, > 0,a, > — 1ff E B; ,anday > —————
1ff€F I BRI P min (p, q) |

= f (790 ®)| (1 + [y dy

then we ha,ve by [10] -

1z <x>|<cck*(x)2b*(z A )
'"&".@Né?”**@)é"‘.’“@” S | ©

LI @ Se Fahetab @) o @), (M



~. By (5) We'ha,ve ' e o .

cand
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\

A}

2| 50 (@) < e280(@) IBy* | h(Lao)l. | e

If —o0o <8< 00,0 < p, ¢ < o0, then we get by T}leorem 124 -

125 2’ (@) | (Ll < o1 | Byl - g | Bioyl-- I 9)

Rema.rk 1: We assumed .above that J’g has a compa.ct support ‘In [10] it was -
shown that (8) is true for arbitrary funct,lons g, i.e., we have v

125 24" (@) |t L)l < c I | Byl - g Bl
Since this estimate is symmebrlc we obtam also
li2% X' () | lq(Lp)II <clig | B pall - 17 1 B\l
Applymg now the 1mbeddmg ‘ : . -
By, BiP o B o BL.. if s>%,. B (10)

we have proved ' o S ‘

"Theorem1: Let0<p,q gooands>; Then

IIY'/QIB;,qII é_cllle IJ Ille all

IITale dl =.cligl Byl - i!/‘lB q“ N
Remark 2: We recall that £* = Bg, . with s > 0. Therefore, the above assertlon

\ . -~

‘holds also in the case of Holder Zygmund spaces.

In the followmg we sha]l estimate R(f, g) ) if J’g has a compa.ct support (cf. [10]).
If c.and ¢’ are arbitrary posntlve numbers with ¢’ < ¢, then we have

g |1 20" @)l

L= 2 2(lfk)(a|+a:+l—a) b,*(x) 21\9-:(1‘—1“) c;*(x) ;
1=k

é ¢ ”27'max(0,a,+an+‘~—") b~*r'| lm(Lce)” - ' ’ '

. N fq . . . - . ! ) B !
X ( J) 2-¢u- "’02’3‘101*(2:)") * (modification if ¢ =.0c0). (11)
= ) :

: Choosmg a,, a, and s is an appropriate way, it is possible that ; < ; + a =a

Ca<s and for small positive &, Max (O a; + a2 +e—8)=0. Therefore we

obtain by (11)~ o . . -
112*’ zk"' @) | L LI < c.lig | B ool - u/ | Byl - o)
: 'If elther g 6 8’9 > 0’ orge€ B o With s > -7—)- (12) and (10) show' .: . .

4 ' »II2"“+"’Zk"' @) | 24 p)” <cllg & -1if | Byl
and.
2% X" () l l(Lp)ll = ¢ Ilg I'B; QII II/IB all-

36*



’

564 T. RUNST

Remark 3: The same argument as in [10] yields that (12) is true for arbltrary
g € By, and g € €. - 4 - A

We have proved
Theorem 2: Let 0 <pg S oo and $ > - Then
) . P

IIRI g)IB qIISCIIng Al IIIIB ol
‘and/org68’90>0 ' v'
' IR, )1 Byl Scllglg"’ll IIyIB all-
'Remark4'lfp—q—oo 1tfollowsbv&” Bgowfors>0 o>0 . .
IB(, @) | €t Sclgl €l -7 18 < . ' |
Now we can obtam results related to [1: Thcoréme 2 5]
' Theorcm‘% LetO<7),qSoo :
’ (1)Let/€8”andg€8’93>09>0 Then .
o /g—T/g+Tg/+R/g)
. with
IlR(f g) 1 &ere SCIVW’II |Ig|g"||

-(ii)-Lel/EB andgEB,,q,s>;t>;)— Then

- fg—T/g+Tg/+R(/g) :
- with o : o N
||R(/ 9) | Byt=ol < o | Byl lig | Bp.ll- -
“Proof: (i) follows from Theorem 1 and 2. ' L
(n) By (2) we have R(f,9) = f -9 — Tyg.— Ryf. Now, (11) with 0 <&’ <& yields
. \ - ’ : . c

II2""+‘ wip S (@) | L (L)l
L ) N -
- o S c‘ Y;2(l k)(a.+a.+z—a f+"fP’b,*(x) 2la e k)c,*(x) o .

-

;< ¢l || 2imax(0e,tayte—a =t niplb, *(:z) | loa(Lco)”

A ‘ 1/q ) - ~
X( 3 Qlgs—e'Ul— k)qcl (x)q) . .

1= k

R

Because of a, > 0, az > %, s > 2 t> — " and for small ‘positive & it is possxble
that max (0 ay + a2 +e—8—1t -i— n/p) =0. Therefore, we obtain

[|2kte +e=n/p) Zk”' (96) | (LIl = ¢ llg | Boool + 1If 1 B3 all-
Again by the lmbeddmg ‘theorem (10).we get (i) &~

Remark5: Leteither p =¢ = ‘2 or p =¢q = oo. Then B}, = H,’ a,ndBf,c,c,o = 6’3
= (¢ for 0 < s =+ integer. Therefore, our Theorem 3 1mp11es the results obtamed
by J. M Bowy in [1}. , .

Remark 6 By Theorem 3 we get for u € €e, 0 > 0,
W =u-u="Tau+ Ty + Ru,u) = Touu + R(u, u)

/ ) . i -. . ’ . ‘ ‘ . .' .
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1

with R(‘e; u) ‘€ B2, ‘Analogously, it is possible to show that-for u € €¢, p'> 0, G(u)
= Tgwu + 7 with'r € £2 and G is & polynomial in » with G(0) =.0, of. [1: p. 227]).

". In'Chapter 3 we shall extend this assertion to arbitrary C*-functions G with G(0) =0

(C* = C*{R,) denotes the set of all infinitely differentiable functions on R,). .

In the first part of this chapter we have conmdered spaces of Besov' type. From -
now on we shall be concerned with the spaces F3, . 'We use the methods described
in.[2] and in [10]~As above we restrict ourselves "o the three model cases. Here we
must take m our consnderatlon that the condmons of Theorem 1.2.4 (ii) are ful-

: filled, 1f we choose a > ———————. By (8) we ha.ve o
A min (p 2 y (8)

12"’ ):k @) | Lyl < ¢ 12¥%¢,* () | Lp(lq)” ||9 | Bgo 1|| S (13)
: ..Theorem4:Let0<p<oo 0<q£ooands>;.7/‘hen

I | Pyl S ol | Bl W 1Pl -0
and : : . P
v T L Bl ScnuF Al IlglF - '
Proof: We have s > ; By using the 1mbedd1ng 1.2.3 (1) and (1v) it fol]ows that
¢ & B, and by (13)
I 1 Fpdl S cllg | Pl W71 F5 gl

) The same arguments with respect to the support of g (cf Remark 3) yleld the first.
assertion. Since our estimates are symmetric, we obtain also the second case A

- In order to show an estimate of R(f, g) we use the methods introduced in [2]

\Theorem5 Let0<p<oo 0<q$ooands>; Then

A
SR ) | Fyll < cllg | Fogll - 71 Foll )
and for g € 2,0 > 0, o . -
A
, B(f, 9) | Foigh < cllg | & - IIf | Fy q“'
'Proof: By [2: 3.3] we have —_— A :
RS @I LU Sl | Byl g1 BN (14)
if 0 < p,r1<00,0< g=<ooands>n (—1——1 —‘vl).”By~ using the i_mbed-
ding 1. 2 3.(v) we get \ rm (p, ) N s
' Fs ’ B;;r;)l?p o Bn/zxz s BnIZl) . ' : N

- Hence, (14) yields , .
IR, 9) | Fyl < clig | Fqll - I 1Tl I -

By means of the procedure descnbed in the proof of Theorem 2 we obtam the second
result By - / ' .

We are now in a position to carry over:the results in Theorem ‘3 and the results
obtained by J. M. Bory [1: Théoréme 2. 5], respectlvely, to the spaces F,. . .
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" Remark 1: Because of H,* = Fe - and n(
+ Theorem 1 implies the result obtained by Y. MEYER in [4: Théoréme 1].

Theorem 6: Let0<p<oo 0<g =00, s>— (>, /EF,,qandg'eF;,,q
Then . r. p
T ﬁg=Tﬂ+TJ+Rmm

R, ) | Fyii—7) < ¢ 71 Fo - lg | Bl
The proof is analog to that one of Theorem 3 §

3. Asecond ‘example of linearization . o _ S . _ e

As: mentloned in Remark 2. 6, ‘we shall extend Theorem 2.3 and ‘Theorem 2.6 to -
a.rbxtra.ry C>-functions G with G(0) = 0. The purpose of this section is to prove an *
extension of .results obtained by Y. MEYER [3—5] and J. M. Bony [1] to F , and

BS
) Theorem 1: Let .
- e n 1
either 0 < p, ¢ < o0 and s > max (—, n(-——— — 1))
_ ‘ ' P min (p, ¢, 1) -
or ‘0<p‘<oo,q——joo,ands>%‘, ' : - .

. and G € C=(R) with G’(d) =0.Then G: F}, — F;,, de/imd by G: f — G(f) is bounded.
1
min (p, 2, 1)

. Proof of Theorem 1: Step 1: We use the decomposxthn method with réspect

' t0 (), of. [3—5]. Let g € Cu=(R,), p(&) = 0 for all £ € Ry, p(&) = 1, if | =,

@(§) =0, if [§] > 1. Now we define as usually for f € F,and k =0, 1, ...

Su) = 779 () F1_ ond 4l = Senl)) = - o

Hence, we ha,ve

supp F Ak(/)C (8] 21 < 8] < 2,

TE 86N+ Lol + - 4 Lulf) + -+ and

fenr 1= Spalf) = 8ol - + Dulf)- B (2)
Moreover, we use the following rep.resentation formula:

G(f) =Glfo) + G(f) — G(f) + -+ + G(fen) — G(fe) + -

Notice that G(0) = 0'and f, = S,(f). Henpe, it is easy to show an estimate of G(f,).
\{oreover we have B .

G(/m)—a(/k)—mkAkf), mk—fG(/k+tAkf>) ;@

The opera,t,or L:S(R,) — S(Rn) defined by

1

is linear. .

)—O;if1’<p<oo_,

Mgﬂgmmm o - S
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Step 2: We show that the above opera.tor Lisa pseudo-dlfferentlal operator of
the ¢ exotlc” class L9, if f € Fop 8> ; As usual we say that a function a(x, §)

€ C*(R, XR,) belongs to S, m € R, 0 e =61, if-for each multi-index «
_ and B there exists a positive constant ¢, s such that

D¢ Dfa(z, £)] < epll + [Ehm-eli+as

holds for all z and ¢ in R,. If o € 8, then the correspondmg pseudodifferential
operators o(x, D) is said- to be in class L7, Here, the pseudodifferential operator
o(z, D) with symbol o is defined, as usual, by AN

(@ D) /@) = [ etolw, ) F/€) a5, we Ry [ES.

.Rll

'At first, we observe that the symbol ¢ of L defined by (4)V is given by

oz, 5)‘_=k=20‘ my (). l-”(.2“"5), ()= ¢(§) 4_¢(§)- ' . B
‘Hen'ce,. we\'have to prove that - i \ |
DD So(a, O S gL+ A ®)

holds for each mult1 index « and g. From F3, L> By, o Lgifs> ﬁ, cf. 1.2.3,1it :
follows that ||fy | L|-< ¢. Hence we have : Y .

IID"/h | Lol < 6248 and  ||DAG"(fy) | Lol < 2591,
(3) }’1elds - : _ - y L
1Dy (@) | Looll < cﬁ'2""" ‘

From the last estimate and the propertles of the functions ¥ follows that o € SY,
and o(z, D) € LY,

Step 3: We prove the boundedness of pseudodlfferentlal operators of class LY,
in.Triebel-Lizorkin spaces F .. The following result was obtained in [7: Theorem 1] '
by the author: : ' o

‘Tet 0 <p <o00,0<g=o0and

and 'q< 0.

either"s>n ——— —1
min (p, g, 1)
or s> — HEEN a,nd‘q=oo.
- P -

CUTe L1 1> then T': F” — F,,q This a,ssertlon completes our proof i
The counterpart of Theorem 1 is ' :

: (. 1 P
Theorem 2.Let0<p,q$oo s>ma.x(; n(m ))andGGC (R) .

wuh G(0) =0. Then G: B}, — B, defined by G: f — G(f) is bounded.

Proof: We use the abové methods and a result obtained in [7: Theorem 4] con--
cerning the boundedness of operators of class L3, in Besov spaces B;, §
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Rcmark 2: Theorem 3 a.nd 4 in [7] was obtained for general pseudodlfferentlal_
operators. of. class. % 1 ie. no restrlctlons on the structure of the symbol o. Those
" results are contained in

Theorem3 (1)Let0<p<oo O<g$ooand

1 CL o
_ | 1 o
. _n(——min(,,,q,l) ) i 1<% .
8§ > . s .
n Lo
SN [ zf q—oo o
e | e .

If 0% Sl 15— 00 <am < 00, then the correspondmg pseudodz//erenuai operator o
T = o(x, D) s bounded /rom F’*’” nlo F ‘

(n)LetO<pqSooands>nm ) IfaGS“,moo<m<oo.

then the correspondmg pseudodz//erentwi opemtor T = o(zx, D) 18 bounded jmm B;_q"‘ :
Tnto B, :
For the proof cf [7] ]

‘Remark 3: Theorem 3 is an extension of results discovered by Y MEYER [3 5].
The theorems presented in. thls chapter are fundamental for our further consider-
ations. :

. Remark 4: Because of sz =Hys 1<p < oo, Thoorem 3is valid for ‘s > O
The asscrtlon is false, if s = 0, cf. [4] ' .

Rema.rk 5: Pseudodlfferentlal operators of ‘class S’"o actmg in Trlebel leorkm
. spaces F, , was consxdered by L. PArvArINTA [6] and other authors. :

Remark 6: Let 7.> 0 and T€ L
(i) 0 <p < oo, 0<g=soos satlsfles the conditions of Theorem 1, then

TF‘ F"’ for-all t>s—r

J0N

) ! -

(i) lf 0< p, q S 0o, § satlsfles the condltlons of Theorem 2, then
. T:BL S BY forall t>s—7, S
i,e.;'T is smoothmg of order r. ' .

-~

4. Para-products of J. M. Bony, a third eiample of linearization

" 4.1. Para- producfs

The calculus of para- products was introduced. by J. M. Bony in [1]

Defmltlon 1: Let u, v € S'. Then the pam -product w = T v i$ defmed by
. . )
0= S 2(u w) A4lo). ' ‘

.fL [\1.8

Romark 1: J. M. BO\Y donoted the - para- product; by w —-n(u v). Comparlng
-this definition with Chapter 2, we obtain that the operator of para-multiplication is
essentially the operator T, in the theory of multlpllca,tlon algebras. Hence, we
denote the para- product by the same symbol )
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Theorem 1: Let 0 < p < 00,0 < ¢ < 00, § > s,

‘ e nl L /l f < o©
max 2’ \min (p, g, 1) KA _ S
Sp 1= ‘ [P o (1)
T il - T i q‘=‘¢o‘ .
P ) T ' . .
We put s-—sp—}—'r r>0. Then /or each féF 7 and GEC’“’(R) with G(O)—O
_ wehave \

: /)=TG'(/)f'*jg, . T Lo
where g € F4 s = sp + 2r. : R :
Remerk 2: Because" of F,,2 =H, 1 < P. < 00, 8¢ = ; Theorem, 1 yields thel

result obtained by Y. VIEYEB [3—5). G’(O) = 0 is.a necessary condltlon By 1.2.1(i)
SO Fp 8. If Gz)=a, a =#=O then G(/) € 8 holds not for general f€ S In -
. this case g belongs locally to Fj,

AN

" Proof of Theorem 1: We use the mappmg properties of pseudodlfferentlal '
operators obtained in Chapter 3 and the methods of [4: Théoréme 4]. S
Step 1: By Cha.pter 3 we get bhe lmearlzatlon '

G = L) + Sl S
where L € L3, with the symbol : N '
o d) = X m(e) PE)

and '

() = f & (fe + zAk(/)) fe = Si(f)-

By 1. 2.3 we have _ ' .
F" (_) FSp+r o £r B o ) ' 2)
- and hence G” /) € K' Evndently, 7T, E L3, with the symbol »

Z‘Sk 2(a) P(2-k¢) (aeL fixed). . S

. Step 2: We provc L(f) — TG (,)/ = @(x D) f, where ¢ € Sl‘{ It is sufflclent to
show that -

. uD“mk(x)—D“Sk- (@) | L Sczf"«' k. ' _— 3)

" Here o = G'(f), | € F,, m; as above. Usmg now 1mbeddmg (2), then (3) follows by ‘
-the methods in [4: Prop. 2]. :
Step 3: Applying now Theorem 3.3 (i), we obtam Theorem 18

Remark 3: o(z, D) is smoothing of order 7, of. Remark 3.6. Usmg Theorem 3.3(it),
it is not hard to prove . .

o N

s Theorem 2: Let 0 <P, gs00,8>8p

1 . PN

- (n 1 ' ‘ : o )
*‘”‘:‘““(?’t(m“)); SRR
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Weputs:s,,—%—r 7 > 0. Then for each f € B, qand G € C=(R) with G(O)—Owe
have G(f) = Tepf + g, where g € B, &' _sB+2r :

The following theorem generalizes Theorem 1 and 2 We use the concept of locali-
zation and micro-localization.

« Defmltlon 2: A function f(@) is locally of class B:, (F3.q) at the pomt x = 7y,
if ¥f € B; (F;,) for any C*-function ¥(z) not vamshmg at 2, and supported in a
‘sufflmently small nelghborhood of ay. -

A function f(z) is locally of class. B, (F3, q), if ¥fe B; (F;,) for any functlon
¥(x) € Cy™. Here Cy> = (,*(R,) is the set of all complex valued infinitely differ-
entiable functions with compact support in R,,.

- Definition 3: Let ¥(z) be the function from the first part of the precedmg defi-
nition. We say f(x) is micro-locally of class BS, (F%, ) at the point (x, &) = (x4, &) in
the cotangent space if the Fourier transform of SP/ is equal to the Fourier transform
of a B; q(F ;) function in a canonical neighborhood of &, (i.e., &l near &|j¢,i).

Theorem 3: (1) Lt 0 <p<oo,0<g=o0,s>spand s=sp+7,7r>0.If
LiEeF,, G.=1, ') and G = G(z, X, ..., X,) € C®/R, X R,), then

G(x: /1‘ “-)/m) =Zm‘ ,1;9(‘ /7 + g’

5 gt

_ where g belongs local to F3,,,'s" = sp + 2r.
A1) Let 0 < p, qSoo s>spand s =sg+ 1, 7> 0, I//,EB;W Gj=1,...,m)
and G = Gz, X, ..., X,) € C°(R, X R,), then

G(x,fl,...,/”.):.gm i T

where g belongs local to B,, oS =sp+ 2r.

Remark 4: Theorem 3 generalues results of J. M. Boxy [1] and Y. MEYER [3—5]
to B;,and F; . In the following, sy and sp are defined by (1) and (4), respectively.

<

-4.2. Para- differential operators

~

Para-differential operators were recently introduced by J. M. Bony [1]. The theory
of para-differential operators may be found in [1, 3—5]. The theory is slso applicable
to the function spages considered here. The following definitions and propertles
may be found in the above quoted papers.

Deflnltlon 1: Let m E R, r> 0. Then 4™ is the set of all symbols o = oz, 5)
- such that N - . .

(i) lDea(-, &) 167 < ca(l |&fym=tel
for each multi-index « and
(i) IDeDfo(, &) < cap(l + |§]ym—tel +oi—r
- for each multi-index 8 with (8] > 7 and cach }nultiindc;{- .

Remark 1: It holds S7y = 4,™ = ST, Here 4,° = A,. We define ‘the corre-
spondmg operator class in the usual way and dcnote it by Op A7,
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Definition 2: B A m denotes t,he set of a‘ll symbols o = ofz, :E) such tha.t

(D) IID°0( 81 &l = ca(l + 1&hm= g

and

(ii) for all fnxed £ holds supp cT,_.,,a(x, b3 Y {,7 | Il = 'lf(l}

1

In [4] may be found the followmg factS' :

1. fL denotes the above defined operator wnth symbol o(a, &= Z m,,(x) ‘1’(2 kg)
_and/ € H = F

P2

Usmg the imbedding theorems in 1.2.3, we find L € Op 4,, if f€ F; (B3,
where 0 < p < oo, O<q£oo s =38+ 7, r>O(0<pqSoo s—sg—&—'r
r > 0). '

If ac€ 8' 7 >0, then the operator 1' /> 1,f belongs to Op 4,. It holds -

T € Op B, lf bhe para-product is defined byz Si-sla) Nx(f). We have OpA, = OpB
. (mod 7.— smoothing).
In Chapter 5 we shall describe micro-local regularlty of solutlons of nonlmear
partial dlfferent,lal equations. There we use the following

1<p<oo, s—;-l—r r>0 thanEOpA

Lemma Lel (%0, §0) € Ry X R, \ {0} and ¢ € B,, lim inf |a(xo, )§o)l > 0 Then - ¥

there exzst €4, ¢ € C;™ and p € C such that , Atee .
(@) w(xo) =1, u(/E) —#(E) Y Ifl = Ryand 2 21, W&o) # 0, +f /1 = ?o and
(b) z(z, D) ooz, D) = <p(x),u(D) + o(x, D), where' g € St} '

Remark 2: A proof may be found in [3: Prop. 4] qo(z) p(D) is sa,ld to be an
operator- of micro- locahzat,lon cf. [5]. We refer to Definition 2 and 3. :

5. Appl:catlons o S

N

Let N=1,n=1, Ge C°°(R X R‘s,) a function of vanables Xo = (24, ..., ;) and
X, 0., Xy and f: R,, — R a function of clz_),ss C™ (m € N) satisfying :

G(:c, f(x), ..., Dof(z), .. ) =0, . |J¢] Em. . ) ) . .(1‘)
’We;define : ) . ) ’
| paeif) = £ o S (o 0 nn DO, ) P o

Definition 1: ‘A point (z,, &) € R, X R, \ {0} is said. to be nomhamctenslzc
with respect to the solutlon fof (1), if pu(xe, &) +=0.

Theorem: (i) Let fE€F;, be a solution o/ (1), s =m 4 sp + 7, sp defined by
4.1/(1),0 <p < o0, 0<gq S 0o, Then / 8 micro- locally I at all/nonchamclerz’stic
POrnLs (x,, &) with respect to f.

(ii) Let f € By, be a solution of (1), s =m + sp + v, where sp defined by 4.1/(4),
0<p, g 0. Then [ is micro-locally B3} .at all mmckamctenshp pownts (xg, &) with
respect tof. Y . L :

i - -
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Proof: We use the method 6f Y. MEYER in [3—5]. By Theorem 4.1.3(i) we obtain

N

C Gl @) D), ) =BT Def(@) + g
| 3z f(x). - /() )= 2 W(zfm Dﬂﬂz)w),D“/(x) + g(z),
where g €LF’°*2’. We put

» _ ’ ,
P T Lu)y=1T ac L .

By Theorem 4.1, I/Step 2, / is the solutlon of
LINDV%——Q—M%DN, QESKY

Denoting by L the operator L .

) J R c oy I

Lim £ Lo Do (I'= A, _
-1, .

Y

then we have by means of the assertions in 4.2 L € Op B Let o = o(z, §) be the
' symbol ofL Then (cf. 63))]

/

- pﬂva ' -,
lim (a(z, &) — 22220 o, @
| oo ( @8~ Tigm (@)
.Hencc if Pm(zo, &) + O by (2) there exnsts 7o >0 such that .
Io(l:o, Tfo)l 0>0 forall' r = ’o- . A ' )

Using (3), we'obtam that L satisfies the éssutllf)tions of Lemma 411.2 at all non-
characteristic. points (z,, &). Putting now h = (I — A)™?f, then- we obtain -
L(h) = —g. According to Lemma 4.2, it follows p(z) (D) h € F3r}¥  ie., h'is micro-

_locally of class F"’”' and hence, f is mlcro-locally of class Fo'r.
The proof of. (u) is snmlarly l .

, ~
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