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Approximation by Solutions of Elliptic Equations .

U. HAMA‘-._\IN and G. WILDENHAIN .

o
Es sei 2  R" ein beschrinktes, glattes Gebiet, I eine abgeschlossene, glatte, (n — 1)-dimen-
sionale Fliche mit Rand im Inneren von £2 und V eine offene Teilmenge des Randes 3Q2. In 2
werde ein eigentlich elliptischer Differentialoperator L der Ordnung 2m mit glatten Koeffi-
zienten betrachtet. (B,, ..., B,,) sei ein normales System von Randoperatoren auf 392, welches
der klassischen Wurzelbedingung geniigt. Ly (I") bezeichrie den Raum der’ Einschrinkungen -
der Funktionen des Raumes _ — ) :

o Ly(R) = (w € Co(D): Lu = 0 in Q, Byulag = -+ = Buulsg = 0 in 22 \\ V} .
" auf I'. Es wird bewiesen, daB Ly(I) im Raum W,2m=1/»(T) (p > 1) dicht liegt.

IlIycts 2 < R® orpaunuennan raaxan o6macts, I” — 3aMKHYTas TIafkas (o — 1)-MepHas
HaoWank C KpaeMm BHYTPH ofmactu 2, u V — OTKPHITOC MOAMHOHECTBO Kpaa 292. Paccma-
TpuBaeTcA B £2.cobCTBenHb dAAMNTHYECKIT onepaTop L mopsgka 2m ¢ riaikumu kood@u-
unenramu. Ilycrs (B, ..., B,) — HopmanbHanA cuérenqa KpaeBelX omepatropos Ha 0f2, -
YAOBJIETBOPAIOIAS KJIACCHYECKOMY YCIOBIIO HA KOpPHAX, a L, (I") o6osuayaer IPOCTPAHCTBO
orpanuvennit ua I' GyHrumit NMPOCTPAHCTBA - - .

CLy(Q) = u€C®(D): Lu= 0B8R, Bulog = = Byulag =0 B2\ V}.
Hoxkasusaercs, 4to Ly (I") NI0OTHO B IPOCTPAHCTBE Wp2"'—l/r"(1‘) (p > 1) .

. Let 2  R” be a bounded, smooth domain, I"a closed, smooth, (» — 1)-dimensional surface with

" boundary in the interior of 22 and ¥ an open subsct of the boundary 822. In 2 we consider a
porperly elliptic differential operator L of order 2m with smooth coefficients. Let (B,, ..., B,,)
be & normal system of boundary operators on 882, which fulfils the classical root conditicn.
Ly(I') denote the space of the restrictions on I’ of the functions from

Ly(2) = {u€C®(D): Lu = 0in Q, Bulog=--- = B,ulsao = 0in Q2 \_Vj. _
It is proved that Ly (I') is dense in the space Wpm=1n(I') (p > 1). )

\

L. In.a bounded domain 2 < R” with a smooth boundary 912 a lincar elliptic bound-.
ary value problem for a differential operator L of order 2m is considered. Let " — Q
~ be a smooth, (n — 1)-dimensional closed surface with boundary in the interior of Q.
Generalizing earlier results for equations of the second order of H. BECKERT [4] and
A. GOPFERT [8, 9] in {18] the density of some séts of solutions in the Sobolev space
W,2m—Y(I") was.proved. Changing for instance the boundary values on an arbitrary
small part V of the boundary, one can generate such a dense set. ) ‘
In the present paper the results of [18] are generalized for the trace ‘spaces,

.1 .
W,,Z"'_'_’{}") (p > 1). Analogous results for uniformi approximation are given in [16,
17]. For the_case of second order see G. ANGER [3] and G. Wanka [14]. For approx-
imation theorems of another type for higher order elliptic equations we refer to
F. E. Browper [6, 7] and [12]. ' '

,



\ ' .
60 U. HamMaNY and G. WILDENHAIN

2. Let ' o \
"L =} a,z)D*
~ laig2m \
(m > 0 an integér, o = (%1, -+ 0t), &; = 0 integers, ,
- N s ) .. a
|0‘l =0 + -+ + oy, D* = Dy*r ... Dy, D = T= (1, 0.0y 2y) € R")
3

be a properly elliptic dlfferentla,l opera.tor with real coefﬁ(nents in C*(R"),'i.e. the ‘
polynomial.

Loz, & + ) Z aa(x) (& + ™),

|laj=2m ' Vo . !

)

which Qorresponds to the main pa,rt o

2 a,(z) D*

|a|=2m

_of the differential operator, for any pair (5, 7]) e R"XR" (£ %0, n =+ 0) of lmearly
independent, vectors and any z € R” has exactly m roots with posmv 1mag1nary ‘

part with respect to . - . , - -
For the ad]omt operator . S
L*u =3 (—1) D{au@)w)
) |a|§2m

\

we suppose the “‘condition for uniqueness in the small”’. This means, if » is a'solution ,
of L*u =0 in a connected open set 2, vanishing on a non-vacuous open subset,
Q' — 9, then u must be identically zero in Q. The condition for instance is fulfilled,
if the coefficients of L are analytic.
Iet 2 = R" be a bounded domain with a sufflclently smooth boundary é2 and I"
a smooth, (n —1-)dimensional surface (C-manifold) in the interior of 2, which does_
not split up the domain 2. On the boundary 92 we suppose a normal system of
boundary operators B;, ..., B, w1th smooth (infinitely differentiable) coefficients
and m; = ord B; < 2m — 1 (j = 1,...; m; m; = m; for 7 & 7). Further we suppose
the classical root condition. For the defmxtlon of the notions see {12]. The system
(B))j=1....m can be completed to a Dirichlet system (B,, ..., By, Cy, ..., Cr) of order
2m on 02 by a. (not uniquely determined) normal system (C’ )i=1..m (ord C; =1;
< 2m — 1)(see [11]). This means, that the completed system is a norma] system and
“the set ‘'of the orders of the operators is {0,1,...,2m — 1}. If the operators C;
=1, m) are fixed, then in an unique way one can find 2m boundary operators
By, C,- (7 =1,...,m) vnth smooth coefflclents on 9%, such that the following prop-
erties hold: ' ; ‘

(i) ord B, =m; =2m —1=1;, ord O} =l =2 — 1 —m;. - ’
(ii) (B, ..., Bp, Cy's ..., Cr) is a Dirichlet system of order 2m on' 9Q and for _
u, v € C°°(.Q) the Green formula. -

) f(Lu)vdx—f L*vdx—ZfCuB vdo— L fBuC’ 'vdo
. ‘9 V o j=109 j=1¢22 . I
holds. .
If t%le_ boundary value problem »
Lu=gin 2, Bpulw=¢; (=1..,m RN
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-,

has an unique solution, under some smoothness conditions on g and @; the solution
u can be represented by means of a Green function G = G(z, y) in the form

) . . m ‘ .
f @) = [9W) Gy dy + X [ ¢;y) O/6lz, y) doly)
- fo] ’ j=10Q . hY
(see [5, 15)). The operators Cy" are applied to y. Under our conditions the function
G = Q(z, y) for x &= y has derivatives of arbitrary order with respect to both vari-
" bles. Applying of the differential operators to y we have : :

L*é’('x, ¥) =0 for z2,yeQ @+y),

BiG@ Wleoa =0. (j=1-.,m). |

In the general case we assume foz; simplicit,y tl;a,t the index-is zero. If theré{ are lc
linearly independent solutions u,, ..., u of the boqndary value problem

..Lu=0(in 02, .B,ul'ag=0 T =1,...,m), .

then' there are a,lsoAk linearly indeﬁendent solutions vy, ..., v of the adjoinf problel'n‘

L*s =0 in @,  B/vjs =0 (G=1..,m). - (@

We assume that
1 for ¢ =3

mewn®=gmquwx=%fmi#j

(3i=1,.. .,.k).'Th_evre is a generalized ‘Green function G = G(z, ) of the boundary - ‘
value problem (1) with the following properties (see [5, 10]): . o

‘. ‘ ) ~
,L@@%yw=7§uwwmw> (ry €, z+y), , (3)

| B @@ Pleeo =0 . (j=1,..,m),
[O@ ) v dy=0 @G=1,..,k, . L @y
D .

uilz)mily) . @y e Q, z$y),

N v

1=1 .

0w

L(I)é(x! y) = -

Biwl(@ Plecos =0 (i=1,..,m), -

. . ) 3

.fé(x,y)u,'(x)dx=0 , =1,..,k).
2 : o I

\

.~

G has the samé‘smoot,hness properties as G in the case of uniqueness.
*+ The problem (1) has a solution if and only if the conditions

j=1080

[ 9y) vity) dy +- 5 J #iy) Civi(y) do(y) = 0 . (5)
Q . . .

!
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. N \ ' .
(t =1, ..., k) are fulfilled. Then every solution of (1)-can be represented in the form

u(z) = fg )Gl y) dy

Y -~ | k . '
+ 5 [ ) OB ) doty) + X o) ' (6)

j=180 - i=1 . ,
: : s - .
(the differential operators C;-are applied to y,¢; € RL, 7 =1,..., k). I‘?ur‘thermore, if
[o@ o dy =0 . @ =1, k), -7 -
2 -

t-hep ] i . : . _
u(@) = [ Gz, y) gy) dy -

K]
is the only solutlon of o
Lu =g, 1%u|éu =0 - (j: 1,...,m)V\
" w1thfu(x)u(x)dx——0for1.—l Lk, 4 '
For given open sets V < 8Qand G G = Q N F we define
Ly(Q) = {u € C~(Q): Lu =0 in Q, Bulsayy = 0 (j= 1 ., m)} and
Le(@) = (u € C°(Q): g := — Iuc Co™(2), :
supp ¢ —G@G, B; uiag - 0 j=1,...,m) respectlvely ’
. T,et LV(F) Lg(I'} be the spaces of the restrictions onto I'. Further we define
N(G) {g € Co°°(9) Lu = g for some u € Ly(£2)}. A
(G’) is the set of all functions g € Cy*® (.0) with support in G and fg x) vi(x) dx = () -

I (i = , k). This follows from (5). We shall prove the dcnSIty of Ly(I) and LG(I )

l
2m—=

in W,  P(I'). First we give the definition of this space.
3. Let W,2m(©2) (1 < p < o0) denote the classical Sobolev spaces with the norm

lullem,p = [ f ID“u(x)]" dx]

la|<2m .O

- In the sense of 1mbcdd_1ng theorems (see [13]) for |«] g 2m — 1 on I there exist
" <traces 6f D*u for the functions u € W ,2™(R2). More precisely ' '

Deujr € C(I')  for |o}|<2m_’—;,.. o N

" p(n — 1) )
Deujr € LI fOI' 2771,——3 -4 S2m—1(1< < -1
Ir € LA(T) S Slal < e

2
W, " p(I’) 18 dcfmed as the space of all functions @ on I, which are rest,rlctlons of
functions from W,2(2) on I' in the trace sense The e}\presswn

II%IIzm_%"p = inf [elom,
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\

where t,he mflmum is taken over all u € W, 2™(22) with ul,- = @, is a norm, such that.
Sl
sz ”(I’) becomes a Banach space. The space C®(I') is dense in W, _P(F).'
For definition of the dual space fory € C°°(F) we consider the norm

' ' Xl ' ' -
Wy, = sp  CIEEL - 7
’ »? om-L (p“zm—l.p - -
PEW), P(ry . P

: B < : 1 1
((w, @) = ft/)(x) - @(z) dcr(x), dar surface element with respect to I, ;9— + -17 =1).

The complemon of C°°(F) with respect to (7) will be denoted by W P(f).
From (7) lmmedlat,ely follows '

o @) < vl v el o g N
P 14 : .

S, L S ol '
for yp € Co(I), g€ W, v(r) Lety € Wy #(I), g € W, ?(I'). Choosing a se-

quence y, € C=(IN) wmh 11m [|tp,, — 1p|| il = 0 we put
5
»
(#,9) :==)im (y,,9). , )
n—>00 .

" The existence of the limit follows from (8). (y, ¢) does not depend on the sequence
(n)- Moreover the mequalxty

R T R A - (10)

. o 1 ! . _1 _
holds for p € W,,'z'“?’_(f'), P € W',,em—_(l") I‘he spaces W'Zm P(I') and W, "(1’)
L e ,

2 +

are mutually ‘dual; (szm—;(l“) »(I'). For a given F ¢ (Wp (F))

theré éxists an unique element yy € W,,'zm ?(I'), such- that F(p) = (yF, p) for ex’rery
pew, o P and IF = lpel_, 1

4. Now.we are able to formulate our main result.
Theorem 1 Under the supposztzons of Section 2 for 1 < p < o0 the ‘space LG( )
8 dense n W, e 7’(1’) .

l
Proof We shall prove the theorem mdnrecbly and suppose L('(F) %+ W (I’)

Then there exists an element h € W (I") h = 0, with (h,u) = Oforall w € Lq(I")
in the sense of the scalarproduct (9) Therefore we can choose asequence h; € C=(I")
with [|h; — I U such t,hat,
2m+—.p°
14

! ) . . o
(B, w) = lim (hy, w) = lim [ hy(2) u(z) dor(z) = 0. Toooan
. . » ’ »O0 r . ; ) R T
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for every u € Lg(I"). The deﬁmtlon of LG(F) and (6) glve the representatlon (with
.I/u*gEN(G)) s .

= f 9(9) ) G, y) dy n, c,u,(x)

, i=1
for every u € LG(I‘) Because of u;|r € L(;(I‘) we have (h 2 cu ) = 0. Hence'
=1 .
(hyw) =lim J hy(z) (J o) G(x, v) dy) dor(2)

7—»00 r
=lim" f g(y) (fhi(x) G(z, y) ddr('x)) dy =0 72
. j>o0 G re s .
for-every ¢ EN(G). ' : . L ’
We shall prove that the sequence ‘ ‘

f hj(x) D,,”G(x, Y) dO’{(IE)

for 8] = 2m with respect to y is uniformly convergent on every compact set
K <= @\ I'. We fix an open neighbourhood Uof I'with ' U= Qand U n K =40.
From the smoothness of G = G(z, y) for z + y follows D, 5G(x, y) €W 2"‘(U) with
respect to z € U and any fixed y € K. We suppose that the boundary aU is smooth:

. Then we can use a. genera.l result from the theory of Sobolev spaces. Namely, because
the boundary &U is smooth; there exists a continuous extension operator from -
W2™U) into W,2™(Q), i.e. for every ue€ W 2"'(U) there exists an extension
@ € W, (2) with u(z) = 4(z) in U and

llEliw o S o -Ilullw,m{w)

v

(w independent. of u € W,2™(U)). Obviously the estimate (|f| < 2m)
ID#G(., "/)”W () . ' ' I l

< X sup DD, ﬂG(x, Y} m(U)v = O(U, K, m, p, ﬂ)
loj=2m zeU,yeK
holds, where m(U).denoteS the Lebesgue measure of U and the constant on the right
~ hand side is independent of y. It follows

v DG N, 1 = inf ||u||w'"'(9)
) Im =P ul,- DBG(-.)

S0 DO Yl scw Kimp.B). -
Applying (10) we get the estimate .
| [ DGz, y) (hi(z) — hy(2)) dar(z)l

NS
\

© S IDSEC ), nedp Ilha — il 1
>

—2m+;.P'
<O K mp, )b — By, 1 e
P

-\Because the nght side is mdependent of y, the assertion follows. The sequence

[ i) Gz, y) dor(a) o
r . - . :

especially converges unifermly with respect to y € G.
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.Therefore in (12) ‘we can ohange the limit and the integral and get
(h, w)-= j 9(y) (llm [ G(=, y) hj(x) dar(:t:)) dy =0 (13)
) oo ) ,
. for ever); ge€ N(G’), i.e. for every g € Cy>(2) with suppgc- ¢ and »
fg(x) vil@)de =0 (@G=1,... k) g

((14) follows from (5)) Combmmg (13) and (14) we obtam '

lim fG (=, y) hj(z) do(z) = Zc,v,(y) =:9(y) inG. 15y .
)—?00 r i=1 . . .
Puttmg - ‘
w(y) := lim | G'(:c, y) h; (@) dop(x) — o(y),
. oo I

'using L*y =0, (3) and the uniform convergence for |ﬂ| = 2m, we have for y G‘Q NI

L*w(y) = L* (llm fa (2, y) hy(x) dap(x)) — L*u(y)
jroo T D
= lim L* f G(x, y) ki) dor(z)
]—»00

= linr f L(V,G(x, y) hi(x) do{p(:'v)

‘;—»ool

= —lim Z u; (y)f i(x) h () d"l‘(x)

jooo i=1

: = ,—2 u,(y) . {llm [ wi(z) hy(z), dap(x)}- =0.

j=oo
\

The last equallty follows from (11), because u; € LG(.Q) for t=1,...,k From (15),

de.w=0in @G, and from the “condition for uniqueness in the small”, we obtain
cw=0in 2\ T, ie. . '

. / " lim fG(x y) hj(z) dor(z) :'u(y) in,:.Q'\.I’. - ‘(1_6)'

;—>ool‘

In the next step we shall show that

-~

lim [u(z) ki(z) dor(z) = 0 v ‘. : ‘ ‘- | K - I

j—=oo

. holds for every u € Cp®(9). Dofmmg/ = Lu, the funct,lon u 6 Co® (.Q) can be con-'
sidered as a solution of the boundary value problem :

Lu _/ in 2, Bjulag =0 (j=1,..;,m)

.and by (65 we have
. : - _ k
w(@) = [ Gz, y) f(y) dy + X couy(a).
.. 9

i=1 .
X - -

5 Analysis Bd. 5, Heft 1 (1980)
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Because of u; € L;(2) it is

f ( 2 couy( x)) hi(z) dap(x) =0.

joo I i=1

.
Therefore we must show that'

i [ (f 6= 2 () dy) Py(z) dor(z) = 0. .

jooo I

={z€Q:d(z, ") < 6} denobes an open d-neighbourhood of I'. Forevery 6 > 0,
there is a @ € Co™(R") with 0 = @,(z) < 1 for all z € R*, @4(z) = 1-for all x € Iy,
and supp @; == I's. We define /,, = fps and 4 := f(1 — @s): It is fs + fs=/
supp fs = I's-and fs(z) = O for z € Typ. We ha,ve ‘ p

-

lim (]G f@) ) hy(@) dor(z) : e

cjmoo I \2

=lim [ ( [ Gz, y) fsly) dy) hy(x) dor(z)

oo I \Q2

+lim [ ({ Gt ) i) dor@) = I, + L.

oo I \Q

Dsmg once more the unlform convergence of fh () G(z, y) dor(z) and (16), we
obtam (fs=0in Tse!) r

T4 = lim f/,,(g'/) (fG(x y) h () dap(x)) dy -

j—oo 2

~

= f fs@) (11m f@ (x, y) ki) dar(x)) dy

. \j>oo.r
=.f/a(y v(y) dy- .

.+ Because v is a solution of the homogeneous boundary value problem (2), the con-’
dition (5) gives

= [ o) /(@) dy = =/ b(y) i@ dy'+ [ o) 10 ciy.

2
Because of im m(I3) = 0 (m([y) denotes the Lebesgue measure of I's) there is a

: 50

8,(e) >0 for a glven e > 0, such that = - ]

l.lul =

fv(y)/a(y) dy{<e for 0<6<6(6)

Q

Now we conSJder I2 5t

f hi(z) ( [ Gz, y) /o(?/) dy) dw(x)l

AY

i

= Ilh I_,

+ —lp
»? p

y) /a(?/) dy

e

2m,p
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(the convergent \sequence h, is bounded!). Now we want to show that -

f G(x y) o) dy|

T hm = O
50 '

2mp

. For 0 := f/,,(y) v;(y) dy we have lim C;? .=A0 .(13 =1,.., k) We define
s 9’ 80 . ~

- &
Fy(y) := foly) — é{ Civily)

and get f Fs(y) vi(y)dy = 0 (¢'= 1, ..., k). Therefore
. 2 . C . :
s :

Wilz) := [ G, y) Faty) dy
C Q .

lS a solutién of the: boundary value problem

Lu=F, in @,  Byulsa =0 -,(7"=1, am).

From thc Schauder estimate (see [2]) we can conclude tha.t there exnst,s a constant
0 < oo Wlth

o Wiy S C-WLWolop = C < Follop

for every 6 > 0 (C"doeé not dep¢nd on §). Because of T R
- k . ‘ o !
1Fallo.p .= Ilfsllo,» +~Z;,|Cs”i “Mwillo, p »
) =N < .
lim [foll, =0 and LmCP =0 (@G=1,..,k).

" we have lim W sllom. p ‘='O.'From fC’(:_z, y) vi(y) dy = 0 (see (4)) we conclude
; 50 Q . o

Jj c‘i(z, ¥) foly) dy = Iy F6<y') dy = Wi@).

!

= 0. For that reason we can find a
2m,p

There{ore we get lim ” [ G, 9) fs(y) dy
8u(e).> 0 that

[ ki) - ( [ G (z,9) fs(y) dy) dor(z)
r A2 , )

-

< ¢

for 0 < Sg d02(¢) and every j. Tﬁis means,
lim [ w(z) k(@) dor(z) = 0.

v joo I . ’

Now . we consider any function 1;1 € C’""’(F) From the smoothness of I" follows that '
"'an extension to a’ functlon u E CO°°(.Q) can be found. From our precedmg consid-
. erations we obtain

“lim (k) =0 for every y 6 C°°(F)
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Finally we get . . .
. A N _ A
: ”h”_ém+l y -sup | ”lh’_w, = sup | |? ’ w}l
27 1P 2"'1__;)"’ wecoo(ry |l ]‘_)m_;"p

2m——(I')

13 Wp

weCoO([) lﬁ l =0

om—1 P
>

ie.h =0and L;(I") = Wﬂ-m_;(lj‘) . |
5. Let V < 02 be an open subset of the boundary 8Q. We construct a larger

smooth domain .Q, D 2 with 82 \ ¥V < 0£,. In addition to our earlier assumptions
we suppose:

(i) The coefficients of B; can be extended to 6!), N\ 92 in such a way that the new
system (B;);Z,....m of boundary operators on' 92, also is normal and satisfies the roots
condition. . . ) T

If the coefficients of B; are constant (for instance in the case of the Dirichlet
* problem) condition (i) is fulfllled ' ‘

Theo rem 2: We suppose the condmon.s o/ Section 2 and (1) Then LV(F) 28 dense
mW P(I‘)(1<p<oo) _ S

Proof: We choose an open subset GC .O, N\ 2 and eons1der the space LG(.Q,)
By Theorem 1 W(, have Lg(2,)] )Ir = W (F) Since Lg( Q,)Ig < Ly(92), we obtam
LT = W, ) a L

If we further suppose that the boundary value problem o

. Lu =0 in Q, Bulao—O G=1,...,m)

‘only has the trivial solution, in the same manner as in [18] replacmg W2""'—1(I“) by

.

w2m

» P(P) we can prove the theorems, correspondmg Theorem ,3'and 4 in [18].

N
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