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On Strong'Unboﬁndedr_ness of Symmetrie Operators

J. FRIEDRICH o

Es wird gezeigt, daB es zu jeder ungeraden natiirlichen Zahl n einen symmetrischen Operator . .
& im secparablen Hilbertraum J gibt, so da8 J,J3,...; J ® von unten unbeschrinkt sind |
undJ""ZOfurk>nlst ' . . N :

HoxasnBaerca, 4to 1A 11060r0 HEUETHOTO HATYPANBLHOTO YMCIA 7 CYMECTBYET cummerpu-
yecKuit oneparopﬂ’ ncenapaGeanowrunb6epTOBow npocrpaucmeﬂf TaKo#, uto J ,J 3,
gn Heorpaﬂmeﬂu cuu3y u J ¥ = 0 psi Beex k > n.

It will be shown that for each positive odd lnteger n there is a symmetric operat.or‘f in a,
separable Hilbert spa.cec%’ such that J, J3, ..., J ® are unbounded from below and J % = 0
for k > n. . . ' . T )

A symmetrlc operator J with dense invariant domam D < D(f ) is said to be strongly

unbounded from above (below), if , . - S .
sup (J* ,w) +oo (inf <<7"fp,¢> ) '
WGB;(”) . . .

@€ B (D)
for'k = - 1, ‘3 5 where '

. Bkw) {wefbl<c7"¢,¢>|sw=12 L—l}

It was- shown in [1] that two unbounded symmetrlc operators f,,fz with dense " .

mvarlanb domains D; = m D(J' ‘), 7 =1, 2, possess dense invariant domains .‘D,o_'

c.2;, j=1, 2, such thatf P Do and c72 | Dy are umtanly equivalent if and only if
/ they are both sbrongly unbounded from below or both strongly unbounded from above.

- The latter result has applications to representatlons of unbounded operator algebras

(see [3]). Clearly, a self-adjoint operator £ is strongly unbounded from below (above),

if and only if it is unbounded from below (above) in the usual sense. The following

theorem shows that the word ‘strongly” can not be omitted in ‘general. But the.

theorem seems to be of mterest in itself. , .

Theore m: Let n be a given positive odd integ Jer I‘here us a closed symmetric operator
J ina sey;amble Hqlbert space J¢ suck that' .

’
'

iy 2= nD(Y’)wawre/oreachY“L—l2 ,i.e.,f"f.‘l):j“,
. ji=1 . N " -
(i) - inf (T k@, @)= —co if k€{L,3,. o m))

4 PEB(D) ‘ .

(iti) (Jf“,tp)20 'Lf (pE.Y) and k> .

The idea of the proof is to construct 7' as a restrlctlon of a suitable self a.djomt :

- operator. We start WIth an auxiliary construction of symmetrlc operators T, t> 0.
1 .

I
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From now on, let n be fixed. Consnder a positive bounded operator Bina separable
Hilbert space H with the properties that ker B = {0} and BH % H. Choose some
“vector z.€ H \ BH. We defmc self-adjoint operators 4,, ¢ >, 0, in the Hilbert space
COH =:H by D(A,):=C® BH and A,(2, Bf) = (—#4, ) for (i, Bf) € D(4,).
The operators T, are defmed by

D(T,) := {(2, f) € D(4,) : Ay(4, f) .L (=1, 2)},
T,:= A, } D(T,).

Since 7', is a densely defined closed symmcbrlc operator-and has deficiency indices
(1, 1), [2: 'l‘heorem 1.9] yields

Lemma 1: D, := (\ D(T}) is dense in W and
.. R i=1 ) .

TFTD, =1, k=12, -, 5
~ In the followmg we will need a suitable description of D(T*), whlch is given by
Lemma 2: Let k'be a posztwe odd wnteger. (4, f) € H belongs to D(T*) if and only of -
(i, f) = i(1, Bh#) + (0, By, -
whereg | Bz, 1 =0,1,..., E— 1, and

_ 0 x Bx ... Bty
—t2k+n—1 bo bl . bk—l ; bo b, bk_.l

Bt o= | 40%4n=3 b b, ... b P

B N W Ok e | :
b e (Bim,z), j=0,1,.. A
Proof: The definition of A* is correct, since
by by b

Bics - baka Y

is the Gramian determinant of the vectors , Bz, ..., B¥~1z, which are lincariy in-

dependent since x ¢ BH. . ) .
Consider (2, f) € D(T*). Since D(T*) S D(A.*), (2, f) = #(1, B*k*) + (0, B*g) for

some g € H. By definition of D(T %),

) AJG, N L (v, ), i=12, ..k,
ie. : ' _ .
(A((—ey, B¥=ik*) + (0, B*~ig), (tn1, 7))
= (=17 B (b B - (g, B ) = 0
forj=1,2,. k By dcflmtlon of bk, (h*, B¥~iz) = (—1)" 7 gRitn—1 whlchlmpllcs.

that (g, B"“lx) =0,j=1,2,...,k
" On the other hand, each vector of the described form belongs to D(7'%) 1
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" Since we want to study the operators 7T, for ¢ — 0, the followmg statemenb will be'
useful.

1l

Corollary 3: bt = t"“(h“ + O(t)) where kk s a /zxed non-zero vector and O(t)
tends to zero if ¢ tends to zero. . '

Next we express the positivity of 7'* in terms of h, .
Lem ma 4: Let kbea posztwe odd mteger (T <p, @y =0 forallge D, if and only if

: [(B*h*, F)I2
1 — “su
0#/1%': (Bk/a /> <Bk/"tk, k’tk>

.....

‘Proof: (’1’,"(]), ) = 0 for all @ E D, iff (T, ®, (p) =0 for all ¢ € D(T*), since D, is a
core for 7' by Lemma 1. Obviously (70, Bkg), (0, B¥g ) = 0. Thus we conclude by
~ Lemma, 2 that (T'/*p, p) = 0 for all ¢ € D, iff

(7. k(l BHhE + g), (1, B + 9)) = —F“+<Bk<h‘ F bt 20
fora]lq_LB‘ 1=0,1,...k — 1. But ’ :
mln (B¥(h* 4 /g) ke + 2y

> 1*(BHh,*, h,")‘ o ()

= (B*h/*, ) (1 - I(Bkht 9>[2 <Bkh:k: htk> (B*q, ))” )
- for g % 0. Using this, (1) follows from the last inequality B
Now we' cons:der the left- hand sxde of mequallty (1) for.small ¢.

Lemma 5: It s

.

: e B
lim inf (1 — sup KB'g:*, P ) >0

t—+0 0%/1 B'z <-Bkhtk’ htk> (Bkj, />

. 1=0.1...k—1
"for k=3,5,.

Proof Let H, denote the completlon ofH with respect to the inner product ‘
(. s ) = (B*., .}, With some abuse of notation we denote the continuous extension of -
Bto H* agam by B. Since k =3, : ’ -

Kf B¥-12)| < (BY, f) (B*~%z, ) ‘
forallf € H ie:, the lmear functional f > (f, B¥—1z) has a continuous extension to H .
Thus, there is a vector xz,, € H, such that {f, B¥—1z) = (f, x*)* forallfe H. Obv10usly,

Bx* = a. , :
Consider . - -

<ht 3 /)*'2
w, . = Su ——
: </:;)p0 (/ /)* (htk, ht )*

If we denote»the angle between &* and z, by «,, then a,-is nothing but sin? . Hence

a, = 1 — cos? x

T o= 1 ot Kht ) x*>|2 (x> Ta)s (%, hc’%:)~
o1 (B¥=1hk, 2)[2 ((B¥—2z, z) (B*h.*, h,"))‘l.



88 J. fnmmucn o

Since by deflmtlon of bt
KB 1A, @) = Kh:", B"“ ‘x)l = o4,

we obtain . : . .
-1 gzn+2(<Bk~2x ) (B*h*, h{k)
‘ H'en'ce T e
T NI,
=1—su - (BRI

. iz (B, b5 (B, )

\ 21— gy = (B2, ) (BrRK B R
" Thus, by Corollary 3, :

L C e [(B*h*, 12
Iiminf{1 — su - -
i i0 ( K ooﬁ,f;kxz (B*h*, h*y (B, f)) /

> lim t2"+2((B" 2z, :z:) (B"h,", k) = (BF 22, :v) (B*kF, kk>)‘
l——>+ R
) ¢ . t.
) Wthh proves our assertion I - '

Proof of the Theorem Smce

lim t2"+4<B"+2h"‘+2 h u+2> 1 — lim t2<B"+2h"+2 hn+2)—1 =0
t—>+0 ‘ t>+0 .

and by Lemma 4 and 5, t,here is an ¢ > 0 such’ that (T +%p, ¢) = 0-for all ¢.€ (0, ¢)

- and all @ € D,

T
Smce

“lim % B"h,", h,") 1= lim¢ 2(B"h"' h")‘l = o0,

t-r+0 b0 -
there is some ¢, € (0, &) such that 102"(B"h h?) > 1. Writing 7 and D instead of 7',
and D,,, this means by Lemma 4 that there is somc @o € D such that (T"g,, @) < 0.
Obviously, (T"—2Tig,, Tip,) < 0forj =0, 1, (n—1 /2 and, since (T"+2zp @) =0
forall<p€])(7"<p<p)20forall<p€Dandk>n .

Cons1der the closed symmetric opera.tor <7 @ 4T in:the separable Hilbert
=
space H = 'Z’ @H. T sa.tlsfles the condltlons in bhe theorem

(i) is satlesfled since D'= ﬂ D(T7) Z @ D and since D is a core for each T*,
k=12 ... . .
(i) is true, since _ .

<~

k—1 R -1 a o
e < (3 ) Ty
: wéBk(D
forj ='1,2,..., and since <’1”‘<p0, @oy < Ofork=:1,3,.
(iii) fo]lows lmmedlately from the fact that (’I”‘q), ) 2 0 for k > m, which comple-
tes,the proof I . . —
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