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On Strong 'Unboundedness of Symmetric Operators	. 

J. FRIEDRICH	 .	 . 

Es wird gezeigt, daB es zu jodér ungeraden naturlichen Zahi n einen symmetrischen Operator 
Y im separablen Hilbertraum X gibt, so daB T; T3, ...; IT" von unten unbeschrnkt sind 
und yk 0 für k >n ist. 

oKaaMBaeTcH,qTo 

jji,i 

uo6oro HeqeTuoro iiaypamoro 'iacna n CIICTBCT cMMMeTpH- 
ec1cHft onepaTopY ncenapaüeJlbHoM rioI6epTonoM npocTpaucTee X, Taxofl, 'ITO Y, 

Y' HeorpaHll'IeHbI CHH3Y H	^ 0 AJIFI Bcex k> n. 
It will be shown that for each positive odd integer nthero is a symmetric operatorT in a. 
separable Hubert space 7C such that cT, ...... Y' are unbounded from below and c7 0 
for k>n.  

A symmetric operator Y with dense invariant domain 2) 9 D(T) is said to be strongly 
unbounded from above (below), if	 . 

sup (Y, ) = +00( j	(7kq, ,) = —00 
EB()	 . 

for'k = 1, 3, 5, ..., where

- 
It was- shown in [1] that two unbounded symmetric operators cY, Y2 with dense 
invariant domains 2), =hD(cY7), f = 1, 2, possess dense invariant domains A 0. 

.2,, j = 1, 2, such that Y 2)IO and T2 - 020 are unitarily equivalent if and only if 
they are both strongly unbounded from below or both strongly unbounded from above. 
The latter result has applications to representations of unbounded operator algebras 
(see [3]). Clearly, a self-adjoinit operator 4 is strongly unbounded from below (above),  
if and only if it is unbounded from below (above) in the usual sense. The following 
theorem shOws that the word "strongly" can not be omitted in general. But the 
theorem seems to be of interest in itself.	-	- 

Theorem: Let n be a given positive odd integer. Ther is a closed symmetric éra tor 
T in a separable Hilbert, space X such that	 S	

op
 

(i) 2)	 is a core /or eachY, Ic = 1, 2, ..., i.e., Tk r 2) =Tk,- 

(ii) yf (k q) = —00 i/ k  J1,'3,1..., n},	 - S 

q'EB)	
S	 - 

,)

	 0

	

 i/97E.D and Ic-> n.	.-	- 
The idea of the proof is to construct '1' as a restriction of a suitable self-adjoint 

operator. We start with an auxiliary construction of symmetric operators T, t> 0.



Fl 
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From now on, let n be fixed. Consider apositive bounded operator B' in a separable 
Hubert space H with the properties that ker B = {O} and BH + H. Choose some 
vector x, E H \ BH. We define self-adjoint operators A,, t >, 0, in the Hubert, space 
CIi =: H by D(A,) := C(jBIi and A t ()., BI) = (—t22,/) for (2,B/) E D(A,). 
The operators T, are' defined by 

D(T,) := ((2,/) € D(A,) : A,(2, 1) 1 (t n — i , x)}, 
T, :=A, rDT1). 

Since 'I's is. a densely defined closed symmetric operator and has deficiency indices 
(1,1), [2: Theorem 1.9] yields	

- 
T 'Lemnia 1: D, :=flD(T,i) is dense in 11 and. 

Ttk D, = T,",	k = I , .2 
In the following we will need a suitable description of D(T,"), which is given by 

Lemma 2: Let k be a positive odd integer. ., /) E It belongs to D(T,") if and only if 

(A,/) = A(I,Bkh,k) + (0,13kg), 

where g	B'x, 1	0, 1, ..., k - 1, and 

-	0	x	Bx ... B"1x	 I_i _g2k+n-1 b0	b 1	... bk_I '	b0	b 1 ... bk_i 
'	b	hb = +t23 b1	b2	... b	 i... k 

_gn+t	bk_I bk	... b2k_2	bk_I bk ... b2k_2 

b, := (Bix, x),	1 = 0, 1,... 

Proof: The definition of h, k is correct, since 

h0	...bk_II  

bk_i ...b2k2 

is the Gramian determinant of the vectors x, Bx, ..., W_ ix, which are linearly in-
dependent since x 4 BH. 

	

Consider (2,1) E D(T, k). Since D(T k)	D(A, k) , (2,!)	2(1, Bkh,k) + (0, Bkg) for 
some g € H. By definition of D(T,k), 

A ,(2 ,/) f (t i , x),	j = 1,2,..., i, 
i.e.	

((( _ t2)i, Bk_ih,k)+(0,  Bk_ ig) ,	1, x))	 - 

= 2((_1) i t2i±tz + (h1 1', B" ix)) ± (q; ,Rkix) = 0 

for j = 1, 2, ..., k. By definition of h k , (h/', B" Ix) = (1)"i g2i+-1, which implies. 
that (g, B" ix) = 0, j = 1, 2, ..., k. 

On the other hand, each vector of the described form belongs to D(T, L ) •
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Since we want to study the operators T1 for t -+ 0, the following statement will be 
useful. 

Corollary 3: h1 k = t+' (M + 0(t)), where h" is a fixed non-zero vector and 0(t) 
tends to zero i/I tends to zero. 

Next we expressthe positivity of T k in ternis of h/'. 

Lemma 4: Let k be a positive odd integer. (T, ) ^ 0/or all E D1 it and only if 

1 - •slip 
(Bk/ , /) (BI h1k,h1k) 

^ I(Bkh , h, 1 .	 (1) 
1=0.1.....k-i 

Proof: ('J' t p, p)	0 for all 99 € D1 iff (T1 p, q')	0 for all q € D(T1 1'), since D1 is a
core for T by Lemma 1. Obviously (T, k(0, Bkg), (0, Bkg)) 0. Thus we conclude by 
Lemma. 2 that (171k	

) > 0 for all p E D1 iff	 - 
(rp1k(i, Bk(h k + g)), (i, Bt((h1k + g)))	 12k + (B"(h + ii) h1k + vi) > 0 

for all  J B'x,l= 0, 1,..., k - 1. But	- 

ruin (Bk(h1k + Ag), h1k + ).g)	 .	 .	.. 
AEC  

= (Bkh1 k, h1 k) (1 _ (Bkh1k, u)12 ((Bkh1 k , h1 k) (B kg, g)y') 

	

• for g	0.'Using this, (1) fllows from the last inequality I 
Now we consider the left-hand side of inequality (1) for.small 1. - 

• -L em iii a 5: It is	 - 
-	 I(Bkqtk,/)12	 - 

lim inf (i —sup	
(Bkh1k, h1 k) (Bk!, t) > 

I 01	k i 

for k = 3, 5  

Proof: Let Ii denote the completion of .H with respect to the inner product 
•) := (Bk., .). With some abuse of notation we denote the continuous extension of 

B to H again by B. Since k ;_> 3,	 .	. 

	

-	I(t B 1 x)	(Bk/, /) (B 2x, x)	
0 

for all / € H, i.e.; the linear functionalf (/, B' 'x) has a continuous extension toiI. 
Thus, there is a vector x E H such that (f, Bk- tx) = (/, x) for all / E H. Obviously, 
Bx, = x. 

Consider  

U1 = sup // A /L L (f.x)=0 \/'I/* \ I k , 11* 
0*JE H .	 - 

If we denote the angle between h1 1' and x,, by a, then at is nothing but sin2 a,. Hence 

a1 = 1 - cos2 a t 

- =	'' x) 2 ((x,	(/i1",  

= 1 - (Bk_1h1k, x)1 2 ((B 2x, x) (-B"h1 ", hill))-'.
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Since by definition of h1" 

KBk_ lh1k, x)[ = j(h,k, Bk— 'x)j = tn+1, 

we obtain 

a 1 = 1 - 12n+2((Bk_2x, x) (Bkh,, h11c))-1. 

Hence

1slip	I(Bkh1k,/)I2 -	
(Bk/, h11') (Bk!,,) 

fEH.1o.1 ..... k-1 

>1 	 (B"h,",/)12 
=	oJ- ' (Bkh1 k , h) (Bk!, I) 

fEll 

^ 1 - a,	t2n+2((Bk_2x, ) (Bkh1k,h,k))_1. 

Thus, by Corollary 3,	- 

•	/	 (13k/,,k, /)12 liniinf 1 -
	(B"/t,", h, k) (Bk/, 

-	1=0,1 ....,k-1 

>— lim 2n + 2((Bk_ 2x, x) (Bkh , h1 '))1 = ((Bk_?x, x) (BkM, 

which proves our assertion U	 -	 - 

	

Proof of the Theorem: since -'	 = 

urn t28+4(Bfl+2h,7+2 , h, ? + 2_1 = urn t 2(Bn + 2hn + 2 , hn + 2)- 1 = C) 

'andby Lemma 4 and 5, there is an E > 0 such that (T,"+29,,97)  0-for all tE (0, e) 
• and all9,ED,. 

Since'  

lim t2"(B"h,°, h,")-' = lini t 2(B"h", k")-' = 

there is some t0 E (0; ) such that 10 2 (B"h', , h',) > 1. Writing T and 1) instead of T,, 
and D,, this means by Lemma 4 that there is some E D such that (T" O, ) < 0. 
Obviously, (T" 2iTi9,0, T') < 0 for j = 0, 1, ..., (n - 1)/2 and, since (T'+2q, ) 0 
for all 99 E D, (749,, q,) ^ 0 for all 9,.E D and k > n. 

Consider the closed symmetric operator cT =E jT in , the separable Hubert 
CO 

space X =	H. Y satisfies the conditions in the theorem: 
•	

)1	 - 

- (i) is satiesfied, since	= fl D(Ti )	Z	D and since 1) is .a core for each Xk, 
k = 1, 2	 •	 -	 - 

(ii) is true, since	 - 

	

/k—i	 -	 - in	9,) ^ I ( !' KT' 9,o, 9,o)JJ (Tk9,0, 9,o) . 
- '
	q'EB,()	'	 \1=0	 /	/ 

for j=l,2....., and since (Tk9,0 , 9,0)<O for k= 1,3,...,n., 
(iii) follows immediately from the fact that (Tk9,, 9,)  0 for k> n, which comple-

tes the proof I	 -	 •
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