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On the Majorization 1 \Iethod for Holomorphic Solutlons'
of Linear Partial leferentlal Equations '

L. BErG

4 .

Die Anwendung der 1 \{ajorantcnmethode zum Nachweis holomorpher Losungen von Anfangs-.
wertproblemen tiir zweidimensionale partielle Differentialgleichungen erfordert die asympto-
_ tische-Abschitzung inverser Matrizen. Der Beitrag berichtet iiber zwei Beispiele hierzu.

TTpunmetenite MeTOXA MAXKOPAHT AJIA JOKA3ATENbCTBA CYLIECTBOBAHUA FOJIOMOPGHHHIX pelenuit
samaun Kowm mna geymepumx, ainddepeHuManbHbX ypaBHeHHil B 4acTHEIX NPOH3BOXHBIX
TpebyeT acHMOTOTHYECKON OLEHKU o6pa'mu‘< MaTpHL. B naHHolt paGote npuno;xm-cu ARa
npmlcpa K 9Toil npoﬁneuc .

The application of the majorization method to proving the existence of holomorphic solutions
of initial value problems for two-dimensional partial differential equations requires the asymp-
. totic cstxmatlon of inverse matrices. The article presents two examples concermng this sub-
ject. ) 5 . N
The majorization method was first used by S.v.KowALEVSKY [6] to prove the . _
existence of holomorphlc solutions of the Cauchy probleém for partial dlfferentxal
equations, and it is still contained in modern textbooks like L. HGRMANDER [5]
In the two-dimensional case it is possible to géneralize the known results using
asymptotic estimates for. Tocplitzian ‘band matrices [3]. In what follows we first
improve one result of [1] -concerning the Goursat problem, and second we sketch
the transfer of the method to the Cauchy problem with an analytic boundary The
majorization method for ordinary differential equations you find eg in W. W,
GOLUBEW [4]. -
" Though the considerations can be done for more general cases, we restnct our-
selves for simplicity to the special differential equation with constant coefficients

n 17

'Z W»(%y):/(x,y), ’ - . Y

where z, y are complcx variables and f(z, y) is holomorphlc for|z| < 7, |yl < o. We

ask for’ solutlons ,

.

o ol zt. 1/'5
z(x y) - Z z ?,‘ ' ) (2)
, i,j=0 7

which are also holomorphic for z =y =0 and satlefy given initial condmons
Substatutmg (2) into (1) we obtain the difference equation’

N

Z W Zign,jin—r = fij o , IR
ve=0 . . .
. for 7,7 =0, 1, ..., where at the right-hand side we have the coefficients of f(z, )
in an expansion analogous to (2). For 7 - j = m we introduce the notations
' : ’ . J
Z(M) = zt+v mtn—v=i> /'.(m) = /i.m—i . - (3)

\
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so that we have to solve the equations !

‘n
Zazl) =fim ’ : , BECY

t+v
v=0

fore=0,1,...,mand m =0,1,....

1. The Goursat problem ‘ ‘
For a certain integer k& ‘with 0 < k S n Goursat’s initial conditions’ rcad in the
homogeneous case -
o : o
. % Z(O, ?/) = 'O: W z(x, O) =0 : - ’ (5)
forv=0,1,....k — 1and g == 0, 1,...,n — k — 1. According to (2) and (3) these
conditions lmply -

\

(m) — ... — ~(m) v_ (m) . __ . __ m) ’ '
2 - =% = O) Zmikyl = Z;,H" = 0. (6)

Hence the system of lincar equations (4), (6) possesses for'a fixed m the Toeplitzian
band matrix ’ :

f ) Uy - Qy 0
~ N . . \
. Qg . . , ) /
4, =+ - L : (7)
e
i .
.0 g

c§f size (m -+ 1) X (m + ) as coefficieht matrix. We always assume that n > 1 )

. Theorem 1: If all A, are regular and the elements d{T" of the inverses Ayt = (di™
possess uniformly for O S %, ] =< m the asymplotic estzmateé

dim = O(miai-1) . (8)

with a real number « > 0 and an integer 1 = 0, then the initial value p%oblem (1), (3)
possesses exactly one solution (2), which for an arbztmry p with 0 < p < 1 7s.holo-
morphic for

ol < pRlx, ly<(—pR ' (9)
with B =-min (ar, g). . ;o

- Proof: Since the coefficients z;; can be uniquely determined from (4) with (6),
we only have to prove the convergence of (2) in the circles (9). If we diminish the
numbers 7 and ¢ by an arbitrary small amount (but maintain the same notation)

\ we have for the second coefficients in (3) by Cauchy s inequality

fim = O(il(m — 2)! r=fgt=m).
Hence, inverting the system (4), (6) we find
= Sapym =0 (mom Baiion =t iey).

1=0

i .



-

The Majorization Method for Lin. Part. Diff: Equ. . 113

and in view of j{(m — j)! < m! and
' o O((o/xr)™) for o> ar,
2 (o/ar)i = ym + 1 for o = ar,
= 0(1) for o < ar,

consequently 2{™) = O(m’(m —+ 1)' «iR-™ ) 01", according to (3), . '

zij = O((@ +9) (¢ + j)! «'R7).
The binomial formula implies (2 + j)! p*(1 — p)! = <!j! for an arbitrary p with
0<p<1l Thus we obtain .- ~ R ’ ' .
!

= 0{(¢ +3)' (pRJs) (1 — P R))

2!

and we sce the convergencc of (2) under the condltlons (9), if we let tend 7 and 0

to their orlgmal values I

. Remarks: In [1] Theoréem 1 was proved under the additional assumptlons 1=0

and p = 1/2. Sufficient conditions for (8) you ilnd in [3] The statements are sharp,

as can be seen from the following
’ \
Example: The partial differential cquation

2:2(%, y) — 20(21”(21* y) + “zzw(x y) = —}L"(Z) - 0‘29”( )

with oc > 0 possesses under the initial conditions (5) with n = 2 and k=1 (ie.
v = p'=0) accordmg to A. SCHM_‘IDT {71 the unique solution .

2z, y) = gloz + y) + zq(xx + ?/) — 9(y) — h(x) 4 o (10)

— zx2g”(y) let 7 and p be the radii of convergence of k(z) and g(y), respectively. Then

g(z) has in general the radius of convergence R = min (a7, ¢) and (10) is holomorphic .
in the intersection of |ax + y| < R, |z| < r and |y| < ¢. This domain cannot be

enlarged in gencral Hence it is possible that the solution (10) possesses for z ="'pR/«

‘and y = (1 — p) R, i.e. for\o;:c + y.= R, a singularity. Condition (8) is satisfied

with [ = 1. o ‘ . ’ o

\

2. ’l‘hc Cauchy problem

Now, for the part,la.l dxfferentlal equatlon of order n = 2

) az;(z, y) + bz (x, ¥) + czylz, y) = f(z,9) , . . (11)
with ac % 0 and a curve - . ; A ’
y='dx+2dx' ) . : (12)
v=2 . . . .

which is holomorphlc for z = 0 we consider the homogeneous Cauchy problem

Az, y) =0,  palzy) +eEy) =0 ‘ (13)

8 Analysis Bd. 5, Heft 2 (19886)

.

with 'q(x) = (h (;) — g(x)) % and ¢ = g(0)= &(0). Because of f(z, y) = —h"(x)
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on'the curve (.12) with p2 + ¢* = 1 and
pd +q. , - - | (14)

The inequality (14) guarantees that in the point z =y = 0 the tangent of the °
curve (12) does not point in the direction of the derivative-in (13).

Since (11) is a special case of (1), the corresponding difference equation (4) sim-
plifies to ! .

Cz; + bzx-;l + AZipg = fl . (15)
v for i=0,1,...,mif we drop the upper index 2 m. On the curve (12) we have A
! xi+i i
s= Eai(a+ zd,ﬂx) ,
¥

N Ii+ i
‘pzz—{—qz _Z(pz|+ll+Ql7+l)x ( +Zd;+1x): )

l)- =1

so that the condmons (13) go over into z4 = 0, dzm + 250 = 0, g2, + P20 =0,
i.e. in view of (14) also 2y, = 210 = 0; and.

Z.'.._ (m -+ 2) dm'+2—l'z'. = fm—f-l-’ o : |
: | | . (16)

|
RS SRS N\
A (Q( i )4 pd(z.__l ))d: 2 = [ms2s ,

- where f3, and f,,.,.are linear combinations of values z;; ‘with 7 - ti<m+2,w hich,
for a fixed 7, aré already known if we solve the system (15), (16) re(,urswely

-3
L

.

' t

Lemma: The determinant 4 of the system (15), (16) possesses the uzlue :
> 4= (pd — g) (ad? —bd +)™3. B ooam

Proof By means ‘of permissible transformations of the last two lines, where the
casesp +0,¢g=0and g + 0 are to be treated in different ways, we can write 4 in
the form .

c‘ b a N 0
c . ba ) a’ . . :
0
4= (pd—q) , . (18)
‘ i . ‘ . c b
dms ("L+ Nam 1
: 1
0o amn (m Tl dm
But the remaining determinant is the resultant of the two polynomials ,
@+ b+ ¢ . (19)

and (4 + d)™*1 and therefore, accordmg to B L VAN DER WAERDEN (8], equal to

(ad? — bd - )+t W

~
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'According to (14)'and (17) we have the followir;g ‘

Corollary: The s"/stem (15), (16) ©s uniquely solvable, if and only if —d %8 no zero
of the polynomial (19), i.e. if the tangent y = dz of the curve (13) at the point
z = y = 0 Is no characteristical line of the differential equation (11).

Let us denote the matrix of the system (15), (16) by A4 and-introduce the notation
A1 = (g;;) with 2,7 = 0, 1, ..., m + 2. Further we denote the zeros of (19) by % /3,
and we introduce the notatxon

ok of for k=0,
* 0 for k<O.

Theorem 2: In the case when (14) kolds and we have pairuvise dz//erent values x, ﬂ,
—d, lhe elements g;; of A~! have the representations -

T , . . > ) . . ‘ (20)

. 1 ;
NN DSE S B i-j-1
g:; CL((X — B [ — B+ . ) )
“m+1 4 i+k—j=1 - itkoi-1 . o
e e L e e )| &
k=7t : A - -

@+t @+

7/

for j = m as well as

Gims = 1 (_ (¢ +ph o’ (g+ pa)ﬂ‘)
T e=Awd -9\ @+ om @+ pm 22)
L 1 ((d+ﬂ)a"_(d+rx)ﬂ"). o
i = = ppd—g) \@+ 0™ @+ p)

Proof: VVlt,h the shift operator V defined by Vz = 2, equa.tlon (15) reads
a(l — aV) 1 - ﬂV 2, = fily and has in view of
| At 8 B
A=)y —8V) a—g\1 — «V 1—gV
the sﬁecial solution . .
. . L i
2 = \-' oc'” — B fisuz
ey BUNCEAS TEE

and, consequently for Ay = 7 — v.— 2 the general solution

. . _th . .n'l+2
5 a — ) a(oc o Z (v = g o 3wl + B X vl (23)

~ The coefflclents u; and v; are to be determmed in such a wa.y tha.t. the equatlons (16)
are satlsfled as well, i.e. that

f dm+2 (m +2)dm+l . (m+2)d ’ 1
1 . . m—1
' 1\ g ‘ 1
gdm*! q(mf )d"' + pdmti L q+p(m;: )d P
1 . L -
X =g T T AT

. (d+a)m+2 . (d-*—ﬁ.)m‘*? )(u’ _ O ol 01 0) 24
+((q+pa)(d+a)’"“ (g + pB) (@ + pym*H ,v,-)_(o oo01) @

..8‘
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7,7 =0,1,...,m + 2. The last two columns of the matrix (a;* -1 — B,4-i-1) con-
tain only zero elements. Hence we find for the last two components of #; = (d + &)™**
X bi=@+ By

(o am):'(ﬂ.a AR -1 (27 —d—'ﬂ)

Dmr1 Dmea g+px g+p8/  (c—B(pd—q) \—g—px d+«f

and in view of (23) the representations (22) are proved. The first m 4 1 columns of
(24) are satlsflcd if we choose by restricting on these columns

-

’

_ =1 e (mA- 1Y L (mE 1Y ‘:_,_1
(@) = m—ﬁ)(d (" )d( ) amh 10) o
e 1 1 y
(3;) = m (dm+1’ (m-IF )d"' (m + )dm -1 o 1, 0) (ﬂ_f‘t—l—l)

(i) = ﬁ (O, dm+l, (m —1*_ l)d"', cens (m ;: 1) d, 1) (a+i-i—1')

and a similar equation holds with respect to %;. Hence in view of (23) the represen-
tations (21) are proved, too I

since
7

-~ \

Corolls}_ry: For © > j. we can replace equutz'on (21) by v .
. o ‘1 i (m 4+ 1 S P S Y i WA -
o wm g (T~ ) . @

and for i < j the first two terms at the right-hand szde of (21) vanush. The resulls also
make sense for o« —.f.

Example In the case m = 0 we fin®in the usual way t,hat

c b a\"! )

d? 2d 1 . .
gd ¢ +pd p .

: ) > pd —q  apd+aq—bp b— 2ad

' = ’ —(pd —q) d — aqd 42—
. (pd —9) ((Ld2 —bd + ¢) (p q) e agq . a . c

' ' .\ (pd —q)d*  bgd — cq—cpd 2cd — bd®
and we can chcck the valldlty of (21), (22) and (25). ‘ it

l .
- Estimates: Assummg that d, o, B are positive, we find from’ (21), (25) and (22)
_the asymptotic estimates . '

m + 1 ok g N
0‘<(m—7)((d+a)"+ (d + py )d ’) for i1,
o (2 ﬂi_i m-j} . .
° (( 7 ) ((d -+ oc)"'—i + (d + ﬂ)’"‘i) d ’) for 7> j
| and j S maswellas ~ |

R o g
o= 0 ((d. Far @F ﬂ)'")

4
gij =
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. - .
for j =m + 1 and-j = m -+ 2. The correctness of these estimates follows imme-
diately from : '

FEVEEILL )T

Rema,{‘ks: After having constructed the inverses 4-! and estimated their ele-
ments, it is possible to calculate the coefficients z;; of the solution (2) of the initial
- value problem'(11), (1‘3) and to construct a majorant for (2). It is also possible to
transfer the method as in [1] to' more general equations. We leave this to the reader
~and mention only that it is further possible to use the spécial solution of (11) con-
structed in [2], to add the general solution of the homogeneous equation according
to A. SorMIDT 7], and to determine the arbitrary functions of this general splution
from the initial condmons (13).
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