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. Hypercomplex Factorization of the Helmholtz Equation- ., ’

\

K. GURLEBECK

Hauptergcbms der Arbeit ist die Angabe einer globalcn hypcrkomple‘&cn Faktorisierung des"
Dirichlet- Problems fiir die Helmholtz-Gleichung. Dieses Resultat gestattct die Zurickfithrung
des betrachteten Randwertproblems auf zwei Rand\\crtprobleme erster Ordnung fir ‘verall-
gcmemert analytlsche Funktionen.

OCHOBHEIM | peayanTatom paGoTH ABJIAETCH 1OCTpPOeHHE Tril00ailbHONl [HICPKROMIIEKCHOI
dartopusaunit 3agaun Qupuxae xia ypasuenna leavmroavua. Takium ofpasom HasBaHHAs
3aj1aua MOeT ObITL CBEAEHA K ABYM KPAeBHIM 3afjauaM NepBoro MOPAAKA 1A o6obuienHo
AHATTHYECKUX (Y KL, \ )

The main result of this paper is the construction of a global hypercomplex factorization of the
Dirichlet problem for,the Helmholtz equation. This result permits thereduction of the con-
sidered boundary value problem into two boundary value problems of first order for gencralized -
n.nalytlc functlons

/
1. Ilitroduc/tion

In the last years factoriaing principles for the solution of elliptic boundary value
problems have got an increasing importance. Using the concept of generalized analytic
functions [1] dnd an operator calculus [7] global -factorizations of such problems
for the laplace equation and for the equations of linear elasticity were found in
[4]. The aim of this paper is to state analogous results for the Helmholtz equation.

2. Notations

Let @ be the quaternionic algebra with basic elements ¢, = (1, 0 0, O) cey€q o

=(0,0,0,1). aach element « € @ has an 'unique rcpresentatlon a= Z «a; - e; with
' l—l

real coefficients a;. The conjugate element @ is defined by @ = ae, — Z aie; and a
S E=2

norm by |a| = (aoa)””, where o denotes the multiplication of quaternions. Let

G — R?® be a bounded domain vuth smooth boundary I. A quaternionic- valued

function / will be wrltten as :

, -

f(z) = _;, fi(z) & With fii G —> R A

—

elz Eg— let the differential ope-

u[\,,,,

Defino the differgntial' operator D(F) as D(V) =
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. . : ) 4 . .

rator D(V), be given by D(V), = ?)i'ei and, finally, denote by D,(V'), D;*(V ), and
) i=2 0%

7 Dy(¥), the operators Dy(V) = iey+ D(V), D;*(V) = Je, — D(F), and Dy(7), = Je,

+ D(V), with a real number 2. The normalized outer normal to I" will be denoted

by n. Eléments z ¢ K3 will be written in the form z — (29, 23, 24) to get simplicity

in lnde\ calculation. With every z ¢ R® we associate a corrcspondmg element
&

D(x) = ;_. zie; € Q

1=2

3. Fundamental solutions . : oo
The actlon of (4 -+ 22) I on quaternionic-valued function f will be defined by action
- of (4 + )2) in usual sense on each component of f. A formal factorization of this
operator is given by

(4 + 22) T = Dy(V) D*(¥) = D*(V) Dy(V).

The knowledge of fundamental solutions of the operators D;(V) and D;*(F) is
necessary for defining suitable integral operators and for constructing complete
function systems. For the sake of . simplicity, all follo“mg investigations will be
carried out for the operator D;(V) only.

Theorem 1. Let z, y < R3, = % y and ' o

Fi(z) = 22221 e1’+D‘x) nalel + 29 cos 7 jaf. 1)
oL . | ke [z[®
Then . , .
DyV2) Fa(z — y) = Filz — y) Di¥(V o)y = —4nd(x — y). : ()
Proof: A simple computation using D(V ) ]H = —4ad(z — y) (see [2]) 1

4. Operators '

Let G < R3 be a bounded domain with Ljapunov boundarv f a sufficiently smooth
functlon defined in @ or on I’ and let F; be ngen by (1). Define

) @ =g f iz — ) o /() dG,;  z e RS, 3)

'(S'x/) (Z)ZG fFl(x—y) D), o f(y)al',, =x¢ 1, ' (4)
r : : '

(SI/)’(x) = % fo(x — yY)o D(n),,»o/(y)'d]’,, z € 1’.' (B)

E

Remark 1: The infegral .operators 7', S;, and S, are defined in analogy to the
complex 7-operator, the Cauchy integral operator and singular Cauchy integral
operator, where the integral 8,/ is'to be understood in the Cauchy:principal value
_sense. In the case 4 = 0 we get the operators.investigated in [7].
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Lem ma 1: Let G — R“ be a boun/led domain with Lyapuno'b boundary and f € CV(G)
n C(G). Then

2R

@) = Sif) @) + (TDi(P) ) (=) foramy z€G. ~ - (6)
Proof: We have . ' C . . .
Y D @) = - fFl(x—y)oDa(V,,)f(y) G,
. \. ' G . ) ) - ‘
o , . —lim (’_% f Fiz — y) o Du(V,) f(%) dG,,)
. e—0 7T B
. GE' N - ) .
.with .
G.=G\{y: |z —yl < & = G\ K,(e),” " T.= 3K,(e),
1 (.. - ' -
i f Fi(x — y) o Di(V) fy) dG, __. . ’
g ‘ ‘ o
= — 5 | Faa — ) DX o fly) 45
Ge
__1_ - Fiz — y)o D( / dﬁ _1_/__1_ Fix — y)o D(n) o fly) dl’
& | Fie =y e Do fy) dly + o, | Falx — yye D(m) o fty) aly.
. r . ' . KPR )

From this equation we ’(\>bt-ain the desired result by using the fgrniula (see [7]) .

[9(7‘—‘”1 D(V,),] o (9) 4G, = ain/(,x) '

Ge

. Lemma 2 Let yq be the trace opemtor 2n the sense of [5] Under the same hypotkeses

as in Lemma 1 one has \

/(x = (S:vof) () V/ € Ker Dy¥)(6), " =z€@. ' - ‘ (7)
Proof: Appllcatlon of (6) to f e Ker Dy(V) (G)

Lémma 3: Under the kypotheses of Lemma 1 : ‘
(D;(V) Tlf) (z) = /(x Jor any x € G. , (8)
Proof In analogy to the proof of Lemma 1

\Remark 2: Formula (6) generalwes t,he well- known Borel-Pompeiu represen-
tation of complex function theory, (7) is an analogue of the Cauchy integral formula.
Corresponding results for 2= 0 are proved in [1, 7].

Lemma . 4: Let f € C*(I") and suppose the bmmdary I'ofGisa L;apunoz/ sur/ace
Then = -

lim (83/) (@) = ~ U(S:f) (z0) + f(w)] = (Baf) (@), | '('9)
2—>Zo€l” “~ \
z€C

.

lim ($2/) (z)’ =—[(Sa/ (o) —/xol— —(@Qf) (zo) for any zo € I'. (10)
' z—»z.el .
IQG :
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[Proof: A simple computatlon ‘making use of some propertlcs of weakly singular
integral operators. shows that

_Lfrwum—m'0m~m

ll N S \ == ... . }. _
i :—»Lloer ( 1/) (x) 4x Ixo —-— yl + |x0 — !/IQ 4 sin lxo yl
26 L
Do —y) S, . 1 oy ,
_— —1)t — — |2 42t o °
T i = yP° ,»=l( ) (27! lzo — yI** 42| o D(n) o f(y) &',
. . \
. . -4 dim 1 "D(x = y) ... - . R
™~ erz, =) - e o D(n) o/(y) ar,. | (11)

(11) combmed w1bh the result for /=0 contamed in [7] gives the assertlon of the’

lemma. Analogous arguments yield (10) &

Léemma 5: Let f € O“(I ), [ the Lyaynmm bmmdan/ of G Then

’

82 =/, I R . (12)
.Slpjf = S;f, . ) ’ k (13)
P =Pf. ) o (14)

\

Proof It is obvnous that S;3/ = f Iff P2 =.P,f. Formula (14) can be verified by
applvmg (6) to the function S,/ € Kcr D;(Py (@ ) Lsmg (14). and applymg (6) to
8:f — 8;P,f we arrive at (13) B . o 3 /

Remark 3: Note that the above-results remain true also under weaker smooth-
.ness condltlons for the function f. .

The purpose of what follows is to mvestlgatc the continuity propertles of the ope-
rators 8., S; and Tl From the representatlon

N

wmm=ﬁf@m@%ﬁf)mw
. ; .

|wé get .‘ ) 2 ' l ) )
Tf ¢ H#Y Q) for fe HYG). ‘ o (16)

Hence, B , - . . N -
'T)Dl(V)feHO( G) for f€HYG). - - (17)

From® (16) and (17) lt follows that §,p.f ¢ HYG) for f ¢ HYG). Well-known theorems
., about traces together with formula (6) imply that S,y.f € H*" UAT) and Puyof
€ H‘ 1’2(1’) for f ¢ H@). It can be shown that'S;, P; € L(H“(F)) .

Lcmma 6: Let G be a bounded domain wzth Ljapunov boundury I" and s > 3/2
‘Then -+ - :

8, € L(H*Y(T), 118(0) nKer Dy(V) (f;)).
Proof: It will be sl‘lo“;n that

(H@), HG), BT, Du(F), ) |
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1sa Sard system with completcness condition (for the definition of Sard systems see
(3, 6]) We have

o Dy(V) € LHYG), H-\(G),
Cim Dy(V) = W; H*Y(G) " (see (8) and.(16)),
vo € L{HYG), HY%(T")) and im y, = H*-'X(I) [3],
HG) n Ker Dy(V) (G) n Ker y = {0} (sce (12)),

voKer Dy(7) (G) n HY(G)) = yo(Ker Da(V) (G) n H¥(G)). . (18)

To prove (18) we take a sequence »
A {yn}n 1 & Hs 1/°(P) n ‘}lo(KCr D;(V) (G)) _ o .

‘with y,, ———y Yo In H’ Y2(["). Then one has:.

Si¥n = Yn = S1yo = Yo => Payo = Yo

= 8,5, € Ker Di(V) (G) n H¥G)

and - ) . A . -
9o = roSuto € yoKer Dy(V) (6)) n H*-V¥(T).

. From [3: Lemma 4] and from what has just beeﬁ provéd we oBtain the estimate
X Wisnor < (ID7) flli-vor + lyofllza=riaep) ™ = Ca Wl )

or any fe H"(G) with 0 < €, C; < o independent of /. For f€ Ker DyV) (@)
n IIS(G’) the mequahtk (19) 1mplles that

C ey < Iyefllws=viziry < Co Il ner ' @)
" From (20) and the continuity of P,in H"l/z(l“) the statement of the lenima follows |

5. Factorization

In the following we shall show the main result of this pé.per, namely, that the Diri-
. chlet problem for the Helmholtz equation permits a global factorization into two
boundary value problems of first order. :

Lemma 7; Let G R? be a bounded domam '=9Ga Lyapunoo surface, and
-8 > 3/2. Then the boundary value ‘problem . .

‘D;Pyu=0 iun @, B - o

)}

’

21).
you=g on I , (

-has a solulwn w € HYG)ff g € He- l/2(1") nim P

Proof: 1. Let u € H(G) be a solutlon of (21). From (7) and 9) then results that
Yot = Pryqu.

2. Let g € HY¥(TI") nim P;. Then’ (6), (7),.(9), and Lemma 6 imply that Y = b;g "
€ Ker D,(V) (G) n H*(G) is a solution of the problem (21) 8§

Remark 4.",[.‘he solution of (21), if it exists, is unique.

-9~ Analysis Bd. 5, Heft 2 (1986)
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Theorem 2: Suppose 2% > 0 is not an eigenvalue of the A-operator, G ¥s a bounded
domain with Ljapunov bozmdary I'= 0G, s > 3/2. Then the boundary value problem
du +'22u=0 2n G, ' . ' o

. 22
you=g¢g on I (22)

D(V)=10 1w G, . D*V)w=0 .G, ' : o
. : o ' (23), (24)
yv =P on I', . yo’l’,lw’z Qig -on I'. -
and the solution u of (22) ] gnen byu=v+ Thw.

* Proof: The emstencc of a solution of the problem (23) has been shown in Lemma 7.
From the solvablllt\ of the problem

Az-{-/?z_-O in G,

vz = Qug+ on I

.and from (6) we deduce that

z—SU@+7ﬁmmz_Sme¢+7¢&Vﬂy_f
Because z € Ker (4 + 72) (G). we get w= D,(V)z € Ker D *) (G) [

Remark 5: Corresponding results for the case 4 = 0 are contained in [7]. In [2],
GoLpscHMIDT considered factonzatlon problems for the equatlon (4= 2)u=0,
2eR. - ,

-

\
[N

: 6.. Complete function systéms

’ . 1

For the apphcatlon of a numerical method based upon the result of Theorem 2,1t is -

, necessary, to construct complete function systems in Ker Dy(V) (G)n HY(G). For the

sake of brevmy thé result will be given without proof.

Theo rem 3: Let G and G 4 be bounded domains with Lyapunm, bounda,nes oG =TI
and 6G, = I'y such that G = G,. Further lét {x },' , be a dense subset of I'y and the

. functions @i(z) = F,(x — z;) be defined as vn Seéction 3. Then "the system {@i}s2

< Ly(G) n Ker Dy(V) (G) is complete in L,(@) n Ker DyV) (G).

"Remark 6: Startmg from this theorem one can show the' completeness of the

_system {;}&2, in HYG) n Ker Dy(V) (G’) and then, using theorems about traces, its

completeness in H{I) nim P;.

Remark 7: Using the system {@;}%,, function systems with better numerlcal

\propertles can be Lonstructed with the method demonstrated.in [4].
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