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Hypercomplex Factorization of the Helmholtz Equatioll 

K. GURLEBEOK 

Hauptergebnis der Arbeit ist die Angabe einer globalen hyperkomplexen Faktorisierung des 
Dirichiet-Problems für die Helm holtz-Gleichtin. Dieses Resultat gestattet die Zuruckfuhrung 
des betrahteteñ Randwertproblems auf zwei Randwcrtprobleme erster Ordnung für verall-
gemeinert analytische Funkttonen.	- 
Ociiouiiiii peaysIbTaToM paüoTbl HaJIeeTc}I llocTpoellue r.1O6a.TIbHOfi rnncpuoMnJleKcHon 
(aKTopI13aL(uk 3aa4It 4IIpLlxJIe iiii ypau(euua reJJbMI'oJlUL(a. TaKIIM o6pa3oM HaaBaHHaIt 
3a;(a4a M0HeT 6bITb ceeua K ABYM xpaeei neporo nopnija ,Jifl 0606U4eIlHO 
aIIaJlIITH'IeCKHX 4)yIIIa(IIu. 

The main result of this paper is the construction of a global hypercomplex factorization of the 
Dirichiet problem for,t . he Helmholtz equation. This result permits the-reduction of the con-
sidered boundary value problem into two boundary value problems of first order for generalized 
analytic functions. 

1. Introduction 

In the last years factorizing principles for the solution of ellipt .iô boundary value 
problems have got an increasing importance. Using the concept of generalized analytic 
functions [1] and an operator calculus [7] global factorizations of such problems 
for the Laplace equation and for the equations of linear elasticity were found in 
[4]. The ailli of this paper is to state analogous results for the Helmholtz equation. 

2. Noations 

Let Q he the quaternionic algebra with basic elements c 1 = ( 1, 0, 0, 0),..., e4 
4 

= (0, 0, 0, 1). Each element a € Q has an unique representation a =	a 1 e j with


real coefficients a 17 The conjugate element a is defined by a = a 1 e 1 - ' a1 e 1 and a 
1=2 

norm by jal = (a o a) 1 / 2 , where o denotes the multiplication of quaternions. 'Let 
G fl3 be a bounded domain with smooth boundary T. A quhternionic-valiied 
function / will he written as 

/(x) =!'/1(x)e1 with /: G - t1.' 

Define the differential , operator D(F) as D(V) =f e 1 -, let the differential ope-
-	 1=2
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• ratorD() be given by D(V)r = E ---e 1 and, finally, denote byD2 (V), D2*(), and 
1=2 

' D 1 (I7 ) the operators D 4 (V) = ;.e1 . + D(V), D2 *(V) = 2e 1 - D(17 ), and Dj(17) 
+ D(V)r with a real number 2. The normalized outer normal to 1' will he denoted 
by n. Elments x : It3 will be written in the form x = (x 2 , x31 x4 ) to get simplicity 
in index-calculation. With every x C 113 we associate a corresponding element 
D(x) =xe1 E Q. - 

3. Fundamental solutions 

The action of (4 ± 22) I on quaternionic-valued function / will be defined by action 
of (4 -4- ). 2) in usual sense on each component of /. A formal factorization of this 
operator is given by 

(4 ± 22) I = Di (V)D 1 *(V) = D2*(V)D2(V). 

The knos ledge of fundamental solutions of the operators D 1 (V) and D2*(r) is. 
necessary for defining suitable integral operators and for constructing complete 
function systems. For the sake of simplicity, all following investigations will be 
carried out for the operator D1 (V) only.	 •	 -	 S 

Theorem 1: Let x,y € Its, x y and 

2 cos 2 Jx . D(x)	 D(x) 
F A (x) =	.	ei±---2sin2JxI± —coslilx l .	 (1) 

-	 lxi	.	lxi	 xl 
Then	 . 

D2(V) F2 (x - y) = F) (x— y) D4 *(V x ) r = —4(x - y).	.	(2) 

Proof: A simple computation using D(V)	-• —4u5(x	y) (see [21) II X — y 13

4. Operators 

Let G R3 be a bounded domain with Ljapunov boundary, / a sufficiently smooth 
function defined in a or on P and let F2 he given by (1). Define 

( T1/) (x)	f F, (x - j) o/(y) dG;	x  R3 ,	 ( 3) 

(&t) (x) =	 - y) o D(n) o /(y ) dP,	x	 (4) 

(S1/)(x) =	f F2 (x - y) o D(n) o /(y)dP,	x E P.	 (5) 

Remark 1: The in tegral, operators "1, &, and 81 are defined in analogy to the 
complex T-operator, the Cauchy integral operator and singular Cauchy integral 
operator, where the integral 821 is to be understood in the Cauchy .. principal value 
sense. In the case A = 0 we get the operators investigated in [7].
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Lemma 1: Let G H 3 be abounded domain with Llapunov boundary and/ E C'(G) 
h C(G). Then 

1(x) = (&f) (x). + (T1D1 (V)/) (x) for any x € G.	 (6)


Proof: We have 

(rp))/) (x) = _1 fF2 (X_ )oDi(V)/(y)dG 

= urn
(
 -_ f FA (x - y) -D1 (r) 1(y) dGv)	,. 

with

- y) ° D1() 1(y) dG
 

= -
	

(F(x - y) D A *(Vy ) r) ° f(y) dG 

f Fa (x - y) a D(n) o/(y) dF	Fi(x _y)o D(n) o 1(n) dl. 

Froiii this equation we obtain the desired result by using the formula (ee [71) if [Dcx	D(rJ o/(y) dG = —47/(x) I fin 

Lem ma  2: Let Yo be the trace operator in the sense 9/[5]. Under the same hypotheses, 
as in Lemma 1 one has 

I(x) = (&yo/) (x)	V/c KerD A (V)(0),	x  G.	 (7)


'Proof: Application of (6) tote Ker D2 (V) (G) I 

Les iii iii a 3: Under the hypotheses of Lemma. 1 

(D1 (V) Tj/) (x) = /(x) for any x E G.	 .	 (8)


Proof: In analogy to the proof of Lemma 1 I 

' Remark 2: Formula (6) generalizes the well-known Borel-Pornpeiu represen-
tation of complex function theory, (7) is an analogue of the Cauchy integral formula. 
Corresponding results for 2= 0 are proved in [1, 7]. 

Lernnia.4: Let / € C(r) and suppose the boundary F of 0 is a Ljapunov surface. 
Then

urn (&/) (x) = - [(S1/) (xe) + /(x)] =: (If) (XO),	 (9) 
x*X,E1'	 - 

LEG	 - 

lirn (&/) . (x ) =	[( S/) (Xo) - /(x)J =:	(QA/) (xe) for any X € F. (10) 

x€5	 .
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Proof: A simple computation making use of some properties of weakly singular 
integral operators shows that 

1 [ 12 cos 2 Ixo - y I	D(x0 ::_L) 
- hin (S 2/) (x) = - I I	 +	, i sin 2 Ix. - 4,-t J [	Xo --	 Ixo - 

±	 (— 1)	ix — yl2 22i] oD(n) o /(y) dF 

•	±I p D(x 
Ix — ylo 

D(i) o/(y) dP.	 (11) 
z€4  r 

(11) combined with the result for 2 -= 0 contained in [7} gives the assertion of the' 
lemma. Analogous arguments yield (10) I 

Lemma 5: Let/ E C(1'),1' the I4apvnv boundary o/ G. Then 

8,21 = /,	 -	 -	 ( 12) 

=	

0	

(13) 

P,2/ = p,/.	 .	 -	( 14) 

Proof: It is obvious that S,/ = / iff P,2/ =.P,/. Formula (14) can be verified by 
applying (6) to the function S 2 1 € Ker D, (F) (0). Using (14) and applying (6) to 

—	we arrive at (13) 'I  

Remark 3: Note that the above-results remain true also under weaker smooth-
ness conditions for the function  

The purpose of what follo*s is to investigate the continuity properties of the ope-
rators 8 2 , 8, and T1 . From the representation 

(T,/) (x) =	f DA (V) 
COS	

YI) o/() dO0
 Ix	Y1


1weget 
-	T,/ E Hsi'- '(G) for / E H8(G).	 (16) 

Hence;	 -.. 

T,D,(V)/ E H 8(G) for / E H8(G).	 (17) 

From'(16) and (17) it follows that &yo/ E 118(0) for/ E H(G). Well-known theoren'is 
about traces together with formula • (6) inply that S,y/ E H8_h 1 2(F) and' P,y01 
E 118_112(P) for / E 118(G). it can be shown that 182 , P, E L(H8(fl). 

Lem ma 6: Let G be a bounded domain with Ljapvnov boundary 1' and s> 3/2. 
Then	- )	)	 •	 -	 0 

& E L(H_ / (f), 118(0) n Ker DA (V) (C)).	 • 

	

Proof: It will be sliovn that	- 

(H(G), H8-'(G), H- 1 /2 (F), D,(v), yo)



Li 
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is a Sard system with completeness condition (for the definition of Sard systems see 
[3, 6]). We have	 .	 V 

.D2 (V) E L(11 8(G) , .118-1(G)), 

im D A (17) = im D A (V) = H8-'(G) (see (8) and .(16)), 

Yo € L(H8(G) , J18_112(J')) and irn Yo = H 8- 1 12 (r) [5], 
I1(G) n KerD2 (V) (0) n Keryo = {0} (see (12), 

yo(Ker D2 (V) (0) n 118(G)) = yo(Ker D(I7 ) (G) n 118(G)).	 (18) 

To prove (18) we take a sequence 

n yo(Ker D A (V) (G))  

with y,	yo in H81 12(P) . Then one has:.	 S 

SA yn =y5 Sl yO =yO P1y0 =yQ ,	.	
,•	V 

&Yo € Ker D4 (V) (G) n H8(G) .	
V V S 

and•	V	
V 

V	 Yo = Yo82Yo € yo(Ker D2 (V) (0)) n H8I2(F).	S 

From [3: Lemma 41 and from what has just been proved we obtain the estimate 

• C1 111H- ( G )	( ii D

	

/112H'(G) + Iiyo!II H8-1/2( fl)'	C2	 (19) 

or any /. E 118(G). with 0< C 1 , C2 < 00 independent of /. For /€ KerD 1 (V) (G) 
n 118(G) the inequality (19) implies that	

V 

C5 l/I j Jf'(G) :5 JIO/IH31I2(r)	C2 j/H(G).	
V	 (20) 

From (20) and the continuity of P2 in 1J8_112(P) the statement of the lemma follows I 

5. Factorization 

In thefollowing we shall show the main result ofthis paper, namely, that the Diii-
chlet problem for the Helmholtz equation permits a global factorization into two 
boundary value problems of first order. 

Lemma 7: Let 0 R3 be a bounded domain, P = 0 a Ljapunov surface, and	V 

s> 3/2. Then the boundary valve 'problem 

D2 (V) u = 0 in 0,	
5 

V	
.	 ( 21). 

You =g on5i  

has a solution u € 118(G) i/f g E I18_I2(P) n un P.	V 

Proof: 1. Let it E H8(G) be  solution of (21). From (7) and (9) then results that 
YOU = PA you.	 S 

2. Let g € Hs- 1/2 ( 1' ) n fin P2 . Then(6), (7), (9), and Lemma 6 imply that u = 
E KerDA (V) (G) n 118(G) is a solution of the problem (21) I 

Remark 4: The solution of (21), if it exists, is unique.	
V 

Analysis lid. 5, Heft 2 (1986)	 V	 S	

•
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Theorem 2: Suppose 22 > 0 is not an eigenvalue of 
the z]-operator, 0 is a bounded 

domain with Ljapunov boundary I`= aG, 5> 3/2. Then the boundary value problem 
zlu +'22u = 0 in 0, 

you =g on I'
	 (22)


admits 4 factorization into two boundary value problems of first order 

D2 (V)=-0. in 0,	DA *(17 )w=O mG, 

'0v = P1 g on I',	y0Tiw= QAU on 1'
	 (23), (24)


and the solution u of (22) is givenby u = v + T1w. 

Proof: The existence of a solution of the problem (23) has beenshown in Lemma 7. 
From the solvability of the problem	 - 

Az + 2z=0 in 0, 

y 0z=Qigon P	'-	 S 

and from (6) we deduce that	 - 

z = ayOz+ jDA( V )='&PlQAy Oz + T2 [D2 (V) z] 
Because z E Ker ( + 22 ) (0)we get w = D1 () z E Ker D4 *(V) (0) I 

Remark 5: Corresponding results for the case 2 = 0 are contained in [7]. in [2], 
GOLDSCHMIDT consideied factorization problems for the equation (4 -f--- 22) u = 0, 
2E R. .	 S. 

A	 I.	 S 

6. Complete function systems	S 

For the application of a numerical method based upon the resul .t of Theorem 2, it is 
• necessary, to construct complete function systems in Ker DA (V) (G) . i H(0). For the 
sake of brevity the' result will be given without proof. 

Theorem 3: Let 0 and 04 be bounded domains with Ljapunov boundaries ao = P 
and 80A = TA such that G c GA .Further let {x}7 1 be a dense subset of F4 and the 
Junctions 99 1 (x) = FA (x - x 1 ) be defined as in Section 3. Then the system {} 

L2 (G) n Ker D2 (V) (0) is complete in L2 (G) nKer D2 (V) (0). 

Remark 6: Starting from this theorem, one can show the completeness of the 
system ( 92j)9, in 118(0) n Ker D2 (V) (G) and then, using theorems about traces, its 
completeness in 1R(E) n im PA .	 S. 

Remark 7: Using the system	function systems with better numerical 

properties can be constructed with the method demonstrated. in [4]. 
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