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Bergman-Vekua Operators ‘
and “Generalized Axially Symmetnc Potentlal Theory’ )

. E. LANCKAU ~

. ~ . ’

Die verallgemeinerten komplexen Integmlopcratoren von S. Bergman und I. N. Vekua ergeben
cine einheitliche Methode zur Konstruktion der Lésungen verschiedenartiger lmearer partieller
Differentialgleichungen mit drei unabhingigen Verianderlichen. Diese Operatoren verkniipfen
holomorphe Funktionen zweijer komplexer Verdnderlicher und die Lésungen der genannten
Gleichungen. Hier spezialisieren wir die komplexen Integraloperatoren fiir den dreidimensio-
nalen Fall auf eine "Anwendung bei ciner speziellen Gleichung axialsymmetrischer Probleme
(d. h. instationdrer axialsymmetrischer Probleme in der Ebene oder stationdrer axialsymme-
" trischer Probleme im Raum). Weiter werden ‘die Beziehungen zwischen der ,,Verallgemeinerten
Axialsymmetrischen Potentialtheorie* von A.Weinstein u.a. und den ‘Bergman-Vekua-
Opemtorcn angegeben und bei der expliziten Lésungsdarstellung benuut,

OGobwennne Kommiekcuele oneparopul Beprmana u Bekya mpencrasiasiior co6oii enmluﬁ
Annapar AAA NMOCTPOEHHA pelenuii PasHHX JHHENHEIX "uubcbepenuua..u,uux ypasHeuuit B
YACTHHIX MPOM3BOLHBIX ¢ TPEMA HE3ABHCHMBHIMH NMEpeMeHHHIMM. DTH ONEPATOPH CBA3HBAIOT
-r0a0MOpOHEIE PYHKINM € ABYMA KOMIUIEKCHEIMH NIEPEeMEHHEIMI U pPelleH U DTHX ypaBHeHuUH.
3meck Cnennanu3MpoBaH METON KOMIUIEKCHBIX HHTErPAJIbHBIX OIIEPATOPOB TPEXMEPHOTO .
CYUAR A NPHMEHEHHA K CIenHanbHOMY YPABHEHHIO 0CECHMMETPUUHBIX npoGiiem (mnamp.
HECTAUHOHAPHBIX OCCCHMMETPHUHHX mpobieM Ha IUIOCKOCTH WM - CTALHOHAPHEIX OCe-
CUMMETPUYHHX npodjem B mpocrpanctse). Jlajlee MOKasaHel COOTHOWIEHHA MEwAy ,,0600-
LUEHHON Teopifeil 0CCCHMMETPHYHBIX MOTeHUna o A. BefiumTeilina n ap. u onepatopamu:
Beprmana u Bekya i HCM0JIb30BAHK B ABHOII KOHCTPYKLUMHK pememm

The genemlued complex integral operators of Bergman-Vekua type give a uniform approach
to construct.solutions to various linear partial differential equations with three independent
variables. The operators associate holomorphic functions of two complex variables and the
solutions of the mentioned equations. Here we specify the complex integral operators for the
three-dimensional case for application to a special equation for axisymmetric.problems (i.c.
instationary axisymmetric problems in the plane or stationary axisymmetric problems in the-
space). Furthermore, the relations between the *“Generalized Axially Symmetric Potential
" Theory”, due to A. Weinstein et al., and the Bergman-Vekua opemtors are given and, used in
the exphcnt representation of the solutxons

.

1. In'tAroduction ' : , : , . ]
The Laplace potcntlal equatlon in an z,y-space reads for a function u dependmg
only on the radial distance » = Jz® 4 y* and on.the variable z
o 8 82 -

L ——u=0.
or? T or.or w ot v 0

“The ‘theory of generalmed axially symmetric potentlals is concerncd w1th equatlous
of the type

o c @ . o ;
P Sl

du = —

o2

10 . ’ L
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) w1th a constant ¢. Here we consxder the equatlon

0% 2/+1 8

f{u}s—u—{— +S[u]_0 o (1)

. - Sisan arbltrary hnear operat;or not dependmg onr (thls means, an operator which

depends only on 7), and 2'=—1/2 is a constant. Let 0 <r < R (R constant) and .
7 € T with'a simply connected domain 1" (if = is complex) or an interval 7' (if 7 is
real). Thus, we have an equation (1) describing probleins with axial symmetry in.
an z,y,r-space or instationary processes with radial symmetry in an z,y-plane.

We use a version of the complex integral operators due to I. N. Vekua ard
S. Bergman to construct (real on'complex) solutions to (1). (If 7 is real and S[u] is .
real-valued, the real part of a solution to (1) is a solution. to (1), too.)

. . SN
2. Construction of the solution

First we give an operator which transforiiis functions f = /{z) into solutions of the
equation (1), and we prove the existence of this operator. To do this we consider
the equation (1) \n'iith /. = —1/2 (everywhere in this section). (If 1 < —1/2, v
réplacé 2 by —24 — 1> —1/2 this means, 24 —{— 1 by —2/ — 1, and we find equa-
tion (5), see below.) . X :

Deflnltlon 1 (Transform): Let
R AT I 20 = 2T+ {(rV8) il VS}[/ ol

o3 (1 —"% (—) sy @

Cn=0 n'l(n—{—/

' Def1n1b10n2 (Assoczuted /unctzons) /— /(%) is an associated function (of the

»vequatlon (1)) if all 8"[f(7)], n=10,1,2,..., exigt and if constants « > 0, C > 0

exist with = \
S |S"[/(r)]] < ocC"(2n)' for Tte€T, &T..
The set of assocm,ted functions may be denoted by f

For example for the ordmary differential operator of second order, 8 = @y + 9/
Ot + 4,0%/07% (with constant.ag, a,, a,) all (in a certain 7' C T) holomorphic func-
tions are associated functlons, sce [5). In this case the domain Ty may be every
domain inside the domain 7' with Ir — 5] > (S >0 for TE ’I' &€ Ty, see agam [o 6] -

-(also for other operators S).

Theorem 1 (Ex1stence) P[/] emsts for 1€ To.and 1® < l/C’ if f€ J

. Indeed in t,hls case we have

oo o (;_{_ ) LA C-"Tz\ "
Zon T+ 2+ 1 )‘2")!(7)
)f I+ 1) In 4+ 1/2)
nmo I'(n+ 2+ 1) ((1/2)

. ‘
= oF 5 1;2'+ 1;072),'

P[/(T =«

”,

(crym

) v . . . . , )
and this hypergeometric series converges for 02 < 1 8 . o
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Theorem 2 (Solution): I/ f—/(r) 8 an assoczated /'unctzon, u(r, v) = P[/(r)]
solws (1). . 4 ' ) :

." Proof We' prove this theorem by insertion of the series (2) into the equation (1).

“The absolute and uniform convergence of the series enables us to differcntiate term -
by term with respéct to 7 and also to apply the operator S term by term, see [5). In .
thls way we have, with the abbreviation

\

Co a_ I+ 1) 1)
oo T w42+ 1) 4/
the\'c’ierivat‘ives -
= J3 2na,r?"S"{], . -. S f
n=1 . . } . : ’
Crug= Y om@n— Vagsu, ©
n=1 . ' . ’
- and' o . ) .
rSu) = X (—4) as(n + ) ST f];
: n=1 - - .

thus

P {u) = Z a,,rz"S_"[/] {2n(2n — 1) +.(2). + 1) 2n — 4n(n + -).)} =048

\ Remark 1: An inversion formula is seen munedlatcly f(z) = P[/(r)] 0, 7). ThlS

_ ‘allowsus to construct the solution from the knowledge of its values on the axis

-7 = 0: u(r;7) = P[u(0,7)]. This reflects the well-known fact that the solutions to -
(1) are uniquely determined by their values on the axis r = 0, if 2% + 1 =0 (but

“not if 2/ + 1 <0, see (4) and (5) below). y ‘ .

Remark 2:1f 2 =0, t,he transform (2) is the Riemann t,ra,nsform dcfmed by the
author in [5, 6] _ . . : A .

L PU@I e = RI@) @ 2, 0,0, ) with 2 = 2z, o

Definition 3 (Conyuqute /unctzons) Let the operator }/§ exist. A "function
v = o(r, ) with . : , '

7241 Y8 ] = i'v,' P — = —V§[v] S -G

4
may bc ca]led a conjugate /unclzon of U,

. Defmntnon 1. (T mmform for conyugate /unctzons) Let

1.
. Bl (r = grs V3 tx)] | | |
o =214 + 1) 72‘+1{7V§)_‘J1+,(r V8)} 1£(x))- A
=TIl + 1) Z (—1)" 1 yenE2142,9n [‘/5/(,)] (4)

I T(n + 7 +2) 2enHi
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’

We remark that this transform P, exists if YSf is an associated functlon the
proof may be given as above. ‘

Theorem 2¢ (Solution): If YSj is an associated function, v(r, r) = P;[/(T)] is a
conjugate function of w = u(r, t), defined as in Definition 1¢ and in. Theorem 2.
The proof can be found as for Theorem 2; we do not repeat this B ‘
Theorem 3: The conjugate /w‘zétz'on v = ¢(7, T) 15 a solution 0/\tlze equation
2 L2041 a
-a? v — — -7 + S[’bJ = 0. ‘ .

Again we do not repeat the'proof. The technique is as for Theoremn 2 1 ‘

s

3. Representation of the'Solutions
One of the most s1gmflcant problems in the use.of the above transform in appll-
- cations is to give a proper rcpresentatlon of the transforms P and P,

First we consider an elllptlc (or hyperbolic) equation (1). To do this let, with
(e. g ) dlfferentlable cocffxcnents a =, a(z), b = b(r),

© 8§ =248 with S=u+b—,

. . ) ot
that is )

. ~2

ag
— b2
S—ba

+ (2ab + bb') % + a? + a'b.

For b = 0 the equation (1) is without interest, because it is an ordinary differen-
tial equation with the parameter 7, : '

d? 2/+1d

—_—u
dr? r

+ a¥(t) u = O

and its solution is — as is well—known — in comcidenée with (2)
u(r, 7) = const f(z) r-4Ji(a(zr) 7). , o
with an arbltrary function f = f(z).
For b'4= 0 we may assume b =1 without loss of genera.llty (by a transformation
of the independent variable 7). Thus we have N

, 3 o '
S = a -f— E. | P » . (6)
We set for the associated function f € F
/(r) = &t )‘h(-r) with «a(r) = exp (—f a(T) dti) ;.
from this we get S(f= a( k'(z) and further - . N
S/ = alr) H(r). o ™
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-

By the use'of the Legendre duplication formula of the
from this ' , o .o

!
.. "’ .
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Gamma functlon we have .

= "1’(/'.—}—1)1’71,—*—1/2) 1 ange o
1‘(.7’ 2 ~né:)‘_ ) Ln+ 7+ 1) I'(1/2) (2 )' N 5 [/(T)] ' : ®)
- thisis’ .
' O+ 1) T+ 1/2) 1 2 X

(7r)=c;< g

Let first 2 = = —1/2; we have P[/(r)] = cos (r ]/E) [f(r ]or

o] l 1 _d2ﬁ
(7' '[) = L\ )"§O ‘ Z-2n_)' 72 m ’l(l").-

This is a Taylor series,

-

cu(r, T) = «fz) - % [2(x + 2r) + k(i — )],

r2® —— h(7). 9)

T'(n + 7+ 1) F(1/2) @n)! - Ao

or, if. Im h(z) = — 0, this means, if A(z) is real for real a,rguménts T, u(r, ) = () -
X Re h(r + 7). ‘As can be immediately scen by msertlon this is a solution of the

‘ Lquatlon (62/6r~ + (¢ + 9/87)%) u = 0.
Now let 2 > —1/2. Let, the constant C, bc

redty
T(A + 1/2) T(1/2)°

o \ C,z=2

». We represent the coefficients of the series (8) by the use

voaf2

(84 24 si 2n ' _ —_—
: f‘os S P = e T P A+ 1)
v
this yields
. , a2
( Cl(x(t) Z (2 )y
and agdin this is a Ta,ylor series, .

o

e
f(zr sin @)2* cos® g dg - ;2" h(t),

N ’

oo : \
of the Euler integral

1 I+ 1/2) T(n + 1/2)

]

=[2
u(r, ) = ) CAa (7) f[h(r + 47 sin @) — h(r — 7 sin @) ]0082‘I @ d(p

or, if Im h(z) = 0 for a real T, -

nj2

- ufr, ©) =Cia(r) Re f h(z '+ 27 sin q)) cos‘-"q)d(p

. (10),
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The transform Pl for the conjugate function v = 2,(7 T) can be treated in the same
manner. We do not repeat the calculations, we grve only the results:

o(z) Im A(t +.2r)  for A= —-1/2
Crx(7) P2i+1 . .
an Lo ¥ (11)
X Im f h(z + ir sin <p) sin @ cos”q)d(p for 2 > —1/2:

?)‘(7»‘ t) =

We remark that for 2 = —1/2 we have

P_inl/(2)] = sin {r V8) [(2)].

. Further we remark : The proof for the functiong u (constructed by (10)) and » (con-
structed by (11)) being conjugate functions (with the same associated function /)

. may also be glvcn by partial integration in (10), using

.

wr cos @ - h'(z + ¥rsin (p) = .6—1;)'}}(‘[ + rsin (p).

Second we consider a parabolic equation (1), let § = S -For the same reasons
as above we may assume b = 1, and now we have w1th S"[f] = S"'[/] = (1) kl"'(r) '
the solution :

CTO A+ 1 C\n g
'u(r r)—ar)Z n']’l?(LT_F)Z}—)( Tz) k(T)

’

" Here we represent the derivatives by the Ca.uchy mtcgral

gn
—_— &

dr h(z) 2nz ¢/ ) yrtt
A

© with a circle K =1{£:16 — 7/ =0 > 0} in the complex f-planc and” K c 7T, for
- v € Ty From thls we nnmedlately obtain the solution by a Cauchy-type mtcgral

: 1o T . :
wlr, ) =PI = al0) 5o b u ()Mo s
. 3 K ) . .

and thc generatmg kemel H;isa generalued hypergcometrlc function, converging
everywhere, ‘

S _re+ny
'.‘ né;m —111(1/-}—111,)

\
\

We have — proven 51mply - }Il(w) =1+4+w f (1 — s)*e™ ds. This glves Ho(w) =e¥
- and® T .

i

JH_ypp(w) = 1'—}— 2w ev f e—‘."s' ds,
a function well- known in the theory of the cquatlon of heat conductlon
(0%/ort + 2/0t + a)u = 0. I‘he‘ parabolic equation (3) (with the operator S=28) .
for the conjugate functlon may be transformed into a parabolic equation (5) w1th

I '

)
e
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\

i v

S = 0/or (introducing the new function o;('t)?}(7", ) instead of the function (r, r)).} .
,-Its solution is given by the expressions (4) and (12) with the associated function

AR ”m¢ﬂsfﬁ? :

Fmally we consider

7

S[u] = 2cfu(7 9ds - .

w1th a constant ¢, this means, we havc the pseudopara.bollc equation of third order

B w4 2,41 o2
orror 7 or ot

u+2cu=_0.

Here the functions, mtegra.ble with respect, to Tin 0 = T are assocmted functlons
. see [5]. With '

Wm—@V—"—fh—WsNr

n!

we have the solution bemg a convolution’ mtegral

4

(7 r)_P[/ ——fH;(cr é—r)/(.s)ds ’ ) - (13)
hcre the gencratmg kernel H : 1s again a genera]ued hypcrgeometrlc functlon
: - -
R ‘Hl(w): 5 = oFy(, I 1 w)

- ,,0(7z'2P(n+/+1)
Agaln we get the related conJugate functlon it is a solution of the equation

B 241 e, -
Carter” 7 ara'r”-+2”“0’

by usirig the expressions (4) imd (13) ;’here we have (for 20 = 1)

R S
;ﬁmpijmfmwzj,
! .0

4. Relations to generalized‘axially symmetric potential theéory .

o . .. J R . . '

We return to the e.,xpressionsf(IO) (and (11)). (10) may be written as

. af2
' 1 N
u(r, 1) = 5 Caa(z) fh(r + 27 sin @) cqs” pde
1
P —=nf2

or

a(r, v) = const a(f) [ h(z + ¥r cos @) sinz‘i_qa dp.
N 0 ‘ .
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(\‘ow we use the half-cxrcle C = {E =el: 0 (;c g 7). With this variable ¢ we have

. [ s+ D) (e )"x i
u(7, T) = const T — ——)- .
| .(+(+5))( ) %
This is the expression i]lostly used in the gcneraiized axially symmetric potehtlal
theory, see GILBERT [1], who uses this mtegral for the mvestlgatlon of the singu-
larities of the axially symmetric potentials in the space.

Following the ideas of the gencralued axially symmetmc potentlal theorv, we
remark: -the real .part Re A(z "+ o). = u_ (7, 7) 'is & harmonic function, (9?/or?
+ 0%/0?) -1y = 0, and with this harmonic function we may write (10) as

. 72 o .
IU(”, T) = C’; f U 1/),(r sin @, 7) cos?? q) d(p . ‘ i . A (14)
e ‘ .o

(Herc we assumed that T 4 dp€ Ty if 7 € T, for all ]o] S r.) Generallzmg this repre-
sentation we have .

' Th(,orem 4: I/ Uiy = W ,/2)(7 T) 78 a solution of lhe equatzon (1) with A = — 1/2

. that s, of the equalum

2 ‘ . § ) .
.(A 3 +S)u( 1/2)-—0 . - ) ) - . (15)

_the vntegral (14) solves ().

Rema.rk For ‘the- ordinary differential opcra,tor of second order with respect .

- to 7, 8§ = 8%/8t% + a(r) 8/dr + c(v), this result is due to P. HENRICI [2]. He proposes
. to.construct the solution of the equatlon (15) (with the mentioned S) by a Bergman-

[N

Vekua opcrator in 1ts orlgmal version for two-dimensional problems ’

Proof of Theorem 4: Let ¢ = rsing. We- insert (14) into the equatlon '(1).
First we have -

af2 . ’ - '

S[u] = | S[u(_lm(g, 7)] cos? @ dy,
)

further . v - o L A
nf2 - ’

2 o . \

o =\.f 6_9 w—12)(0, 7) sin @ cos* d%'
0 , . :

and o

nf2

02 a2 o
K -3—7‘?,“ - f do? U 1/")(0, 7) sin? @ cos? (p de.
0 . :

In the second expression we use partial integration. In this way we find .
2 , )
= f 0% U(— 1/2)(0, T) 0052”2 ‘Pd?’ :

21—{—11

r



/. . . Bergman-Vekua Operators 155

" Insertion of all these terms into the equation (1) gives

nf2

2

" “ L} = f[a; U 1/2)(T 0) + S[uc- (o, r)]] cos¥ pdp =01
; ,

The followmg theorem, found by the solutlon (11) may be proved in the same
way (by insertion) as above . ) \ ’

Theorem 4¢: If u(_lm = u, ,,2)(7 ) 18 a solutwn of the equalzon (3) (or (1))
cwith 2 = —1/2 that 18, of the equatum (10)
nf2

o(r, T) = Cyr¥i+! f u-in)(7 8in @, 7) sin @ cos® g dp.

solves (5).’

5. Examples
\

We give only some hmts concermng the appllcatlon of the above results b_y the con- .
struction of special solutions. :

a) Parabolic equations: A colutlon of th(, equation (15) w1th S = g/ot is
ey = € cos (cr) ’
with a constant é.l'i‘he integral (14) gives
o T
u(r, 1) = Cye®™ [ cos (cr sin @) cos 2 ¢ dg.
. ’ - o - . ’
By the use of the well-known represcntétion of the Bessél function. . ©
. ' o i . ) nf2 . . )
c , ;'. . . ; . . :
A2 L o a

. wc2d
P(/ T3 P(1/2 cos-(cr sin @) cos* @ dp

Jaler) =

‘we have a solution of (1)
ulr, 1) = 2‘F() + 1) (cr)“ Jl(cr )ec'r,

However, this i is a solution of (1) that can also be found by separation of variables.

b) Fllzplzc equations: We get sets of. particular solutions to the equation (1) with
S = 8%/97% in the same manner, this means, by insertion of special associated func-
tions into (10) or (11). We mention without proof that we find, with the help of
known integral relations contammg special functlons, e.g. .

u(r, 7) = Ple”] = 21N (2 + 1) (cr)~ ‘J,}(cr) e"
(see the fornier result)

i = Pt = 200+ 1) R, (7) |
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Y

with constants ¢, k=0, R2 =12 4 12 and with the assocmted Legendre functions
P“,, We get from these relations e.g. with .

Pel=3 o P[rk] R E
. k=0 ] '
the series .o o
Jiry= e~ - + 72 1/2(k-u) P— .
“ =Z° e T (Vr- T 72)

Usmg these and other solutions we may treat physmal problems with axial symmetry, ‘
e.g., with 2 = 0, the axisymumetric flow of an incompressible fluid (see [3]) or, w1th
‘2 =1, the torsion of a body of r(,volutlon (see [4]).

¢) Pseudoparabolic equations: Fc or an cquatxon (1) with a more compllcated mtegral
operator 8, describing the instationary axisymmetric flow of an incompressible
v1scous (non- ’\Tcwtoman) fluid sée (7. -«

v . , r
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