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AmExnstence Theorem for a Quas:lmear H)perbollc Boundary Yalue Problem
Solved by Semldlscretlzatlon in Tnne -

V. Pwscfmn

Unter Verwendung .der . Rothe-] Methode wird die Existenz einer Losung cines quasnlmearcn
hyperbolischen Randwertproblems bewiesen. Uber die Koeffizicriten und die rechte Seite wird

- dabei lediglich Integrierbarkeit vorausgesetzt. Unter diesen schwachen Voraussetzungen kann -

die Existenz ciner Teilfolge der Rothe: Approxxmatlonen gezeigt wcrdcn, welche (in einem
schwachen Smno) gegen eine Losung. des. Problcms konverglert

C mowmownto merona Pore ‘mOKa3HBaeTCHA cymecmonamle peleHisa I\pdCBOfI 3aiauI NI
KBa3uIIHHeliHoro umep6onu-100horo muddeperuuansuoro ypasuenusa. O kospdunmnentax i

npapoff yacTu ypanuemm JIPH DTOM MPERNONAraeTCs TOJNbKO HHTEIPUPYEMOCTs. TTpi yKasaH-

HOM TPEAMOJNIOKEHHI  MOMKHO T0Ka3aTh CYUIECTBOBAHUE CXOjHILeiCA B OMpeneJItHHOM
(cnabGom) cMbicie MOANMOCAER0BATEIALHOCTI AnnpoxcuMali Pote k pentennio npobieMer.

By the use of Rothe’s method there is proved the existence of asolution of a quasilinear
hyperbolic boundary value problem. On the coefficients and the right-hand side only inte-
grability is assumed. With such weak assumptionsthere exists a subsequence of Rothc a,pprovu-

mations that converges (inaw cak sense) to a’solution of the problem

The Rothe method developed in [6] has been used by niany authors in the investi-
gation of parabolic differential equations (e.g. [1, 3, 5]). In recent years this method
has \been applied to-prove existence of solutions of hyperbolic problems too [2, 5].

The principle of the Rothe method, also called semidiscretization in time, consists
in discretization of the time variable, whereby the hyperbolic problem is approxi-
mated by a sequence of elliptic problems. The aim of the present paper is to prove
existence of a solution of the initial-boundary value problem for a quasnlmear hyper-

- bolic dlfferentla,l equation system with weak. assumptions.on regularity of the cocffl-

cients.
In the cylmder Qr = G X (0, Ve Y= R2 x R*, {0, T] = I we consxdcr the systcm

.
——'( 1z + Azuy + Asfb‘z + A-dvy) —— (4 sUy +. Azuz + ony + Aﬂ/’z)
ox .. : 81 ) _ . .

3

+ Buuz + Blzuy + Bu, + Bu'vz + Blsby + Bmvt + atz = f,, )
(1)

7 (Agv: + Agvy, + Agu, + Aw,) — ‘5; (Ayov, + ‘As?/’z'.‘f' Aguy A Agu,)

D . ) . ' o
+ Bojuz + Bzeuy‘ + stut + Bu"{'z"'f‘ B_zsvy + Bagvy +

_67 =/2:
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where A, = Az, y, 1), Bie = By, y,, w, v), fr = filz, ¥, t,w,v), v=1,2,...,10,
i=1,2, k=1,2, ..., 6. Additionally we prescribe initial values for ¢ = 0 and a
Dirichlet boundary condltlon on I'= 9@ x I. By means of complex combination
2=z + iy, 2* = x — @y, w = u + vw with the partial complex derivatives

o _1(o .o\ 2 _1(3 ‘0
a* 2\ox " "oy) = " 2\ez oy

.we transform the system (1) into one complex differential equation :

\

o L
T [a1w; + aw,s + ag(w.)* + ag(w,e )*]

a
~ oz [asw,e + ax*w, ~+ ag(w,)* + a‘(u/ )*]

o*w

+ blwz + bzw « + bs(“’ »* + ba(wz ) + bsw, + bglwe)* + 5 =/. (2)

The coefficients a; = a;(z, l) € €, where'a,, as are real valued, b; = b;(z, t; w) € C, and
f = f(z, t, w).€ C, have been derived from the Locfflcwnts and. nght hand side of (1)

, Brxef]_y, we also write : )
’ Aw + Bw + wy = /,.v : S ‘ . (2)
The boundary and ir‘1itial' conditions for (2) are ' ,
w(z, t) =0 for (z,t) € I'Y), S o o (3)
w(z, 0) = (@), 'aa—’:’ (2,0) = py(z) for z¢€G. - (4a,b)

Remark 1: The system (1) is strongly connected. The specialization of some co-
efficients is required to obtain an operator 4 which generates a symmetric bilinear
form A(-, -). However, many physically important systems are enclosed in (1), e.g.
~"the equatlons or equilibrium of dynamnc elastlclty theory (/ -+ u) grad le i + udi
- Uu—fa U= (ul)u2)

2. Notations

Let ( - and (-, -)q, be real inner products in the complex valued spaces Lz(G) and
. Ly(Qr), respectively. Then ||-|| and ||-[l¢, denote the corresponding norms. By W,1(G)
- we denote the well-known Sobolev space obtained by the closure of the set Co @
in the norm of W,!(G). We norm the space W.(G) by '

llelly = ( [ (el® + Jw.el?) dz._dy)"2-
A : .

Furthermore, let A(-, -) be a real bilinear form on Wzl(G) obtained by integration
. over G of the term Aw - ¢ and application of -the Ostrogradskii -Gauss formula. We
write A(-, -)o., if an integration over the time interval I is carried out additionally.

Now we consider a Banach space V with a norm |-ly and a set of abstract functlons
Cw(t)y: I V. . '

1) The homogencous bounda,ry condition (3) is formulated wnthout loss of generallty, because
mhomogcneous boundary values \nth suffxcxent regularity may be transformed into (3).
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Definition 1: We denote by L,,(I V) 1=p S o, the set of'all Bochner mea- - -
surable abstract functions w: I —:V such that .

tp .
Hw||Lp”_V, = (f [leo(e)]]v? dt) for 1 =p<oo, -
. 0 " .
”w”Lco( 1v) = sup ess |lw(t)lv fOP p=
ter -

In L (I, V) the weak* convergence, denoted by =~ is used.

Definition 2: C'(I V) denotes the set of all continuous functlons w: I -V
.with the norm :

lellcorvy = max lle(@)llv 5

C° I, V) is the subset of Llpschntz contmuous functions with

lwt) — wE)ly < L- |t — | for. tel. .

-

~Detailed information about these spaces of abstract functions can be found in [7, 8].

Now let a subdivision of Qr by hyperp]anesl = =j-h ‘h =Tln,§=0,1,
be given.” Furthermore, let g;(z) be given functlons on G X {):or restrlcblons
gi(2) = g(z, ¢;) of with respect to ¢ continuous functions on Qr, respectlv,ely.

Definition 3: We denote,
g =g~ g, A%g; = 4(4g5),
g%z, t) = g;(z) for te€ (-1, 4],

}

b —t _ ’
"(z, t) = T gi-i(2) + 1g,~(z f.0r L€ [4, 8]

g, g~ — plecew1se constant and p1ecew1se linear mterpolatnons with respect to ¢,
resp.). Moreover let _ P

gt = et —h), §h+'g" — gzt b for L],

_ Apg" = g* — Tg".

If there is no other spccmcatlon we set g(z, t) = g(z 0) = g¢(2) for ¢t < 0. For the

_ sa.kc of simplicity we use the abbreviations I = (tj-1, l] Q;=Gx1;, and write
e = 69,/82 gir» = 0g; /62"‘

P
'

5 -
3. Assumpt-ions. and discretization ‘ ' ) .

' Throughout this paper we impose the following aséumptioné on the 'prbblem (2)—(4):
‘ (i) Let G = C be a simply connected bounded domain; 8@ ¢ CO1.

(i1) wo, v1 € W(@).

(iii) Let ,

. o T] - ] , | )

a; € Lu(l, La(G)), f < it + 8) — u}(‘, Miwardt <M (5

-~ -

- 0
: \

. for all 8, 16| < 8, where a; (z t) = 0 for ¢-¢ I..Further we assume: Camtkeodorvl con-
dition: b; (z t, w) and /(z, t, w) are measurable on Qr for all w € C and contmuous inw
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fdr a.a. (2,¢) € Qr. G;owth lz'mz'tatz‘on} . .
bilz, )| S Blz,t),  Be Lyl Ly(@)), o (6)
e W) < K - (Fz, b + o)), F e LI, L&), . @y

_'foralleC aa(zt)EQT,z_12 ., 6.
" (iv) For any p,, p; € C let the condl‘t,lon '
K Re [(a,p1 + a.pe + aspx* + aspe*) pi* o ,_
+. (“57’2 + a*py F agp* + aup*) Pz*] ) : : . )
a-(Ipf? + |paf® ), a>0, ’
be fulflllcd a e. in Qr.

Remark 2: There is no assumption on contmulty of a,, b;, and /. In particular, .
condltlon (5) permlts jumps with respect to ¢ of the coefﬁuents a;- (5) does not imply
the existence of weak derivatives da;/ot.

Remark 3: Assumption (iv) lmplles strong elllptlmty of the operator A. Tor the
example in Remark 1 this condition is fulfilled with ¢ = > 0. .

We now divide the time intervall I = [0, T] by equidistant points ¢;'==j . &,
j=0,...,7n, into n &é N subintervals. By senudx%retlzatlon of (2)—(4) we obtam
=1 elhptlc boundary value problems ~

: </l'jwj + c?,'?ﬂ; + ? (10; - 27{);‘—1‘ + w;“—z)lz fi in@G, A (2); -
w, =0 on oG, . . C @)y
j= é, 3,...,n, with the st-a,rt condition \

Wy = ’Po: ’ %1 = V’o + hp,. . - o . (4)o

* Here the operator 4 is obtained from </l by replacmg the coefficients a; by Wijs cﬂ is
defmed as

\

ﬂ,wl = blju‘iz + bg)‘wi:t + b37(u\)7:)* + b,i(wjzo)’_" + E (b5,Aw,f—}— bc;‘Awi*): ' )

‘where : . R : . »
:wwﬁ%fﬂqu ”M——fwmmmm&' o
L A : .

=—f/ztu, 1(z) i=1,2,...,6, j=2,3,...,n."

This kind of dlscretlzatxon allows the renouncement of contihuity with respect to £,

Lcm-ma 1: For w;_, € L2(G’) and b’ > 0 kolds a;; € Lw(G) bij € Lo(G), f; € Ly(@),
$=1,2,. 67_23 . :

“Proof: For a Bochner mtegrable functlon u: I -V the mtegral f dt exists

and belongs. to V.-Owing t,o.(m) ‘therefore we have a,., € L (@), b,, € L(G), and
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. fi€ L2(G) In partlcular the rela.txon

[wtyde] < f ||u(t)llydt v
1 - v . . *
yields ‘ , ‘ ' ; -
. K * .
s 4 [ WGl + Kol ®)
i I, . : ‘ '
(ef. [7.])
Moreover it is possible to choose kg > 0 such that

1 1 ~ , - S
W (llbs,'”Loo(o) + 1bsillzeoter). = O for k< hy, i=23,..,7n.

This follows 1mmed1ately from

Lemma 2: For every £ > 0 there exists ko(s) > 0 such that ’
f”B llLoo(G)dt<€ /07' hsho, . ?—1 2 eoey

\
Proof We consider the function g = [|Bllzeot6r € Ll(I), g=0 fort < 0. For ¢ > 0
and every point ¢ € I there exists an mterva.l

t .
Tsi— (t—6,8) with fgdt<%. ‘
_ =5 B - i
The set of intervals 5, is.an open coveril’lg‘of the compact-interval I. Hence, by the
Borel theorem, I is covered by a finite number of intervals I, of length é = dpmin-
For hy(e) < 6, and every I; there are two of these intervals Is; w1th é 2 Omin
which cover I;. Therefore we have fg dt <e B . -
. .

meg to assumption (iv) and Lemma 2, for a glven w, 1 € Ly(®@), the linear
elliptic boundary value problem (2);, (3); has a unique solution wj; € W,l(G) [8:
Theorem 25.3], which satisfies the integral relation

Ai(w;, ) + (B @) + 75 L (8w, 9) = (fy 9 for 9. € WHG). (9)

In thls relation we have

Aij(w, p) = Re ff [ajw, “l‘ UgjW;e + “3;(wz)* + ayj(w, )*]- (%)* dz dy

° . + Re ff [as;'wz' + ajpw; + agi(w.s)* + ati(w:l*] (pe)* dx dy
forw, p € .WZ‘(G).’ .
' Starting with w, and‘wl from (4), the functions w,, w;, ..., w, may be calculated °

successively. By piecewise linear and piecewise constant interpolation in ¢, respec-
tively, we obtain the approximates @w"(z, ¢) and wW"(z, t), respectively (Def. 3). Thus
the quasilinear hyperbolic problem has been apprommated by a sequence of linear
elliptic problems. -

11 Analysis Bd. 5, Hcft 2 (1988)
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4. A priori estimates
. i

First we formulate a version of Gronwall’s lemma.- ‘
Lemma 3: Let u € Lo(I), g € Ly(I) be real functions, :where g=0onlandce R

. 18°a constant. If the inequality

. t . : ,
v ut) Se+ [gls) uls) ds ‘ , (10)
[ i , .

’ V}u'?.lds -/or all t € I , tke;i the estimate

ﬁ(t) <c-exp {f g(s) ds}
0

.

w valid for all t € I.

Proof: Since g in Ly(J) can be approximated by nonnegative coutinuous func-
tions it is enough to prove the assertion for g-€ C(I). By means of ™.

'{ - T ¢ k+1 Tov
] ! 1 .
f 9(s) fg(sl)dsl b= f g(s) ds
- o 0 < 0
it follows from (10) by induction that
. 4 . t k. ‘
S | .
unLey o f g(s)ds | “+ Ryun(®)
. k=0 K: :

0
holds, where

¢ 8 8n .
Roii(t) = f,g(sx) f.g(sz) f9(371+1) U(Spr1) dSpyy - -+ dsy. .
0 0 ) I ,

Denoting M = sup ess {|u(t)]: t € I} we‘get

'

: T a+1
IR,‘.}](t)l = W)—! fg(s), ds .fOI' t e,
) : 0

* Consequently, because R,.,(t) ~> 0 for n.— oo unifornly on I, the assertion follows
- by passing to the limit n — co 1 : |

Lemma 4: The expression A, ), fé 1,2,..., n, define real bilinear /onris on
W\ (Q) with the properties . - . oo ' T
a) aljwl?2< c,'l;-(w, w) for w € W,{(G) (positivity),
b) Aj(w, q) = A;(g, w) for w,q € W, @) {(symmetry). .
Proof: The bilinearity is obvious. Assertion a) is a consequence of assumption

“(iv), and assertion b): can be proved by an elementary computation since A+ ),
a,j, as; are real quantities (i.e. ay; = af;,...)

! A



An Existence Theorem 163

. Furthermore we need an ldenblty As is easrly seen, for a symmetric bilinear form
( , ) holds . Lt
2(dwj, w;) = (wj, wj) — (wj—l; :‘0)'—1) + (dwj, dw;). ) (11)‘

We shall now show the boundedness of all w independent of the chosen subdivision. _

Lemma 5: There exist constants M, M, mdependent o/ t; and n such that the esti-
mates ‘ .

’ \ o ||wlh$M1, ” H<M2 )
hold /or allk < hoyj =1, 2, . R .
. Proof We. substitute the test function’in (9) by ¢ = Aw, and obtain w1th
= (1/h) Aw; ,

Ay, 40,) + (g5, 0 = b 'q;> ~ B ).

'_ Due to (11) we rzaniestima'te
' “'4;'(7”}'» wj) - (/z,-(w,_,,'w,«__i') + ||Q;l||_é-— llg;—all?
<2 (fyq)) — B ),
- and , .
- A, wy) — Ay gy, i) + IIQ,II2 llgj-1l?
= [c/l (Wj21, Wi )4— ‘/li—l(u'; 1 wi-0)] 2RIl - llgill + 1B w,ll Hq‘,H)-

Summatlon overj=2,3,...,pand apphcatlon of (8) ylelds
Ap(wp wp) + gl ‘ o

S ‘/‘l(u’l, wl) + |IQ1H2 + )_‘ ["4 (u’] 1y w;—l) (wl—l, wy—-l)]

+ 3 (2X J Pl de - nq,n+2Kh ||w,_1u Il -+ 2 XL Igf). (12
j=2 i .

I .

_Sirlce wehave B(-, ¢) - w; € L2(G), B:iw;e€ Ll(Ij, Lz(G)), it is possible to estimate '

. N

“Cxlw,” g ;’—/\—”blw’,z + ces ‘*‘. bGQj*” dl
1 -

!

1 .
= f 21BC, Olicsior e (V2 Iyl + ),
I -

2 || Bwjll - gl < [ I1BCs Ollooior 8¢ - (4 llozlh? +5 llg;l1?).
\ ;

11* . [N P
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The fn‘st items in (12) ma,y be estlmated by the use of the start condition (4)0

1(w1: w1) + llgall®
=Ay(o, o) + 2h - Ai(yo, 1) + P2Au(ys, 1) + [ali®

R | , . _
= ‘;;ff [ f ((@rwo: + ) (Wo:)* + (asporr + ++*) (o:s)¥) dt] dz dy
e vt 6 I . ‘

4. mex f i Dl zcotor e - (gl ~+ Thypalh?)

i=1,2...,6 I,

4k max [ 6 Ollieoier d - Ipall? + Il

i=1.2, 61,

el

a R
+ (ST% Yozp + ) (%:')*} dz dydt + ¢,

7

. 1 : .
= max fz llai(-s &) — Thai(s OllLaoicr @2 - 4 llpoll®> + €1 = €.
t=1,2,..., . :
S

This is true since the coefficients a; satisfy a; = 0 for ¢t < 0 and (5). Applying (iv)
thus we can continue in (12)

. . P : :
a ”wp”12 + ”%”2 ='c; + E[Vz (u,, 1 wj—l) - ‘Ai—l(wj—la w;‘—r)]
. . ji=2

o+ Z[2K JIIF|dt- max nq,n + Kh(lwiilP + llg;l?)

j=2 j=23....p -

+ [ 1Bl nooter A4 will,2 + 5 nq,-lm].
B PR

As proved in Lemma 2 the term f 1Bl Leotc) d¢ can be made arbitrarily small for all

h < hyif by is sufficient small. L\ow we choose ky = min {K/4, ho(a/S), ho(1/20)} and
obtam by subtracting the terms wmh ||w,,||1 s llgpll?,

E‘ ”wp”l2 + Z ”‘111“2 =c + .%~[%j(wi—1» Wi_y) — ‘/li—-l(wj—ly w;‘—l)]
X 1= .
p—i. oot p—1
+ ! max I!Q,H 2K | Fllyriuey + 2 Kk )l + X Kh[lg;|?
=1 . j=2 ’

+ "'2_ [ 1Bz dt - (4 fl? + 5 o).

j=21,

The Friedrichs mequa.hby for w; € W, (G) yields I[w R=sC. ||w,||l , and by furthcr
estimation we get

2a [lw, |y + llgoll2 < 5 + ¢4 - max uq,u
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p—i -
+ 4 Z ["{]-(-l(wp ]) A; (wp u’ + Z 4Kh(0 ”/l:l’.j"l2 + ||Q7"2)

+waumwmmwm+%mw

j=11

In other notation (see Def. 3) this is eq'uivalent to

 2a @, B2 + IIQ"( DI < s +ca sup IIQ"ll

T f ff[((n,*a, — @) %" '+ ) (@,m)*

,((r,, a5 — ag) Wh + )(w \)* ]dz dy} dt

[,

+ f [4K ¢ Ilw”lh + 117" + IBC Ol Leoter (16 " + 20 lig"II*) ]dt

N ‘ :
fort € I,. Hence, we obtain
v : /

2MWOMW+M%@W§%+mf§M%WH

i—=1,2...,

1 : .
+ f [Cs max - “Th+a£ — @ill Loty + €6 + ¢ IB(, 3)||Lm(c)]' ’

X (2a [[@"(-, §)l,2 + g™, Ol dt

for all § € I since p, 2 < p < =, is an arbitrary number (it is obvious that such an
: inequality holds for ¢ € [0, 2], too). On this inequality we can apply Lemma 3,
which implies, due to (5) and (6), ' .

2a ", HllZ + 13, I s (Cs + ¢ sup g=(-s l)ll) e
L ‘. € .
for tel, h < hy that means ’
2a - sup ll"ll,* + sup 17l < o + i SUP llg"il.

The. Young inequality 2ab = a%fe + &b? completes the proof with
: . . . .'1 1 .
2a - sup @2 4 S sup (g2 S cp + 5 €3 for A=<k 8
er - 2 2 7.

The existence theorem in the next section is based esséntially upon this lemma.

5. Existence of a solution

" The assertion of Lemma 5 means

Csup 97(, 0l S My, sup ", Ol < M, | (13)
{€ .
sup _ t)” = M,. _ . (14)
tel .
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) ’VIoreover the estnnate (1dw;| S Mzh yle]ds a Llpschlt,z condmon

G, 8) — B, O < Myt — t] for ¢ €I ' (15)
and the property ' b ‘ _ ,
| - sup|lo® — B < Mok, sup 6" — 50" < Mh. L (18)
tel Yokl . ‘
*_We can now prove the existence theorem. ) _ ‘ e

Theorem: Let the assumptions (1)—(iv) be fulfilled.
"a) The problem (2)—(4) has a weak solution

ow

‘w e CONL, Ly(@)) n Lo (I, Wyt 1(6), e L1, 1(@),
satzs/ymg the mlegral relatwn ' '\ ) .
Ui(u’, ?)or I <$u» ‘P)OT - ng, ‘7")01- ~— (v, @, 0)) = </’ ‘Py)O-p» ' (17)

Jor g € Co®(G'X[0,T)): ~ -

b) There exists'a subseqdence' {ny} of subdivisions of I = [0, T) such that the appré)xz'-
mate functions calculated, from (2);, (3);, (4)o°have the convergence properties

;Z)"k; W —>w in the n(:)rm of C(I, Le(G)), o o - (18)
W, W e~ w in Lo (I, WoX(G)), - ’ - (19)
um  dw ‘ ’ ,
\ a - L (I, Ly(@®)) - - ‘ , : (20
_/07 k — co. N
Proof: b) Due to (13) the functions w"(-; t) are unlforml) bounded in W,! (@) for

all t€ I, n € N. The set of bounded functions in W,(G) isa compact-set in ]/2(0')
Furthermore we have the uniform Lipschitz condition (15) for £ € I, n € N. Thus,
by the diagonal method of Arseld-Ascoli, it is possible to choose a subsequence
{w™} with @™ —w in C(I Lz(G)) (for details see [4, 7]). '[‘ogcther with (16) this
yields (18).

For snmplluty, in the following let us "denote all further subsequences of {m;} by
{n;} again. ‘As a consequence of boundedness (13) of @™, %" in L (I W,! (G’)) there
exists a subsequence with @™, W 2> w in L ol L W l((}) The coincidence of these

‘limits with the limit in (18) results from C(I, Ly(@) = L (I, W,'(G)) and the
uniqueness of a weak limit. Thus we have proved (19). ;o
Formula (14) implies the existence of a subsequence such that ow™[ot =~ q in
LI, L2(G)) By a limit process £ — co the integral identity e

."k .‘ .
_ ff(al.¢+w"t.%)dxdydl=0 for @€ Co®(Qr)

yielas . 4
ff(q P+ w- )d:cdydt—O for <p€Co°°(QT)

In this way we get ¢ = ow/ot and thus (20).
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a) The regularity assertions on w result from completeness properties of the spaces
O(1,; Lo(@)), LI, Ly(®)), and LI, W, Y@)), as well as from Lipschitz condition:
(15). It remains to show that w sablsfles the integral relation (17).

We choose an arbntrary but fixed test function ¢ € Co""(G X [0, T) ) For the n- th .

- subdivision of Qr this function generatcs a-step function (p"(z, t) (see Def. 3). Then,
by summation of (9) for 1=23..n wmh q) =@;, we get in eqmvalent notation

T
. ) f (w" ”)dt-f-f(ﬁ"w" ")dt‘*- f(é’ha 'w", 7 >d‘ [(/" gy dt.
A

- : ' . @

Here the coefficients in B" are b = b; (z ¢, T,w"); analogously f* = f(z, {, T,@w"). .
Defmmg "(z,t) =0 for t.= T we have the identity ] o

. T .
(1w . w0 ; N
fﬁ("”w”)‘”*_ﬂﬁ’“ o |4 (v ol 200,
K K )

Furthermore, owing to the estimates of @", %" and Lemma 2, we change (21) only
- by a quantity o(k) with lim o(k) = 0 for h — 0 if we mtegrate over the whole inter-
val I. Thus, we have . . '

ow” a(p

 A@", w)o,-;-(aa"w", o, — st =) — (yu, @(-, 2h))
ot ot [ o, :

C =0 e, el o (22

Asa consequence of assumption (iii) the functions b;(z, ¢, w) and f(z, ¢, w) define con-
tinuous and bounded Nemyzki operators mapping L (I Ly(@)) into Ly(1, Ly(@))
" (cf. [7, 8]): Due to (16) and (18) the convergence 7" — w in Lw(I LQ(G')) takes place
and, eonsequently, .

\

bi™, fme — bi(2, ¢, w), [(2, ¢, w) in Ly1, L2(G)) for k — oo. . (23)

- The approximations of ¢ converge umforfnly on'Qr to @ and the derivatives of ¢, -
rcspectlvely Passing to the limit #, — oo in (22) the already proved convergence
properties (18)—(20) together with (23) thus yield the integral relation (17). Since

. the solution w belongs to Loo(I W21(G)) it satisfies the boundary condition (3) in
the sense of traces. The initial condition (4a) is satisfied due to w™(-, 0)'= wy = v,
for every n, and (18). The initial condition (4b) is fulfllled in a weak sense defmed
by the test relation (17) @ L

Remark 4 The space of test functlons in (17) nfay be a Sobolev space, too. One

can also show that w belongs to the space Cw(l W, @)) of weakly continuous func-
tions 1 — W,(G) (see [4]). The weak assumptlons (i )—(IV) do not ensure uniqueness
“of the solutlon w. R .,
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