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Generalized-Analytic Coverings in the Spectrum oi a Uniform Algebra, 

To5L4 V. TONEV. 

Vir untersuchen einige Bedingungen, unter denen bestimmte Teileim Spektrum einer gleich-
mafiigen Algebra spezielle Strukturen zulassen, .so daB die Gelfâñd-Transformatjonen von 
Elementen der Algebra verallgemeinerte analytisehe Funktionen sind. 
Pacc1aTpInBaloTcin nei-co'ropbne yc.uoBHn, npu KoTophix onpee1eHI1hIe MacTin cnexppa pan-
InoMepHon aire6pai 1onycIaIoT cfleuuajlbHhle cTpyHTypbr, Taxux, 'ITO npeO6pa3013aHllA 
FeJa4aHaa aJleMeHToB aJIrepbI anJianoTca o6O6ELeHHbIMu aHaJlrnTu'IecHuMa 4yHHui1RMH. 

We examine some conditions under which certain parts of a uniform algebra spectrum admit 
special structures so that Oclfand transforms of algebra elements are generalized-analytic 
functions. 

The theory of analyti functions of one complex variable. is naturally connected 
with the senligroup Z, of nonnegative integers. Analogous functions can be con-
sidered with arbitrary subsemigroups of nonnegative real numbers instead of Z.. 
Though not very well developed, there are various constructions of such functions. 
We shall deal. with generalized-analytic functions in the sense of Arens;Singcr, con-
nected with the senugroup Q^ of nonnegative rational numbers in the'h same natural 
way as Z is connected with usual analytic functions. In this article we 'examine 
some conditions under which certain parts of a uniform algebra spectrum admit 
special structures, so that Gelfand transforms of algebra elements are generalized-
analytic functions on them. 

1. Basic -definitionsand results 

Let S = { p} he an additive subsemigroup of Q, = Rat [0, oo) containing zero. 
Denote by F the group generated by S u (—S) 'and provided with discrete topology 
and by G - the dual group of P. The group (7 is, compact and connected and O F. 
The big plane is th cone C = [0, oo) X G/{0} X G over G with the peak * = {0} x G/ 
{0} x G and the big disc with radius c > 0 in it is the set Ac(c) = ((),,q) € CO '. < c}. 

/We call generalized polynomials the linear combinations over.0 of functions y vO., g) ,.PyP(g), p E 2, where yP € O are the characters 7P(g) = g(p) for all g € G. Because 
of S Q, we have yP(, g) = (7 )., g))P, so that all the functions f have arbitrary 
powers p E S. Given an open set U C, we denoee by A 0 (U) the algebra of all 
generalized-analytic /unctions, i.e. the algebra of all complex valued functions on U 
that are approxiunable locally by generalized polynomials on U. For a compact 
set K	C we denote by A 0 (K) the algebra of all continuous functions on .K that 
are generalized-analytic on lint K. The corresponding algebra for K = I(1) was 
historically the first of- this type which attracted the attention of mathematicians 
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It was introduced b Arens and Singer in .1956. They considered A G(J G (1))' as a 
uniform algebra on Gin a slightly more general setting. In [4-6, 9] the generalized-
analytic functions are examined on arbitrary sets of C G . Taking'S _ Z, we obtain: 
G	81, C	C1 and X'; (A,'e°) = 2"e';° (or; equivalently: f(2etO)'= ),';e';°), i.e. 
y';(z) = z';.	 . 

Let D be a domain in CG and A be a subset Of D. We call /I -a negligible se't if A is 
nowhere , dense and if for any subdomain D' D every generalized-analytic func-
tion/ on 1)' \ A, locally bounded in D', admits a unique generalized-analytic exten-
sion on the whole domain D'. We,. call generalized-analytic covering any triple (X,ii,U) 
for which:  

1. X. is a locally compact Hausdorff space; 
2. Uis a domain in CG ;	 V	 - 

3. 'z isa proper continuous mapping of.X àntq U, for which, the set	g) is 
discrete for any (, g) U; 

4. there exist a negligible set A c U and an integer m, so that n is a rn-sheeted 
covering mapping of X .\ z(A) onto U.\ A; 

ö. the set X N m- 1 (A) is dense in X.  

Sometimes X is called a covering onto .0 and A - its critical space. We call gene-
ralized-holomorphic any complex valued function /, defined on an open subset V 
of a generalized-analytic covering X, if for any open subet V'	X \ t(A) on 
Which z is homeomorphic the function ( 11v) o	is generalized-analytic on 

Let A be a uniform algebra on the compact Hausdorff space X and let sp A be its maxi-
ri ial ideal space. Let {fP}c5 be a multiplicative semigroup of elements of A, where  S is as 
above. We call àpectral mapping of S the mapping 11: sp A - C6 , 'b5(x) = (jfj (x) 1, !14 
where g E G = .1' is defined as follows: gx( p) ='/P(x)!If(x)I, g(—p) = g(p). It is 

- easy to see that /P(X) = X(s(x)), where x € sp A and f1 stands for the G'elfarmd 
transform of /P. In the classical case, when S Z +, P8() /'(); the last property 
is simply: f.';(x) = (1 1 (x))". We call spectrum a(S) of 'a semigroup S , A the image 
of-0s, i.e. a(S) = s(spA). In the sequel we shall omit the index S. In [6,9] several 
aspects of the spectrum a(S) have been discussed. 

Further we assume that 5 , = Q-4- : In [10] we have found conditions assuring that 
some neighbourhood of certain infinitely generated Linear multiplicative functional 
of .a uniform algebra is homeomorphic to a generalized-analytic covering and the 
restrictionsof algebra elements are general i zed-holomorphic on it. Aetua1y, we have 
obtained there the follovixg results. 

Theorem 1.1: Let W be a component of Tnt a(S) \ 1i(X) and lct the spectral map-
ping 0 be one-to-one on -'(W) Them k o 0" 1 is a generalized-analytic function on W 
for any h E A,.i.e. 'Aj b- ( w ) c A 6 (W).	 -	V 

In the sequel we shall denote the number of elements of the set E, as usual, by * E. 

Theorem 1.2: Let 'X 01(bili(sp A)) u M, W be a connected component of 
C6 \ O(X) and let there exist a k < oo, such that 0 1 ()., g) k for any (A, g) E W. 
Then the' set ø(W) has the structure of a k 1-sheeted (k 1 5 k) generalized-analytic 
covering over H and the functions f,f E A, are generalized-holomorphic there. 

For the proof of Theorem 1.1 in [10] we made use of a result by S. GRIGORJAN, 
announced in [4]. Since no, proof was given afterwards, we give one here. Some 
preliminary facts 'The big plane C6 can be presented as lim {C, 7mm';}, where C,, = C,
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ln m (Zm ) = Zmk and m >n iff m = nk for some Ic E N, Zm E Cm [8]. Now 
We provide CG with the weak topology with respect. to the family of functions 
{X"}n; where the base neighbourhoods are the sets of the type 
• Q(() . 0 , go), c, ii) 

= {(A, g) E C I IX'( )*, g) - X 1 (io, g0)j <; s > 0),	 - 
fl = 1, 2,..., (As, 9o) E C. If Ao '= 0, the corresponding base neighbourhood 

•	s, n) = {(A, g€ C	Iz"(A, g)I <} = LIG(6") 

is homeoniorphie to some big disc. 

Proposition 1.3: If A0	0 and £ > 0 is small enough, the neighbourhood 
Q((). 0 , g0 ), s, n) is homeomorphic to the set (Ker z11 ") x zl(1). 

Proof: Let,* J Q = Q((). 0 , g0 ), s, n) and denote by . Y(()., g),	the set -,,(Q)	C', 
(A, g) E Ker az,, = Ker z". For any n n we denote by V((A, g), m) the component 
of -r.(Q)	C' that contains 'r,(A, g). Now the set V(., g) = urn V((A, g), m) con-. 
tains ()., g) and	 m>.n 

Q((2 0 , g0 ), c, n) = 'r'( V( (A 0 , g0 ), n)) =	U	V(A, g), 
(A.g)EKerx'I" 

where V(A, g) n V(2 1 ,-g1 ) = 0 for (A; g) (2 k , g 1 ). Because of, V(., g) V(A 1 , g1), 
then Q((). 0 , g0 ), c, n) = V(;,0, g0 ) x Ker x11' The set V(A0; g0 ) is homeoniorphic to 
the disc 4(1) c C with radius 1. In fact, let Pm V((20 , g0 ), in) - 4(1) be the Rie-
mann conformal mapping with Tm(yh/m(A0, g0)) = 0, ,'(y1Im(A0, go)) > 0 for any 
in n. There arises the diagram  

r+ Z11 4	

•i	 -.	/ 
V((2 0 , g0), I) '-+ V(()., g0 ), in)	 - 

where m >- 1 > n, i.e. in = 1k, k  N. According to the definition of Y (0.0, g0 ), in), 
the mapping zk is one-to-one. Then ,(z) = (z") is also a one-to-one and conformal 
mapping from V((A0, g0 ), in) onto 4(1), with m(yhIm(A0, go)) = 0, ip(m(Ao, go)) > 0, 
i.e. ?Pm coincides with m• Hence the dagrani is commutative and there exists 
a one-to-one and continuous' mapping from urn V((A 0 , g0 ), m)	V(20 , g0 ) onto 
urn {zl(1), id) = 4(1) I	,	-	 m>n 

Natural questions that arise in connection with Theorems 1.1 and 1.2 are: when 
is the' spectral mapping 0 one-to-one?. When is the condition 1(A, g) Ic 
fulfilled on W? Partial answers to these questions are given in [11]. Namely: 

Theoetn 1.4: Let W be a component of Tnt a(S) \ (X), containing the point *, 
and 4 6 (c) be abig disc in W. If	

• 
-' Ker=U(/P-/P())A	 •	• 

p€S 

for some p €	'(z1c(0), then t'' is a homeomorphism of 4(c) into sp A. 
Theorem 1.5: 'Let W be a component of Tnt a(S) \ (X), containing the ' point *, 

and Jc) be a big disc in W. If for some (), g 0 ) E Llc(c) the ideal 

- J(A 0 , g0 ) = U (' - (Ao, go)) A 
p05
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has codimension .k < cc in A, then *	g) k for any ()., g) from the maximal

big disc belonging to W. 

The .proofs of these two theorems inad use of Kato's perturbation theory for 
• semi-Fredholni pairs of closed linear subspaces of a Banach space. 

Let us set Wm = {(2, g) E W	-1(2, g)'= m}. If Ac(27) H mt Wk	01 then 
also * (J(2,g)	k on any big disc /i b (c) belonging to W [11]. As a corollary, if 

IV and A G( ?1) n Tnt W 1 0 for some 77 > 0, then b is one-to-one on the 
e t 0-'(A(z)), where z10(e) is the luaxinial big disc in W 1 . The most iñterêsting is 
the case when"W = A(e) and X = spA \ '(W). 

2. Main results 

Here'we give new answers to the questions stated above. 

Theorem 2.1: Let A be a uniform algebra on X dud M = sp A. Let {t}Es r- A 
be a multiplicative subsemigrov of A, isomorphic to Q; and let 'J: X -> C be the 
spectral mapping of {/P}. Suppose that: 

a) (X)	bQ for some base neighbourhood Q . = Q(, g0), e, q),. 
b) (2, g0) E (M) and 
c) there exists a closed subset N of Q for which the set f(N) has a non-zero Lebesgue 

measure for some (and any!) p E 5, such that 0 is one-to-one on the set -1(N). 
Then O.is one-to-one on !- 1 (Q 1 ), Q1 being a base neighbourhood in Q. 

Proof: We shall follow J. WERMER in his proving of a similar statement for the 
case S Z (see [12]). That is why we shall not give all the details but only a sketch 
of the proof, emphasizing on the differences. Without loss of generality we may 
assume that m = 1, dO(N 1 ) > 0, N 1 =.N n bQ. If a is anieasure on X we denote 
by 

I 
O ( IA) the induced measure on C = bQ, namely: u) (E) = ( 1 (E)) for E	C.


We know that Ii(M) (2, g0) and b(X) c C according to a). Now, according to 
[10: Lemma 3], 1i(M) Q. Let 99, and T, be such elements of M that	= 
=,(),, 9 1 ) Q. Supposing that 99, == 9 2 we can find such p> 0 that f(pi) 
Let Po E 8: p' = p, p = q, k 1 , k2 E N. and Q1 = Q((2 0 , g0), 1, Po) Q. Now again 

Z"'( 	We can find also such a function g(z) € R("(M )) that g('(i)) = 1,

g(ZPO( 9,2 )) = 0. If p i and ,u2 are representing iiieasures of 99, and 9 2 , then it turns 
Out that 'b() = P(u2 ). * Beecaus of the injectiveness of on 4r '(N),1z 1 and /22 
coincide on(N) and hence the measures v1 = cP(g . yj), = 1, 2,. also, coincide 
on N 1 . Then, having in mind the choice of g, we obtain: 

f Pd(v, "'2) = P(2 1 , g 1 )	 I •	
( 1) 

for any generalized' polynomial 'P on CG of the type P(2, g) = P(71'o(2, g)), P being 
a usual polynomial. Let us consider the measure (7o - f°( ), i, Ui)) d(v 1 - v2 ), ortho-
gonal to all generalized polynomials. Denoting by v1 5 the induced measures on the 
unit circle S = yPo(C) _7P 20 , g0), defined as 

=f(yPo - P°( 2o, go)) dv 1 ,	•/ E• C(S), 

we see that the measure 

(' - XP-() 1, gi)) d(i' 1 - V2) '= (z -	°( 2 i, gi)) d(v 1s - v29
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admits the Lehesgue decomposition hdO + v, where h E I1'(A) and v3 is a singular 
measure with respect to the Lebesgue measure on the unit circle. It follows froin 
(1) that the same measure is orthogonal to all polynomials P()., g).= P(zP (),, g)) 
on Q1 and at the same time - that the measure - yPo(,.1,.g1)) d(v iS - ,$) ' is 
orthogonal to all polynomials of z on J. According to the theorem of F. and M. Riesz 
it follows that v3 = 0. Since viIy, v Ix, on 7 P°(N1 ), ve have v 1 5 = v2 , from where 
(z - '(Ai , qi)) d(v jS - v29 = hdO is identically zero, becduse the JP-function h 
vanishes on the set y Po (N 1 ) with dO(yPo (N 1 )) > 0, (and hence dO(7P (N 1 )) > 0 for 
any 7) E 5). Bit. yPo1,g1) E 4 and consequently z - '(). i , g1 )	0 on 8, from 
wherev 1 S = j2S in' contradiction to the equality (1). Consequently, i =	and 
hence 0 is a one-to-one mapping from	(Q1) onto Q1 I 

Suppose that * q) < co for any-point of a measurable subset Al of the 
maximal big disc in W with dxdyyP(N) > 0 for some (and. hence for any) p ES. 
Let W = 4(s) and X = sp A \ 1 (4 (e)) . The sets 7P(N) and N1 = N n W1 are 
also measurable. The proof of this statement for the classical case is due to J. WER1ER 
[12] and holds true also for the generalized-analytic case, by replacing only C with 
CG , the Gelfand transform / - with the spectral mapping , and 4 - with a base 
.nèiglbourhood. Since N	U Ni , 7P-(N) = U 7Po(j\T.) for any 'fixed Po E 8, there 

1=' 
exists such a k that dx dy f'(Nk) > 0 and hence dx dy x(Nk) > 0 for any p E S 
(in fact, dx dy 'y '(Nk) > 0 implies dx dy z'(Nk)> 0 and hence dx dy f(Nk Y> 0). 
Now applying the diagonal principle, we can find such (.0 ,g0 ) E Nk that for any 
7) E S 7P(2.0, g) is a point of density for the set X(Tk). Let Pn P2, ..., p be all the 
points of	g0) and let Q be a standard neighbourhood: Q = Q((.0, go), 5, 
for which qY'(Q) splits into k disjoint closed subsets, any of -which contains exactly 
one. point of 0- 1 ().0, go) = { P1, P2, ...,p}. For arbitrary small e >0, the boundary 
bQ 1'of the base neighbourhood Q1 = Q((, go), e, 7)) intersects Nk in a set Lk for 
which z(Lk) . S(e) and dO(YP(Lk )) > 0. Let J, denote the component of -'(Q) 
oniaining the point p. (v = 1, 2, ..., k). Now dx dy f(J,) > 0 for any p E S. Ac-

k 
-cording to [10: Lemma 4], we ohtainthat - 1 (Q1)	U J,. We shall see P that 
ruap's J, n	'(Q1) injectively onto Q1 for any v.. Supposing () k , g 1 ) fixed in Lk, for 
any v =. 1, 2, ..., k, we have: (),, g0) = (p,) E P(J), from where-cP(J,) ac- 
cording to [10: Lemma 3], and consequently there exists at . least one point (say,q') 
in every I,, with P(q,) = (), ga). Because (A, g ) E bQ 1 , we have q, € aA(J,). For a 
fixed v we an assume A(J,) to be a uniform algebra on aA(J,). Theorem 2.1 gives 
us now that 0 is a one-to-one mapping between J, n b'(Q2 ) and Q2	Q1, i.e. we 
obtain that Q2	Wk and consequently - that mt Wk	0. If now 4 ()	W,. 

n mt Wk 0, Theorem 1.5 implies that * -'(2, g) k for any (, g) belong-
ing to the maximal big disc 4 (,, (e)in W. By applying heorem 1.2 we obtain the 
following result: 

Theorem 2.2: Let A be a uniform algebra and .{t}€5 be a multiplicative subsemi-
group in A, isomorphic to Q4 . Let J be the spectral mapping of {/P} and W be a compo-
nent. of a(sp A) \ P(A) for which !/I = const on aA \ '(W) for some (and 
hence - for every) p € S. Suppose that there exists a measurable subset N = W such 
that dx dy ((N)) > 0 for some (and hence - for every) p E S and that the set g) 
= p € M I tP(p) += (), g)} is finite for any a, g) € N. 

Then the set Ø1( W) has the structure of a k-sheeted generalized-analytic covering 
over 4 ( If) and for any function. h of A, the function & o 0 is generalized -holomorphic 
on this covering.	- .	 -
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Note that we know from the discussions preceding Theorem 2.2 that the set Wk 
is open, so that the negligible set W \ Wk there is closed. As shown recently by 
B. AUPETIT and J. WERMER [2], the conditions for the set N in Wermer's theorem 
can be weakened. Following them, the condition dO(7 P (N)) > 0 for N in Theorem 
2.2 can be weakened as well, by requiring N to be of nonzero exterior capacity 
instead of nonzero measure. In the frame of theory built 'above, it is possible to 
insert also generalized-analytic analogues to n-dimensional boundaries for the 
algebra A as well as the corresponding results of R. BASENEE [3] for existence of 
n-dimensional analytid manifold's structure in the spectrum of a uniform algebra A. 

All the results hold for subsemigroups S of Q+ possessing the following property: 
for any p and Ps E Sri [0, 1] there exists a p E S  [0, 1] such that p >Pi and 
Pa >P . Q, and Z, are particular cases of such semigroups. 
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