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llpnH1llh1 maicCHY[Yma B 3aAaqax OIITIIMa.lIbHOFO ylipaBJiellilfi 
JJHl 3LJrnhlTHqeeRoro ypaeiui	 - 

Y. E. PATYM 

Es werden Aufgaben der optimalen Steuerung tinter Zustandsgleichungen in Gestalt quasi-
linearer elliptischer Differentialgleichungen 2ter Ordnung vom Divergenztyp betraelitet mit 
Tntegralrestriktionen vom Gleichungs- und Ungleichungstyp. Das Hauptaugenmerk ist auf 
die Fälle nichtkonvexer Steuerbereiche gerichtet, wenn alle Koeffizienten der Zustands-
gteiohung von den Steuerfunktionen abhhngen. Es werden notwendige Optimal itatsbedingun-
gen in Gestalt eines Maximumprinzips in integrierter Form hergeleitet unter Voraussetzungen 
analog zu jenen, unter denen auch das linearisierte Maximumprinzip im Falle konvexer 
Steuerbereiche gultig ist. 

IaccMaTp14ua10Tcn 3aa4I1 onTIIMaJIbHoro yripanneiiin o6aeHTaMH, onuci.inaertiie xna3-
J1nh1eOIIb11 a 1unTM4ec111 ypalliienueNt BT0pOI'O nopi;Ha innepreiiiioro maja, npii uajiwwi 
iOHOJIHHT0J1bHUX opraHM4eHlIft B BllAe paeucn 11 llepaBencTB UIB uhITerpaJIliHax yHK- 
IIioHaJ1oB. OciIoBHoe BHHMaHHC ye.11aeTcn ciyarne iIeBbinyxnbix MHo}HecTn j0[ICTHMblX 
ynpaBJ1eHI1l, xoia OT ynpaB.rIeHn1 aaBucnT Bce KOa(IMIIII Lille IITM ypamleilufi. floica3aHo, 
'ITO HeOxoHMbIe yc.rlonuR onTuMahHoCTu B (I opMe npHHLkitria MaIduMyMa BMIIOJIHHIOTCH 
npia yCJ10BIIHx, aHaJon14Hbix TeM, KOTObIC o6edne41lual0T BLJnoJlIIeHHe iiuueapiiaoBaui-ioro 
flHH[Hfl3 maRcHmyma B cjiyae BblflyHJIIIX MHoHecTa OflYCTIIMbX ynpaBJleHIIfl. 

Problems of optimal control are considered under state equations in, the form of quasilinear 
second-order elliptic differential equations of divergence type, with equations and inequalities 
as integral constraints. The main stress is on those cases with non-convex sets of admissible 
controls where all coefficients of the state equation depend on the controls. A maximum 
principle in integrated form, embodying necessary conditions for optimality, is derived under 
assumptions analogous to those under which the linearized maximum principle holds in the 
ease of convex sets of admissible controls. 

flpilHiln M3LCIIMM3 JI. C. FIoIITpHruHa 11 paaJIIl'IHbIe ero aHaJiorM RBJIHIOTCH 
OCHOSHOft 4opMoft Heo 15xoJu1Mblx yCJIoBI4il OHTMMaJIBHOCTH KaK n 3aga qax C cocpeo-
T0eHHbI11M napaMeTpaMil, TaK 11 B 3aga4ax C napaMeTpaMl4. 
flpIlHIu4rI MaKCHMyMa HBJIHeTcH ecTecTBeHHblM B 3aia4ax . C 061,14i-!0 paCCMaTpH-
BaeMbIMH MH0)KecrBaMI1 E J0HCTI4Mh1X ynpaBJIeHI4it a-MaMepilMblx BeKTopy1IKIHft, 
flPllhlHf3l0[1MX BlIa'leHl4n 143 3)H1-10170 M1-107KCCT13a M. Eciu M}IO?ICTB0 E iminyic.no, 
TO BO MHOrI4X cJLy4aHx, n n oTpe6oea cooTBeTcTByloluylo rJiaKoCTb oneparopon 14 
()yHKLu101-laJIoB, na ocHoBe TOCM 0 HeIIBHoft yHx91I4 MOHHO noJiy q uTb iieo6-
xo)HMbIe . yCJ1oB14fl onTilMaJIbHocTu B BH;le JIII1-feapH3013aIIHOI'O npMHiAHria MaKCI4MyMa. 

Flogo6l-lblfl. nOAXOA 6i.iji ncno.ubaoBau B pa6orax T. ZOLEZZI [19], M. GOEBEL [16], H. H. 
Foro3E [2] it V. E. IAftTYMA [9] ia ciIcTei, onucwuaeMblx .JIuIleflIII,IM ajijiunTuqecHuM 
ypaullellileM. Ha 6J1u3xuX npuHuunax oc-ionaiiu it cxeMhl B. 14. flJloTiIHxonA [6] it B. A. 
flIYI3onH4A [14] fluB O6llHX CUCTCM C "upefleJIeiiub1Mit HapaMerpaMli. Hau6ouiee nOJiHO 
CBOI1CTBO BalnyHu0CT1l (ye M1l0KeCTBI .onycTnMbIx onepaTopon) I1cn0JIb3onauo B pa60Te 
P. MICHEL [17], rje n cuiy4ae ypaniwniift Co cuiaGiiriu l!eulnHefluOcTclMu it noTo'ieqtIEiMH 
orpailu4euunMi! noJiy'ieii npiui luiri MaicduMyMa. 
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C 14 'ryaullII peao MeHHeTcn, }ora MHoIcecTno E JonycTHMbJx yripaBilemik Helm!-
nyi.no. 06i 111-10 3T0 13bI3BH0 11e1mInyii1ocm10 MlIoecTBa M j0nyCTl1AIbIX 3IlaqellHii 
yrIpaBJielluil, HanpilMep, MHoHecTBO M coepaur HoireqHoe 'incjio To qeic 3ecb 
yice eAml1CTBeHHofi ecTecTBe11HOi iepofk 6.mFI3OCTII 5Byx ynpaBJ1eHlli O it	finjifleTefi 
riepa (JIe6eroBa) MHo1cecTBa apryeHToB, juu! coTopiix a' H	ripmimmalOT pa3JIH-



HbIe 3Ha4CHHH. 

3aaaq ii C lielmInyI!.nhIMH MIIo,HCcTBaMII Z ii rIO'ITH jimiefinnAmit ypanh{eFI;lHrlH n cJly'iaRx, 
ora OT ynpanJIeIi11i 3ai3iidnT TOJ1BHO smaAwne 4.leIIM ypaBileuhill, XOpO!UO 1lWlJaIOTCH 

• iiccj1ejoBaIiIiio MeTooM B. 14. ITJIOT,1HHOBA-H B H. Cw,MiIA [7] (Chi. Taicue pa6orv C. A. 
CEP0BAÜcH0I'o [13]). Eciiii -He OT ynpanJieuliri 3anucnT cTapwMe HO3uLHeuThI ypauHeillafi, 
TO 3TOT MeTo ?BC iie sencTiiyeT: Ilepubie i'i y6ouue FiccJleSoBaIiIail cwryaiuU, i'; F O ylipaB- 
jieuuli 3aBucnT eTaplulie Fcoa(!)(!)uuneiiTbi ypaunenuhl, 6w.m npoiaeeiii H. A. J1YI'bE [5]. 
OH yCTaH0BMJI Tai*tce cy[1ecrBeiiIIyl0 pOJIb, HoTopylo HrpaeT4opMa oSJiacru eapblipoiiauii -i l 
ynpau.neHIin - nuJieHue, lie laMe1ouee aiiaiora B 3a&a'Iax c cocpeoro qeu,,i ilapa-
ie'rpa.iii. 11aHolieL, B pa6oi'e V. .PA11TYMA [10, 111 Ghi.1iO ycl'aiioa.ieiio, 'ITO ec.rn, 3JIJ1i111Tl1-
ecuoe ypaniieiiiie If HilTerpaliT M 111111 M fl3IIpyeMOlO (j)yii iuuoiiajia IreJ1liiie1iihi oTIiodHTeJiI1io 

HeI)BbIX npOI.1:3001Ibix (j)yiiHikIIIl COCTOHIIIIH CIICTCMbI If cTapluhie Hoz)1juIk,,eHTbi ypauHeHun 
OT yiipau.'ieii iit, TO rJIauHal-i 'iac'rb npupaIieHian )yHHIuIOIiaJia H)H Ili'OJTb'ia'FI,IX 

uapiiaiiin COaepHHT 1OiiOJlHlITCJIbHbl cJIaI'aeMble, 110 cBoemy xapaHTepy 611131U1e H BTopou 
uapuaiuIl4. I-cpoMe roro, ii aT011 pa6oTe upIInejLeH fl P IiM I) aaaaq u C OHIIM npocrpaHcT-
BelilibiM liepeMeiiiihiM, re 011Th Malbiioe ynpanieiiiie lie yOIiJlcTflOpneT flh1Hiijil1Y MaHcu-
MyMa, 11 ykalaiiO, 410 CUI3CThJ1I1BOCTb ileo6xOahiMbix yCJiOuhaü OI1THMaJII,HOCTII B ()OMe 
npniiiuna MaHC1IMyMa recHo euriaaua C' BOaMO+11iOCThIO pacwupeiiiin IICXOgIIOH aaja'iii 
iiTCM iiepexoa H nihiiyH.1ofi ot3ojio q ie MiiO+CCTua soriycruMbix ouepaTopOli. 

OTIe'rIii CHIC, 1 T0 B aaa'iax C HI1a3IIJI1IHCÜIIbIM1f YPi3HIiHHMhl 

a(x, z, z,..., Z r.) 4- a 0 (x, z, zfl ,..., z) = 0, 
dx1 

CC.-III pOCTI, (I)Vl1HIhIti a no Zr,,..., Z	0Tlhi'laC'rCIi OT lI-UleiIliOi'O, lie 1IpIIMC11IIM1A MeTojLhi, 
Gaai-ipyioiuueca iia TeopeMe 0 iieuiiuoli (1)3'lIi-cl1111 11.111 tia pa3:l0HeIilihi- 110 Ma.rlOMy napaep 

E = rnes {x E It": G I(X) rr a2(x)} 

iipu hlI'OJ,bq aThlX Ilaphlai4IiHX. 3T0 i3bl3nailo 'FM, 'ITO fliI OTJIIPIIIOM ÔT JiuHeLiiioI'o OCT 
()Ii KLhl l a1, cooTneTcTnyIouha f ypawieli 1110 0ilepiTOJ), B00UIC I'OBOpH, iieThl1(IJ(IePeHIHJ)yCM 
ito I'aTo liJihi lleOGpaTuMa cooTue'i'eTuy1oIIa1-i hi po hlarios iiaI . 'l'pysiiocru He ripuBieeiiiti-i 
yaaaiioro Ma.rlOro ilapaMcTpa oSycJiowleilhI TCM, 'ITO r.iauiIhie 'lacTIl flh1h1CHI11i (I)yIi H-
Iluollalon OyayT IIMCrh nopnjoi- e, a i'iaii-iiie 'iac'ru iipupau.eHitu peweliufi ypaBileilIlil 
MoryT IIMCTb IIOpMY llOH5H	, rae 0 .< . a < 1/2. 

B HacToaaeu pa60re paccMoTpeli ciiyaii . O5HOI'O 3JIJ1UIITWaeCHOI'O -ypanileil I-lB 
uTopolo nopnaia sIIBept'eliTHOro HI15a C J1uuieiuhIJM POCTOM CTWHX KOaNaiILhldHToB 
flh1 Iiaiira q iiri aoliojlHhtTejThIIbIx OrpaIIil4eH11i B HIi1e pai3eHCTB hi.TlI4 IiepaBeHcTu )Ji11 
llIiTeI'paJIhlIhlx (I)yHHRI-1OJIaJIOB. IlOI-caaaHo, 'ITO B TaKHX 3aJa4aX HMCeT 1ecTo npiiiiiuin 
Ma HC11MM npii yCJlOuui1x, 6JI1,13Iu-Ix H VCJIOBI-IHM, o6ecile q laBaIoLiI-tT en pa BCJIJIHBOCTh 
ahahIeapu3OBaH1-foro rlpllHLU-lna MaHcI-tMyMa u aaa'iax C i3IIrIyHJlbI1 MHO?IceCTHOM 
yon1ycrI-IMblx ylIpal3JIeH11u. ll p hiB o:l-IMoe )loKaaaTeJlbcTBo ocHoBwBaeTcn ua I-laee 
paCwI4peIII-ii1 l-ICXO5HOIi aaaa'Iii IlyTeM itepexosa H BbIIIyHSIhIM \Ho?HecTBaM aOnycTu- 
MhIX onepaopou c coxpai-ieiii-ie	ni iiru-ei rpai-Ill	uuJI 4yHHuoaa !-a4ecTua. To,'.rla 
coxpaHneTcn OIITI-IMaJIbuoc yripatiJieHi-le It t-ieo6xojui0e yeJiOulle OIITI-IMaJI hHOCTII H 
pacuiupei-nioil aaaa q e rlepellOcuTen if  uCxojuiyio aaav. Bjivaicau uea (ocliOHatil-fan 
na G-cxOLHMocTH) 6blJla upuMenella 13 O JI HOII 1)a6O T e L. TARTAR [IS]. 

I13J10?HellIie H paöOTe ueyeTcH B TCMHl1X BapiiallIIOHHhIX panenCTu (IIlITerpa.nb- 
HbIX CooTHowellIau) HimaoclpaHTnblx OFICBTOHbIX ypaullelInhi. 06031-la qelIna II



lipn i-iiun axcuya B 3aAa q ax onTnManbHoro ynp-1	293 

cBoicTBa paCCMaTpUBaeMblX B	 OcHOBHhIX 4yHKI11oHaJ1bHMx BpOCTpaHCTB, 
a TaEOIe pi apyrHX TMHHOB 6epyrcn 113 }H111'I1 0. A. JIAAbIMFHCHort 11 H. 1-1. 
VPAJIbIEBO [4].	 .	 / 

§ 1. Hoc'ranorna 3a)aqH  

flycTb B n-MepHoM (n	2) eBHJ1uoBoM ripocpace R" C 3JIeMeHTaMn x = (x 1 , ...,	- 
X,,) 3aaIIa orpaHl4qel-lIIaH cTporoJlnriuIuueBa o5JTacTb Q C I'paHuIei bQ = I' u 
rje F fl F0 = 0 I' IBJ1aeTcn OTHPbIThIM (B Q) MHoecTBoM c mes (F \ F) = 0 
(mes - cooTBeTcTByIouan mepa JIeera). 3aJaHbI q cjio r > fl M rIpocTpaHCTBa 

-	L(r)	L 2 (Q) xL2 (Q)x••• X L2 W)x LBT_l)(F), 

nx 

L*(r)L(Q) X L 2 (Q)X	xL2(Q)xL11(f') 

	

r+2 r	 - 

C 3.rIeMeHTaMH g = (g0, ..., g, 1 ) € L(r), / = (/, ...,	€ L*(r) , 000TBCTCT13YIOIJUIMI4 
eCTeCTBeHHbIML4 HOPMMH 1KPTOBhIX r1pOH313eLel(l4iI	ii 11* 11 611J1HH6ia0i op-
MOli	 - 

=	f g i li dx + I +i/n+i dr. 

B L(r) if L*(r) oripeeiieiii HO)flOCT3HCTH3 W'c L(r) It W'	L*(r) HK COBO-



KyIIHOCTh Bcex Tex 3JIeMeHT0B g E L(r) if / E L"(r), HOTOphIe HMeIoT 

g, / = (z, zr ,, . . ., z, z),	z E TV0 1 (Q), zjr,	0.	 (1.1) 

B CHRY TeopeMBJoHeHHR W U caMoM ;eie HB.TIHIOTCH 3aMHHyTbIMII JiHilefi-
HbI'4H nojuIpocTpaHcTBaMH: BJIeMCHTbI 113 TV öyILyT O6O3H41aThCH 'lepe3 It, v, W. 
113 TeopeNt BJ1Oeflh1fl, 3aMHHyTocTI4 H pe(f)J1eIcI4BHoCT14 W If W' (ripocTpallcTlla 
L(r) ii' L*(r) , peJieKcInH11) CJIC)CT Ta1c?Ie, '[TO cyllecTBy1OT JLUHehHhle OFaHH'-111-
ilbie onepaopi HOCHT11OB1IHH [3] F': L(r) -. L(r) it F': L*(r)	L*(r) , 3a l tallae-

MbIC 000THoLueHIInMH	 S 

((Pg -- g, v)) =, 0 (v € TV) it ((P'/ - /, v)) = 0 (v € W)	(1.2) 

JJ1H HpO1I3HOJIbHbIX g € L(r) if / € L"(r). 
Jjin onepaTopoB A: L(r) —* L*(r) qepe3 LA (g) 6yjeT 0603j-ia qamcx npou38oönaio 

! 'amo.onepaTopa A Ha JJICMeHTe g (ecstu otia cyluecTByeT). AHt.nôrH4IIo qepei3 LJ(g) 
6yeT o6o3}IaqaTbcH npot13Uo1Ian FaTO (I)yI1}cLI1oHaJIa J: L(r)----> It. Ecriii onepaop 
A (ir.riii (fiyHlw4oHaJI J) 3aBHcHT OT r!apaMeTpa, Cr, TO COOTBCTCT13}OI1H 3aIlUCh 6yger 
LA(o g) (aHa.noI'11tw LJ(a, q)). 

CJIa6an CXOI4MOCTb ii L(r), L*(r) ILTII4 iTeöeroBhTx flOCT3HCTHX 6yJeT oöoana-

aTbcrt 'Iepe3 -k 

0IIpe)eJ1eH ire: FIocJ1eJOBaTeJli,I1OCTb oneparopos A k : L(r) —* L*(r) (k = 1,2, ...) 
cxoôuincii r oriepaopy A 0 : L(r) -->L*(r), iora IAg -- A ogj* —*0 JJIH HaHcjOrO 

g € L(r). 

0npeeJ1eHHe: OnepaTop A: L(r) --* L*(r) npunaôie;cum Kdzaccy . t(r), tio lr Tta OH 

liMeeT jtjlFl x E Q, x' € F 14 y € L(r) npeJcTaBJ1eHHe 

(Ag) (x, x ' ) = (ao(x, g0(x), ..., g(x) ).... . a(x, q0(x), ..., gn(X)), x(x', gn+i(X'))) 

(1.3) 

3
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upu flOMOIIU HIWTOOFO Ha6Opa 4XHIcttI1 (a0, ..., a, ), 

a1 = a . (x, y) gan x E Q	ii y = (yo, ..., y,) € It"", 

x = x(x', €)	jin x' E I' ii I E R, 

yoBJ1eTBoprnoau1x yCJIOBWO l - apaTeoopn (xaJoMy A € 91(r) COOTBTCTBCT CBO1 
Ha6op 4)yHRLH1). 

OnpeeJieHMe: OnepaTop A,€ 91(r) npunaôiiécum icilaccy D91(r), Horga jria 
iaioro / € L(r,) aapianoHoe paBeHCTB0 

((Au - /; v)) = 0 gim acex v € W	 .	 (1.4) 
0)H03HHO paapetno OTHodilTejibilo U € W. CooTBeTcTByioILa HeHBHaHHKLHH 
(aanHdHMocTb pewnn U OT /) o6oaHaaeTccf epe DA, DA: L*(r)	W. 

113 onpeeiieiiui onepaTopa npoexTHpoBaHhaH cJleayeT, 'ITO BapnawloIIuoe paBeHcTBo 
(1.4) a}nnBaJ1eIITHo ypacHeHulo 

P'Au - P'/ = 0.	 (1.5) 
B aaj!bllel1TueM qacro 6yer McnOJIb3oBaHa uMelillo aanucb-u niuje ypanileilun (-1.5). 3ecb 
M0HII6 OFMeTHrb, 'ITO MHorHe R paeBbie aaaii 1H 3Jn1nnTM qecKx ypaBHeIIHfl uBepreHT-
iioro Bja ecrecrueHuhiM o6puom 3arrnCbIBaIoTcH B Blige napuauuooro pasecua 

OrIpeJeJIeHne: JJ.riH BagauHoro MHoncecTBa 91 oneparopou A: L(r) —> L*(r) 6bi-
nyciioi 3amKitymO o60ji0aooü 91 Ha3bIBaeTcH MH0KCCTB0 Bcex onepaopoa B: L(r) 
-^ L"(r) TaIHx, 'ITO cy[1ecrByeT rIOCJ1eJOBaTeJIbHOCTh BbInyHJIbIx K0M6111-laLU4I1 one-

paTopoB H3 91, Icoropan CXOHTCH H oneparopy B.	1 

lemma 1.1: Hycmb 91 c 91(r) u 09AJI Ka)icöoo g° € L(r) cyuçecmeyem nenpepena 
/Jyiuui y(g°; .), y(g°; 0) = 0, maKas, 'mo cnpa6eäflued otej,ica 

lAg - AgOj*	'/(g°; 1k7 - g°lI)	(A E 91, g € L(r)).	 (1.6) 

Toôa ma,cce 91 c: 91(r) a ôii .'uo6o2o B E	91 ebino4naemca oqenlca 
oHaaaTeJlbcTno: llyCTf B E	2L. OqenuaHo, 'ITO B HBJIIICTCR jIoKajIbuhIM onepa-



TOOM n 'ITO jiin Hero nbInoJIHReTcn oieuica (1.6) hpoie- TOI'O, icoMnoileliTbi (Bg) 
(i = 0, 1.... . n) aaBucHr TO3TbKO O' g ,, ..., g,,, a IcoMnoHeura (Bg), 1 - TO31hIO OT 
'l'enepi, rIocjIe ecTecTuellilbIx 143MeHeHHfi (noxa3aTerIH 2r/(r - 2) ii 2 iiepaBnu) ,- Tpe6y-

- - S eMbI1 pe3yJIbTaT BbITeIcaeT Ha [15] (CM. Tax+ce [12]) U 

Onpege.rinM ene BdrroMoraTe.mbHble MH0,fcecTBa 

U0{€L2(Q):x(x)=0ina(x)=1,xEQ}, 
U = {a E L2(92 ) :0 <cc(x)	1, x  D},	- 
V0 = {fi E L2 (P):(x') = 0 wan ,5'(x') = 1,x' € F), 
V{j9EL2(P):O19(x')1,x'€F}  

I-I ji g. H aTypaJlbHoro qiicia N > 1 MuoaceeTuo T(N) onpeJ eJIaeTcH icac nOMHo-
HecTBo Beex rex 

w	((xi, ), ..., (, N)) €fl (U x V),	 .	 (1.7) 

JJ1H KOTOhJX	 - 

a l(X) +	+ aN(x) = 1 (x € Q) it 1(x') +". + N(X) = I (x' € F), (1.8) 
a MHo?FcecTBo T°(N) - iai-c nojMIIo?}ceeTBo Beex Tex w € T(N), AjjFI LOTOPhIX aj € Uo, 
fli € V0 (1 = 1, .. .N). MHWIceCTBa U0 , V0 , U, V, TO (N), T(Y) pcdMaTpllBaIOTcR I-caR 
noM1IO?1ceCT13a npo'pancri L2 (Q), L2(F) wnu HX geapounix npoI43BeeHHfl.
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Muoc.icecmeo ôonycmuMbix ynpa8iIeKui onpeeinecn ffH flOM011H ABYX aagaH-
HhIX MHoroaHaqHhlx H3MHMh!X oTo6pa?HeHIi' 

11k :	
2RI,

u 172 : 1'	2", 

HpIIHHMaIOWHX 3HaqeHHH Ha 3JHEIhIX OI'paHH!eHHb1X MHoHecTB M1	R n, ii
M2 c R". flpe)noJIaraeTcfl, qTO 11 u fl I4MeI0T nJloTHbIe M3MepI4MMe ceMeflcTBa 
ceqeHuil [1]. flocjie aToro 2' onpeeinecn Jaff MH0?HecTBo Beex nap ci (i9, 0), 
re 6 = (6 1 , ..., 6,,,) io 0 = (0, ..., 0m,) HBJIBIOTCH HpOH3BOJIbHbIMM. 143MepHMhIMH 

- ceqeHHHMn oT06paaeiuit I11 11 112 cooTBeTcTBeHI-io. I4HhIM11 caoBaMll, L- 3T0 
MH0?fcecTeoBcex nap H3MepHMLIx BeHTop 4)yHKIH Or (6,' 0) Taicx, 'iTO 6(x) E 171(x) 

• (x € Q) it O(x') E 112 (x') (x' € 1'). 

HaIoHeI, 3aaH Ha6op 4YHKL ^H ft 

F	..., a,,, x, F0 , . .., Fm.,	, 1'm.} ,  

	

a, =a 1 (x, , y) (i = 0, 1, ..., n) ii	Fm = Fm(x, , y) . (rn = 0, 1, ..., rn0), 

x Q,	ERm',	Y(Yo,...,Y,,)€1t"1, 

x = x(x', ', 1) 11 'Pm	92m(X', ', t) (m =0, 1, .. ., m0), 

x' .€	V € Rm ,	I € R, 

yJOBJ1eTBOpHIO[IU4XCJIOBJi1O KapaTeoopH. UpH HOMOL1W Ha6opa F iaioriy 
ci = (6, 0) € Z conocTaBJ1HTC1i onepaop A(ci): L(r) -* 

(A (a) g) (x, x') = (ao(x, 6(x), g0(x), .., g,,(x)), ..., a,,(x, 6(x), g0(x),..., ,,(x)), 

,c(x', 0(x'), g,,+1(x'))), x € Q, x' E * r, g € L(r)	(1.7)

H 4yHK1HoHaJ1bI jm: EX L(r) -- R(m = 0, 1, ...,m0), 

Jm=1m(ci,g) 

	

= f Fm(x, 6(x), g 0(x), ..., g,,(x)) dx + f bm(X', 0(x'), g,, 1 (x')) dl'.	(1.8) 

B nocJTegy1oUeM B 3&ITHCH 3aBHCHMOCTI1 q)YHKLtllfi OT }cOM[IOHeHT g0, ..., 9,,+1 ajie 
MeHra g (uiu 1oMr1oHeHT u) 6yeM i3cerga nHcaTb flOCT0 g Bciojy, re 113 TeHCTa 
HCHO, Ka1ue HMeHH0 HorlcnoHeHThI ilMeloTcH B BAY. 

Tenepb paccMaTpHBaeMan aaja'ia	 cJiegyiouui1 o6pa3oM. 

	

3aga q a 1: Tpe,6yeTCH M1IHnMIl3IlpoBaTb ()yHHLWonaJ1 J'0 = J0(ci, u) no (ci, u)	N 
€ EX W npu CBH31TX 

PA (a) it = 0	 . (1.9) 

14 yonoJ1HuTeJ1bHbIx orpallH'ielIHnx	 - 

Jm(ci, u)	0 (m = 1, ..., 80) H Jm(ci, u) = 0 (rn = S + 1, ..., mo.). 

0603Ha'iHM 'iepea	MI-1oaeCTBo Bcex A(ci) c ci € E it np tlBegem yCJ1OBHsI, RoTopbIe
6yyT B gaJibHe3ineM npHMeHRTbCH. 

A 1.-	= 21(r) icyuecTByeT HenpepblBHaR 4yH1c4Wn -yo Talcan, 'iTO BI,inoJlHH- - 
ecn oieHIca 

Agjl	yo(!glI)	(A E 91 0, g € L(r)).
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A 2. Wo c: D91(r) 14 JJ11I }ao1 CI4JIbHO CXO)HllehCH nocJlegonaTeJlbnocTH {/f(} 
c L*(r) , /k	JO, cyiiee'riyer 1-lenpephiBilan 4)yH!w p, q(0) = 0, TaFcan, 4T0 

II DAfl - DA/°II	p(II!k - /° II)	(A E 2{) 
(yiiiiin q' 3aBHcIIT OT {/k} II fo HO He 3aBI4cIlT OT Hi.I6opa onepaoja A E	). 

A3.2{0cDt(r). 

A 4. OnepapbI A E 2t0 HMOT flp0I43BOHy1O FaTO. 

A 5. iiia icaoro g° € L(r) cyajeCTBYeT nenpepblnHarl 4yHw4n y(g°; .), y(°; 0) 
= 0, TaIan, 'ITO 

lAg -	y(g°; II - gj)	(A € 91, g E L(r)). 

A 6. jjis Ha OI'O g E L(r) 11 BceX a € I 

9(), g()) E L 1 (Q)	14 J),,( . , O( . ), g(•))J € L1([') 

(m = 0,-i, ;.., rn0) IuaeIoT nhiTet'pnpyeMbie Ma?HopaHTIil, He 3aBHcnhIHe OT BhIöopa 
a € I (aTM Ma)EopaHTbI 3aBIIcHT OT g). 

A 7. yunoi-iajii,i J. (m = 0, 1, ..., rn) nenpepblBllbl no g € L(r) paH11oiepI-io 
oTHocIITeJlbHo a E I, T. e. gim Iaorog° € L(r) cyluec'rByeT lielIpephInHan 4)yHH-
Iwj y i(g°; •), y(g°; 0) = 0, Taiian, qTo 

V'	

IJm(a, g) - J.(, g0)	y 1 (g9; M g - g0 11)	(q E L(r), a E I).	
V 

A S. ,Ljnj Haaoro a E I yHKuHoHaJLM Jm(a, .) (in = 0, 1, ..., m0) uMeloT 11OH3 
.Bo)Hy10 FaTo. 

A 9. MHoecTBo Bcex peLuelltift YpaB11e1111 P'Au = 0 c A E Wo orpaHll'IeHo B IV. 

A 10. ECJIII u OCHOBH0fl aaa qe I J. '(m = so ± I, ..., n1 0) aaMe-
ilIITb iia J I = J. (or, g) + e,,,, TO HI4?IilIHR rpalir0 4iyHIiHoI1aJIa J0 n 3aa'e 1 (Tenepb 
ona 3aBI4CUT OT Cm) Henpephinlia HO E= (Ei, ..., t) n To q e e = 0 € limo-so. 

B pa6oTe JoKa3aHbI ciejyioiie JLBe 'reopeMbi. 

'I cope M a 1: Tlycmh ebInoIlnenhi yc.iioeui0 A 1—A 3. 7'o0a öiia iuo600 IJuKcupoean-
uogo / € L*(r) .unoncec,neo 

Z(ë	I) = {u € W: u = DA/, A € 9I}	C	V 

-	 V	 - 

V	

coaepaseumcii e cu.iinou 3aAfbthanuu e W .tnoaicecmea	 V 

Z(910, /) = {u € W: u = DA/, A' € t} 

Eczu onojtnunlejzbno ebnOfneno yc.'weue A 5, mo Mnoascecmeo Z(66 {0, /) iieiz.emcn 
CUjbitbl,4t 3attbIKanue.4 e TV .tnocecniea Z(10, 

T e o pe Ma 2: Jlycmb e&noinenbt yciloeua A 1 - A 10, (0, u°) iie.e.emcg peuzenue.lt 
3acIa1u I it UOnOitnUrneiIbHO cyuçecme?pom no. fiOa$cnlneiibnble ,wucmanrnbl Q 0 > 0 it co > 0 
rnaKue, 'nno 

.1. ô.tii€ ,aicôoeo V € W oino6paascenue 

u i-* LA (a°, u) v € L*(r)
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nenpepbenO no u, 1114 - u ll< P,, U OAA mex asce ap2y.;tenmo6 

	

P'JLA(G0, u0 ± r(u —u0)) vdt	> co Ilvil; 

2. ôti adc3oo v € W omo6paacenu.	
- 

U F ((LJ,,,(&, u°), v)) € R	(m = 0, 1, ..., m0) 

lienpepbienu no u, llu - u°U < oo. 
To2Oa C?ju4eCmeyiom iuc.Ita	, 2m, ie ece paen&e uyiuo, mwcue, 'imo 

Ao zt 0, ••• '8.	mimJm	u°)— 0,	- 

E m[Jm(G0, u°) - ((A (a°) u0, Wm))]	2,,,[ m(' 1, t°)	((A() U°, W"))] 
'fl=O	 rn=O

(1.10) 
ecex a E E, Me wm witmomciz pewenztiiitu capuaiiionnx paoencmo 

((LA (a°, u°) v, w)) - ((LJm( & , u°), v)) = 0 
ecex v E W (rn = 0, 1, ..., rn) omnocumeilbno w € W coomeemcmeenno. 

§ 2. llepexo K BblLIyKJIOil 00.10'lKe MHoecTBa AOIIYCTIItlblX OHCTOOB 

B aTONT náparpae JaeTCH goma3aTeJIbCTBO TeopeMbi, 1. HeO6xOLUI10 OTMCTI4Tb, qTO 
ciy'iae n = 1 IIJIH	 M	M B ciyae CcTe aJIJInnTI4qecldHx ypaBneHHi (iuiit ypaBHeIIHii

60jiee BbICOKOrO nopHw-ca) cooTBeTcTByIouuü aiiajior TeopeMbi I He mmeeT MecTa. 

J1eria 2.1: flycmb noc.'zeöooameju,nocmb {/k} ='L#(r) ii ddleuenrn /0 E L*(r) maoeb, 
'mo Il/k - /0	—* 0, e3e ll/Ilsu p,, R(I v)): v E W, MI ;5 1}. To9a JJP'(/" - /0)11* 

o}ca3aTeJibcTBo: HopMa B !1OCT1JCTB L*(r) JKBMBaJIeHTHa HopMe 

II/llr) = sup {(/, g)): g € L(r), Ilg ll	1). 

1'I3 ol'paHu'leHHocTM It J1141-Ieii}locTH oriepaTOPOB 171poel(TIIp0BaHHH 1' ii F' cJIeyeT, 
qTO ILOCTHCTB L(r) it L*(r) pacnaTiaiOTcR iia flHMbIC CMMbI [3] L(r) = W ED N 

-'	it L*(r) = TV'	N' it, flOC}OJlbH L*(r) io-iio oTo-i-ecTBJinTb C coripn}ceHHbIM K
L(r) llpocTpaHcTBoM, a F' - c conpmel I H b 

. 
INT K 1 OflepaTOpOM, TO W' HBJIHeTcH 

aullyJifiropoM nonpocTpacTa N. IloaroMy' Il P'/ll - sup	v): v € W, llv < 11. 
Orcioja HenocpejcTBeHHo cJ1eyeT	 JIeMMbI U 

B jaJibHetiLueM JJ1fl flpOII3BOJIbl-IbIX / € L*(r) it napii (cr, fl) € U x V 0603HauM 

(, 8)/ = (c'io, ..., c'/,,, fl/,1) € L* (r).  

JIeiia 2.2: flycmb 3aOanbl /0 € L*(r) It (, flo) € U x V. Toa cyzqecmeyern 
noc.fle000arne./tbnocmb {(xk, k)}	U0 x V0 maiat, 'mo	 . 

Il( xk, lk) 1° -	/°!I' -- 0 - H	(C'k, 1k) /0	(o,	/o. 

)o}caaaTeJIbcTBo: OqeBHHO, qTO (n. + 1)' yio IoMnoHeHTy MWNHO pacciarpu-
BaTI, oTJeJ1bI-{o. I'aH KaK V HBJIHeTcH BbIHyKJ1Ot 3aMHHyToh O6OJIO!XO1 MHO,+CTB 
V0 , TO CyIueCTByeT nocJIeloBaTeJIbHocTb {9k} = V0 , TaKaB- qTo Ik -k i9. [IocKoJIbIy
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MHoaeeTBo Vor'paHMqeHo B L(r), TO T8RH 

Pklo.flo/On +,' ioi'a k -->oo.	 (2.2) 

•	OTcioa LI 113 TOOM BJIo+ceHnn cJIeyeT, WO 

sup	fftk'—O/+lvfl+ldl' O. 
VEW.11VIl51 1' 

•

	

	B caMoM )eJTe, eciiii HC. T3H, TO cytgeCTnyeT 414C310 6 > 0 . ii nocJIeJoBaTeJIbHocTb 
{vk} c W Tatme, 'ITO {v"J c.iia6o CXOI4TCM H lf*CHOTOPOMY aJIeMeIlTy V0 E W u 'ITO 

I (fl - fl /+iV ^i dl'	60 .	 (2.3) 
F 

Cor.naciro TCOpemaM BJIOHeHu4H LI flCT3B31CHi1I0 (1.1) )J1eMeHT0B 113 W nocJ1e)oBaTeJIh-
II0CTb {v 41 } GXOLITCH CMJIbHO H L2('1)(fl . Ho Tora u (2.3) BbITeHaeT, 'ITO 

•	 r-2 

lim f(Pk	0)/1v1-dP^ô0, 
• k-00 I' 

• 'ITO flpOTnHope'IHT CXO11MOCTH (2.2).	 - 

fIycTb TerlCpb 3agaH E > 0., ha cBotcTB ajIeMeHToB_ JLeóerOBbIX rIpOCTpaHcrB 
ciiegyeT CyMeCTBOBaHi4e }coHe qHoro pa36ileHI1cf Q = DO U U Qv iia nonapo 
IIeIIepeceHalonu4ecH MIio?*cecTBa 0, LI KycO'IHO-HOCTOHHHbIX 4)y1IHIH c E U, /* 

(/o*, :., t*, o) E L*(r) TaHI4X,

1.

 

tiles Q0 =O;	 / 
2. Q3 (s = 1, ..., N) HBJIIIIOTCB cporo JInn[nMIeBbIMI4 06JIaeTRtM; 
3. B KaoM Q3 (s = 1, ..., N)	HRUW	, /* (1 = 0, 1, ..., n.) 119JIFIlOTCFI 1100-

T0HHHbIMI4; 
4. II(, 0) '/* - (X0, 0)/0 11* < E/4. --

0603IIa'iHM gim HPTHOCTM Rjlfl S = II, ..., N 14 X E 128 

a8 = /*(x) . H b8 -_ (b 18, ..., be'), b,8 = /*(x)	(1 = 1, ..., n). 

HOCHOJ1BHy o6.rIacT11 Q8 cTpol'o JIHHUIHUeBBI, TO	 (Y11HULiH TaHax, qTo 

• OTJII4qHa OT HyJIR TOJIbKO CTpOI'O BJ-IyTpu o6J1acTet Q) 11 4. II( 0) /* - 1*11* < s/4. 
3me cb eCTeCTReHHLIM o6pa30M CqI1TaeTcg TaH?He 3J1eMeHT0M U. Bb16epeM r1ocieo-
BaTeJIbHocTb(k} c:: U0 co CJIIO[U11MI1 c8ocTBaM11: 

1. B cia6oii TOLIOJIOrIII4 
2. B H?IJOM 123 (s = 1, . . .,N) (HHLUffi A,, (k = 1, 2, ...) He 3aBLI61T OT IlaMeHeH14r1 

aprySeHTa B HanpaHJ1eHLILI BeTopa b8 , T. e. AJIR BCeX. nap (x, x + rb3 ) TO qeK C x E R, 
OJHOBpeMeIn-lo npHHaLJ1e?HaiqIIx Q,, BhIH0J1HHeTC}1 paBelleTBo cxk(X) = Xk(X + TV). 
O'iewijwo, 'ITO r1ocJIeoBaTeJrbHocTh {k} C 3THMH CBOCTBaMH cyIIecTByeT. MbI neeM 

- M01k, 0)/0 -	0)/0, v)) 

-= (((k' 0) (/0 - /*, v)) + (K( ' 0)/*	(o, 0)/°, v) 

+ (((k -	, 0)1* - ((k - a*) , 0)1*, v)) + ((((ak - a*) 0)1*, v)) 

11+12+13+/4.	 .	 \ 

Flo nOCTpOellHIo (f)yHHUII C, /*, BeJIIIqllHhI j I, 13 210 MOJJ11O LIMCIOT flOJTJOK 
Ilvil. BeiI1qHhIy 14 MO?+cHO r1peO6pa3OBaTb C y qeTOM npeJcTaBJIeH11c1 (1.1) 14 HHTeI'pIl-
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/ 

poBaHHa HO qacTnM JaK 

14 =J	(x	*)	dx 

= £ f Z ( Xk - *) 0i Zz, + (ak- ) aaz] dx 
81 D 

N 

= E f (x — x* ) [a8 - 1b81 /ab8J zdx, 
8=1 D 

= z	(1 = 1, .. .,n),	v0 = 
Tai iai ( yHHIul11 c.k — B HalIpaBJIeHI4H b8 HeMeHHIOTCEI (BHyTpII Ham jxoro Q8) 
14 (f)yHlcIuf)l C. paBiia HyJIIO B6J111311 rpaHrn. o6.rlacTe Q3 (jeci epea /ab8 o50-
3HaveHa npQEt3BoJuIaH B HflBJlHHff b8 ; ecjilf b8 = 0, TO HOpa3yMeBaeTCH, 'ITO 
LXMV = 0). 0UeB11HO, 'ITO B I,HJOM 12 

(tk - x) [a8 — 1b8 1 aClabfl – 0,	ora Ic --> oo. 

llpiIIeHnH TaHile we paccywjeri HK 11p14 11ayveHHM (ii + 1)-o11 IcoMnoHeHml, 
rIoJ1yaeM rpe6yeMoe YTBepmAeHHe .meMMuI 

CJ1CICTBJIe 2.1: B * YCA06U.RX Aemuu 2.2 uMeem AfeCM0 cxoôuwcmb 

lIP'(k, fik) 
/0 - P'(x0,	) /0 11*	0. 

k-^O 

JIeMMa 2.3: I7ycmb 3aaaHo .Itno;cecmeô Q	L(r) maicoe, nmo eteme c iuo6&tu
/1 , /2 E Q OHO cpaepcum macce ece met € L*(r) , Pwmopbze ue,om npeôcmaeitenue 

(,fi)/' + (1 —1 _)/2,	() € U0 x V0. 

To20a ôiza i7o600 /0 €	Q cyzqecmoyem noclzet9ocamejlbn0cmb {/k}	Q macaa, 1mo

u'2. Il/k _/0ll,40 
JoHaaaTeJIbcTBo: fIycTb 3aaHo. e > 0. Ho onpeeierniio aaMFcHyToti ElM-

nyiroi o6oJlo4Hu C1ICTBY!OT aieMem /I ,	/N € Q H HeOTpYALX aTeJlbH bie qucjia 
S.. , AN TaKI4e, 'ITO	 - 

N	 * 
2 +	+ 2N = 1,	EA,t' _/0 < e/4.	 (2.4) 

1=1 

jiar1hHeituee JOH3TJ1bCTBO upoBogilTell HiigyEgHeIl no N. B c.Jiy JIeMMLI 2.2 Jul 
3JIeMeHTa f*(N) RI4J

N	 - 

= E A,/' .c f € Q	0 ^ A,	1, A +	+ ?.' = 1	(2.5) 
i=I 

npH N = 2 CYWCTB Y T nocjlegoBaTeabHocTb {/k} c Q Co cBOiicTBaMu 1 11 2. floKa. 
weM, 'ITO 113 CFTPaBeJXJIIIBOCTII YTBepmAeHHrI 1 n 2 gjin N BbITO14CT IIX CIIpaBegJIu-
BOOTh gan N + 1. JIeMeHT/*(N + 1) ,r1owHo npegCTaBHm B niie (Horia 'N+i + 1) 

N2• 
/*(N + 1) = (1— ))/N+1 + 2 E—/' i. = A l + •," + 2N• 

flo npegnoJlowellllio nHgyHIrnI cyuecTByeT 3JIeMeHT /' € Q raiorr, 'ITO 1/' - (2/1 

±	+ ). /")/211 < e/4. Aim annpo1cM1aIHII aJIeMeHTa (1 - A) /N+1 + 2/' = %

/
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+ 2( - /N+1) jocaToq iio flllMHl4Th .nei.ty 2.2 H 3.neMenry ()., 1) ' - 
(2, 2) E U X V. Fa14llM o6pa3oM, cynxeCTByeT flOCJ1eOBaTeJ1bHOCTb if Q TaKail, 
4T0 llf l - /*(N + 1)11, -1W 0, Koi'a Ic --> 00. rIyTeM nepexoga H nognociwgoBa- 
TeJIhHocTflM 14 I4C11OJ1B31 cenapa6er1bHocTh L(r) ii L*(r) , iieTpygHO gO6IITbCII, 

TO6bI /k - /*(N+ 1), xorga Ic --> oo. OTeloga; 143 (2.4) 14 113 IIOI43BOJ1BHOCT11 e > 0 
BblTeKaeT CflBJ111BOCTb JICMMhI I 

•	JIeiia 2.4: Hycmb o&noinec YCA06us A 1 i'A 5 j mo2FJa OAR vo6oao g° "E L(r) 
no')icecmoo Q(g°) = {/ E L*(r): / = Ag°, A €	} CbifliiO U 3.%tfrflTflO. 
jo 

i a 3 T eJI beT B 0 Bb1r1y1J1ocTb MHOKCCTB Q(q0) o4eBl4Jwa. IiycTb noejiego-
BaTeJ!bHocTb (/!o), /k = Akg°, A k € ö 2f (Ic = 1, 2, ...) CXOI1TCfl K 3J1MCHT /0.• 110 

•	HanceM, qTo eyELeCTByIoT rio TmocjieAoBaTejibIIOCTb {A,}	{ A k } 14 Henpepb1BHh1i one-



paop A 0 : L(r) - L*(r) Taldile, 'ITO gJI$4 ino6oro g E L(r) 6ygeT A 19 -k A09. 
flocKoJihicy 11OCTl1CTB L(r) m L*(r) pp leHCIlBHbI 11 cenapa6e.rIbHM, TO flH 

HOMOIIk14 yCJIOB14H A 1 .JIeI'ldo CTpOIITCII HOUIOCJICOB3TJLbHOCTb {A,} c {A k} Talcafi, 
'iTO JJ1H 4)HHCIIp0BaI-IHOI'o c4eTnoI'O iciogy fl.TIOTHOFO B L(r) ce1ei1cT13a (g8} noc.ne-
goBaTeJIbHocTII {A 7g8 } (è = 1, 2, ...) ciaôo CXOJWTCH, Icorga j -* oo. 06o314a'IIIM 
cooTBeTcTByIowIIe npege.nbllble a.neMeHTbI.'Iepea /8. Jlerico BligeTh, 'ITO ii gjin juo6oro 
g € L(r) 1IOCJIegOBaTCJIBHOCTb {A,g} 6yjeT ea6o CXOJ14ThCII. 

B caMoM aeie, ecJIll OTO 6bC10 lie Talc, TO CY11I0CTBOBaJIII 6h1 1IICJIO O > 0, oaeetrTi5i 
9', g* E L(r) II E1O[TOCJIOI13TJIbHOCTI1 {A 5 }, {A 11} c: {A 1 } T3I1IC, 'ITO 

•	 lim ((A1,g', g*))	urn ((A ) ,g', g*)) ± 5. 

HO B 6113y ycrIolillIl A 5 it JICMMbI 1! cy1iecT13yeT )31CMCIIT g" € {g8} Talcofi, 'ITO 

K(Ag' - A,g", g*))J < 612	(j = 1, 2, ...). 

flo.uy'IellHoe npoTllnope'lITe Ilolca3hll3ae'r, 'ITO J1.1H .noGoi'o 9 E L(r) nocJlegonaTeJlbllocTb 
•	 {Ag} cia6o CXOJIHTCH. 

• 'Fei caiii'c onpe)jeJirleTcn lIeKoTopb1i onepaop 'A 0 : L(r) -- L*(r) , KOTOpb1i Ka?+c-
goiy g E L(r) conocTaiaeT cia6o rIpegeJTbHhIii 3JLeMeHT uocJlegoBaTeJIbHocTu {A19}. 
143 3T CJIOBIIR A 5 11 caa6orl floJIyIIdIlpephTIlIIOcTu CH1 ,13 H0pMM B L'1'(r) cJlegyeT, 'ITO. 
onepaTop A 0 HBJlneTcH HenpephiBubiM 14 ygOBJICTBOpHeT CJ1OBflIO A 5 .c TeMII ;ice 
caMbIMlI 4)yHK[l4HMI4 y, 'ITO II ouiepaopi na A 0 . O'IeHngHo, 'ITO A09° = /0. 

JJ1fl eJia6O cxogniieiica B 6aHaXOBOM npocTpallcTBe nOcJlegoBaTeJlbHocTIl He-
icoTopaH rIocJIcgonaTeJIbHocTE, BbIflKJ1b1X 1cOM6HHaUIth ee 3JIeMeHT0B CX011TC11 
CIIJIhHO K TOMY 21cc lIpegeily. I163TOMy, I1PI4M1IHH geKapToBbi HPOM3BCRCHIIH icoiie q

-HbIX HaóOpoB I1OCTHCTII L*(r) 14 gIraroua.nbIIbLti npoueec, noJly'IaeM cyluecT-
BoBanhie HoCJIegoIlaTe.UbH0cTH {Bm } onepaopo TaKnx, 'ITO 

1. icaicgiü onepaop '3m lIBJIHeTcH BLInyKiIoi }coMnIHaIure j Oflepa'rOpoB143 {A1}; 
•	2. 13mg8 -* A 0g3 gix Kacgo1'o g8 (s = 1, 2, ...). 

AlIaJIorhr'IHo Hand ii pa1IbuIe, noKaabIBaeTcn, 'ITO onepaopu B. ygoBJIeTI3OpHloT ycio-
BlilO A 5 ii 'ITO gjia Kancgoro g € L(r) nocJlegonaTeJIhlIocTb { Bmg} CIIJIbHO cXOgHTCn 
K A 09. fl03To1y A 0 € Fo Wo 14 .'ieMMa gOKaaaIIa I 

flplleTynhlM K gOKaaaTeJIbCTBy TCOPCMbI 1: flycTb aaThaHhI 4	0,/0 E L*(r)
i uO = DA 010. BbIepeM E > 0. Ho onpegeJieHillo Co 91o5 CYL1CTB1OT onepaopi 

A 1 , ..., AN € Wo 11 HeoTpuuaTeJIbnbIe 'incjia 2..., 2N TKII, 'ITO 

	

N	 * 
2 + .- + 2N = 1 n	AgAju° — A 0u° <El4. 

	

t=1	 1
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I1pHMCHHH JIeMMy 2.3 i MHo+cecTBy Q0 — if E L*(r): / =. Au°, A E t } H H 3JIMHT 
2 1A 1u° +	+ ANANU°, na HOH3BOJihHOCTH e > 0 IiOJ1yaeM cymeCTBOBatme 1100-
JTeJoBaTesIbHOcTH {A k} ( 910 TaKoü, 'ITO	 - 

-	
P'(A,u° — A ouo)II* —>0 it A ku° — A 0u°.	-	 (2.6) 

B cuiy yc.Jioein A 2 onepaop DAk (Ic = 1, 2, ...) cyuecyio. 06031laq1iM 
U  = DA k/° Tor r a ilMeeM gafi . k = 0, 1,	 - 

U" = DA ,j° ii u0 DAk(/° + A ku° — A 0u°).	 (2.7) 

TaH iai-c (rio oupeeJieiinio peweillirl Bap,ua1t4oHIIbIx paBeHCTB (1.4) IIJIII ypaBIIeHiIi 
(l.5))DAf = DA(P'/) 9JIA Bcex /' E L*(r), TO UB YCjIOBHFi A 2, iia(2.6) it (2.7) ce-
JyeT, 'ITO	'U011 —> 0. TOM cambim JoKaaaHa Ilepeafi 'iacTr TeopeMb!, T. e.	Jiio'ie-



uric Z(ö 2t4, /0) B BaMbiHalillo MHoHecTBa Z(t0, /0). 
FIYCTb rerlepb {u'} c: Z( 91, /0) i	u°. 0603rIaIIM qepca A k 000TBeTCT13y-

iouue POLIICHI4HM u' (k = 1, 2, ...) onepaopi ii ë	B cIiiy ywe JOHa3aHu1OrO
Gea vMaierinu 06LUHOCTH MO?HHO c q lITaTb. '(TO A k E 91 0 . Mbi jiieei Ran Ic = 1, 2, 

P'Aku° - P'/° = P'(A kn° — Au").	 (2.8) 
B cuiy vcJioria A a	 - 

— A kUO U* —> 0.	-	 (2.9) 
Be3 yaieiiriu OÔ1IHOCTI4 MOIclIO C4tITaTh (ycJ1oBI1eA 1 it pe()J1eKC!1BHOcTb L*(r)), 
'(TO r1ocJIeoBaTejIhIIocTh AL.u°} cia6o GXOJUITCH H ueicoopoy / E L*(r). Eciu mm 
r!oHaHeM cynccTBoBaHuc oriepaopa A 0 E jO 9t Q raHoro, 'ITO A0u° = /*, TO, 1 ,13 (2.8), 
(2.9) 10 CJIOBHH A 3 0yieT cJieJoBam, 'iTo 710 = DA d°, T.-e. 'ITO 'it0 € Z(ö 91, /0) 

f1OcFco-Ib1 y L*(r) peqmeKcmmo, TO JJIeMeHT /* nprivaieicri aaMFcFIyToii BbJII,'HJ1Oii 
o6ojioq i-ce CO Q1, MHo?(ecTBa = if € L(r): / = Au°, A € 91}. B cuiy ieithr 
2.4 yne caio 1Ho+ecTBo Q1, BbInyKJIo it a1HrIyT$, rioToMy / € Q it Cy[LeCTHO-
riaurie orieparopa A 0 ycTaHoriJieHo I 

§ 3. HeoöxoiiMbie yCJIOIIIIM OIITIEM10JIbHOCTII	 - 

3auxcupyeM IiaTypaJmHoc 'iuCiio N ^ 1 it HOHCq I(Oe MHoHcecTBo ynpaBJieuulil 
= (0, 0 I ) , ..., Cr N = ('i9', O") € Z. By.reM paccapuam HOBbIC yripuieiiiiri 

co € T(N), 3aa8au 3aH14c1IM00Tb oiiepaopo ii (I)yHHLWOIIaJIOH OT to = ((, ), 
(N, 19N)) € 'I'(N) 11 (j € L(r) HH	 - 

A(w) j = (i, ) A(a1 )g +	+ (v, i9 v) A(i')g, 

J,,(w,	=	f a j (x) P,(x, (x), g(x)) dx	 (3.1) 

4- f j9(x ') 5(x',0(x'), q, 1 (x')) dr]	(m = 0, 1, . . ., m'). 

0T1eTI11, q ro iejin q uiu,i A (co, q) If J(w, g) onpcJeJ!eiilr (l)opMyJIaMIl (3.1) jJIH uporia-
BOJIbHbLX Ha6opoB co = ((a', j9), ..., (, MN)) c a i.E L(Q), fl i € L([') (1 = 1, .., N). 
iiei'io HuJeTI, 'ITO ijia w € !Jo(r) orlpexeJreuh(oMy- iiopMyJiaMu (3.1), oneparopy, 
A((jj) cOoTBeTcTeyeT orieparop A(a(w)) c 

a(w) = 09(w), 0(w)) €\E, 
19(w) (x) = 79'(x)	Asin	x € supp c i	 1, ...,	 2 
0(w) (x') = 0(x')	jjjiri	x' € supp	 (1	1, . . ., N).
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BHOJIHe aHaJIOl'H qHOe 000THomeHile ilMeeTca H )JIH 4)YHKUH0HaJIOB Jm, T. e. Jm(W, g) 
= Jm(1(w), g) . OTcIoa 11113 (3.1)'BHTeKaeT, iTO JJi! co E T°(N) onepaTop A(w) npM- 
HJflflI4T 2i, a gaa co E T(N) onepaTop A(w) €	t0. 

B ca y ioi Aene, npii. w € T(N) C KYCO4IIO-HOCTOHHHh!MI1 H0MUOHeHTaMI4 ( j , fli ) jia 4op-
iy.r1 (3.1) cpay cJ1ejyeT, q TO A(w) €	i1ocx01y TaldilMil HyCOHO-flOCTORHHbIMH 

w € T(N) MOHHO anhlpoiddllMllponaTb (B Toiio.1lOna	L2(D) ii L2(1')) 11OH3BOJ!bHbIO
co € T(N) ii uiiepec npecraiinei' CXOUMOcTb A(w) g c rnHcupoBaIiL(hIMI1 g € L(r) TO 

• HaoduoBe a6cosnoT110fl nenpepblBnocTM nwrerpaia iaic q)YUHIA1114 MfIo+cecTBa nwiyae 
Tpé6yeMylo npnHa1eR1iocTb A(w) €	ecm co € T(N). 

B d11TyaI11flx, iiorga HcxojHwe MHOKecTBa M1 H M2 coAepmaT Toilbido KoHeqHhle 
qHcJIa TOqeK, BCfl aajaqa 1 eCTeCTBeHHhIM o6pa3OM MOfdOT 6bITL llepeOpMyJii4pOBaHa 
B TepMHHax yrrp_4RJIeHHI1 to € T°(N) flH IIOMOIu$ npecTajiena (3.1), (3.2). Yo6-
CTBO 3THX npegcTaBJ1eHnt B TOM, qTO 3Jecb BOBbIe YHBJIHMH BbICTfl1OT JI11HehIo 
H 4To nepexoj OT w € T°(N) ii co € T(N) HBJIHOTCH nepexogom K BbIrIyHJlOMy MHO- 
KOCTB HK yrIpaBJIeHHt, Tald H OnyCTHMhIx onepa'ropoB. 
" 0603iia'in B AajibHeraucm tiepe3 u(w) pe!ueiine ypa3I-IeIirn 

P'A(w)u=0.	 .	 (3.3) 
-'

	

	 JIenia 3.1: HycmbebInoiuieni yCizoeu .A 1 — A 9,w0 € TO(N), u0 = u(COO) u 
napu (a(0), u0) 8binoJUen& ycizoeu.ci 1 u 2 meope.ui 2. Toa Jynciuona.a J. = J,(o) 

= Jm(, u(w)) (rn = 0, 1, ..., rn0) ueem na O npou36oaflyØ ['amo Jm'(w°) no 

w € T(N)	(L,,,(Q) x L(P)) u ötii w0 + 6w € T(N) cnpaoeO.zuco coomnowenue - 

1 m ' (W°) 5w = (6cu, u°) — ((A (6(0) u0 , Wm),	 -	(3.4)
ôe Wm (m = 0, 1, ..., m0) JZ6ARe.mcs peuteuuem 8apuaIuonnoeopacencmea 

((LA(w°, u°) v,w)) — ((LJm (w°, u°), v)) = 0	cex v € W	(3.5)

omnocumedlbno w € W. 
4O1a3aTBo: OqeB11Ho, 'iTO OCTaTOqHO paccMoTpeTb TOJIbKO OWH 113 

4yHLuIoHaJloB m' HoaTOMy B JaJTbHethUCM IIHJ1dC ni 6y)eM onycKaTb. TaK Kald 
1IH nOMou1I 611JiHHeftHo 4)OpMM (., .)). B W H W' BBO[ITCH oa i Ta e crpyK-
'rypa r'nJlbSepToBa npOcTpaHc'rBa, TO 113 yCJIOBHII 1 TCOMb! 2 crejjye, 'iTO napil-
aI11oHHoe paBeiiCTBO (3.5) paapeiuno oH03Ha qHo H TCM CaMbIM onpeeJ1eHHe .J'(w°) 
•B (3.4) KOppeKTHO. 

fIycTb B jaJIbHetiu1eM w(t) = w0 +tôw m'

	

1 0	I	1. E)aemenTM w(t) € T(N), 
noaToMy A(w(1)) € Fo- 910 11, cor'iacuo YCJIOBHfO A 3, O1103Ha q Ho onpee.meHbr 
peweliHa it(1) = 1t(w(1)) DA(w(t)) (0) c 0 :!–, I 1. BJIeMeHT u(S) yoBJ1eTBopBeT 
COOTHOEIIOH11IO 

P'[A(oi°) u(t) — A(w°) u°J = —tP'A(ôw) u0 — SF'[A(ôw) u(S) — A(6w) u°] 

—iP'/ — tP'/2	 •	 (3.6) 

143 YCJIOBHn A 9 ii TCOMhI 1 nbITelcaeT, 4TO Bee u(S) c 0 ^ ^ 1	1 nprniaiie..ç 
orpaHH'ieHHoMy MuO?KeCTBy B W. I163TOMy, corJlacHo YCJIOBHIO A 1, orpaml qeH-
HOMy MIIO?HOCTB B L*(r)	 /	/2. OTc1oia H 143 ycJIoBI4HA 2 c.rieJyeT,
'ITO 'lu(t) — u°jI —* 0, Kora I -^0. TaKHM o6pa3OM, CylUOCTByeT to > 0 TaHoe, 'ITO 
npu 0	I	to cnpaBejJ1uBa oLeHIca IIu(t) — u0 <. B jaJ1bi1e1lmeM paccMoTpnM
TOJIbIcO TaKHe I. Torja AJIFI, u(S) BhInOJIHeHb yCJI0B14H 1 H 2 TeopeMbi 2. FIO3TOMy
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(3.6) MOMH0 nepenucam AJIFI ôu u(S) - U° B BM) 

P'f LA(w°, u0 + Tôu) dr bu = —tP'fl - 5pF/2	 (3.7.) 

Cor.JiacHó ycioiio 1 TeopeMII 2 cyuecTByeT egllHcTBe!rnhItl aJ!eMewr u' E W, 
ygoBJ!eTBopn1oawi cooTiloulenmo 

P'LA(wO, u°) u' = —P'A(ôw) °:	 (3.8)

143 (3.7) 11 (3.8) cJ1eyeT, 'iTO 

r P j LA (0, it° + rôu) dr	 . 

= —P'f [LA (w°, u0 + t5u) — LA (a.°, u°)] dtu' — P'/2	 (3.9) 

M3 HenpephIBHOCTH u(S) B To'iHe £ = 0 u hia YCJIOBH yi A 5 BEJTeiiaeT , 'iTO /2 -- 0 B 
L*(r) , ioi'a I -±0, a 113 YCJIOBHJI 1 TeopeMbl ' 2 c.neLyeT, 'iTO 11 riepBblri cJIaraeMMt B 
npaBoii xiaCTH cooTHolueHilfi (3.9) CTM11TC)T 1 HyJ1IO B L*(r) , fcorga. 1 -±0. OTc1oa 
14 113 TorOae YCJIOBH q 1 Teopembi 2 cjieye, 'iTO ôu — Lu' = 0( 1 1 1) . TaH11a oópaaoM, 
Mb! flOKa3aJ!11, 'iTO JJ1H a) 0 + &o E T(N) 

u(w° + t6cv) = u0 + £u +o(II)	(0 !sf. I -5: 1),	 (3.10) 

rme u' onpeeieiio cooTHoulehilleM 
C yqeTo (3.10) II YCJIOBH q 2 'reopeMbi 2 BuoJiHe aI-laJ!orh4 qHo noKaah!BaeT,cH, 'iTO 

ji14 w0 + 5w E T(N) ilMeeT MecTo 

•	J(w° + £&) = J(COO) + tJ(âw, u°) + £LJ(w°, u°) u' + 0(1(1) 
(0I1).	 (3.11) 

HaKoHeI, 143 oripegeaeHHH aJleMeHTa w (cooTHolueHue (3.5)) II M3 . (3.11) noiy'iae 
oxoHqaTeJIbHo, 'ITO 

J(w° + €&) = J(w°) ± £i ' (w°) &o	0 (1 1 1)	(0 !!i^_ I	1). 

TaK KaI BeJiH q uiHa J'((°) (4opMyJ1bI (3.4) u (3.5)) He 3aBHCHT 01' BbI6Opa 5v c 
WO + 6w € '1(N), TO .JIeMMa goKamiia U 

flpncTylIhiM reriepi c RoKa3aTejibCTBY TCOCMbI 2: IlyCTb (00, u°) nBJineTcri 
peIIleHneM aaja qii 1. •0upe)eJ1uM xohIe qHbILt Ha6op ynpaBJieHnk {o,-..., 0N} 

c (, 0') (1 = 1, ..., N) coepnaiiuii1 a0. 06o3HalHl Iepe3 w0 cooTBeT-
CTBy1o!Iu4l a Ha60p nja (1.7). ,Ljic-i [IOCTOThI 3a1111d11 MO?fHO c'iHTaTb, -'ITO 
0jo = ((1, 1.), (0, 0),...., (0, 0)), T. e. 'ITO c =00. OnpeJer1uM ia '1(N) x W ' yHH-
Ii-1oHaJ1

S(w, u)	((u_u0, u — uo)) +[(fidx)2	(1  flidr)2] 

+ (f (1 — ) dx) 2 + (f (1 — Ifl . dr)2 .	.	- 

flo flOCTOH 1410 )YHKUHOHJ1 S HeupepbIBHo AH44epeii4i4pyem rio (1)peine, cia6o 
HenpepMBeH no co ET(N), ero 'iacTHbie npoh43uodHh!e i-ia nape (rno, u°) paBHb1 HJ11O 

(w,u)==(w°,u°).	 -
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( 

OnpeJeJLHM eue ciIeJy1o1uHe Jaja qu.	 - 

3a)a'al. (N): MIIHHMH311pOBaTb yintuioai J0 = J(a, u) now E T°(N) ii it E W 
flpH CBH3JIX 

P'A(w)u=O	 -. 

H JOflOJI1II1TCJ1bHhIX orpaIIueHItHx 

J(w, u) -E^ : 0 (n = 1, . . ., s0) it J,(w, u) = 0 (ni = s -f- 1, . . ., nib) 
3aga q a 2 (N): MuHIIMH3Iiponam yiuciwouan J0 + S =	v.) + S(, u)no

(w, u) E. T(N) X W npu CRH3HX 

P'A(w)u=O	-	- 

11 jonos111HTeJIhHbIx orpallllqe!-u.t}Ix 

1m((), 'u) -f- S((Jj, u) < 0 (in = 1, . . ., 80) 
H

41(0, u) = 0 (rn = s + 1, . . ., m0).	 - 

• 1IocIo.rlh}cyynpaBJ1enHnMI-1 w E 'i°(N) ripii 'noMoiwl (I)opMyJI (3.1), (3.2) corioc-
TanJI}leTca 11eOTOpOe no)M}1owecTB0 ynpaB.neHnhi a = u(w) E E, TO 3aga ,ia I (N) 
HB.rIaeTc}I cywelLIfeM 3aRa q H 1. OeBHJHo, 'ITO (w°, u°) nBsIHeTdn peIlleLiIleM 3aAaqT1

 1 (N). B cioio oepeu, 3a1aq a 2 (N) nMeeT ' BIJnyHJIOC MHowecTRo y ITpaBJleHHil H 
onepaop H (I)yHHwlolIaJ1u 3aHHCHT OT HOBbIX yrIpaBJleHIth w E T(N) .nhlHeiLHo. fib-

- RaeM, 'ITO napa (w°, u°) nIIJIneTclI pernellileM Tafcwe ii aaga	2 (N). 
)jO[IyCTFIM, 'ITO cyIuecTl3yeT HeFoTopaH pyi'an napa (w', u') c	= u(w'), ymo-

BJ1eTBopi1IollaH RceMorpaHllqeIII-IHM 3aaq n 2 (N). MIIowecTBo onepaTopon 91N	: A
= A(w), w E TO(N)) yjoBiieTopae yciToanfiM A I —A 3 II cTpyITypa- WN Tatca,q we, 
1aic H y 9{. Bee A E 9-{N oupeaeinioca TaK	iiaH n A E 91,, To.nio :iecr, BMecTo
oTo6paweIIHhi 171 n H2 6epyi'cn Mlioro3ua'rFthIe oTo6paeHuhI 1I 1 ' It 172 ' TaHI-le, 'ITO 

111 '(x) = {O'(x), .. , 9 N (X)} c R.	(x € Q) 

T12 '(x') = {O'(x'), ..., O 1"(x')} c	Rm, (x' € I'). - 

1Io3ToMy jtJIR 9-iN flpIlMeHHMa Teopema 1. Taii iiatc nce onepaopi A(w) C U) € T(N) 
npHhIaxLiTewaT CO	TO, corJlacHo Teopeme 1, Cylle9TB3,eT nocJlejjoaaTeJlhulocTb 

• {w c T°(N) Taxan, 'ITO u(ojk) -± u' H, wk	143 aTIIX CXOjI-IMOCTeti. (1)OpMyJI 
(3.1) i-i YCJIOBHn A 7 CJ1elyeT. 'ITO 

Jn,(w, u(wk)) - J 1 , u1 )	(m = 0, 1, ..., rn) 
14	 -	 (3.12) 

-	S'(wk, u(w")) - S(w1, u') , iorya k — oc.	 - 

—	flocHoi1hIy napa (0, u') y)L013JICTB0pHeT BcCM OrpailH'ieiiI43iM 3aaa'.I1I 2 (N) ii 
coBnaaeT C (w°, u°). TO Ha'IHHaH C He}OTO.pOrO K0 6yjeT J,,,(w, v((,O"))	0  

1, ..., so).  Eciit 6m 61,100 J0((D', u') •10(w°, u°) 6, rje (50 >  0, TO 13 CHJIY 
(3.12) miA no.iy'in.iin 6b1 flpOTIIBOpe q I-te C • CJIOBIIM A 10. UO3TOMy J0(&, u') 
^ J0 (w°, u°) n napa (w°, u°) HHJIneTcn peweiiiiei 3aa'1u 2 (N). 

H3 JICMMU 3.1 H riiajcoci'i ()yHILI1oiiaJIa S cJ1eyeT, 'ITO (0, it0 ) KH pemetu-le 
3aya q -i 2 (N) y joBjieT13O p fIeT o6bl 1iHoMy ycJI0BHIO OIITHMaJIbHOCTH[8]: 

cy11ecTByIoT He iice panie HyJilo 'iiicia 2, ...,	TaKue. 'ITO	- 
o 

0, ...,).	0,	EkJ,,,(wo,?i0)= 0, 

In,	 (3.13) 
•	 !' AJ'(wo) Ow > 0	sin Bcex w0 + Ow E T(N).
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3ecb l4cnoJlb3oBaHa BbiUyEJIoCTb T(N) H TO, qTO 'jacTHbIe npo u3BoaHhle yH1-
uuoHaJia S Ha nape (w°, u°) pa BHM Hyrno. 143 (3.13) n 4opiyji (3.1), (3.4) nhiTeiaeT, 

qTO gan a E (a1 , ..., a) BhIHOJIHHIOTCH cOOTI-ioweHIlH (1.10) 113 YTBPHH[IB TeopeMbi 

1 C q [ICJIaMH )., .., 2,. Be3 yMaJIeHHH O6EUHOCTH MO+HO c'lMTaTb, qTo 3T14 quejia 
• HopMHpoBaIIbI Tai, trro6ii 11an60.J1b11IHt MOLYJIb 6ii.ri paeii e[1HHLe. 

B E CyWeCTByeT c q eTHoe BC}ogy nJIoTHoe (B TOUOJIOFHHX L2 (92) it L2 (I')) ceMeücTBo 
ynpaBJieliHUt {a}. [IOBTOpHM npebuyIuI4e paccyaeHHH C )JleMeHTaMH i, ..., a' i 

• 3roro CCMei1CTBa H yCT pemam N -- co. Bea yiaiei 06LUH0CTH MOHHO C4IITaTb, qTo 

npri 3TOM	- i,, (m = 0,1, ...,m0). OqeBuiHo, iTO 9J1H Ha6opa {% ..., 
BbIHOJIHHIOTCH nepBbie ga cooTHoweHilfi B (1.10), KpoMe TOFO, flOHOJH 3TOT ripe-
,ej1bHh11i nepexoj no N -±00 8 nOCJIeAHeM cooTHoweHilil (1.10) C 4H4KCHp6BaHHbIM 
a', B HTOFeJIOJ1y411M, 'ITO cooTllolueHlle (1.10) C iia6opoi (4 ..., A,,} BhrnoJIHHeTcn 

JiH Beex a? (j = 1, 2, ...). flo HerlpepbiBHocTH OHO cr1paBeJ1MBO H qJIFI Bcex a € E. 
B careoi jeie. fIycTb a* = (19 i*, .., in, O, ..., O,,). Mi,i MoHeM BhI6paTb nono-
cJlegoBaTeilbHocm {a"}c (a'} Talcylo, 'ITO (a") C XO JUITCH I HO HOPMe It HOqTII 
BC10y Ha Q H P 000TBeTCTBeHHO. PacCMoTp1iI iiiiii npiitepa BbIp'aliceHue 

J1(ö)	,f Fi(x, 0(x), u0(x)) dx.	 • - 

Tait HaH 4yHIcIHH b yIOBJIeTBopfleT yCJIOBH10 KapaTeoso p li , TO YHK41411 SF1' 
k(.), u0(.)) — F1(., *(.), u°( . )) (k.= 1, 2, ...) CXOJHTCH ic HJ1IO rIO'ITH BClO)y 

B Q u TaI*fe no Mepe. OTcloja H 143 YCJIOBma A 6 BbITeFcaeT, 'ITO J1(?9') .. J(*) 

JIH Bb17HHHH 

J2(0)	f a 1 (x, O(x), uO(x)) w 1 1 (x) dx 

MbI l4MeeM, 'ITO ()yHI-CLIHH Oa 1" = aj(., k(.), u0 ( . ))._ ai ( . , 0*(.), it'( . )) (k	1, 2.....
CXOWTCH 1 HyJIIO flO'ITII BCIOAY II no iiepe. flycTb Bbl6paI-i e > 0. CyuecT8yeT HeHo-
•TOpoe k0 Ta!oe, 'ITO npii k > k0 6ygeT Q =	u Q,,", me mes Q < € ii jria 
x € Q' dnpaBeJInBa o1e1-iFca 6a'(x)( < E. CouJiaci-lo YCJIOBllio A I 

u°(.))IIL,(n)	C1 )JIH BCeX a € E, 17103TOM 

J2(Jk) — J(9*)I ^ c1 (f Iw(2 dx\1I2 + e f w dx, 
—	 .•	 /	0 

ecjiri k > k0. OTClo1a, 113 npOII3BOJIbHOCTH E > 0 II H[IOhIBHOCT11 rierpaia 
HaK 4)yHIfl1IH MnoeCTBa ciejye CXOU1M0CTb J2(9k) -^ J0(* iorjja • k -* co. 
AHaJIOrH qHO paccMaTpIIsaIoTCH gpyre c.rraraeMLile I 
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