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" Boundedness of Anisotropic Pseudo- Differential Operators
in Function Spaces of Besov-Hardy-Sobolev Type )

H.-G. LEOPOLD

" Es werden Pscudodifferentialoperatoren in anisotropen Funktionenriumen vom Besov-Hardy-
Sobolev-Typ B und F? = betrachtet. Dazu wird eine Verallgemeinerung der klassnschen
Hormanderschen Pseudodlfferentlaloperatoren fiir den anisotropen Fall eingefuhrt und ein

Satz iber die Beschrinktheit dieser anisotropen Pseudodifferentialoperatoren in den ent- Ce

sprechenden amsotropcn Funktionenrdumen bewiesen.

'

PaccuannBalorcn nceB:lonu(p(j)epeHuuaanue Oneparopel B aHusoTponnu\ GYHKLMOHANB-

. HHX APOCTPaHCTBaxX Tnra~ Becosa- Xapzm -Cobouena B‘ ] Fs . Has atoro o6olwalTca
kaacciyeckne ncepnonnddepeHiaabHele ONepPaTOPhl hepuaunepa HA aHu aorponmm cayyaii -

H JOKA36IBACTCA NPEANoskCHIEe 06 OrpaHU4YCHHOCTH 9THX AHHM3OTPONHHIX nceslofuddepern-
HAMbHBIX onepaTopOB B COOTBETCTBYIOIMHUX AHU3OTPOMHBLIX (PYHKIMOHAJLHEIX NPOCTPAH-
CTBaxX. )

. This paper is concerned with pscudo-différ(_eutial operators in the anisotropic function spaces
of Bésov-Hardy-Sobolev type B , and £ . An anisotropic generalization of the classical
Hérmander class of pseudo-differential operators is.introduced and a theorem about the
boundedness of these anisotropic pseudo-differential operators in associated anisotropic fnnc
tion spaces is proved. :

B

g . PN

There are several results concerning the boundedness of pseudo-differential opera-
tors in function spaces. From the results of HORMANDER [12], CALDERON and VaArL-'
LANCOURT [6] and CuiNg [7] it follows that pseudo-differential operators of Hor-

- mander’ class 89, are bounded -in LyR") if and only if 0 S0 <p <1 and. (g, 9)
=+ (1, 1). The problem of ‘boundedness of pseudo-differential operators of class S
in L,(R") has been studied- by Kacan [15]), KuMaNo0-60 and Nacaske [18], 1LLNER
[14], FEFFERMAN [8] and o_thers Then there was a development in two directions.

On the onc hand there were defined mere general classes of pseudo-differential
operators — see for example BEALS [1], HORMANDER [13] — and results were proved

on the boundedness of these pseudo-differential operators in L,(R") and L,(R"),
respectively [2—4). On the other hand, the classical pscudo-differential operators
8P, were- considered in more comphcated functlon spaces, as by GOLDBERG [9],
Bur Huy Qut [5], Nrssox [20] in local Hardy spaces and Hardy-Triebel spaces 7
A relatively final result was obtained by PArvArixrTa [21] in the case of 1sotrop1(,
Hardy-Triebel spaces and Sobolev-Besov spaces: The pseudo-differential operators
of class 89, are bounded in F}  and B}, if0 <6 < 1land 0 < p,g < co.

This paper is concerned with pseudo dlfferentlal operators in anisotropic function
spaces of Besov-Hardy-Sobolev type. These spaces. are a general scale of anisotropic

function spaces (like their isotropic ‘“‘counterpart’), containing for example the

" - anisotropic Bessel-potential spaces and the anisotropic Sobolcv spaces — see [26].
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Of course an anisotropic structure in the function space requires an adequate aniso-
tropic structure in the definition of the pseudo-differential operators. The symbol
classes S7 ;, defined in the following, are a natural generalization of the symbol
class 875 introduced by HORMANDER [10, 11] and Konx and NIRENBERG [16].

The results obtained here are related to those in [21]. :

A
1. Definition and_ basic properties of anisotropic pseudo-differential oberators

Let a = («,, ..., a,) be a fixed n-tuple of positive numbers and a, 4 --+ + ap = M.
“The amsotmpzc distance of x = (z,, ..., x,) € R* from the origin is defmed by

|xla — (|1‘1f)/m + ‘oo + Ixn|2/an)112‘

\

Now, fixing an anisotropy «, let us define an assocxa.ted class of pa,eudo differential
. operators as follows

Definition: We say that a C>-function p(x &) defined on R = R,"* X RE" is
a symbol of class S7, (mo<m<oo; 0=6<p=s1,6< 1) if for any multl-
indices «, # there exists a constant Cap such that

[N, )] = capl(l + [€]g)m—Nelle+lgne
in R®®, where A

P, €) = 0¢D "p(x E)
ID‘” Za'; /a “ﬁ” = Zla’iﬂi'
ji=

. From the defmlt-lon of the anisotropic distance we obtain

1. !

a(l + [E)me S 1+ €]y = co(1 + |£])™ns : (1)

"-and as a consequence of min a; > 0 there exists the imbedding '

. min a; :
S"‘MCS for 6 < L,
max a;

m . min a; max a; - :

where m’ = — , 0 =0 min 4; ,'6' =0 —— and Sy s denotes thc Hérman-
min a; max a min a » ’ -

i
der class of pseudo differential operators
"As usual, the pseudo-differential operator P(z, D,) with the symbol p(x £) is defined
by
S P(z, D;) u(z) = [ e™p(x, §) 4(§) dé for we S(R"),
where '

@(§) = [e~tu(y)dy and & = (2n)"dE.

Because of (1), this operator maps S(R") continuously into itself and we may extend

it to a continuous operator from S’(R") into S’(R"). The mapping p(z, &) — P(z, D,)

is a bijection. We shall represent the symbol p(z, &) of P(z, D,) also by o(P) (z, &).
For-p e 8P, , and [ = a,p, + - + @uyn where y is an arbitrary multi-index, we
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" define the semz-norms |p),¢™ by

Ipl™ = max sup {IpE}(=, £)[ (1 + [£],)=tm=lele+ iAo
la+B)st Re=

Then S";’jg.,, isa Frechet'spé,ce with these sen_li-vnorms', and we have for any p(z, &) € 'S;':e'a
PE@, ) < [Pl g(1 + [€la)m~1ole+141 and  pig) € Smlelie+iols,

The symbols - P
- n slk . °
S (Ea+ sf)k/m:)

j=1

are an interesting example, since these symbols defifle\lifting operators in the anisotropic
function spaces, which will be defined.in the second section. It is not hard to show that for.
any s € R the symbols belong to the class 83, ,, provided that & € R is such that. k/2¢; € N
(1 =1,2,....2). To get this result.only for n-tuples @ =. (a,, @y, ..., a,) with rational compo-
nents is unnatural, But it follows by the above kind of definition of the symbols — there are
only integer derivatives, and this is not compatible with an irrational anisotropy in some
direction. We get some simple but non-trivial examples if we consider R with 4he anisotropy -
a =(ay, @) and @, = 1/2, a, = 3/2. Then (£, + &)/((1 + &2 + (1 + &£2)) € 89,0 and

DEDAES + & + ™) &%) - (1 + £° + &2 + o*m(x) &%) € Sy

for all mﬂlti-indices o and B, if m > 2 is an integer, § = 2/m and ¢ is a function belonging to,
B(R?) = {p: sup |D7p(x)| < ¢, for-every multi-index 3}.
v x : . . . N
. .o o ' . ' . . ' . . )
Theorem1: Assumethat0 < 6 <p < L Let Py(z, D,) € 87, ; and Py(x,D,) € ST, ;.
Then P(z,D;) = Pz, D,) Py(z, D,) belofzgs to S’;‘;;‘o"” and the symbol o(P) (x, &) s
expressed by : o ' o

o(P) (z, &) = Os-[ [ e~vp\(z, & + ) polz + 7, &) dy dn. -

(Os- f f denotes an oscillatory™integral in the sense: of _KUI\;[ANO-GO [17].) Moreover, of
we. set o : L .

’

\

0

- paf-ﬁf7§) — p;(q)(g,;, &) P‘z(a)@: &) e S;n;.;:’m.—(e—'énlall ’ ’ v \
ar_zd » . . .
7y.0(%, &) = Os-[ [ e=w1p,0)(z, & + 0n) pa)(z + y, &) dy dy,

then for any N we have the expansion formula

- . { . 1(1v_ 0)}\/—1' ] ‘
G(P)'(x: §) = Z 1 pa(x: 5) + N Z D I 77.6(2:: E) do’ !
. I°I<N‘x~-‘ L Irl={\'0\_ /.' .

. A
where {r, o}j51<1 28 for any y and any real number » > 0 abounded setin S mtmetx-lrles 6
Furthermore, for any | and any x > O there exist constants c, ¢’ and a positive number
L(l, a, %, n) ¥ndependent of 6 suck that

.

|_?9a|l('"'+.'"‘_”°"“’_'”) S cApliting [peliiy o - ‘ (2
and . c T A ‘
Iy et 5 e=8) < 7 [ 4 B £

Izold'/or alll’ = L.
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This theorem contains the fundamental properties of anisotropic pseudo-differential opera-
tors which will be needed in this paper. It should be remarked that the number » in (3) will
be zero if we have an anisotropy « = (,, ..., ¢,) With rational components. We need the
number % > 0 in the general case only for technical reasons - see also the first example. Hence
(3) is not the best_pOSSIblc result, but it is sufficient for the proof of our main result in-Sec-
tion 3. In the isotropic case, which means a; = --.= a, = 1, all results (with » = 0) may be
found in KuMaxo-¢o [17; Chapter 2]. The proof of the theorem in the anisotropic case
turns out to be analogous to the proof in [17] for the isotropic case and therefore it is omit-
ted. There are only some technical complications — especially in proving (3).

The followmg lemma, which gives estimates of the kernels of pseudo-differential
operators with bounded support in £, will be useful later on in the proof of the
theorem in Sectlon 3.

Lemma: Let q(z, E) € S“" n 88, s and 6 < 1.. Then the associuted kerﬁel K(z,y)
= f eiviq(z, &) d& belongs’ to C=(R* X R") and we can write

Q@ D)) = [ K@z —y)uly)dy for e SRY.

If in addition.supp; ¢ = {£: 2571 < ||, < 284} for arbutrary fixed j and k, then for
every M > 0 and [ with 20 > M + n/mm a; + 2max a; ¢ 1 there ezzsts a constant
¢ which is independent of q(z, &) and k such that

[ 1K@,z — )l (14 2t |z — yl)* dy < ¢ [, - , ()
Proof: 120’ > M + n/min a;, then it is easy to show that |
K@ r g (L S — Yy - -
< o', ) 274 sup [K (i, 2-5ay)] (1 + Jyla?) . I
holds Now we have ’ . o

Wi = ey, 800 4 )

1

l.f/pl’v K (x;, 27 kaiy;) f e*<"‘°m ()2‘anV»D’Pq(x £) dé&

~and

- for every y, € N and p = 1,2,..., n. Setting y, = [(2/a,, l] + 2 we get
flA z,x— gl (1 + 2 |x—J| Y dy -
< 2k v(S“P 2 |K (x;,27%%;)| + sup |k<x.,/2 ko) ypw)

v
ITES) w2t

)—l
. \

ey (2 ‘~sup2 [ latw, &) d 27 sup I 2*a»v»Df»q<x, 3] ds)

'

< ogngin T g &)l d5+c22 kntkogs j ]D’vq(:c,,)lds.,'

| | <ok+; p 1 . ok—j<|t| <0ku

\

. \Ioreover we notlce that -

|Dirqlx, £)] < lgly,, (1 + [€la) =757 and] ;f : dé < cgu+in,
El <2kt

This proves that

J 1K@,z — )] (1+ 2|z — yl)* dy < e, %) lgh® \

holds 1f 1>2U +2 max a; + 1, 2U' >. M 4 n/min a; where c(l, 7, n) is a constant
which is independent of ¢(z, &) and I ‘

L
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Corollary: Let g(z, §) = qi(z, f) 72(, f): ¢ €8™™n S«'z"l o 92 € S:znl 8 and Supp: ¢1

< {€: 281 < (g, < 2%}, K(z, y) denotes again the associated kernel-function. Then

“for every M >0 and L > M + n/mine; + 2 maxa; + 1 there exists a constant ¢
whach ¥s independent of q(z, E) and k suck that for all, m € R with — m = My

J 1K@,z — gl (1 + 2|z — yla)* dy < o |g,li¢™ |q2|,< moo (3)
This is a consequence of (4) and 2 1
o
2. Definition and basic prdpert-ies of énisotmpic function spaces
Let @%(R") be the collection of all systems ¢ = {g}2, = S(R®) with

() - suppgo (&: 18, < 21,

' . ' - (6)
supp @, — {&: 2871 < (g, =2 if E=1,2,..., (
(ii) for every multi-index & = (&), ..., &,) there exists a positive number ¢, such -
that . _ : S o
2l IDg)l S it k=0,1,... and £ ¢ Re, (7
(iii) z¢k(§ L if &€ Re. ot

This is a smooth anisotropic resolution of unity adapted to the given amsot,rop)
= (al, ., &,). For simplicity one may assume that

PelErs oor Ea) = QRFFIBE, L 2—kENng) i k= 1,2,

"where ¢ is an appropnabe C- functlon with supp P {£: 27 2 < 1&la < 1}.
Now the anisotropic function spaces will-be defined as follows:

Let —o0 < s < o0 and § = (s, ..:; 8,) with s, = s/ay, ..., 5, = s/a,..
If0<7),qSoo then . - ' s

(R%) = {f € 8721/ | Byl = IN2°0(D) fi | L Lyl
]fO<p<ooandO<qSoo then
Fi (R") = {f € §":|If | F II = 2u(D) f} | Ly(lo),

where {<p,,($)}k o € @ and (D) f = F~'g,(§) Ff, F denotes the Founer t,ransform in
S’(Rr). The spaces B‘ and F’ 7. &re quasi-Banach spaces (Banach spaces if 1 < p,
g £ 00). They are mdependent of the chosen system ¢ € ®%(R"); different systems
@ and @ lead to .equivalent quasi-norms. If 0 < p, ¢ < oo, then S(R") is dense in
them — see [26 Chapter 10.1]. In partlcular we have

F;‘2=II,, lf 1<p<voo
and- : ' o .
FE =Hj =W, if 1<p<oo and s_(sl,. . 8p) .

isan n-tuple of natural numibers. H % and W, denote the classmal anisotropic Bessel- ‘
potential spaces and the amsotroplc Sobolev spaces, respectively — see [19, 24].
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~  We have the following maximal inequality. Suppose that

I(F ™ @u(§) FY) (y)]

- /L*(x) = yssllltl;-') (1 + ok rx — y,a)M " . (8)
Then . . S o
VSRR @Y | Ll =  liF L F ' , . (9)

holds for M > n/min (p, g) and all f ¢ qu‘ .This_is'a consequence of [25: Sec¢tions
2.3.2 and 2.5.2). ° '

" We recall the mterpo]ation theorem :

.’» ) - B’ (F;‘qoa Plln)oq »
if0 < p < o0, 0<g,gq1=0c0 ands— (1 —0)s +Bs,w1bhso=#=s,and0<0<l _
— sce [24]. . -
The functions g, (D) are pseudo -differential operators of order — oo, and from
" (6) and (7) we obtain for any m € R

ID*P(E)] S Com27*™(1 + [El)m I, B =0,1,...,
where the constant Cam 18 indepehdent of k. Therefore we ha.vé
P ™ < ¢ m27*m for E=0,1,..., o (10)
where ¢, ,, does not depend on k. . LN ' o
Let us consider function sygtcms
oy = e with (7), e 2knali.|D&zp,,(5)| <ec,,
and : : :
' Osuppy, <4 : |Ela < 20}, suppy C 1§ : 2577 < [gla < 2449)

for a fixed real number j = 1 instead of (6). Then we have ‘the same estimates of the semi-
norms of y;(D) as in (10). The constant ¢, depends now on j, too, but is mdenpendent of k.
* Moreover, the quasi-norm |; 1{2k8y,(D) H Lp(lq)ll defined by use of the system 13 is an equivalent.

" _ quasi-norm in F? pa(R™).

3. The main result ‘

-

We arc now in the position to prove a theorem about boundedness of pseudo-
differential operators in anisotropic function spaces. '

Theorem 2: Let P(x, D,) € 83, , and 6 < 1. ’I’hen/orallp,qandsuzth0<p
<00,0<g=oc0cand — 00<8<OO .

P(z, D,) F;, (R") - F3 (R7)

e linéar and contmuous operator. Moreozer, there exzst zeal numbers land c > o,
bo!k independent of P(x, z), such that for | € F" JR") b '

1Pz, D;) f | F,,_,,Il‘é ¢lpl@ IIf | FE
‘Proof: Let (g}, € P°(R"). Then we have
. IP@ D) [ | F PP = [[{2%g(D) P(x; D) i | Lyl



- -Boundedness of Anisotropic Pseudo-Differential Oj)ei;amrs 415

/

As a consequence of the composition rule of pseudo-differential operétdrs we see’
that -

(Pk(D) P(x: Dz) = P(.’ZZ, Dz) q’k(D) + Rk(x’ Dz)
| = P& D) D) ylD) + X Rule, D)D) wD). (1)
Pl

Ri(z, D,) denotes the pseudo-differential operator which equals the “commutator”
of ¢(D) and P(z, D,), {yj}jZo is the function system with y;(£) = @;1(8) + (&)
+ @p(§) if j=0,1,... (p_, = 0). In particular, y;(&) = 1 if £ € supp ®;. We have
also used . .

.

I

9i(§) =1 and oP(z, D,) g(D)) = o{P(z, D)} g,(é).
7 . .

"-Now we Qonsider the first term on the r‘ight-handvsid‘e of (11). Let f ¢ Ff,_q and
fx = (D) f. Then we obtain

[P(z, D) @u(D) fel = | Kz, x — y) fuly) dyl,
where ' . "

Kz, z — y) = [ el==vip(z, £) gy (£) d&.

Hence, by the lemma and the corollary prdved in Section 1 and by (10) we have the
estimate. : ~ ' . ' i

[(P(z, D.) @u(D) i) ()|

__S_ f IK;.(Z',Z'— ?/)' (1 + 2% ISZJ - y".a).M (1 + 2,kfliftyl yla)M dy

= ¢ [ph® fi¥(z) - o (12)

for M >.n/min (p, g) and ! large enough, where f*(z) dehot_es the maximal func-
tion defined by (8). From (12) and (9) we deduce that : '

I12P(z, D) (D) A2 | Lylle)ll R
= elpl @ IH2°fe* 20 | Lol < ¢'[ph @ 1If | FE |17,
" . where the constant ¢’ > 0 does ho_t depend on Pz, D,). = |
Now we estimate the sccond pseudo-differential operator in (11). Again we set
f; = v;(D) f and o
Kpjm z — y) = [ ei=vinga, &) g,(£) dt.
Then by (5) we have the inequality
' |(Butz, D.) 9/(D) ;) (=) | -
S [ WKesesz =14 21— gl o JIOL_ g, |
LS o IRl gl = f¥(z) (13)

for M > n/min (p, ¢), ! large énough and arbitrary ¢€ R. To estimate the semi-
norm |r,|;= we apply Theorem 1'to Ry(z, D,) = ¢(D) P(z, D,) — P(=, D.) ¢i(D)
and.get by (2) and (3) the estimate |r,|,=9 < ¢ |p|® l@eli#*® with % < (1 — 6) min q;
and 2¢ = (1 — d) mina; — x > 0. In view of this estimate we obtain from (13)
and (10) that :

|24 Rz, D.) /(D) ) ()] < c2-*eie=0) |p® f,¥(z). I




st

The constant ¢/ > 0 again does not depend on Pz, D,)
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1t is easy to verify that,

o . :l/ -

Pty o o <o (5 ppene) it g<e
i=0 .

and . - S ' .

202 ,,2,3/ *(x) sc,sup git |f*z)| if g = oco.
- ‘

This is obvious if 0°'< ¢ < 1; 1f g>1it follows from Holder’s inequality. ‘Thus we
obtain by use of the maximal inequality (9) that

“{22“1»@, D,) gD )/,}A | Lyl

C=clply 0 {24520 | Ly Il < ¢ Ipl; i H/IFE JFe

The proof will be finished by the remark that the quasi- norm ||+ defined by the
function system {2 is equlvalent to the quasi-norm [|-|* defined by the syste_m

U214 j=0 1 , .
Re marks 1. By the” mterpolatlon theorem for amsotroplc spaces [24] we ha\ e lmmedmtcly

P, - ;)IIB’ J=clpli® iIf | B, n , ' : B E))

if0 < p<o0,0<q=< 0o and —00 < §.< 00, [nthecasep__oo(md0<qSoo(l4) is.
also true. This follows immediately by the proof of the théorem, using the maximal mequallty
for the space BY, (R") [25: Sections 2.3.2 and 2.5.2].

. The theorem contains the results about Fourier multlpllers for non- homogeneous aniso-
txoplc spaces in [23, 25]. Indeed, the constant I in the theorem is larger than necessary in this
special case.

.,3. We have FO (R?) = L, (R") if 1 <p < co. I‘hexefore we obtain from the theorem some
extensions of the results in [8 14, 15, 18]. For c\nmple the pseudo-differential opemtox

§° + 0"™() £8
L6 +E& + oM@ &

is bounded in L,(R?) if 2 <me \ d=2/m and o€ B(I{ ). Tn the sense of the isotropic
Hormander class of pseudo- differential .operators it belongs at most to 805 with o < 1/3.

4. The use of maximal functions in the proof- goes back to PAtvirixTa [21]. He proved the
boundedness of pseudo-differential operators of S, 1o (0 < 1) im the isotropic function-spaces -
F$ (R") and Bj (R7). But in contrast to the previous results we have now an explicit esti- -
mate of the operator-norm {|P(z, D) : (1"" 1"’ )|| by semi-norms of the symbol p(z, &) and
a constant ¢ which is independent of P(z, D ) 1lllb is very useful in order to deal with other -
quéstions, for example results about convergence. It was possible to get this result-by an esti-
mate of Kumano-co [17: Chapter 2, Lemma 2:4] for the remainder term which is obtained by
the composition of pseudo-differential ‘operators and a generalization of it to the nmsotropnc

case — inequality (3). - '

5. Similar results were meanwhile obtained also by M. Y AMAZAKI (see J. Fac. Scn Univ.
Tokyo, Sect. IA Ma,th 83 (1986), 1‘31—1:4) . ) )
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