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'.Umqueness Theorems for the Determmatlon of a Coeffncnent T .
in a Quasilinear Parabollc Equation ‘ : : SR .

S.DtMMEL oL :

Fur die’ quasnlmeare parabolische Gleichung u, = qlu) Au werden zwei’ Emdeutlgkcltssa.tze .
fir die Bestimmung des - Koeffizienten g(x) fur den Fall, daB q anulytlsch ist, und fir den

Spezmlhll daB ¢ }mear von u abhingt, bewiesen.

,'[m haammmeﬁnoro napaﬁo.mqecr\om VpaBHeHNA u, = q(u)du TOKa3HBAKTCA TEOPEMB
,'UIHCTBBHHOCTH ,1‘]3 onpeneyieHiA hOQd)(‘bllllllelle q(u) B Ccjlyyae, KOrja g ABJIAEeTCA aHaJlHUTH-
ueu\on d)yuhuuen i B CMENHATbHOM Clydae 'nmenuon 3aBICIHMOCTH ¢ OT u.

Two uniqueness theorems for the determination of the coefficient q(%) in the qnasn]mear para-
. bolic equation u, = g(u) Au are proved for the case that g is analytic and for the special case
: that g depends linearly on u. :

1. ]ntrdduction

. We conudcr tlle quas1lmear parabolic equatlon ' A e N
wy(z, t —q(u(x 1) du(z, t) . ' o o (L1

with an initial condition afid a boundary condition of the first kind. We assume

that the umquc solution u of this probleni is known at interior points of the domain
"and prove a uniqueness theorem for g(u) for the case that ¢ is an anal\tlc function

of « and for the specml case that ¢ depends linearly on u. | -

The case g = q(x) can be found in several pdpers (compare e.g. N. Ya. BEL\OSHCHLNKO 1, -
S. DoMyEL [4], A. L. Bukdcerm and M. V. Krieaxov {2], C. D. PAGA\I (10}, V. M. Isakov
[7}). For the casé ¢ = g(u) there are also several results (compare e.g. A. D. ISKENDEROV [8],
N. V. MuzyLEv {9}, P.DucHaTEAU [3]). The mentioned authors assume that there is given )
additional information about % on the bounddry of the considered domain. N. V. MuzYLEV .

" _[9] and P. DUCHATLAU’[&] consider the one-dimensional case and the dxfferentml equa.tnon

(@, £) = (q(ulz, t) uy(x, 1)),
The eqlnt,non (1.1) is closely related to the more genera] equation.

L o= dn (g(u) grad u) = g(u) Au + ¢'(v) grad® » : ’ - (1.2)

For sufﬁcxent,ly small grad w the equation (1.1) can be obtnmed from (l 2) by neglecting the
last term in (1.2)., An equation of the form (1.1) can also be obtained from (1.2) by a suitable
transformation. But the theorems of this paper contain only results for (1.1) and not for (1.2).
For the Treatment of (1.2) further considerations are necessary. - C

We' use the following notations. D is a bounded region of the n-dimensional
Euclidean: space R* (n =1, 2, . ..) with a sufficiently smooth boundary @D, T' a
positive number, Zr = DX (0, 1), I'r = @D x [0, T'). By M we denote the closure
of the set M (MC R? or - M < R**1). . Points -of the R are denoted by°z = (zy,

Xy, ..., Z,) and ¢ is a rea.l variable (tlme) with 0 <t < 7. We write C(M)- for the:




’
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set of all fun(,tlons which are continuous in . Fox points P = (x, t)and-P = (%, {)
we mtroduce the distance '

AP, P) = (lz — Fllk- + |t — D2 >

Usmg this distance we denote the space of all functions uniformly Hélder continuous

with the exponcnb o in Zy by Cu(Zr). By 02+°(Z7-) we denote the space of all func-
tions possessing umformly Holder continuous derivatives up to the order 2 with
respect to z; (7 =1, 2,...,n) and up to the order 1 with respect to t in Z;. For the
precise definitions compa,re A. FrRIEDMAN [5: p. 61]. ‘

Let the above-introduced boundary value problem be stated in the form

w(z, 1) = glu(z, 1)) Adu(x, t) in Zr -
u(z, t) = y(z, 1) : on Ipt. - )
u(z, 0) = ¢(z) .7 inD :

Here p and ¢ are given functions satisfying the conditions

pelCT, 9eCD), gle)=y(0) for zcaD. S (1.4)

We define

vo = Mmin {min @(x), min y(z, t)},

zeD (@helr
¥; = max {max ¢(x), max p(z, t)}. 4
. zeD [EXGTIRPS

We assume that vy < v, and that g(u) is analytlc in an interval [vy*, z,*] with
* <y < vy < v,*. Further let g(u) > 0 for u € {vo, 2,]. In this case we say that
_q 1s of the class 4 or ¢ € A. Let the function « xamsfv the condmons

u € C(ZT) nCoi(Zy), . du€ C(Zp). (1.6)
« Further we assume that ﬁr;der the stated aésump.tvions for every ¢ € A there is a

unique solution u = u(x, ¢, ¢) of the boundary value problem (1.3)..

~

2. A uniqueness theorem for the case that q is analytic

In this section we shall show that qis umqucly determined if wu(z% ¢, q) = g(¢) is_
known for a fixed 2° ¢ D and for all ¢ € [0, T], and if some other conditions are
fulfilled.

Theorem 1:-Let ¢ and y;'be given /unctz'ons satisfying (1.4) and @(z) = d on E

for a constant d. We assume that g s a function which is continucusly differentiuble

. [0, T), and that there exuists a positive number t, such that

gi(t) >0 forall t € (0,1, o - @)

Let the function u satisfy (1.6) and the condition

~

cuyz, t,q) =0 forall (xt)€7ranquA . (2.2

Finally‘let 2° € D. ’I‘ken there is at most one q € A suc/p l/mt u(z%'t, ¢) = g(?) /or all
tefo, ).

v

(1.3) "~
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I.?rdof’“’e assunie bhat) therc are two functions 01 G2 € A such.that .
(@, £, g,) = u(#, ¢, %) =g() forall €0, v/ R C23);

For abbreviation we set u;(x, t) = u(x ¢, q,) (=1, 2), @ = uy, — _u2,>~q =q¢ — ¢,
and we obtain ’ !

8u/6l = q,(u,) Aul — @a(us) Alu., ‘ ..
.= (11(’“1) A + [91(”1) - ‘11(’“2)] Aug 4 G(us} du,.

I‘or all (z,t) € Z; we define

0)) — ) ' ' iy
QI(”lLl(L )) ql('ltz (x, ) ]’f z.tl(a:, 1) =+ uz(?, 0, . !

j(x: t) = ul(x: t) - 2‘2('5’ ) i

a ’ qll(ui!(x’ t))’ ’ . lf ’ltl(fli, t) = ’ltg(il:, t)'
Then it, follows that / € 0,(Zy) and ' '

54

L = q,(u,) At — fdusd = g(us) dus .fo‘r’ all (z, t) € Zr.

_ Further we have u(x t) = 0 for all (z,t) € I'; and i(zx, 0) = 0 for all z.€ D. Now
let G be Green’s _i'unctlon of the operator 8/t — g,(u,) 4 — fdu,. Then, there holds -,

4

. t . e
Wz, t) = [ [ Gz, 1, &7) (g€, 1)) dug(£, 7) dE dr
0D : _

“for all (z, t) € Zp. From'this and (2.3) it follows that

‘ f j.G(xﬁ, 4, &, 7) G(ua(é, 7)) dug(§, Ty dldr = 0 ) o (2.4)

- for alltE[O T] ' : . ‘
Since Ju,/ot = O in Zy, 1¢2(x, ) is monotone increasing for fixed z. Thus d = %,
, with v, from (1.5). Further § is analytic in [zy*, 1,,*] Hence we have: Either § = 0
on [z, v;]-or ¢ has at most finitely many zeros in [v, ’bl] We suppose the second
case and denote by z the least one of these zcros which is greater than v, if such a-
zero exists. If such a zero does not exist we set z = v,. Thus we have %o < z. Let
x‘ ¢ D with the property

2'S max {us(@), 8): 0 < L < 7 SR I (2.5)

s

and z? € D wnt,h the property , _ :
2> max fug(e?, 0): 0 S (S T). - S Lo (26)

. Smce for fixed z. € D the function u,(z, -) is continuous and monotone mcreasmg
we obtain that for all 2 = 2! with the property (2.5) there exists & {(z) > 0 such -
that u.,(x‘ Hx l)) = z. For all z = 2? with the property (2.6) we set {(z?) = 7T'. Then
we have vy < up(z, 1) < zforall £ € [0, t(z)] and z € D. We put 7'y = inf {¢(z): = € D}.
Using the relations. uz(x‘ {(x')) = z and ¢(x®)= 7T, the continuity of « in Zy, the
‘boundedness of D and v, < z one can easily see that Ty > 0.

From the assnmpt,lon (2.1) it follows that duy(2®, ¢) > 0 for all ¢ ¢ (0, to] ‘Now. .

we define’ 7'* = min {to, T'o}: Because of the continuity of Au2 there are &, nelgh-

7 .. <
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borhood Sc(x") and an mtcrval (4, ) & [O To*] such that ‘
‘ Aus(z, ) > 0 forall (z, 1) € Brye = S % s, ). (2.7)
From the ass'urxgption (2.1) it follows also that A
gl £) > 5y forall (z, 1) € Brot ‘ . 2.8)
Therej holds either ' ' A ‘
| Gua(x, 0)) Z 0 forall (z,) € Zr,e ' ' - 2.9) =
“or the inverse inéquality. Let us assume (2.9). Then from (2.8) we obtain thabi
Glua(z, t)) > 0 forall (z,1)€ Br, R . (210
Since Green’s function G( ’I’o*, &,7) > 0 for all (§,7) € Z7, (compare A FRIED-
Max [5]) we obtain from (2. 2) (2.7), (2.9), (2. 10) that . :
. } J G, To*, &, 7) dlua(8, 1)) dusld, 7) S dr > 0.
0D o

But this is a contradiction to (2.4) 1

In Theorem 1, (2.2) is used as an additional condition on u. This condition. means that )
u(z, -, ¢) is monotone increasing for fixed z and g. ln Section 4 we shall state conditions for ¢
and p whlch nnply the rehtxon (2.2). ’

3. A uniqueness theorem for the ease that ¢q is linear

Now we assume that ¢ is a linear function of u. Then ¢ € A and Theorem 1 can be
applied. But in this case we can weaken the assumptions for the umqueness of q.
The linear function q may be given in the form

’Q(u) = b(w — o) teo (e lvnnl),

where b and ¢ are real constants, \Vlth c > O and b > —cf(vy — 2,0) Thls implies -
g(u) > O for all u € [v,, v,).

Further we assume that ¢ = ¢(v,) is known. Then g(u) is completely known lf:
the constant b ist known. Thus now we write u(z, t, b) instead -of u(z, ¢, ¢). We ob-
tain that in this case ¢ is- uniquely determme(l if only (2?9, ¢, g) = g* is known
for a fixed point (22, {,) € Zr.

Theorem 2: Letpand y be given /unctzons satisfying (1.4). Let the /unc!zon u sulesfy
(1.8) and the condition

\

iz, ,b) 2 0 for all (1) EZT and all b. - o @1

Fmally, let (x° ) € Zr, zmd let g* be « real number with cp(x“) #+ g*. ]’ken there s © .

. at most one number b > —cf(y, — @0) such- that u(2° (,, b) = g*.
.Px:oof. Let b,, by be two numbers with b; > ——c/(vl — %) (1 =1,2) and ,
u(’x", Lo, by) = u(x?; g, bej = g"‘. _ ' . . (3.2)

«
\ f . \
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f . . ‘ . ’ )
For .abbreviation we set u;(z,¢) = u(z, t,b;) (1 =1,2), & =u, — U, § = ¢1 = G-
Then u satisfies the differential equation :

o0 ; ' o '
71: - (b,(ul — ) +'c) Ad — byAugti = (by — by) (uy — v1) dus

with homogeneous initial and boundary condition. Now let ¢ be Green’s function
of the operator 9/at — (by(uy — vo) + ¢) 4°— bydu,. Then there holds

{ .
wx, ) = [ [ Gz, & 1) [l 7) — o) dua(§, 7) d de(by — b2)
0D ' : ‘ .

for all (z,¢) € ZT From this and (3.2) it follows that

’
to

[ [ G0 1o ) (s 1) — ) Al D d ety —b) = 0.+ (33)

oD

We have G(z% £y, &, ) > 0 for all (&, 7) € Z,. Using ¢(2°) + g*, (3.1) and (3.2) and
the continuity of u,(2% -) on [0, ts] we obtain that there exists a (, € (0, &) such
that u,(22, ;) > vo and duy(2® ¢,) > 0. Thus by the continuity of u,(z, ¢ty and duy(z, t)
_it follows that the integral on the left hand side of (3.3) is unequal to zero. Hence
by="5, 1 . ' S

’

i
;

4. Conditions for the monoton‘icity of uwasa function of ¢

RN : B ’
In both theorems of this paper we have used the supposition ou(z, t)/ét = 0 for all
(z,t) € Zy. In the following proposition we shall state conditions for ¢ and y which
- imply this relation. L ’ g :

N

" Proposition: Let ¢,y be given functions which, salisfy the condition (1.4). Let
q € A, and let u be a solution of the boundury value problem (1.3) satisfying condition
(1.6). In addition we assume that for every fixed x € 8D the function p(x; 7) is conlinu-
ously differentiable on [0, T’} with 3(z, 0) = 0 and p,(z, ) = 0, and @ s « constunt
function. Then we have du(z, t)/0t = 0 for all (z, 1) € Z;. ' .

Proof: From (1.6) and (1.3) there follows that u,(z,¢) € C(Zy). Let.- w = u,;. Then
there holds co . .

Cw,(x, t) = q(u(x,‘ t)) Awl(z, tj + q’(u(x, ‘l)) dufz, t) wiz, t) m Zr,
wz, ) = p(z,t) on Ir, wlz0=0 in D.

¢'(u) and Au a»re'bound:ed' in Zz. On ‘the bbundary I'y uD we have wi(z,) = 0.

Using a minintum principle (comp. A. M. IL’1x, A. S. Kacasuskov-and O. A. OLEI-
NIK [6: p. 8]) we obtain u,(z, t) = w(z, t) = 0 for all (z, ) € Zr 1
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