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Coinparison Theorems for Conjugate Points SR
of Sturm-Liouville Differential Equations’ ' -

E. MULLER-PFEIFFER

Es “erden V(,rvlenchssatze- fur Lésungen Sturm-Liouvillescher leferentmlgluchungen beziig-
lich xhrer \ullstellen auf einem endllchen Intervall bewiesen.

I[OhaSHBaIOTCH TEopeMbl cpaBHemm peteHitf “tuddepenunaiibnpx ypasaenuii Uty p\ia-'
Jluymm:m OTHOCHTEJILHO 11X HYJIell HA KOHEUHOM lnTepBale.

Cpmparison theorems for solutions of Sturm- Liouville equations are proved concernmg their -

zeros on a finite interval.

Consider the differential equétions B . N _
- —(P@) w) + Q) u = 0, —a=w <'a, L (1)
—( () u')' + q@)u = O —a <z <, ‘ L ®@

« € R, where the coefficients are rea.l valued continuous functions and, addmonally, A
», P are positive piecewise and continuously differentiable. The points z,, 2, € [—«, a]
are ‘said to be conjugate points for equation (1) or (2) if there exists a nontrivial
solution % of the correspondmo equation w1th u(x,) = 0 = u(zx;). We prove the

followmg .

Theorem 1: Assume the following:
(i) P and Q are even functions on [—a, a], '

(i) p < P on [—a,u], - ) ) o ' T

\

(iii) f " gdz = f Q dx for allbo, twthd<t<o<a O
[+o0,0] . [—o.0\(—1.7)

1f there e:z:z'ds ‘@ solution u of (1) with w(—a) = 0 = u(a) and uw(z) > 0, —¢ < z < a,
then there exists a pair of conjugate points for equation (2) on [—a, a]. '

Proof: The solution « of (1) belongs to C'[—a, «] (cp. [7: p. 25]), for instance).
By using the Sturm comparison theorem (cp. [7]) it is easily seen that such « is
an even function. By means of « we construct a test function for the quadratic
form of equation (2). Let « € [0, @) be a point with #'(x) = 0 and %’ < 0 on [«, a].

-(Note that there can exist several points a with this property.) It is eamly seen

that the funcmon

oy fula), z € (—«, oc)
w(z) = {u(x), z€[—a,al \ (—a, &)



-
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A\
\ . . ,
belongs to the Sobolev spaces Wzl( a, a) and W,* (—-a a)'). The sequilinear forms
" of the: equatnons (1) and (2) defined on W s}(—a, a) are closed. In the following,
by means of w, the quadratic form of (2) will be estimated. Thus, bv usmg Fubini’s
‘theorem, the function . .

Mm—mmxemﬂuuwzm 0 <y <aia),
' ‘and the hvpothescs (i1) and (iii), we obtam }
"_fmwv+4wwa=fup—Pva+@;Qnmivffwm%+0wwt,'

< f(q—'Q) u,zdx ~+ Pu u]"“—l-f-[—(Pu) + Qu] udx

—a

. + u¥(x) f_de + Pu'ul + [ [—(Pw) + Q}u]\u dr

:‘,,l‘=fw—®ﬁh+M@fQM
l , a bw'(z) ’ ‘ -
= [[g(z) x)]dydx—;—u-(o: fo)dx
, 1]

ut{x) h(y) a . . . .
=J‘( f{«@g—QuNdx+-fQ@a¢Qdy ’

- —h(y)
ula o _
=/ ( [ ql@)dx— f Q(x) d:c) dy.<0.
’ 0 \[—hr(.hty) (— R AN —2,2) .
Therefore, o ' . _ . | \

i“f{f(z’lw 2 +ql¢| dz: @ € G, llgll = 1} )

—-a

is'either less or equal zero. ' ; !
: In the first casc it follows that therc exists a nontrivial solutlon v of (2) having
-at least two zeros on (—a, a) (cp. [5]). In the second case the (normalized) func- -
tion w is realizing the infimum, and, consequently, it is a solution of (2). This can
‘be proved as follows, Let 4 be the Friedrichs extension of the operator
Awp = —(p") '+ a9, ¢ € Co™(—a «). ‘
-Because of (Aop, ¢) = 02), @ € Cp®(—u, u), the operator Al/2 D(Al/" = Wol(—a, @), -
- can be defined (cp. [3]). l‘hen it follows from

1]

°=meﬂ+wﬂh¥mW%W  ' S

1y lf' —a, a) is t,hc (,omplctlon of C W X(—d. a) in the W, -norm.
3 (. ) and (Il dencte inner procluct and norm in the Hllbe!t space L,(—u @), respectively.

v

oL B
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that A‘/ 2w.=-0 and O = A1/2(A‘/2u,) = Aw. By the fu‘st representatlon theorem
(sec [3: p ‘322]) we have . - ‘

o f(pu, 7+ qu) dxr = (Au v) =0 for ever\ v E W M—a, a),

~
'

R and by mtegratxon by parts 1t follows that -

f[~(pw) -{—qu,]vdx =0 forall v¢ W) (—q, a).

—a

~Hence,. we obtam —(pu,) + quw = 0. The solutlon w of (2) has zeros at the end
points of the interval [—«,a].- A

We state that in both cases there eusts a pair of conjugate pomts for cquatlon
(2) on [—a,a). This completes the proof of Theorem 11

.If a point « € [O @) WIth the named propert1e< is known, Theorem 1 can be modi-
fied as follows, . :

Corollary 1: Assume the following:

(i) P and Q are even functions on [—a, a]
(il) p = Pon[—a,u]. "

- Assume that . there exists « solution w.of (1) with u(—a) = 0 = u(a); u(x) = 0

—a<z<a;u(e)=0awnd v =0onx a] If, addzlzonalh ,
f gde = [ er for all o € (,a),

[~o.0] ~ [—o.6)\(—a,a)

/

then there exzsts « pcm of conyugate points /or equalwn (2) on [—a, u].

Proof Compare the proof of Theorem 1 1§

ot
In the spe01al case that

dex < 0 when o¢ (0, «) _ ' ' o (3)

0 , : e . A
the solution » is monotone decreasing on [0, a] This can be seen as follows. By
setting v = —Pu'y™! it. follows from w’ + w'v = (uv) = —(Pu') = —Qu that v
‘satisfies the Riccati differential equation v’ = —Q + P12 Bccause of u (0) =0
we have L(O) = 0and v' = = —Q + P12 implies ' ’

v(z) = —det—}-fP’L-dt : 0.§x'§av.' . - 4

In view of (3) and (4) we obtain » = 0 and, consequently, %’ < on [0, «]: There- -

fore, by assuming (3), the point « can be chosen equal to zero. Thus; we obtam' -

the following result from Corollary 1.

Corollary 2: Assume the following:
(i) P and Q are even /wzclzons on [— «, al,
- (11) p < Pon [—a «l,

“')fquSdeTSO/mullae(O a) LT . -,

-a
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1f there exzsls @ solution u of (1) uzth U(—q)=0= u(a) and u(x) > 0, —e < z < a,
then there exists a p(m of conjugate points jor equation (2)-on [—a, al.

A similar result of Corollary 2 was obtained by Fixk [2: Th. 2] under the hypothesis p = P
(cp. [7: p. 186]). In the special case p = P =1 and Q £ 0 Corollary 2 is a result of LEIcHTON
[4: Th. 1.3]. :

Corollary 3: Consider the equations (1) and (2) on [0, a] and assume the follow-
myg: .,

()pSPon[Oa], ,
I

(i1) fqtlx<chlx/oralla,ruztk0<r<o<a

- or

N
\

(ii') [qdz < [Qdx < 0 jor all 6 € (0, a).
0 0 o

1/ there exists a solution u of (1) on [O a] with u (0) = u(a) = 0 and u(z) > 0,0 <z
< a, then every solution v o/ (2) on [0, a] with z(O) >0 un(l v(0) < 0 has - a zero on
(0, a]. . .

Proof: By using the Sturm comparison thcmun it is easily seen thab it is sufficient
to prove Corolla.ry 3 under the hypothesis v (0) = 0 in place of +'(0) < 0. Then,
extend the functions p, P, ¢, @, and the solutions « and » as even functions on
[—a, «]) and use Theorem 1 (or Corollary 2) with the aid of Sturm S companson.
theorem 1 :

In t,he followmg the hypothesis p’ =Pisto be wcakened Henceforth, let P be_
contmuously dlfferenmabl(, on (0, a].-
\
The01 em’ 2: Assume the following:

(i) P and Q are even functions on [ a, al,
(ii) @, P’ SOon(O al,

(i) f [P—p]dx>0cmdf[Q—q](lr>O/0rullo,0<a<a

[—a.al\(—0,0) —a

If there exists a solution u of (1) with w(—a) = 0 = u(a)and wz) > 0, —a < r<a,
then there exists « pair of conjugate poznts for equation (2) on [—a, a].

"Proof: Q=0 lmplles inequality (3).. Therefore, as shown in the proof of Corol-
lary 1, we have ' < Oon [0, «]and by means of P’ < 0 it follows from Pu" = —P’y’
.+ Qu on (0,«), that «’ < 0 on (0;a). Consequcnblv the derivative «' is monotone
decreasing on [0, «]. The function (u')?:is even and monotone increasing on [O al.
Hence, by means of the hypothesis (iii) we obtain

a (@) .
' f(p P) (v')? dx *f f [p(z) — P(z)]) dy dx
[ (a)]’ a ’
=J ] lpte) — P dedy 50

0 (- aa]\( h(yhh(y))
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where h(y) = sup.{z € [0 al | [v (x ] Sy, 0=y S [ (“)]z Analogously (compare
the proof of Theorem 1), we get f q— ) u2 dx < 0. Thus, it follows that -~ -~ -

—a
t

[ [pw)? + qu?)dz = [[(p — Py (@) + (g — Q) w?]dz < 0.

Finally, _finiéh the proof as the ‘proof of Theorem 1" 1

N\

Corollz‘lr)" 4: Consider the equations (1) and (2) on [0, a] and assume tﬁe follow-
(i) @, P’ < 0°%n [0, a),

(i) fPdx = [pdzand [Qdx = [ qdz for all o € (0, a).”
° 4 0 0 : ! .

,If there exists a solution w of (1) with uw'(0) = 0 = u(a) and u(z) >0, 0 < & < a,

then every solution of (2) with v(0) > 0 and v'(0) < O has a zeré on (0, a].
P.roof:. Compare the proéf of Corollary 3 1

Corollarics 3 and 4 are generalizations of theorems of NEwnagi [6] and Leicutox [4: Th. 1.1}

\

Corollary 5: If the inequality oo
. (3 ) [3
1 AR . 1 f ) ‘ o
Losup — < P pdx (8)
ae(o}:) c 4a® o0 @ — O . oL .
. .90 4 . : ) .

holds, then every solutzon v of (2 on [O a] with z(0) > 0 and +'(0) = O kas @ zero on ~ .
(0, u].

Progf: Define

a

| . . | : S

0 = suj pdx -~ - (6

N ae(ogz)“—“fp . 7 ®
" and set P = o and Q = —na%/4a> The function % = cos (n2/2a) is a‘spluti'on'of the

differential equation : ' ‘
: . . N
) 173 nzg ) '
rgu .—.40/211/‘—‘10, 0z=q, _ o

with the properties supposed in Corollary 4. Hypothesis (i) of- Corollary4 is ful-
 filled. It follows from (5) and (6) that (ii) also holds. This proves Corollary 5 1

Example: Consnder the differential eqmtxon

—((l—:z:-)u) I—Gu—-O OSxSa<1 . _— 1 -
Since = . .

a — o

a a
. 1 . o a?
f(l—zz)d:cé—f(l—}.’r)dx:l—?, o € (0, a),
: . a : . ’
. 0
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.

we have o = 1—a 2/3. Inequallty (5) holds when ¢ = a, = (“h /(72 + a?)V? ~ 0,6014.

Hence, every solution v of (7) with »(0) > 0" and »'(0) < 0 has a zero on (0, «,). Because
v = 1 — 322 is a solution of (7) with' »’(0) = 0, the smallest « is ¢ = 3-12a 0.5774. We
'state that @ is a good approximate value for. a,. '

]
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