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Comparison Theorems for Conjugate Points 
of Sturm-Liouville Differeht.ial Equations 

E. MULLER-PFEIFFER 

Es werden Vergieichssätzc für Lsungen Sturns-Liouvilleschcr Differentialgleichungen bezug-
lich ihrer Nulistellenauf cinem endlichen Intervall bewieseñ. 

Jo1ia31JBaloTca Teope\iil cpaBHeHuR peweHurl ilcepeliuualhliblx ypaBHenufi ll1rypMa-
ililysuJIJifi OT1IOCHTeJIL.u0 lix uyiefl iia HoI-Ie q HoM nuTepBaJle. 

pmparison theorems for solutions of Sturm-Liouville equations are proved concerning their 
zeros on a finite interval. 

Consider the differential equations	- 

_(P(x) it')' ± Q(x) it = 0,	—a	x :!^'a,	 (1) 
and

(p (x) it')' ± q(x) it = 0,	—a x	a,	 (2) 

a E li, where the coefficients are real-valued continuous functions and, additionally, 
j, Pare positive piecewise and continuously differentiable. The points x 1 , x2 E [—a, a] 
are said to be con juqute poi'its for equation (1) or (2) if there exists a nontrivial 
solution it ofthe corresponding equation with u(x 1 ) = 0 = u(x2 ). We prove the 
following	 I 

Thorem I : Assume the following:	- 

(i) P and Q are even functions on [—a, a], 

(ii) p ^5 P on [—a, a],  

(iii) 'f qdx	f Qdx/or all a, r with 0 < t <a <a. 

I/ there exists a solution it of (1) with u(—a) = 0 = u(a) and t(x) > 0, —a < x.< a, 
then there exists a pair of conjugate pofn6 for equation (2) on [- a, a]. 

Proof: The solution it of (1) belongs to C1 [—a, a] (cp. [.7: p. 25], for instance). 
By using the Sturm comparison theorem (cp. [7]) it is easily seen that such it is 
an even fuction. By means of it we construct a test function for the quadratic 
form of equation (2). Let a E [0, a) be a point with u'(a) = 0 and it ' ^ 0 on [a, a]. 
(Note that there can exist several points a with this property.) It is easily seen 
that the function	 - 

Ju(a),	E,(—a, a) - w(x) - lu(x),	x  [—a, a] \ (—a, a)
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belongs to , the Sobolev spaces W2'(—a, a) and W2 2(—a, a.)'). The sequilinear forms 
of the equations (1) and (2) defined on are closed. In the following, 
by means of wi, the quadraticforni of (2) will be estimated. Thus, b y using Fuhini's 
theorem, the function	 S 

h(y):= sup {x E [0, a] w2(x)	y},	0	y ;5.1t2 (a),	 . .	. . 

and the hypotheses (ii) and (iii), we obtain 

" f [p(WI)2 + qw21 dx=f [ (p — ) (iv')' + (q - Q) w2] dx +f [P(WI)2 + Qw2 ] dx 

^5f (q — Q) w2 dx ± Pu'u +f[—(Pu')'± Qvj v dx 

+ u 2(a)f Qdx ± Puuja + f [—(Pu) +Qv]udx 

- =f(q_Q)w2dx+u2()fQdx  

ow'(X)  

= 'f f . [q(x) - Q(x)] dy dx ± ux) f Q(x) di 
-aO	 -	- 

t() / h(y)  

= f ( f [q(x) — Q(x)} dx + f Q(x) dx) dy

O	\-h(v)	'	.	—	I 

f	f q(x) dx —	f	Q(x) dx) dy. 0., 
o	I-h(yLh(Lñl	 1-h(yLh(y)1(-.) 

Therefore,  

inf{f (p I 1 I 2 + q	) dx: ip E Co, 1101	i}  

IS either less or equal zero. 
In the-first case it follows that there exists a nontrivial solution v of (2) having 

at least two zeros on (—a, a) (cp. [5]); In the second ease the (normalized) func-
tion w is realizing the infimum, and, consequently, it is a solution of (2). This can 
be proved as follows Let A be the Friedrichs extension of the operator 

A0 =— (p ') ' . ± q,	T, € CO, ( —a ' (1). 

-Because.of (A 09 , )	O s), p € C0 (—a, a), the operator A 1 / 2 , D(A 112 ) = 13'0'(—a, a), 
can be defined (cp. [3]). Then, it follows from  

0 =f[p(w')2.± qw2 ] dx = IA "2 w11 2	 S	 S 

I)

 

1 2 1 (—a; a) is the completion of C000 (—a. a) in the IV'.,'-norm. 

) (•. •) and	dchdto inner produt and norm in the Hubert space L ., ( —a, a). respectively.
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that A 1121V,,='0 and 0 = A 112 (A' 12w) = Aw. By the first representation theorem 
(see [3: p. 322]) we have 

-	f(vw'' + qw)dx = (A w, v) =0 for every ' v E 2 '(-a, (1),	- 

and by integration by parts it follows that 

f[(pw')' + qw] p dx = 0 for all v E W'(—a, (t). 

Hence,, we obtain —(pw')' +,qw = 0. The solution w of (2) has zeros at the end 
points of the interval [—a, a].  

We state that in both cases there exists.a pair of conjugate points, for equation 
(2) on [—a,'a]. This completes the .proof f Theorem 1 I 

If a point c e [0, a.) with the named properties is known, Theorem 1 can be modi-
fied as follows.  

C6ollary 1: Assume the following:  
(i) P and Q are even functions on [—a, a], 

(ii) p ^ P on [—a, a].	 . 
Assume that, there exists a solution it of (1) with n(—à) = 0 = u(a); u(x)	0, 
—a <'x < a; u'(a.) = 0 and u'	0 on [a, a]. 1/, additionally,  

f .qdx;5	f 'Qdx 'for all a E (a,a),	. 
I—cal	'	I —c.a)\( 

then there exists a pair 61 Conjugatepointsf or equation (2) on [ — a, ]. 
Proof: Compare the proof of Theorem I I 

In the 'special case that	 0 

f Q dx	0 when a E (0, a)	 '	,	'	. (3) 

the solution u is monotone decreasing on [0, a]. This can be seen as follows. 'By 
u setting v = —P'r' it. follows from uv' + u'v = (uv)' = —(Pu')' = ,—Qu that v 

'satisfies the Riccati differential equation v' = —Q + P 1 v2 . Because of u'(0) = 0 
we have v(0) = 0 and v' - —Q + P_ 1 v2 implies  

V(x)	_fQdt+f Thl v2dt , ' 0. x	a.	,	,	. ,	(4) 

In view of (3) and (4) we' obtain v 0 and, consequently, u' on [0, a]: There-
fore, by assuming (3), the point a can be chosen equal to zero. Thus; we obtain 
the following result from corollary 1. 

Coiollar' 2: Assume the following: 
(i) P and Q are even functins on [— a, a],	 - 

(ii) p^S P on [—a, a],  

(iii)fqdxfQdx0 /or all oE(0,a). 
•0	 ' 

/	 ,



	

-	t 
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1/ there exists a solution it of (1) with n( - (t) = 0 u(a) and u(x) > 0, — a < x < a, 
then there exists a pair of conjugate points for equation (2) on [—a, a]. 

A sitnilar result of Corollary 2 was obtained by Fi ll x [2: Th. 21 under the hypothesis p	P 
(cp. [7: p. 186]). In the special case p	P	1 and Q	0 Corollary 2 is a result of LEIGHTON

[4: Th.1.3]. 

Corollary 3: Consider the equations (1) and (2) an [0, a] and assume the follow-
ing:

(i) p Pon. [0, a],
7. 

(ii)fqdxfQdx for all a,T with 0<T<c<a 

or

	

fqdx	fQdx	0 for, (ill a€ (0, a).	 .	. 

If there exists a solution it of (1) on [0, a] with u'(0) = u(a) = 0 and u(x) > 0, 0	x 
< a, then every solution v of (2) on [0, a] with v(0) > Oand v'(0)	0 has a zero on 
(0, a].	 .	 . 

Proof: By using the Stunui comparison theorem it is easily seen that it is sufficient 
to prove Corollary 3 under the hypothesis v'(0) = 0 in place of v'(0) 0. Then, 
extend the functions p, P, q, Q, and the solutions u and v as even functions on 
[—a, a] and use Theorem 1 (or Corollary 2) with the aid of Sturin's comparison. 
theorem I 

In the following the hypothesis p	P is to he weakened. Henceforth, let P be 
continuously differentiable on (0, a]..	 0 

Theorm2: Assume the following: 
(i) P and Q are even /nnètions on [ — a, a], 

(ii) Q, F'	0 on (0, a], 

(iii) f [P, - p] dx 0 and f [Q - q] dx ^E! 0 for all a, 0 < a < a. 

	

I -a,aJ\( —oa)	 —a 

If there exists a solution u o/(1) with u( — a) = 0 = u(a)and u(x) > 0, - < x < a, 
then there exists a pair of conjugate points for equal io (2) on [ — a, a]. 

Proof: Q 0 implies inequality (3).. Therefore, as shown in the proof of Corol-
lary 1, we have u' :5; 0 on [0, a] and by means of F' 0 it follows from Pu" = —P'u'-
+ Qu on (0,a], that u" :5; 0 on (0,-a]. Consequently, the derivative u' is monotone 
decreasing on [0, a]. The function (u') 2 is even and monotone increasing on [0, a]. 
Hence, by means of the hypothesis (iii) we obtain 

a 
f (p - P) (u') 2 dx =f f f-p(x) - P(x)] dy dx -/ 

-f .	[p(x)— P(x)]dxdy	O 
0 1 —a.aJ\(--h(y).h(y))	 .	 0
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where h(y) = sup.{x E [0, a] [u'(x)]2 < y}, 0	y	[u' (a ) ] 2. Analogously (compare 


the proof of Theorem 1), we get f(q Q) u2 dx 0. Thus, it follows*that 

f[p(u')2 + qu2 ] dx =f[(p - P)(u')2 + (q - Q) u2 1 dx :E^ 0. 

	

- Finally, finish the proof as the proof of Theorem 1 I	-	- 
Corollary 4: Consider the equations (1) and (2) on [0, a] and assume the follow-

ing:

(i) Q F'	000n [0, a], 
/ 

(ii) fPdx 2^-fpdx and fQdx 2--fqdx for all a € (0,a). 

,J/ there exists ' a solution u o/(1) with u'(0) = 0 = u (a ) and it (x) > 0, 0	x < a, 
then every solution 01(2) with v(0) > 0 and i'(0)	0 has a zero on (0, a]. 

Proof: Compare the proof of Corollary 3 I 
Corollaries 3 and 4zire generalizations of theorems of NEHARI [6] and LEIGHTON [4: Th. 1.11. 

Corollary 5:1/the inequality	 - 

- sup f q dx -	sup 1 fpdx 
a	

(5)
600.0 4i a((O,a) a - a

0 

holds, then every 	v o/ (2) on [0, a] with (0)> 0 and v'(0)	0 has a. zero on 
(0, a].	

y s 
 

Proof: Define	 .	. 

o = sup 1 f^ dx	 (6) a	 . 

and set P = and Q =-7 , o/4a 2 . The function it = cos (7x/2a) is a solution of the 
S	 differential equation	 . .	.5	

. 

_ou"---.4u=o,	0xa,	 o 

with the properties supposed in Corollary 4. Hypothesis (i) of Corollary 4 is ful-
filled. It follows from (5) and (6) that (ii) also holds. This proves Corollary .5 I 

•	Example: Consider the differential equation 

x2 ) u')' - Gu = 0,.	0	.x < a.< 1. .	 . (7) 
Since.  

a

	

f (I - x2)dx :!9 f(1 -, x2 ) dx = 1 -	a € (0, a),
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we have a = 1 - a2/3. Inequality (5) holds when a	a1	(32/(72 + j2))1/2	0,6014. 
Hence, every solution v ' of (7) with v(0) > 0' and v'(0)	0 has a zero on (0, a1 ]. Because 
v = 1 - 3x1 is a solution of (7) with' v'(0) = 0, the smallest a is a0	3/2	0.5774. We

state that a1 is a good approximate value for. a0.

/ 
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