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Gegeben sei- eine Variationsungleichung mit einem monotonen Operator. Wir beschreiben die

Losungsmenge durch ein modifiziertes Variationsprinzip. Dieses bleibt auch dann giiltig, wenn
der Operator nicht Subdifferential einer konvexen Funktion ist. Es gestattet eine physikalische
Interpretation und zeigt, in welchem Sinne die Monotonie des Operators zu ,.global stabilen
Lasingen der Variationsungleichung fihrt. a , ' :

Ilycrs 3anaHo _Bapuauu,oigﬂoc HEPABEHCTBO C MOHOTOHHEIM oneparopoM. ONMUCHBAEM MHO-
ECTBO peleHnii MoquPUUUPOBAHHBIM BAPHALMOHHEIN MTDIHLIUNONM, KOTOPHIfI OCTAETCA BEp-
HHM Jade ecill omepaTop He ABNAeTcA CcyOmudgepenunaaom BHIMYKII0Il QyHKUUM. ITOT
_BapHaLNOHHBIT NPUIUHT MOWKHO nnTepnpeTpopath Gusiyecky. OH NOKA3HBAET, B_HAKOM
CMBICAE MOHOTOHHOCTL OTiepaTopa BENET K ,,m_ox’)'am?no CTabIIbHAEM ¢ pCUIeHTIAM BAPHALIMOH-
HOro HepaBeHCTBA. . : .

Let be given a variational ihequality with a- monotone opém{br. We describe the set of solu-
tions by a modified variational principle. This still remains valid if the operator is not a sub-

" differential of a convex function. It allows a physical interpretation and shows in which sense

the monotonicity of the operator leads to_ “‘globally stable” solutions of the variational in-
equality. : : ’ : '

- N N . \

1. Introduetion o -

/ . ‘ ' .
Let E be a real locally convex Hausdorff space with dual space E*. The pairing be-

‘tween E.and E* is denoted By (-, -). Throughout this paper we shall assume that 4 is

.

a possibly multivalued mapping from E into £* which is monotone, Le.

Az — Ay, z — y) =0’ forall Az e Az, Ayc Ay. .

Moreover, M ;‘vill always stand for & convex subset of the domain D(A) = {x\‘é E: Ax
' The object of our investigation is the variational inequality - -
. o ¢ . .
xeM,ffxEAx,, o , )
(Az,z —v) <0 forall veM ’ . :

" By usihg the subdifferential 81, of the indicator function of M, the ineqilal‘ity (1)-can
"be written as : : : : . .

Az 4+ 8lyx>0. o : o , a (2)
Another formulation of (1) is . ) o R .
xe M, Az € Az, o
(Az,wy =0 forall weT .M e

]
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. 432 . E. Krauss

Here T, M denotes the tangentiul cone of the convex set M at the point x € M, ie. -
1M = [0, 00) {M — {z}}. Note that (3) furnishes a description of a local equilibrium
in the presence of a constraint M (principle of d’Alembert-Fourier).

The aim of this paper is to describe the solutions to (1) by a variational principle.
~ We do not suppose here 4 to be a subdifferential of a convex function. This variati-
onal principle admits a physical interpretation. Moréover, it shows in which sense
the monotonicity of A4 ledds to ,,globally stable** solutions of the varlatlonal in-

’

, equality (1). ,

2. A saddle function associated to the operator A

-

"In this section we attach a blvanate function J,: M X M — R to the monotone
operator 4 and study its properties.

I])efi nition: We\define tvhé function JA M >< M — R by
J(x,_ : (A(x—- 1/-—-1) y—.L)d(
o ‘ v
where Z is an arbitrary Single-valued section of A4.
" This definition is jusbified by the following’

Lem ma: For each x,y € M und ‘euch section A of A, the /mzctwn
[Ol]Btr—><Ax—{—ty—z))z/—r> ; ‘ e

28 Lebeoque -integrable. Moreover, tlu* values of J, do not depend on the choice of the
section 4.

Before proving this lemma we state some further resulte
Ph(,orem 1: ’I’ke function J 4 has the following properties:
1. J 4 5 @ skew-symmetric saddle function, ie.

J,,(x, yY) = —J4(y,x) forall =z, ye M.

. The /ollowmq estimate holds:

sup (foy —2)i/ € Az} S Julwy) Sinlf gy — 2y g€yl (4)
“forall x,y e M. : : ' . . .'
3. We hape )
Julw, i + (1 — D) y) S Mala, ) + (1 = 2) J, @y -
=1 - }) Jz,y) for A€ [O 1], x, yeM. .(5)

In general the functlon J 4 is not concave-convex. This is shown by the following
-example, which is due to D. T1Ba:

Let E = R2 be the Euclidean space and define
A%y, 7,) = [2y, —2,2 + 7;] on D(4) = [—1, 1] X R.
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"Here the operator 4 is monotone but, for ex.a.mple, the function
R2 3y > J,4(0,9) = 11200 + 3%) —~ 1/3(5/124/2)'

is not convex. . \ . ' o

BN

\

Proof of the Lemma and of Theorem 1: Leh z, ye M be a.rbltmnly fixed
and defme fort e [0, 1], ) - o

Bt) = inf {(fiy — 1) /e € Alg + iy — r))} ' |
'ﬁ(t):':(A(x—r (y — 2)), y—z) ' L . . o
h(t) := sup {\(],, y—2)igi€ Al + Hy - 2))}. '

'Obv1ously we have ‘ . : N
R(t) < h() g k(t) 'foa tefo,1]. - R (6) :
On the other, hand, we get ) . _ o '
' (z,,') = hity) = h(t) for 0=t .<t <t =1 : (7)
Indeed, in view of (6), the mequalltv (7) redt_ncés to - o
hs) SR for 0<t<s<l. | y Ty -
.But due to the monotomcmy of 4 we have o . ’ . -

oy =2 =gy -y = —— </ —gole + o (r =) — = + tty — ) >0

_1 -
-0

forall f, € A(x + s(y — 2)) and g, € A(.L 4ty — x))

This proves (7"). The inequalities (6) and (7) 1mply that }L h and k are monotone in-

creasing functions which are finite on (0,1). Hence all these functlons are Lebesoue- -
- integrable. Moreover, (6) and (7) give rise to .

lim h(s) = llm h( s) = limk(s) forall se€(0,1).

alt Coslt st

Hence, we obtain .

8 . 1

h(O)tht)dt——fh fh ) dt <:h(1)

’ ‘7, -

(Cf R T. RockaFELLER [8]).-This proves thc Lemma and the esbnmate ( ). The skew-
symmetry of J 4 is obvious. Thus it remains to check (5). For this purposc letx, y € M
and A € [0, 1] be fixed. By the monotomuty of & we can conclude - .

(A(x—}-t()a—{— 1 —))1/-—1)) (/L-— (1 —))y)—m)
_(1—; ) (A(x + ¢ (1—/)(1/—"5) y—m>
—(1—2 h(tl—))S(l ~ 2) h(t).
Integrating here over [0, 1]y lclds )
J,,(.c,).:z: + (1— ))y) <1 —))JA(x, ¥).
. The skew-symmetry of J4 1mphes .IA(:z:, z) =0, so we get (5) as desired I

128 Alml_\nl.i i3d. .Hu.t-fx (1980) : ' \
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3. A variational prineiple

"Now we can state the announced variational principle for the solutions to (1).

-~

'[‘h(,or(, m 2: Let 4 + o1 s be maxymal monotone. Then the following conditions are
equivalent: .
(i) z € M solvés the variationul inequality (1).

(ii) [z, 2] e M XM 75 oaddle pomt of th,e skew-symmelric saddle function JA, i.e. -
we hav( . ,

;0L JA(.r v) for al ve M.
(iit) There exists u neighbourhood U (a.c).o/ z with
0 < Jaz,v) forall. ve MnU).
(iv) There exists an element Y € M such that [z, y] is a saddle point of J 4, .c., we have
CJavy) S Jalz, y) S Jalz, w) forall viwe M.

Remarks:-a) One can interpret J 4(z; y), as the work (resp. the action) durmg a
niovement from the state x to the state y a,long the trajectory y(t) = + Hy — x);
t € [0, 1] (compare also Theorem 3).

b) The equivalence. (ii) < m) shows that we can descrlbe the solutlons to (1) both
by a local and a global criter 1on :

¢) The maximality of 4 + &I, enters only into the proof of the implication

- (i1) = (1). The other 1mphcatlons of Theorem 2 remain trie if one drops this assump-

tion. Note that A - ol is maximal monotone if ¥ is a. Banach space, M is closed,
and the restriction of 4 to M is a‘radially continuous mapping having convex closed
bounded values {4z} (cf. E. Krauss [2] and, for a single- valued mappmg 4, also
R. T. ROCKAFELLAR [6, 7]). .

Proof of Theorem 2: (i) — (ii): Let x € M be a solution to the varlamonal in-
equa]xtv (1). Accordmg to the esumatc (4), we obtain

0 § sup {(f,v —x): f E Ax} < Jalz,v) for wveM,
as desired. »
' (u) > (iii): ‘This impliéat-ion is evident.
" (iii) — (iv): Let us suppose '
0= Ju(z,v) forall ve Jll n Ulx).

\Ve show that one can set y = x in (1v) Because of the’ skew -symmetry of J, it
remains to check 0-< J 4(, v) forall v € M. For this purpose we assume J 4(z, vy) < O
for some v, € M. If 7 € (0/1] is_small enongh we get (1 — }.) x4 Avg € Ux)n M,

and in connection with (5)

cJa, (1 —2) x4 ).vo) < )JA(x, v) < 0,

which is a contradiction to our assumptlon :
‘(iv) — (ii): Let [z, y] € M X M be a saddle point of JA This means

v, g Y) = Jalr, y) < J oz, w) for all v,we M.
Chdosing here especially » = y yields (comparc Theorem 1)

0=Juy,y) = JA(x, Y) = Jalz,w) forall we M.

a B\l
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(1) — (1): Let x € M satisfy 0 < J  (x, v) for all v € M. As a consequence of (4)
. we get A : ’
0=inf{{g,v~a)y:g€ 4v} forall ve M.

- By the definition of 87, this inequality implies
0 S\/,v —2z) for-all' ve M, fe Av 4 alyv.

Smce 4 5 81,., was supposed to be maximal monotone, we can conclude 0¢ A:y
8qu, ie., z'solves (1) B

Instead of the function J, one can consider more generally a function ’
. B . . \
l ) -
7 MXM >R J e y) = [ (Aye), pe)yadt, ,
0 ‘ ;
where ' ' : ' _ )
7=z [0, 1] > M, y0) =2, y1)=y

is'a sufficiently regular trajectory joining the ‘points 2 and y. In ordcx to avoid
additional regularity assumptlons on the operator 4 it is convenient to confine one-
self to polygonal trajectories in M. These can be defined by -

[

¥ = vy [0, N>M; ) =2 +n(t—z/n) 2y, for !
in St < (@ + 1)/n, 1=20,1,...,n

1,

where z = x,, 2, %, ..., 2, = y is a finite subset of M. Hence

N

n—1 : : ' \
J(x, y) f<A/t>, >dt—2’J4(c‘,xM> '
» i=0 .
ie. Jais \vell defined and does not depend on the cholce of the sect,lon A of A (com-
.pare the lemma in Section 2).

Now we show that in Theorem 2 it is not possible to repl&ce the condltlon (8) by
0 Jy(x,v) forall ve M and foz all polygonal g
trajcctorics y from z to y. ( )

Theorem 3: Let E be.a Banach space and suppose that the restr iction Ay of A 8
"ot contained in the subdifferentiul dp of a convexr function p:E — Ru {+o0},
P == +oo. Then, for euch x, y € M and for euch nutural nundber n, there exists a poly-
gonal trajectory y : [0, 1] — 3 between x and y with J (2, y) < —n.

Proof: By assumpblon Aly is not cyclically monotone, i.e. there exist a (,ycllc

. sequence z,, z,, cenZi=zin M <& D(A) and a sequence Az; € Az, (v= 1 ., 1) with
n -~ .
XAz 5~} <0

- (cf. R. T. ROCKAFELLAR [, 9]). As a consequence of the estimate (4) we get,
X JaGimry 7)== < 0. - (10)
t=1 .

Now we choose a natural number & with
. /7

ke Z n + Ja(@, %) 4 Jalzo, ). ‘ _ (11)

-t

.
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s
Let the polygonal trajectory  : [0, 1] - M be defined by y = p, u k. yyuj,, with

71 = [, %), 3 = [0, ¥} and a polygonal trajectory y, with the vertices
201 215 +ens 2 = zo. According to (10) and (11) we get

:--1

e, 7/) = JA(:L, zo) + k ( I T a(24m1s 25 )) JA(‘-(): 7/) < —n i

The skew- symmetuc functlon JA MXM — R is not the only one allowmg a
“tharacterization of the solutions to (1). In [3, 4] we showed that for each maximal
monotone operator 4 from I into £* there exists a skew- symmetn( concave-convex
closed saddle function L:EXE — Ru {400} such that fe Az is equivalent to
[—/, f] € 8L(z, ). The concept,of a closed saddle funct\lon which is used here is duc--
toR. T. ROCKAFELLAB 110, 11] — compare also V. BARBU and TH. PRECUPA\'U [1]

.
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