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Necessary Conditions. for the Uniform Convergence and Abel- Summablllty of
Elgenfunctlon Expansions with Irregular Ordinary Differential Bundles

G. FREILING

" Wir betrachten nicht‘-selbsta'dju'ngierté Eigenwertprobleme, ..

i=
U@ =0(1=sv=n)

n j o
Uy, ) = T (kEm;(x_) ym)) =i 4 iy =0
1 \k=0 ) )

mit irreguliren Zweipunkt-Randbedingungen — ‘das bedeutet, daB die. Greensche Funktion
des Problems auf jedem Strahl in”der komplexen A-Ebene.fiir [2] — oo exponentiell .wachsen
kann. Unter Verwendung asymptotischer Abschauungcn firr die Eigenwerte 2;, und die Eigen-
funktionen . Pp des Problems bewexsen wir notwendlge Ixntenen fiir -die glelchmange Kon-

~vergenz und die Abc] Summlelbarkelt von Reihen der Form )_',‘ )"a,,q:,,(x) auf [z, z,] C [0 1].
. g T j=1y=1

PaccyarpuBalorca Hecamoconpﬂmeunue 3ajla41 Ha coGCTBeHHbIe 3HaYeHnA '

v N

l(y,)—Z(Lm(x)y"")i-""+2"y~o . N
=1 _ _
U.(y)=0(1§v§n) R , ., o

_ © HeperyJApHEIMHU nny'rochnuhm KPpaeBbIMIL ycnonunmu — OJTO 03HAYAET, 4YTO (pym\umx :

Fpuia npo6saeMbl MOKET PACTH BKCITOHEHUNATBHO MPH |A| — 0O HA KAMIOM JIy4Ye KOMIICKCHOM
A — mockocTd. VIcnonb3yA ACHMNTOTHUECKHC OLECHKM AJIA COGCTBeHHLIX 3HA4YeHuii 25, 1t
OyHrunil @;, npobanembl, NOKALIBAIOTCA neoG‘(onnmme KPUTEPHU AIAA paBHOMepPHOH CXOHil-

MocTi ¥ CYMMHPYEMOCTIf 110 Abemio pﬂnou BIA }_" Z’ a,,q;,,(x) Ha [xo, xl] < [0, 1]
j=1vr=1 “ .

We considér non-selfadjoint eigenvalue problems

- i/ '
Uy, ) = X ( 2 j(x) y“") A - vy = 0
) j=1 \&k=0
V=0 (sSvsw
‘ .
with irregular two- -point boundary conditions — this means, that the_ Green function of the
problem can grow exponentially for |4| — co on every ray in the complev: plane. Using 2sym-
ptotic estimates for the eigenvalues 4,, and the eigenfunctions g;, of the problem we deduce
nccessa,ry conditions for the uniform convergence and the Abel-summability of the series

Z Z a,.q);. (z) on [ro, %] C [O 1.

]=l vl f
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/

1. Introduction ' ; N

We consider non-selfadjoint eigenvalue problems

: l(yJ)—Z"(Zpk(x y“")i""+?”y—0 S (1.1a)

l—.

U@)=0 (=12..,n S (1.1b)

with uregular two-point boundary conditions. An elgenvalue problem of this type is

"~ called normal if there exist three rays, dlwdmg the complex plane into sectors of open-
ing angle < 7, such that the Green function G of (1.1) satisfies on these rays for some
p =1 — nand ¢ > 0 the estimate |G(z, &, A)| < c |A|P. If this estlmal‘;e is satisfied in
the entire complex plane, with the exception of circles of radius ¢ > 0 with cénters
at the eigenvalues of the problem (1.1), and if p = 1 — = is the smallest integer for

which this estimate holds, then the problem (1. 1) is said to be almost-regular of order p.

An almost-regular problem of order I' — = is said to be regular. Eigenvalue problems
whlch are not almost-regular are said to be zrregular S

Regular eigenvalue problems have already been discussed by TaMarkiN [13], who proved

- that the expansion of a given integrable function f into a series of eigenfunctions and asso-
ciated functions of problem (1.1) behavesin an equiconvergént way to the trigonometric: Fou-

rier-expansion of f and that every function satisfying the boundary condmons (1.1b) can be’

expanded into a uniformly convergent series. Subsequent regular, almost regular and normal

eigenvalue problems have been investigated by many authors, recent, results on this topic can
be found in [6, 10, 12, 14]. The expansion problem for irregular exgenva]ue problems has only
been discussed in special cases of (1.1). Warp [15), EBERHARD [2, 3], Kuromov [7, 8], BERG-
MaxN [1] and WoLTER [16].proved that the eigenfunction expansions of irregular eigenvalue
problems behave like power series and that only a very small class of functions can be expanded

into a uniformly convergent series of elgen- and associated tunctions of 1rregular eigenvalue

problems

Ina precedmg paper the author [4] has proved a theorem on the completeness of
the system of eigen- and associated functions of irregular differential ‘bundles in
-/ L,[0, 1]. In this paper we will glvc necessary conditions for the uniform convergence
and ‘the Abel-summability of series in eigenfunctions of eregular and -non-normal
differential bundlcs of type (1.1).

‘2. Assumptions and notations
. \ :

. . ) '\ \ . \
Let the coefficients p,; in (1.1a) s"a;tisfy the following assumptions:

(A)  py€Cl0,1)2sj<n0<kZj—2), S
Pj-1.; and p;; are constant for 1 < j = n with p,, #= 0. :

(A;) .. The characteristic equation
» n ’ . ‘ : -
X pjjwt4+1=0 _ . (2.1)
j=1 . . ' .
has = simple roots Wy, e ey Wn \with cu,- = R,. e +0 (1 gj g n) and
a; 'T‘ K (? # k)
(Ag) On each stralght lme in the complex plane there are at most two of the

roots w;j.

—
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Remark 1: (i) In the case of variable coefficierits p;;(z) and p;_, ;(x) we would have to im-
pose very strong restrictions on the functions p;; and therefore we-omit the discussion of this
- case; the results of Section 4 are also valid if Pj-1,; € CY[0, 1] (compare Remark 5).

(ii) The assumption &; + o, for j + k is riot needed for the proofs of the results in this paper,
but only to ensure that the system of elgen- ‘and assoclated functlons of (1.1) is complete in .
L0, 1]. , S

The boundary condmons (if -necessary after the substltutlon z—>1— x) are assum- .
ed to be glven in the following form: . -

.U.(y)=~U,Q(y) ¢ SvSm>n—m2 1),
Udy) = Un(®) 4 Unly) - (m+1<» <)

with - ) ’ R -
. . Xy -l Vi \ _ : ’
 Usly) = J‘“"(O) ) w-,y"’(O) 3
: ) _
= (22)
Un(y) = (1) + % By (1)
=0 : -
.ng <oy < e <:c,u<n—1 and 0% sn—1 form+1=v=mn,
0= gy < sz <0 < 7 =< n —.1 and with oz,,, Bujs 1y € C

N&tatwns The Z-plane is divided by the lmes Re (iw;) = Re (/w,) t % j, into 2A
- sectors .

8= {A"ecmsargﬂsﬂﬂ}' | (oékszh—n

>

With 0'< yp < 7y < -+ < yan = 7o + 27. For each k € {0, 1,..., 2h — 1) “there

‘exists a pcrmutatlon :rzlc of {1,2,...,n} with -
Re (fwmem) = Re (}'wnk(‘l)) ‘= R.e (/wnk(n)) fori € ‘Sk
Thesct of all k € {0, 1, 2h — 1-} with Re (€7 waym) = Re (e'“w,,k(,,,H,) is denbtcd

by {k,, ks, ..., k,}, where lc % k; for ¢ 4= j.-For a; € € and w1th the integers % and -
7, introduced in (2.2) we defme A -

al"l .o am"n

Do(al’ M am) = E E 3 N ) . ’ ’ ' - .
. al"m . ee am"m ‘ . . . -
: N - ’ Tme1 .. Nm+1
W a, T
’ <Dl(a’1: s a’n-—m) = : .
R N A - a'/'l

') +1
@, Im+r .. ann m—1

Dy(ay, :- ., an—‘m—l) =

@yt “Z"-;n—l Y
Using these nptations we require for every k € {k,, ..., k,}: ) ,
) Re (€7 @agm) > 0,° : ' . . (2:3)
P (i1) Doy =-Do(@ni1y -+ +» Omieemy) F 9, | , ‘(2.4)
Doox = Do(@nknys -+ s Wakim—1), Wakm+1)) F 0, 7

35 Analysis Heft 1. Bd.'5 (1986) - . .
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~

Dy = Di@skmt 13; - - Onem) F 0, ) .
Dyp = Dy(@nkims @akimt2)s -+ Onim) F 0, ’ . - (2~4_)
Dy = Do(wzkim+2)s - - -» Warem) F 0.

Remark 2: (i) Requirement (2.3) implies that the eigenvalue problems considered in this ‘
" paper are irregular. Tt is possible to generalize our results stated in Section 4 and to mclude ot
almost-regular eigenvalue problems (compare Remark 5).. :
(ii) Requirement (2.4) implies that the lca.dmg coefficients (with the hlghest powers of A) in
the main terms of the characteristic determinant and of -the- eigenfunctions do not vanish. If
the coefficients p;; are smooth cnough and if we use more precise estimates of fundamental -

. systems of solutions of (1. la) (instead of Lcmma. 3.1), we can weaken requirement (2.4) in an ’

obvious w. vay. /
(iii) Assumptlon (A;) can be replaced by the followmg weaker assumptlon '

(A3)* Re (e'Vtw”k(m_l)) < Re (e'h w,.k(m)) _< Re (e'h w,,;,(m.;,g))
for every k€ {k, ..., k,}.

In this case [4: Satz 2.5] cannot be applied.

“ 3. 'Auxiliary results ) - ' o )
| S . . o “«
Here and in the sequel we use the notation [4] = 4 <+ 0(1/4). Using the assumptions

(A,)—(As) we get the following estlma,tes for a fundamental system of solutions of
(1.1a). , . ,

- Lemma 3.1 (137 p. 3]): For e:very 36(;;07' S 0<k< 2?& — 1, there exists a funda-
- mental system Yy, ..., Yun of solutionsof equation (1.1a) satisfying the estimates (0. < s
n — 1) . . . . - . e . . -

a\¢ . . . IR . .
(37) Vol ) = Gwf e lpe) @)

for (z, 2) € [0, 1] X S;. The functions Yy are analz/nc in A for 2 € S with 14] suffwzently ‘
large and the functions y, can be represented in the form z,(x) = &, e»* with &,,z, € €\ {0}. -
Wztkout loss of generality we assume »,(0) = 1 and set o, := y,(1) =+ 0 forl < v < n.

Lemma 3.2: Almost all eigenvalues o/ problem (1. 1) are > simple. The ezgenvalues can
be splitted into r sequences (A%)ven, ¥ = § < 7, satisfying the estimates

Ajv = : 1. {2n(v + ci)i + log 0*1 —Jr 0 (7)},

. Wakym) — Wakym+1)
where ' ’ i ) » >

- DyiuD;yy 04 1 : - .
0, = g llp Trulmt and ¢; €L (1 Z557).
# D02#D12y Oau(m) . N ( B ! :

Proof: Using (3.1) we get for 0 < k < 2h — 1 !
Ul = Do, de 'usvSm1s#gm' A ;
and . o oL
o [2oj™ et if Re (iwj) >0, .

B U.(yii) = 2
w2 & [P, ]o; et j if ReU%)<0

\

Tm+1 =<y < n).

]
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Substltutmg this into the characterlstlc determmant we obtain for € S,,

L U (./mn) Ul(ynk(n)) : ‘ :
A2 = = Ao&(ﬂ) Al(2) - . (3.2)
. Un(ynk(l)) .U (Jnk(n)) S - .
with '

Aok(/~ = pats +"'“+”"“+ 78 exp {Awakm+o) + 0 + wnk(n)} H Ikt
j=m+2
and ' o : S L .o
“Bu(2). = DoyeDyie 29[ 0ngm )], — Dogi Dyai 0‘"”'“‘""[%1:('»)] . B3

]_‘or0<e<eo—2 1mm{y,‘q—ykIOSkS2h—1}wesetT“—- /.ECEyk—e
s argd <y + ¢ Since - .

.

Re ()ka(mﬂ)) > Re (7wnk(m)) for A€ S, \ U Tk,o,
we get from (3.2) and (3.3) . '
A2) = Aol2) Doy Dryi =44 [074m+1)] +0 .

for 7€ S, \\ (Thyev - u Ty, .) with |2] > C(k, ¢). Hencc for 0 < 3 S 80 a,lmost all
eigenvalues are lying in Tyev--0 Ty . From .-

Wsky—1(m) = WOnky(m41) and Waky—1(m+1) = Waky(m)

‘we obtain

-Douc, = D02kj—-l’ Dy, = Doxk,—p"Du/.-, = D12k,51, an,, = Duk,—x ’
~"and this implies that both Ay(2) and Ay _1(2) have the form v

iw .
. . £ Do Dy, €7 Vg g

- ([1] - %I' eXp {4 (ka,(m) - wnk,;M+1))) .

Using these estimates and the method described in [11 §4. 9] ‘we get the assertlon of
Lemma, 320

- Forl £j<randvy =, all eigenvalues- ),, are Smele and we have 2;, €S, Where\
k € {k — 1, k} Consequentfy

ql(?/xk(n) . _Ux(ynk(n))
~ Pnl(@) = Un-r(Yrkn) "",Un-l(?/ﬂk(n)) : . L .
) ‘ ?,/{ck(l)(x, 2) e Yarm(®, A) 2=1y

defines an eigenfunction correspéh‘di_ng to the eigenvalue 2;. '

Lemma 3.3: There exist K;, € C\ {0} such that the eigenfunction;é @;»satisfy for each .
pair a, b € (0, 1) the estimates . : .

qy;f’(x) —_ Ki' ellv .n'k;(ln-i-l)zz,,k,(m.;.])(.x) (ljy(f)nk’(‘m._*l))'“ (DOIL', +0 (7))

— K, el’"w”k’("‘)x/nk (m)(x) (/,vwnk,(m)) (Dozk, + 0 ( ))
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- for 1 Sy <rv29, 0= us<n—1and um/ormlJ for x € [a, b]. Wzthout loss of
generality we assume kence/orth K,=1for1 Zj=<r,veN. :

Proof: On a,ccount of 2j, € S U Sy, for v = vy, we get 51mllarly to the proof of i

Lemma 3.2 for z € [a b]

¢,~.(x) = iAok,()-;v') Doy, {eli'w”k"'"+”zlxk,(m'm)(z) (Dolk, + 0(

)

V. ) . —l'e]" nkj(”ﬂ An k(M)( )(D02k; —f—_O(_ ))}., ) ) - -

Ai

-

Since O(1/4;,) = ‘O(1/), the desired estimate is valid for p == 0; the estimates for the -

derivatives are proved in an analoguous way, using Lemma 3.1

For the proof of the main res{xltis in Section 4 we have to estimate |g;,(2)]."

Lemma 34: Let 0<e<a, <1. For 1 37 Sroand v = vo(e) there exzst :c,,
e(rl—ex,)andKo>Osucht}ww o

lpj(2,)] = Ko exp {Re (A @nkm+1)) Tjv} M,‘vwnk,(lmﬂyl“

" Proof: We set C . A
4 L
Dose,  Ynkym(Z) ( Wry(m) )"

Donk, /{nk,(mm( )

Rju(®) =1 — —
! wnk)(m+l)

X exp {4 ;v(w'zk,(m) - wﬂk,(m-l—l)) T}

Smce /.(x) = e‘V’ and N . .

7 i @nigom — wnk,_(m+-;)) = 2a(v +¢;) i + log 6, + O (_:)’ ‘

there e:;ist K,>0 and z;, € (x, — e, ;,);su:ch that:_ _ , ‘. . - ‘
l},m(x’,n =K, for 1 <j=<7v =) ' and' 0=pusn—1.

Combmmg this result with the estimate from Lemma 3.3, we get the desired result I

: Rema.rk 3: 1f requirements (2.3) and (2.4) were only fulflllcd for ke Iy {ky, ..., ki), then
“the estimate of Lemma 3.4 would only be vahd forje 10 L

~

" From Lemma 3.4 we easﬂy deduce -

Lemma 3.5: There exists a constant K,>0 wuh
|‘PS")($)I = K, 12| exp {Re (7i-wnk,(m+n)
/orl <79 \2v1,0<,us<n—landx6[0 lj

.For the formulation of the 1esults in Section 4 we need some additional notatlons
For /_ (frr .- fa)T and 1 <v <2 we set (f), =/ and define U.,(f) by U.(/)
= (U,(f1), ..., U(fa))T. Further we set - ’ -
, ‘ o . d o .
= (y, iy, ..., A" ly)T, D= — A,y = —}é‘ofpk;(x) Dk

"’
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and - )
0O 1°0 0 -
. 0 0 1 0
A= T -
O 0 0 - 1

L~

4, 4, Ae RERI: Y
" Then (1.1) is. equnvalent to the system AY; = 2Y ;-

Deflmtlon The vector-function / = (/,, . f,,)r is called A amlytw on the inter-
valIC[O 1] if D’A"f is defmedfoerI 0<7 <n->=1andqg€N,=Nu{0}

and if for every mterval [a ﬁ] I there exists a constant K = K(«, ﬂ j A) such -

that
ID’(A"/) (w)l < Ke+i(g £ j))

>

A%

foer[aﬂ]OSySn—]ISvSnanqu\O . , ¢

anmple Let i be the elgenfunctlon correspondmg to ),, and <D,,. (@5 l,,q:,:;, NP
A% 'g;,)T, then we have DHAID;, = 29, e for 0 < u < n —'1 and g€ No. Therefore, with
. Lemma 3.5, we can see that @;, is A- analymc on the.interval [Q 1].

v ’

4, Main resnllts" .

In this section we will pro#e'n’eceqsary conditions for the uniform c'onvergence and
for the Abel-summability of series in eigenfunctions of (1.1). Since almost all eigen---
values are simple, we may assume without loss of generality that all e)genvalues are

simple — otherwise we would have to include a finite set of associated functlona ‘

_For a;, ¢ Cand J = {1, ..., 7} X N we consider the scrles
-2 appila), : - S @
(1 v)€JS - . K . Co : - B

\vhere the summatlon is performed in an ar bltrary but fixed order

Theorem 4. 1 If ( 4 1) converges umformly on [z, x,] with 0 ( Ty < %y S, then
T (i) the serzes ) )
. fap(x) 2 a}’/]rD ¢1V( ) (0 Su éinb_ 1, «'€ Ny)
(jed e
are absolutely y and uniformly Yy convergent in any. closed interval [0, 8] < [O, xl)
(i) D“fao = fap for 0 S u=*n — 1 and x € Ny;
(i) F, = (/‘0, fm 0 fron-1.0)%, T € 1\0, is A-analytic on the mtervul [0, x,) an(l_ _

U(AF) (0, ..., 0)F " for ISsSmanzlarEho

Proof On account of the umform convergence of the series (4.1) on [2, Z,]- there » A
exists a constant K; > 0 with

’

laypn(@)] < Ky for z€[2,2,] and (j,») €J.
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-

. For fizxed B € (0, 2,) we set ¢ = 3-Y(x, — ). Applying Lemma 3.4 ,we obtain

K, S : .
Iajvl.‘é Ta exXp {“RC (Zi,w,.k’(,,,+l))xi,} ) - ) 1 !

C= f exp {—Re (1 ( ,vka,(m+1)) (B + 2¢)} )
0 :
for 1 Sy <rand » sufflcxently large. Then using Lemmata 3.2 and 3.5, we get
from requirement (2.3) that (1) and (11) are valld
~ Since e B —
]vl;jl‘pyv ’ Ut ) ~
. “1"2‘”29’zv ) ‘
A.Fr = Z a: )(‘rfl I¢I'

(jor)ed .70 }'

= lijr = FH-fy N \
s Zazv ;- mq’l' - o i

we see that DrAIF, = D"F,+q = FHQ is defined for r-E No,r0==pu<n—1 and
g€ No Consequently, ‘ - ' . . Co

(A F ) _(’.:_\:' a;vlwa( a(‘sz) 7;an(‘P,v) “n an(‘p;v)) = (0: (KR O)T

forlSsSmandzx tENo . ,
" Finally, we have to estimate the componenbs fearn(®), O S ELn — 1 of D'“F (x), '

for z € [0 ﬂ] = [0, z,). With ¢ = 3 Yz, — B) > 0 we gct, as'wﬂ:h ],

N _ Vr+k;4 I S Z |;‘;vl‘+k Ia/vq’(f)l ! ' -

KK, -~ o .
= Z |2, k+a T—Z‘exp {—Re (2, Wnk,m+1)) 2¢}
L gmes 0 “

‘< K? >):.;I/' S exp {—Re (A wnigint 1) €
7’ .

' LA
"g—l_{"’(t-i-"‘)!(m): -

ivheré K K;>0 and é(c) = 2-1¢min {Re e” Mommin | 1 < j.< 7). The  last
estlma.te follows from Lemma 3.2 in the same way as the proof of [8: Theorem 2] B :

. Definition: Z a;,p;y is uniformly Abel- summble toorder 1 on the interval I [0, 1]'
1.9€d
and has the lnmt f if for every ¢ > 0.the series

u(x, t) = 4)‘:“,“;' exp U;-(ka,(m) - wnk,(m+l)) ‘}'%-(x)
(.)€

~

is umform]y convergent for z € I and if lim u(x, t) = /(x) umformly forzel.
, t—0

Rematk 4: In the case of regular ei egenvalue problems it can be shown that the expansions
“of sufflclently smooth functions into serics of eigenfunctions of such problems is Abel-summable
toorder 1 [5). The followmg theorem shows that this result cannot be valid in the case of non.-
normal eigenvalue problems of type (1.1). In the case of irregular eigenvalue problems, results

" have up.till now only been published on the Abel-summability to order'« > 1 (compare [9]).
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Theorem 4.2: If the series (4.1) is uniformly Abel- summable on the interval [z, 2,],

0 < 2y <2y < 1, with the limit foo(z), then the assertions (i) —(iil) of Theorem 4.1 are
valid.

Proof: Because of Theorem 4.1 it is sufflcrent to show that for every Be€ (0 )
the series (4.1) is uniformly convergent on [0, 8] and has the limit foo(x). Since (4.1) -
.is uniformly Abel-summable on [z, ,], there exists for ever ¢ > 0 a.constant C; > O
“such that

@y exp (@2, (@nkm — ka,(m+1)) t} @i(2)| = Cr

for (9, v) € J and z € [z, xl] Therefore we' obtam with Lemma 3.4 for't>0 and
{4, -u) €dJ- o . ‘ ‘ .

|a,,| S K exp{ —Re (7;-wnk,(m+1)) z;, — Re 4{i;'jv(wnk,(m) - wnk,(mi-n)} ‘}
2 : \

~ . . 1
_Re (;,,w,.k,(mm) 2+ 200 + ) (1 1o (—)) :

o~

Y where x,, €(x, —& ) and & ¢ =3z, —B) If we choose d > 0 and 6> 0 so that -

- d Re (2jwnkgm+ 1) > 27 (v + c,) 1+ 6) for 1=j=rv= v,

then we get with #y = e/d -

c A o - SoL (1)
'[ai,l' g b exp {—Re (2;@War,m+n) (B -+ 2¢) + 2n(v + ci)'—d-e (1 + 0 (7))
2

K2 { —Re (2, 0nk,m+n) (B + &)} S for1Sjisr, v 2' Yo-
v _Hence applymg Lemma 3.5, we conclude that the series (4 1) is absolutely and uni-
- formly convergent on the mterval {0, 81 . v ‘ o

Further we have s ’ '

'

Ru(B) — sup lfun(a) — z Z @191

z€(0.8) j=1 v=1
"< sup lfool®). — ulz, )] + Sup lu(z, t) — oa(, t)| ‘
z€[0.8) ) .

T

~+ sup |o,(z, t) Z’\ a,,sv,. (x))

2€(0.8) _ j=1v=1_ ) o 1
) =ZA(ﬂ, t) -+ Bn(ﬁ’ t)_ + 0n(ﬂ9 t)» - . X 4 ~~-.
.  where o )
. oa(2, t) ZJ aj, eXp {z/;v(wnk,(m) - wnk,(m+l)) t} V’;r(x)
1"5?2;.
Withe, > 0,7 = N(e,), z € [0, 8] and ¢t > 0 we-have
r -~ oo . Lo .
|u(z, t) — op(z; b)) < Z Z Iq,j, e”iv(“’nk,(m+l))‘ ‘Pi'(x)l
. j=1v=n+1. ..
T o0 & - -
<5 I ol <2
j=1v=n+1l N )
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S

Thixs, for t < tl(e,), n = N(e,) and'ﬂ € (0,_9;1)

AB, 1) + B(ﬂt+0(ﬂt._=‘—;+"‘—;+f—;“:e, g | -
an.d ) f
= hm Z a,v(p;v ,00 fOl‘» x € [O:ﬁ] I

n—c0 (jvI€J

> Remark 5: The results of this paper can be generalized in the following way:

(i) Let requlrements (2.3) and (2.4) be only fulfilled for k E I, {ky, ..., k,}; in this case we 4
consider, instead of (4.1), series of the form : .

2 a;p(2),

32 v)EI,XN

and we can prove like in Sectxon 4 that the assertlons oi Theorems 4.1 and 4.2 remain vahd if
- J is replaced by 7y xN. -

_ (ii) ITf the boundury conditions depend polynomla.lly on A and if these boundsary conditions
can be normalnzed so that their main part is equivalent to the boundary conditions (1.1b),
we can prove for this type-of problem results analogous to those obtained in Sections 3 and 4. - _

(iii) We have assumed for slmphcnty that Pj-1,j (1 = j = n) is constant. If we assume Dj-1.j
€ C'[0, 1], then the functions g, in formula (3.1) arc exponential functions, depending .conti- "
nuously ‘on the coefficients p;; and p;_, ; (compare [13: p. 4]); in 'this casé the statements of
Theorems 4.1 and 4.2 are also valid, since the formula 1,(x) = en® has’ only been.used in the -
proof of Lemma 3.4 and since th]s proof can be carried over-to the more geneml case.’

K

REFERENCES

[1] BERGMANKY, J.: Nichtregulire Randwcrtaufgabcn Beitr. z. Anal: 7 (1970) 71—85.

- [2] EBERHARD, W.: Die Entwicklungen nach Eigenfunktionen irregulirer Exgenwertprobleme
mit zerfallenden Randbedingurigen. Math. Z. 86 (1964), 205—214. .

[3] EBerirarD, W.: Die Entwicklungen- nach Flgenfunktlonen irreguldrer_ Flgom\ertpro-
bleme mit zerfallenden Randbedingungen IT. Math. Z. 90 (1965), 126 —137.

[4] FrEmING, G.: Zur Vollstindigkeit des Systems der Eigenfunktionen und Hauptfunktlo-
‘nen irregulirer Opcratorbuschcl Math. Z. 188" (1984 55—68.

- [8) Gasymov; M.G., and M. G. Dzavapov: Multlple comp]eteness of a part of the set of
‘eigenfunctions and adjoint functions of differential operator bundles. Soviet Math. Dokl.
) 13 (1972), 521 —524. Transl. from Dokl. Akad. Nauk SSSR 203 (1972), 1235—1237.
(6] HEisECKE, G.: Rand-Eigenwertprobleme N(y) = 1P( y) bei 2- abhanglgen Randbedingun-
. gen. Mitt. Math. Sem. GieBen 145 (1980), 1—74. -

[7] KBrOMOV, A. P.: Differentialoperator with irregular splitting boundary" condmons
Math. Notes 19 (1976), 451—456. Transl. from Matem. Zametki 19 (1976), 763 —772.

[8] Xpromon, A. [1.: Pasnowenue no COOCTBEHHEIM QYHKIMAM OGHKHOBEHHBIX JIMHEMHBIX -
nlid)(bepenunamnu‘( OMnepaTopoB ¢ neperynﬂpnumu pacnagaouyues KpaCBbIMH
ycaosusamu. Mar. ¢6. 170 (1966), 310—329. )

[9] KosTyucHENRO, A. (., and A. A: SHKALIKOV: Summability of eigenfunction expansions
of differential operators and convolution operators. Funct. Anal. 12 (1978), 262— "76
Transl. from Funke. Analiz i Ego Prilozh. 12 (1978) 4, 24 —40.

- [10] MENNICKEN, R.: Spectral theory for certain operator polynommls In: Functional Ana-

lysis, Holomorphy an Approximation Theory II (Fd G. I. Zapata). Elsevner Science ‘

Publishers 1984, 203 —243. L
[ll] Naimark, M. A.: Lincar differential operators, Part I. New-York: Ungar 1967.

[12] SHKALIKOV, A. A.: Boundary-value problems for ordinary differential equations with a " -

parameter in the boundary conditions. Funct. Anal. 16 (1982), 324 —326. Transl. from_
Funke. Analiz i Ego Prilozh. 16 (1982) 4, 92-—93. .

~ . . . . -



Bﬁchbespr;echung - 553

- P . . . - \

[13] TAMARKIY, J.: Some general problems of the hheory of ordinary Imear dlffcrentlal equa--

tions and expanslon of an arbitrary function in series of fundamental functions. Math.
- 7Z.27(1927), 1—54,° .

[14] VacaBov, A. I.: Multiple summability in eigenfunctions and associated functions for irre-
gular differential pencils. Soviet Mat. Dok] 21 (1980), 917 921. Transl. from Dokl.
Akad: Naik SSSE 252 (1980), 1300—1303. -

[15]) Warp, L. E.: A third order irregular bounda.ry ‘value problem and the assoclated series.

) Trans.” Amer. Math, Soc. 34 (1932), 417—434.

[16] WOLTER, M.: .Uber die Entwicklungen nach Eigenfunktionen N- lrregularer Eigenwert-
prob]eme mit zerfa.llenden Randbedingungen. Math. Z. 178 (1981), 99—113.:

~. <

: \Ianuskrlptemgang 30. 10. 1984 o ' -

- VERFASSER

Prof Dr. GERHARD FREILING

Fachbereich Mathematik

der Universitit-Gesamthochschule Dulsburg
D-4100 Duisburg, PF 101629

liuchbeépreeliung '

" H. Kurkg, J.MEeckg, H. TriepeL and R. THIELE (eds.): Recent Trends in
Mathematics; - Reinhardsbrunn -1982. Proc. Conf. Reinhardsbrunn (GDR), October
11—13,'1982 (Teubner-Texte zur Mathematik : Vol. 50). Leipzig: BSB B. G. Teubner:
Verlagsgesellscflafb 1983. _ - ’

Die seit Jahrzehnten stattfindende mpide Enwick]ung der Mathematik — vor allem ihrer
verschiedensten Techniken — ruft oft Ratlosigkeit und ein Gefithl von Verlorcnhclb hervor.
Deswegen sind Wegweiser und Orientiefungsmittel jeder Art von groBem Nutzen. Tnz.wxschen
sind regelmiBige Serien entstanden, die diesem Ziele dienen sollen . :
Dic zu begprechende Publikation enthilt “Invited Lectures” verschledenster Art.

L o ’ ] -
1. Es gibt iiblichc kurze Berichte und.Abhandlungen von L. BipEscu, S. V. BOCHKARIEY,
Z. CresteLskI, G. CaspEr und W. TrReBELS, K.-P. HADELER und K= Di1etz, C. ProcEsI (Com-

puting with Matrices), 8. ScawaBig, K. UE\O T. F. BaNCuoFF (Computer Graphics in Geo-
metric Research).und S. PROSSDORF. .

2. Berichte itber den Stand der Forschung auf speznellen (engen) Geblcten _
_a) W.DickmEers und R. J. NESSEL: Quantitative Banach-Steinkaus Theorenis —.-a Survey,
in dem auch sehr interessant auf die Vorgeschichte der Theorie eingegangen wird;

.b) M. CosTABEL, E.STEPHAN und W. L. WENDLAND: Zur Randintegralmethode: /ur das erste
I'undmnentalproblem der ebenen Elastizititstheorte auf Polygongebieten, . ) :

¢) V. HuBer-Dvson: Decision Problems in Group Theory;

d) D. G. SIMADER: Selbstad7ungzertheztsprobleme und spektmltheoretzsche Fragen fiir Schro-
dinger-Operatoren; -

.e) H. WavrniN: Inlerpolatwn by Ratwnal Functions with Free Poles in the Complex Plane;

- f) H. G. FEICHTINGER: Banach Spaces of Distributions Defined by Decomposition Methode
muI Some of Thetr Applications.’

d



