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Necessary Conditions, for the Uniform Convergence and Abel-Summability of 
Eigenfunction Expansions with Irregular Ordinary Differential Bundles 

G. FuElLING 

Wir betrachten nieht-selbstadjungierte Eigenwertprobleme, 

l(y, A) = .pj(x)y(k)) A"i + Any = 0 
j—` (Ik=0 

U,(y)=O(l!^v:9it) 

mit irregularen Zweipunkt-Ràndbedingungen - das bedeutet, daB die, Greeñsche Funktion 
des Problems auf jedem Strah1,inder komplexen A-Ebene f 6 IA.-* oq exponentiell.wachsen 
kann. Unter Verwendung asymptotischer Abschätzungcn für die Eigcnwerte A,, und die Eigen-
funktionen, ç,, des Problems beweisen wir notwendige Kriterien für die gleichmáBige Kon-

vergenz und die Abel-Summierbarkeit' von Reihen der Form Z Ea,g(x) auf [x 0 , x1] [0, fl. 
-	 •j=1,=I 

PacctaTpHna1oTc'n HecaMoconpsnlwl(rIbIe 3aa9ii na coücTneHHbje 311a'1eHIIH 

l(y, A) = ,' 2: Pkj(X) y()) A's- i + A'y = 0 
j=I k=0	/	 S 

U,(y)=0(1vn)	'	,	 '	 _• 

C iieperyiipiutu u3yro'ieiuz1r1 xpaeIJblMn ycJI0BMHM14 - Z)TO oaHa qaeT, 'ITO ()yHIauH 

UpHila npo&!etbI MoHeT pacTil aIdnoIIenuuaJ1bHo npli Al -+ cc na iajo iye HoMnIeIcIrofl 
A - n:IoCOCTH. HdnOJTh3yR acItMnToTII4ecx11e oIeHiII A JIR C06CTBeIIIIbIX oHaeHHfl )., It - 

4yHKt.UItl q j , npoGJIeMbI, JoHa3bIaaIoTcn IIeo6x6/HMLIe fcpIaTepHH P.315! pallHoMepllofl CxOP.n-

MOCTU H cy1IapyeMoc1'u no A6eiuo PRAOB Bliga 2: ap(z) iia [x0 , z1 ] c [0, 11. 

We consider non-selfadjoint eigenvalue problems 

n/jJ	 I. 
l(y, A) = 2: Epkj(x)y11.'' + A

n
y = 0 

I 
U,(y) = 0	(1	v	n) 

with irregular two-point boundary conditions - this means, that the Green function of the 
problem can grow exponentially for J AI --3,- cc on evey ray in the complex plane. Using sym-
ptotic'estimates for the eigenvalues A,, and the eigenfunctions q, of the problem we deduce 
necessary conditions for the uniform convergence and the Abel-summability of the series 

2: 2: a,,q25 ,(x) on [x0, z 1 ]	[0, 1]. 
)I "I
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1. Introduction 

We consider non-selfadjoint eigenvalue problems 

l (y , 2)	E ( 27 Pk,(X) y) 2'- + 2'y = 0,	 (1.la) 
j=1 \k=O	 / 

,U(y) = 0	(v =1,2, ...,n)	 (1.1b) 

with irregular two-point boundary conditions. An eigenvalue problem of this type is 
' called normal if there exist three rays, dividing the complex plane into sectors of open-

ing angle < yr, such that the Green function' G of (1.1) satisfies on these rays for some 
p ^ 1—n and c > 0 the estimate IG'(x, , ),) < c 121". If this estimate is satisfied in 
the entire complex plane, with the exception of circles of radius E> 0 with centers 
at the eigenvalues of the problem (1.1), and if p 1 - n is the smallest integer for 
which this estimate holds, then the problem (1.1) is said to be almost-regular of order p.. 
An almost-regular problem of order 1' - n is said to be regular. Eigenvalue problems 
which are not almost-regular are said to be irregular. 

Regular eigcnvalue problems have already been discussed by TAMARKIN [13], who proved 

that the expansion of a given integrable function / into a' series of eigenfunctions and asso-




ciated functions of problem (1.1) behaves in an equiconvergént way to the trigonometric Fou-




rier-expansion of I' and that every function satisfying the boundary conditions (1.1 b) can be' 

expanded into a uniformly convergent series. Subsequent regular, almost-regular and normal 


- eigenvalue problems have been investigated by many authors, recent, results on this topic can 

be found in [6, 10, 12, 14]. The expansion problem for irregular eigenvalue problems has only 
been discussed in special cases of (1.1). WARD [15], EBERHARD [2, 3], KHROMOV [7, 8], BERG-
MANN [1] and \VO'LTER [16].proved that the eigenfunction expansions of irregular eigenvalue 
problems behave like power series and that only a very small class of functions can be expanded 
into a uniformly convergent series of eigen- and associated functions of irregular eigenvalue 
problems.  

In a preceding paper the author [4] has proved a theorem on 'the completeness of 
the system of eigen- and associated functions of irregular differential 'bundles in 

1L2 10, 1']. In this paper we will give necessary conditions for the uniform convergence 
and 'the Ahel-summability of series in eigerifunctions of irregular and non-normal 
differential bundles of type (1.1). 

2. Assumptions and notations	 5' 

Let the coefficientsPkj in (1.1 a) sl atisfy the following 
(A1) pkJEC[0,1](2in,0ki-2),	 V	 - 

and PL, are constant for 1 ' j	n with p,,,, + 0. 
(A2) The characteristic equation 

• 27po+i =0	 (2.1) 

has n simple roots w 1 , . .,., (O,, ,vith oj '= R. e'' =1= 0 (1 	^S n) and 
•	 '	

'

	 01+.k(2+k).  
(A3) On each straight line in the complex plane there are at most two of the 

•	roots w.
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Remark 1: (i) In the ease of variable coefficieifts p,,(z) and p1._15 (X) we would have to im-
pose. very strong restrictions on the functions p j j and therefore we-omit the discussion of this 
case; the results of Section 4 are also valid if p,_, € C'[O, 1] (compare Remark 5). 

(ii) The assumption a j 4= CCk for j == k is not needed for the proofs of the results in this paper, 
but only to enure that the syteth of eigen- and associatd functions of (1.1) is complete in 
L2 O, 1].	 - 

•

	

	The boundary conditions (if necessary after the substitution x -* 1 — x) are assum-




edto be given in the following form: 

•	.U,(y) = 10)	(1 :!E^ v	m> n — m	1), 

U,(y) = ,U,0(y) - U, 1 (y)	(m + '1	"	ñ) 
with -	 - 

'S •	 -	 ,(,.-I	 4	 - 

U,(y) = y((0)	
V, o-,)y(i)(0) ,	 S

(2.2) 

U,. (y) = Y(,.) ( 1 ) + IT fl ,1y(i)( 1),	 -. 

0 x1<2<•"<,,n-1 and 0:!E^, n-1 for m+1	vn, 
1m+1 <1m+2 <'" <n^ Il. —.1 and with a , j , fl,, /2, € 

Notations: The 2-plane is divided by the lines . Re ().w 1 )	Re ()w,), i	j, into 2h 
sectors	 -	 -	- 

•	 8k	(A € C I Yk	arg2	yk+j.	(0	k	2h - 1) 

With °Yo < Y1 <:" <Y2h =	 For each k€ (0,1..... . 2h —1) there 
•	exists a permutation tk of (1, 2, ..., n) with 

-	•• Re (2w,,k( I)) 5 R 01W,,k(9)) :cS" ... ^ Re (2w k(fl) ) for 2 € 8k' 

The set of all k € (0, 1, ..., 2h — 1) with Re (e iYkw,k(,fl )) = Re (e iYkw,k ( rn+1 ) ) is denoted 
• by {k 1 , k2......kr, where k	k1 for i	j. For a1 C and with the integers x, and

 introduced in (2.2) we define'	 -	-	 - - 

a1nL ... an x i •	-	S 

D0(a1.... . am) =	 ,	 •	 •	 • - •	 -	 -• 

•	 a"	 -	 •,	 : 

•	:	 -	a"	 '	•	 -	 - 

.D, (a, :.' an_rn)  
a 1 " '''a"m 

a1=' 
1)2 (a 1 ,: . ., a,_,,_1)  

-	•'	 S 

Using these n)Otations we require for every k € (k 1 , ..., k}:	
0 

(i) Re (e1(O,k(m)) > 0,'	•	 S	 -	 • •	 (23) 
S -	 •	 (ii)DoIk =-DO(Wnk(1)..... wk(,fl))	 S	 -	

'	 (24' 

	

D02k = DO((')-k(1),... W(_j), w"k(rn±I))	0, - •	 - •	

. 

35 Analy.is Melt 1. Md. 5 (1988)	 -	 •	• S
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Dilk
	Dl(o,,,k(,,J+l),	(0()) == 0,	- 

	

'	
D12 = Dl (w k( ,fl) , 

W k(,fl+2), ..., ( O(n)) + 0 1	 -	(2.4) 

Ds I k	, D2(W,k(m+2), ..., W(.)) 4 0. 

Remark 2: (I) Requirement (2.3) implies that the eigenvalue problems considered in this 
paper are irregular. It is possible . to,generalize our results stated in Section 4 and to include 
almost-regular eigenvalue problems (compare Remark 5).	-	V 

(ii) Requirement (2.4) implies that the leading coefficients (with the highest powers of A) in 
the main terms of the characteristic determinant and of'theeigenIunctions do not vanish. If 
the coefficients Pkj. are smooth enough and if we use more precise estimates of fundamental 
systems of solutions, of (1.1a) (instead of Lemma 3.1), we Can weaken requirement (2.4) in an 

•	

- obvious way.	 V 

•	(iii) Assumption (A 3 ) can be replaced by the following weaker assumption 

	

,	(A) Re (e 1 W,k(rn._ I)) < Re' (e iY O)nk(m)) < Re (e1Yk (O,,k(m±2))	 V 

for every k 	1k 1 ,..., kr}.	 V	 V 

•	In this case [4: Satz 2.5] cannot be applied. 

3 Auxiliary results
-	 ' 

Here and in the sequel we use the notation A].= A ± 0(1/A). Using the assumptions 
we get the following -estimates for . a fundanental system of solutions of 

(1.la).  
Lemma 3.1 [13 p 3] For every sector 8k 0 k 2h - 1 there exists a funda-

mental system Yki, . .'., y,,, 01 sblution.s of equation (1.1 a) satisfying the estimates (0	s 

	

1)	

Yk (x i) =	)82vX[ (x)]	 (3.1)- 

for (x, A) E [0, 11 x 8k• The functions Yk' are analytic in A for A € iSk with JAI sufficiently 
large and the functions , can be represented in the form x,(x) = E, ezx with ë,, z € C' {O}. 
Without loss of generality we assume y,(0) = 1 and set a, := y,(l) 4 0 for 1 ^ v	n. 

L e in ma 3.2: Almost all eigenvalues of problem (1.1) are simple. The eigenvalues can 
be splitted into r sequences (A,,), EN , 1	j	r, satisfying the estimates 

1	V	 2n(v+cj)i+I09Ok,+0( 
- Wyk(m1) l ,	'	 V 

where	 -	V	 , ,	 V 

DD11 a,,(m+i) and c) € Z (1 ^
OIA 

 D02 D12,. afl, ( m )	 ' 

-'	 Proof: Using, (3.1) we get for 0	k	2h	1	•	 , - 

U,(yk,) -' [2co,]"	(1	v	m, 1	n) 
and	V	 V	

5,	 '	 •	 V	 - '	 - 

V	

•	

I [Aw,']'' a3 e" if Re (Aaj) > 0 
V	 •	 (m±1^vn).	V 

L4u,[)] -j-' [2w,] ' a, eA j if Re (Aa) ^ (3	.	-	- -
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Substituting this into the characteristic determinant, we otain for 2 € Sk 
Ui (y) ... Ul(y.k(fl))  

AkW =	.	= Ok( A) L lk(A)	 (3.2) -	V	

Ufl(y,k(1)) •.. Ufl(y,,k(fl))  
with	 -. 

• - Ok() 
=	 exp {2 (W k(m+2) +	+ W-(.)} 17 a (J)	.. 

j='m+2 

and	 S	

V	 - 

1k( ; ) = DojkD j 1k e" [ c1, kçm+ 1)]	D02kDI2k eofl(!)1a,,k(m)].	(3.3). 

•	arg 2	'k + e} Since	 V 

	

Re (Am+i>)> Re (2Uk (m)) for A € Sk \U Tk,o,	V 

we get from (3.2) and (3.3)	 V	

V 

•	 k(It) = Ok(2) DojkD l jk e"41 ['k(m+I)]	Ø	S	 •V 

for 2 € Sk \ (Tk, u	u Tk,) with I2 > C(k, s). Hence, for 0 < ^ 0 almost all 
• eigenvalues are lying in Tk,,. u ... i Tk,,. From	 -  

-.	Wk,_1(m) = W,,k,(m+1) and	k,-1(m+1) = Wrk,(m)	 V	 V 

we obtain	.	-	
V	 •V 

D02 .. 1 , D02k, = Do Ik,_ l , -D llk, = D12k,_ l , 1)12k; — DlIk,l, 

and this implies that both .1k,().) and L j k,_ I ().) have the form	 - 
V	 DoIk,Djlk, e2m+ 'k(m+1)	 V 

X ([ 1 1 -	exp {2(W,(m) - WT/ci(m+l))).
 

k1	V	 -	 V	

-	 V	

V	 - 

Using these estimates and the method described in [11: § 4.9], we get the assertion of 
Lemma 3.2.1 -	 V	 V	 V 

For 1	j r and v	 2 v0 all eigenvalues-2,, are simple and we have ,, € Sk , where' 
•.k € {k5 - 1, k,}. Consequentfy,	 - V	

V 

-	

-	
Uj(y)	..	U j (y>)	 V 

,,(x) =	n-1Uk11 . . . Un_()	 -	-	V •	 V 

Ynk(1)(X, 2)	... Yk(n)(X, )I)	 .	 V	 - 

defines an eigenfunct.ion correspiiding to the eigenvalue 2,.  

L e in ma 3.3: There exist K,, E C \ (0) such that the eigen./unctions q,. -satisfy for each 
pair a, b € (0, 1) the estimates	V	 V	 -	 V 

- V	

-	 q(x) = K. eAI	m+l)y,,k(,fl+1)(X) (Aj,cuk, ( rn±I)Y (DOlk, 
±0 (--))	-	

- -, V 

V -	- - Kj,'e1i' J(tfl)Xyk(m)(X) ( 2j,(Ok, ( m))DO2k, + 0 (k)) 
3 5*	.V	 V	

V	 V.



548	G. FREIITNU 

for 1	j	r, v	v0 O fL	fl —J and uniformly for x [a, b]. Without loss of 
generality we assume henceforth K 1 = 1 for 1	j	r, v E N. 

Proof: On account of .,. E Sk,.1 U S, for v :I>- v0 , we get similarly to the proof of 
• Lemma 3.2 for x€[a,b] 

q, (x)	±ok,(),) 1'21k5 {eai ki m+1 , k,(m + fl (X) (DO1kJ + 

- e1	X.() (DO2k	. 
0 ())}.,	- 

Since 0(1/2,) ='O (1/v), the desired estimate is valid for,u = 0; the estimates for the 
derivatives are proved in an analoguous way, using Lemma 3.1 I 

•	For the proof of the main results in Section 4 we have to estimate 1,(x)I. 

Lemma 3.4: Let 0 < a < x 1	1. For 1 :5-.	r. and v^ v0(e) there exist x,, 
E (x 1 —e,x1 ) and K0 >O such that	. 

Ko exp {Re (2jWkj( m+fl) x,} IAjWkj(rn+1)1Y 

for	j	,vZ! 0 (e) and O:E^ y	n-1.  

Proof: We set  

ii	-. •	
'02k,	Z,,k,(m)(X)	 0j1	\	- 
D01k t'k5(m 1)(x) \ 0 'k,(rn± I)	 . 

-	
.	x exp	- ('k(:n± n) x} 

-	Since y (x) = ez x and 

- O)k(,fl+I)) = 2x(v + c1 ) i ± log O, + 
OR), 

there exist K1 .> 0 and x1 , E (x1 - a, x 1 )such that	. 

 K1 for 1 <	r, > v0 (e) and 0 :E^	n - 1. 

V -.	 Combining this result with the estimate from Lemma 3.3, we get the desired result I - Remark 3: if requirements (2.3) and (2.4) were only, fulfilléd for k E Jo	{k 1 ,..., kr}, then

.the estimate of Lemma 3.4 would only be valid forjE J. 

From Lemma 3.4 we .easily deduce  

Lemma 3.5: There exists a constant K2 > 0 with	 V 

K2 I2;,I exp. {Re (2,wk,(,,+ I)) x 

• for * I :!E^ j	r, ^ v, 0 <z<n —1 and  E [0, 1].	•	 .	 . 

• For the formulation of the results in Section 4 we need some additional notations. 
For f ' (f1.....f	and 1 :E^ v :E^: n we set (/). = /, and define U(/) by U(/) ( 
= (U(f1 ), ..., U ,(f0 )) 7 . Further we set

d	 •.	 V 

= (y, 2!,, ..., 20_ ,iy)T ,	D =	 = —E Pk (x) D" 
aX	.	=o
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and	 - 
jO	10...0' 

1 00	1.•.0  

A'=I	 - 
0 0	1 

A 0 A 1 A2	A1 

Then (1.1) is equivalent to the system A Y2 = Yj:  

Definition: The vector-function / = (f,..., /J is called A-znalytic on the inter-
val I[0,1] if' DiA/(x) is defined for xEI,0jn---1 andqEN0=Nu(0) 
and if for every interval [a, ]	I there exists a constant K = K(a, , I, A) such - 
that	 •1 

Di(A/), (x)I :E_^- K'+1(q H j)!	
0 

for xE[a,j9],0	:5^n --1, I f,-v	n and qENo.	 - 

Example: Let q,, be the eigenfunction corresponding to , and t,:= (q,,,	.:., 
then we have DPAqo,, = p for 0	n - 1 and q E N0. Therefore, with


Lemma 3.5, we can see that Oj, isA-analytic on the interval [0, 1]. 

4. Main results	 -	
V	 --

In this section we will provenecessary conditions for the uniform convergence and 
• for the Abel-summability of series in eigenfunetions of (1.1). Since almost all eigen--. 
- values are simple, we may assume without loss of generality that all eigenvalues are 


simple - otherwise we would have to include a- finite set of associated functions. 
•	

- For a,, E CandJ = 11, ..., r} x N we consider the series 
•	 V	 V	

V	 V	
(4.1) 

•- 

(j.)EJ	 -	 V	 V 

where the summatioh is performed in an arbitrary but fixed order. 

. Theorem 4.1:. If (4.1) converges uniformly on [x0 , x 1 ] with 0 !!E^ x0 < x1 15: 1, then 
(i) the series	 -	V	 V	 V 

' a ,D ,,(x)	 (0 ;5 ,u	n — 1, aE N0 )	 -	- - 
(y,)EJ	-	 - 

are absolutely and uniformly convergent in any.closed interval [0, fl]	[0, x1); 
(ii) D/,0 = f,. for 0 'n — 1 and E No;	 S	

V 

(iii) F, :	(/.o	•., /,4_10)T, t E No, is A--analytic on the interval [0, x), and 

V	 - -

	 U8(A'F,) = (0, ..., 0)'i for 1 :E^: s	m and a, r E N0:  

	

PrOof: On account of the uniform convergence of the series (4.1) on [x0 , r] there	V 

exists a constant K3 > 0 with	
V	

V	

-	 V 

V	 •	 a1,,(x) ^ K3 for x E [x0 , x,j and (j, v) E '-	 -	V 

V	 -	

V	 V
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For fixed E (0, x1 ) we set e = 3 1 (x1 - ). Applying Lemma 3.4 we obtain 
K3	

S. 

-k
0

- exp {—Re (Aj,Wnk,(m+l))Xj,} 

	

•	exp {—Re ().j,W(m+I)) (fi + 2)} 

for 1 :5 r and v sufficiently large. Then, ising Lemmata 3.2 and 3.5, we get 
from requirement (2.3) that (i) and (ii) are valid. 

Since 
•	 .	 a1,A'ç7.	 -' 

'.	 S 

•	 A.?, =	a )II.
= 11,F, =F,+1, 

(j.')EJ	)'	 .	.	S	 - 

-	 - 

-	 mO 

we see that	= D'F,+q = F(P), is defined for -r E N0 ,- 0	n - 1 and 

	

•	q E N0 . Consequently,	 .	. 

U8(AF,) = L'a, A(U8(q, ) ) U8(p, )	i'U8(q, ))T = (0	o)T 
•	(j.'-)EJ 

- for I s sm and a,tENo.  
Finally, we have to estimate the components f,+ k.,(x), 0 :E^ k	n - 1, of DF(x). 

for x E [0, fi]	[0, x1 ). With s = 31(x1 - ) > 0 we get, as with Ia,,!, 
),1 '± a,,wI	 S	

- 

(j.v)EJ 

S	 KK, 
exp (—Re (2,,ak1)) 2e)	 . 

• (j.v)EJ 

K4	exp (—Re (2),wflk,(,,^1)) e} 
•	 (j.')EJ 

where K4,K5 > 0 and (e) = 2-' e min Re e''kJw,kj(m+l) I 1 :!E^ j. r}. The 1as 
•	estimate follows from Lemma 3.2 in the same way as the proof of [8: Theorem 2] I 

Definition: E a1 ,99, is unifornilyAbel-summable to order ion the interval Ic [0; 1] (j.')EJ 
- and has the limit / if for every t > 0 the series 

S	

u(x, t) =	a, exp (2j,(Ok,(m) - Wkj(m+I)) t1,(x) 

	

S	
S 

•	is uniformly convergent fr x E I and i( lim u(x, t) = f(x) uniformly for x E I. 
S	 S 

RemaIk 4: In the case of regular ejgenvalue problems it can be shown that the expansions 
- of sufficiently smooth functions into series of eigenfunctions of such problems is Abel-summable 

toorder I [5]. The following theorem shows that this result cannot be valid in the case of non. 
normal eigenvalue problems of type (1.1). In the case of irregular elgenvalue problems, results 
have up till now only been published on the Abel-summability to ordera> 1 (compare [9]). 

5-	

/
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The ore m 4.2: If. the series (4.1) is uniformly Abel-summable on the interval [x0 , x1], 
.0	x0 < x1 ;5 1, with the limit f(x), then the assertions (i)—(iii) of Theorem 4.1 are


alid. 

Proof: Because of Theorem 4.1 it is sufficient to show that for every E (0,x1) 
the series (4.1) is uniformly convergent on 0, fl] and has the limit /(x). Since (4.1) 
is uniformly Abel-summable on [x 0 , x1 ], there exists for ever t > 0 a constant C > 0 
such that

a1, exp {2j,(W j(m) - (I)kj(m+1)) t} ,,(x)I ;5 C 

for (j, v) E J and x E [x0 , x 1 ]. Therefore we obtain with Lemma 3.4 for' t > 0 and 
EJ	

0 

Ia,	..L exp {_Re ()., Wk,(m+1)) x, - Re (ii, (Wj,k)(m) - (bnk,(m+1))} t} 

=	exp {—Re (Aj,(On(m+l)) X1,+ 2(v + c)(1+0 (I)) 

•	where x7 , E (x 1 - s, x,) - and = 3 1 (x1 —). If we choose d > 0 and 60> 0 so that 

-	dRe (j,Wk,rn+1)) > 2(v + c1 ) (1 ± ). for 1	j :!9 r,v	v0; 

then we get with t	e/d 

  exp {—Re (Aj,w,k,(m+1)) (± 2s) +2z(v +cj)e(1 + 0
 (--)) K2	 7 

5-–exp{—Re(),w,k,(m+l)) ( fl ±e)}	for l:E^j	r VV0 

Hence, applying Lemma 35, we conclude that the series (41) is absolutely and uni-
formly convergent on the interval [0, fl].	 -. 

Further we have	•.	 -	. 

= sup /0 (x) -	a1,(x)	 -	 . 
XE[O,P]	 j= 1	1 

^ sup Ifoo( X).	u(x, t)I + sup ju(x, t) - a. (X , t)I  
x€IO.flJ	 XE[Ofl) 

+ sup Ia(x, t) -	a,,1(x)I	 - 
-	 xE(o.PJ	 )=1 =1_	 - 

•	

0	

-	
A(fl,t)±B(,t)±C(,t),	

0	 • 

where	 0	 - 

-	 a(x, t) =	a1, exp ().j,(Wk,(m) - ak,(rn+n) t} 1,(x).	
0 

-	 (j.")EJ 

1n 

With e 1 > 0, n N(s1 ), x E [0, fl] and t > 0 we-have 

Iu(x,'t) - a(x t)f ^5 .E Z Ii efr(,(m+)'j,(x)I 

r	00 

-	0	 )=1 ,'-=n+l	.	-	 •. .• 
E	Ia;,,(x)I	

- 
0

	

	 j=1 =n+1	 0	 3	 -


a
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Thus, for t < 1 1 ( e1 ), n	N(e1 ) andfl E (0,x 1 )	 . 

-+--+-=eI 
and  

urn	' a, 1 (x) = /(x) for x E [O,] I 
(j,)EJ 

Remark 5: The results of this paper can be generalized in the following way: 
(I) Let requirements (2.3) and (2.4) be only fulfilled for k E Jo	{k1 ,..., /ct}; in this case we 

- consider, instead of (4.1), series of the form	
0	 - 

(j.')EJ,XN	 -	 - 

and we can prove like in Section 4 that the assertions of Theorems 4.1 and 4.2 remain valid, if 
J is replaced by 1 xN.	 - 
- (ii) If the boundary conditions depend polynomially on A and if these boundary conditions 

can be normalized so that their main part is equivalent to the boundary conditions (1.Ib), 
we can prove for this type of problem results analogous to those obtained in Sections 3 and 4. 

(iii) We have assumed for simplicity that p,_ (1	j	n) is constant. If we asume pj 
•	E C 110, 11, then the functions z in formula (3.1) are exponential functions, depending ,conti-

nuouslyon the coefficients pjj and (compare [13: p. 4]); in this case the statements of 
Theorems 4.1 and 4.2 are also valid, since the formula x,(x) = ezZ has only been usedin the 
proof of Lemma 3.4 and since this proof can be carried over- to the more general case. 
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