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Pemeime aaii J1HpnXJIe B o6JIacTn c rpauueul, cogepmaigeirt	0 

CKpyrienHbI yroi') 

'B.'14. BJIACOB, L: B. Bo.rIicoB-1 A. [I. HPYHHKOB 

Es wird das Diriôhlet-Problem für die Laplacegleichung in einem Kreis mitabgerundetem 
winkelförmigemAusschnitt betrachtet und die Losung in einer Form erhalten, die im Gebiet 
und auf dem Rande des Ausschnittes Differentiationen beliebiger Ordnung erlaubt. Einige. 
numerische Resultate samt ihrer Analyse werden angegeben.'-

Pacc1oTpeIIa aaga'ia )HpI4XJIe gan ypaBHeHIIH Jlan.nacan IpyreCOcKpyI'J1C1i1INMy1'31oBhIM 
BbIC3OM If HallIeHo eë peuleinte is ()opMe; Adnyciiaioakeik gu epeHullponaHlle uo6oe '111C10 
pa3 a o6JiacTI1 11 Ha xoiirype c}pyrJ!eHHoro yrJla., I1pnBegeHbIHcJIeHnIIe pe3yJsbTams is 

, gaff ux aIta1Jl3. 

The Dirichlet problem for the Laplace equation in a circle with a iotch with' rounded corner 
is considered; the solution is found in a form that allows differentiation of any order in the 
domain and at the contour of the rounded-off notch. Numerical results and their analyáis are 
presented.	 . 

O. BBejeuue. Kpaeshle 3aa'w BO6JIaCTHX C rpaHillet, KOTOH Coep)KHT cRpyrjieH-
pbie  Bo3HuIaIoT B MXHifH H lH3HKe [6-8, it, 12, 14, 23, 27-29, 31]. 
B qaCTHOCTM, raE1ie aaya q is paCcMaTpssBaloTCIs B CBH3M C pemeHiseM flpO6JIeMhI Ey- 

qeHIsfi yflpyl'14X HPH3MaTII qeCIsHX c'repncileli [6, 23, 3!, 32], IIOCKO.nbHy oHa cBoJuTcH 
ii 3aga4e AHpixiie j.iix ypaBHeHnc JIaniaca B o6JlacTu r1orzepeHoro ceqeHis1 
CT}IR [11,31], a ceqeung npaKTwiecIcn B?1HbIX cTep?sciseü (BaJioB'cr1pooJIbHMr1H 
BbJToq}caMlj, rIpOKaTIIIIX Hisgeirnü), icaH npasurxo, eogepRaT cispyi'.JIellHhIe yrJIbI. 
Ocoóo ciiegyeT oTi'4eTHTb 344CRT IOHLOHTP9U111 HarIpH?ISCHHü (iix peaoe Bo3pacTaHne 
B5Jn4311 3aipyrJunoue1 Kpunoli), BOWimRaioEqHrI npn MaJihIx panycax 3a1cpyrJseHni 
[23, 25 1 32]. 

Hai nauecTHo [4, 6, 7, 12, 13, 17-19, 24, 31], Muorue BaxHue giis npHJIoHceHHfl 3aAaqH 
yHaoaHHoI'oTlsna iie noJIyss:IH y1onJIeTBopMTeJIbHOro peulellila, IICCMOTpH Ha 6oJlbluoe 
icojiqecuo paüo'r, nocisisuennux cr0 omicieauo, TH ISaK nonhiTHil isocnojioisamcis gjiø 
3T01'O 113BCCTHSIMM anaJIHTll q eCHuMu.0 q IsCJToHHbxMH MeToaMH naTaJIxunaloTcH Ha 3Hi1-
TeJmiIhie HpCnJITCTBHH. ripu npuenenn qucJlenHblx MeTooB(xoHeMHbIx paaHoeTefl [3, 19, 
29], lo)1e4HhIx 3JIeMeHT0R [22, 30]) u npnGJiluieuHMx aHaJrnTu qec}cnx MCTOOB (BapuawsoH- 
}IMX MeToyoB [9, 28, 31], HoJijIoxauIfl [18, 281, flpu5JiiuseHnoro HoHopMHoI'p 0To6paHseHuis 
[11, 14, 20,21, 27], i'paiiu'iiwx I1uTerpaJlbllblx ypaniteiiiü [11, 14, 26]) IIepeLKo ciiaaAbi-
BaeTCFI TaHoe noJ1oHeHI1e, '[TO OHU o6ecEre'inBaloT 61H3ocTb noiyaeoro npH6JlrnReHHOr0 
peuleuun H ToqFioMy rniypu O6JIaCTH, HO ncTpeaIoT apyjiieunn ripu 
nonin'ise oôecneq i4Tb TaRyto e 6JruaoCTb AJIR npoH3BoJI1hIX.pe1HeI(HH Ha rpalluue [4, 7,13, 
15-19, 26, 30]; ii pne cJly'faeB npoauouiie isa rpaiiuue CTMHTCR n04TH BCIOAY is 
JICBCPHMM 311a'IeIIItnM [22, 30] B1ecTe c re, Mirorie Tpe6yeMhlc is npHJoeIIllHx iseiis-

HHH (is TOi1i{ icpy4ei(irn DTO,. uanpisMep, aaituihtaJTbnMe iianpn+ceiiiin) 'imipaisaioTcls 
MMei{Ho.Mepea npOMaBOJUIhIe peWeHisH xpaei)ofl aagais isa rpaiuue oGJlaCTit. T11 BeJliS'IHIIU 

') Vortrag auf dcrKonferenz ,,Complex Analysis" (s. Z. Anal Anw. H. 2 (1986)).
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M0*mo flOJIy'IuTh 113 ro q uoro aiiajnlTH qeCHoro peuleurni, HOTopoe HaX0JflITCJI C fl0M0UhIO 
c0H(f)OpMH0rO OTO6pa+ceHns1 IICX0H01 O6JIaCTII; O!IaHo O63IaCTH, BcTpe4a1onHecn n ioneiiiax, 14MeIoT CJIo?fHyJo cTpyHrypy (HanpilMep, pyrone MHor0yroJ1b1lHIH C Goim- 
fIlM qHcjIoM CTopoH), u ero rlocTpoeHle HaTaJwIiBaeTcg na flpuHE14nHaJ1b1IHe MaTeMarl- 
'iecie Tpyj1IocrH [17, 21]. 

B pa6ore [2] 6bIJIJTpeJ1oaeii aI1aJI11TM qeciHi MeTOTt peuleHI4n }cpaeflbxx 3aaq 
J1H ypaB]ICHH q Jiarijiaca B O6JraCTflx C rpaHMLe1, coJepcaI1cü cHpyrJienflble yrmr. 

3TOT MeToJ rIoaBoJIaeT HaTH pemei-iie H Bee ero rrp01,13130jHbIe B Oô.naCTH M i-ia ROB-
Type cRpyrJieHHoro yrJia. B HacToREIei pa60Te npoBeJeHa q McjIeIrHan pearinaaqin 
3TOI'O MeToa gim o61acrii i, npeACTaBjimoulerl co6ort iKpyr Co CRpyrJIeHHbIM y rjioBEim 
BbIpe3oM. B nyire 1 6npeeJ1eHa o6JIacrb y m neKoTopoe eë pacrtrnpellle 3, a 
rae npHBe)cHbr OCH0BHLIC 0603Ha qeHuhl. B riynwre 2 Aaua nocraHoBica ajaq 
LHp11x.ne B o6JIacTIr y H BBe J eH oyHRIHoHajfl,Hoe lTOCTHCTBO, B HOTOpOM HHeTCR 
eë penleHue. B riyiiine 3 H3J1oaeH .MeTOj, B cooTBeTeTerni C ROTOpbIM peureHile 
noCTaBjleHHoti 3ajaq 11 upeJcTauJ1fleTH B BMJe npeJeiia nocJIeJoBaTeJzbHocTfi CyMM, 
co1Jep?faunx 4yHKi141i, cIuraaHHbre C R0B(()opMHhlM oTo6paReHHeM O6JIaCT11 S. B 
nyHRTe 4 ycTaHoBJieii BHg ROHopMHoro OTo6pa1ceHun o6.rIacTII S. B HHRT 5 - noCrpoeHo pemeHne HpaeBOR iagaqm. K xoHIy npJBeJeHhI '1 tc.nei hie pe3yJIbTaThI 
II aH i-tx aHajnr.	 -	 - 

I. OCHORIIbIC o6o3HaqelnIri. HyCTh o61IacTh 9 Ha- RoMuJieRcHofi JIJIOC}cOCTM W Opr'aHH-qeHa HOHTypOM , COCTOBhJI1M 113 ABYX 3BeHbeB, 3 = r u y; 3)eCb F - yra ox-
pYRROCTW,	 - 

P={w: jw - HI = R, largwj	r(1 - x)},	 (1) 
-	a y = YI U Y2 U Y3 - CxpyrJIeHHhJi yroi, o6pa3OBaHHEJii oTpeaRaMH np51nix Yi' Y3, CO-

eu1HeHHbIx 3axpyrJurnoELei gyroft Y2'	- 

Y28 I = {w = r	cot ,ar ^ r ^ [1/11 2 + (R2 -- 112) ec 	- 11] cos!! 	xr, 

s=1,2; 

Y2 =. 
f
	0 + e'': 01 =	cosec x, 

_r(-_x)i^t(-_x)}.	 .	(2) 

Tor'ja	xpyr Co CHpyrjieiiHrM yrJIoBhIM BbI3OM (Cu. plc. 1); uapaerpi Icpyra: 
H - uep, R - paiiyc; napaMeTpbl Bhlpe3a:	- pacTBop yrJia, (R - 11) - rily
6mm, 77 - pawiyc 3axpyrJleHiiil. BBejeI enë yrmi /9rii vriio opIyJ1aM /9 = 2(1 - 
H 2v = 1 - 2% = /9 - 1. 06JiacTI, y onpeeJ!eHa npir Juo6bIx R, H, ,-/9, ymoBJleTBo-
pRIO[UHX yCJI0BJIrIM 0 < R, —R < H <11, 1 </9 < 2 ii 

-	 - [1/11 2 +(R2_ H2)sec2. - H] sin ..ç, 11 0; 

-	-	—(R+H) tan -ç,	 11<0;
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-	 - _--	 Pc. 1 

OHa MO?HT 6iim 11pecTaBJIeHa iiait riepeceeiiue icpyra (w: Iw °— HI < R} c oG.iia-
CTbIO $	, ol'paHH'4eHHofi cIpyrJreHIILL4 yr'JIoM aSJ y: 

= Y2 U {w = r e±( I ): cot x7z	r -,	}. 
5L'otnii upaHilUb! ON, B KOTOhIX oHa nepeceiaecn c 6ncceHTpnco yria {w: Re w = 
o603HaITM M it N: M = oo, N = O + 77. Toiii COCAIIHeHH q 3aHpyJ'J1flloIre gyr il

 Y2 Co CTOOIIMH yria o6o3Han1 B n C: 
B = 77 cot	 exp[i(1 —	it C = 77 cot xtexp[i(x - l)t]. 

BBegeMo6oa}Ia qe}IIfl-1: u = Re  ii v =1m w; D( m . n )lp(w) - qacTilan HOH313O11fl 
am + n (w) 	I	 - 

aum &v , rge m, n - IIeoTpl-luaTeJIhHhIe iejmje NcJIa; (ckp) - HBagpaTHaa MaTpHIa,' 

det(...) - onpege5rrITeJ1b MaTpmbx (...); V(R) = {z: IZI< R, 0 ^ Tm z} - rlOJTYOT-
HpblTblii noiypyr na HOMrIJIeKcHo flJ!OCIcOCTM z; mt y - gyma y 6e3 1oI1Ielhix 
To'IeK; I y - 3aMbIIaHHe o6.nacTl1 / ;'w' - TOK14 gyl'M I'. BygeM I'OBOpHTb, 'ITO 3agaH-
Nan B YHHIWH 1(w) I4MCCT Ha PciteO /(w'), ccrn oiia nMeeT FIO rITH Bclogy Ha ['onpe: 
geJleHHr,Je npegejinie 3HaveHHfl f(w') noBcem HeFcacaTeJIbIlhrM nyTHM. Cica.rinpioe 
npoiiaegene (getcTB11TeJIhHo3Ha9HMx) 4yH1IHi / 1 (w') 14 12 (w') B HOCTBHCTHC L2(1') 
o6o31IaHM (/1, /2),	 S 

(ti(w' ), /2(w) =f /(w') /2(W) dw 'I;	Il/Il  

EygeM I'OBOpHTb, 'iTO B0CJIegOBaTCJIbIIOCTb cx00umc5i pacFto.41ep/w enympu .ituO-
dscecmca T ecmir ?Ha CXOUTCfl paBHoMepHo Ha KMOM IoMnalcTe E	T. 

2. ITOCTalIOBBa 3aaqIf.. IlyCTb w = u() — IcoH()OpMnOe oTo6pa?HeHIIe rloJlyKpyua 
{: j < 1, Tm C > 01 ila o611acTb y, nepenogaiiee rIoJTyoHpynHocTh {:	= 1, 
Tm Of B Ayl'y I', H nycTb 1'. - o6pa3 flOJiyOicpy?IcIIOCTH (: II = r, Im C > 0) 
npn oTo6pa?IcelIIiI4 w = z(), 0 < r <'l. Torga iiaaoBeM e 2(, I') Fci1acc()yFIFcLl1ii (w), 
rapMolu1'iecKIix ir V, Henpepb!BHbIX B y u mt y, o6paaaioittx,cii B HJIh iia jut y, H 
TaEmx, 'iTo	S 

sup f I(w)I 2 I dwl <co.	 S 

rE(O,1) r,

\
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Teopeia 1: Coaiaco [2: cTp. 10-12] uteem ecmo: 
1. Eciu 95yuuK p(w) npuuaThiedscum ?c.iuiccy e2(, ), mo oa iteem za I' ciieO 

p(w') € L2(P).	 .	 -J 
2. Hiacc e2(, I') .oiIaemcK eehdtuôoe&M npocmpaKcrneoM Co ca'i.c pnwt npou3eei3e-

nue	-	 - 

(v1(w), 1p2(w))e,(r) = Jim f lP t (w) '2(w) Idwi. 

3. Onepamop S: (w) 	(w') ocyzqecmeiiiwm u3oAiop5u3 npocmpaiwme e 2(, F) u 
4(P). 

• 143 rIocJlegHero YTBepHgeHHfl reopei 1 cJlegyeT, q'ro 

U (v1(w), 1P2(w))e4r, = (v1(w ' ), 2(w')); 

113 HCFO 'BhITeHaeT TaHme cyIrecTBosaH}xe H eJHHCTBeHHOCTb pemeHHH IpaeBot 3aa4H 

P(w) = 0, to  ;	= 0, wE inty;	 (4) 
= h(w'), iv' E F;	h(w') € 4(P),	 (5) 

i'e (w) E e2(, F), a paBeHcTBo (5) ahmoJnlneTcg BO'1TM BC1Oy; / = D (2 °) + D(02) 
- onepaTop ilarijiaca iia rIJI0CROCTH.	 - 

3. MeTOA pewdHusI. llycTb Z = Y(w) — 1oH(opMHoe oTo5paaeHFIe o6rIacTH 3 Ha 
{z: 0 < Tm z}, yoHJreTBOprnouec-ycJ1oBMflM 

(N) =0;	Y(M) = 00;	T(w) -- elT wfi ,	iv M;	 (6) 
o6paTlloe oT06paHeHkIe o6o3I-1ajnM qepe3 iv =T'(z). Oripeeaix YHHLkHH Q(w) 
no opyie 

Q(w) = Tm [cT(w)} P ,	p = 1, 2 1 ...	 (7) 
HpH5JnLceHHoe pemeHue)"(w) 3aaqB (4),(5) 6yeM HCHaTb H BHe CMMhI 

-	 K 
VI(w) = ' a'Q(w),	 (8) 

P1 

}oa4HI.HeHTbI HOTOpOI 5yeM HaXoJHTb H3 yCJIOBHH MHHMMM 0THJI0ILeHHH ip"(w') 
OT h(w') B HOMC 4(P): 

IIh - v")= mm.	 (9) 
YcJIoBue (9) npuBo1HT H cJ1e)yone11 CHCTeMe JIMHeHbIx ypaBHeHuul: 

K 
' Cpq1q = h, p = 1, 2, ..., K;cpq' = (Q, Qq);	h = (h, Q). (10) 

Teopena 2: Tlycmb h(w') € 4(P), a p"(w) onpeaeiz.emcK coomnowenuu (8), 
(9). To2aa: 

1. nociieaoeame.Ibuocrnb {tp"(w)} (coorneemcmeeu,o (grad WJC}) cxoauinc npu K —>oo 
/Jyn,ctuu (w) € e2(, F) (coomeemerneenno n eë 2paauenrny grad (w)) pa6nomepuo - 

enyrnpu i u mt /; äJiK jUO6bIX m u n, m + n > 2, nocjjeôoeamedibnocmb {D(mM)W!C(w)}, 
cxoöiimc2 npa K — 00 D(m47)(w) pacnotepno enympu y u mt y \ ( B uC); 

2. c.'ieô p(w') npeae.zbnoa f)ynuu v(w) no'mu ecioy na I' paeen /iynictuu h(w') 
U c0ena9aern c ,ieü e rno'ax eë nenpepbtenocmu;
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.3. ôzi cccx p cyuecm8yem• npeaeit.. 

1ima'=a,	.	 - ( 11) 

it u.ieem Mecmo pa3Jiocenue 

	

=	aQ(w);	 -	 .	 ( 12) 

cxoö.ufeecK enympu Y(V(P)) etecrne c nepe&u np0113e0n&411, 20e P = mm {1c7(w)I: 
E I'}; na .14nodlcecmee Y1(v(P)) \ (B u C) eo mowno Ouepnlup66amb iuo6oe 

'ucw pm. U psa ua npowIeoônbix cxoôumca pacnotepno enympu arnoao Awoxceffh6a. 

,Z olca3aTe.rIbcTBo: Corxaciio [2] yHiuiin1 Q(w) iiiiie10 He3aBHdnMM 14 o6pa-

3IOT noIny10 CHCTemy B HOCTHCTB e2 ( 1 F); fl1tMCHJ1H H MUM npotecc OpTO-

rOHaJLH3aIU4 H PpaMa-llIMlIgTa, noxyaeM C yHeTOM Teopembi 1 opToHOpMHpoBaHHbI 
6a311c {w(w)j,	 .	S 

On(W) = , ' aQ(w),	det(akP)I° +0,	 (13) 

rje LmaTpHila Ho344uIu4eHToB (akP)1' HMeeT TpeyroJ1bHbIi BHA: akP = 0 npi k <p. 
EcnH 4yHH1111O h(w') u3 (5) paMO2KIITE. B pq) Dypbe B 11OCT3HCTB L2(f') no CHC-
TeMe {cO,,(w')}, TO rapMOHH qccHoe npo)Oi1.HeH11e aroro p gga B V gaCT B cooTBeTcTBHH 
c [2]' petueiuie 3agaql4 (4), (5): 

00	 .5
 

p(w) =,' c0w(w),	c = (h(w'), w(w')),	 '	(14) 

H cJIe)oBaTeJ1b11o, (w) E e2(, I'). HdnoIb3yfl CBOCTBO 'MHHHMaJThHOCTH cpere-
RnapaT11'moro OTHJIOHeHHH opeaa pflJa Dypbe OT npeycTaBJ1neMo9 4yHK1nf, 
HaxoHM, qTo ueJIl4qHHa 

K 
h(w') - ,	w(w')	 .	 ,	 (15) 

n-i 

oc'ri4raeT MHH11MM flH ,,= C,. C flOMOEIb1O BbI?HHH (13) npeo6paayei (15) 

K	 K 
h(w') - EaPKQP 	.	=	 ( 16). 

p=I	 .	n=p 

HOpMW (15) 11 (16) HBJIIIIOTCH COOTBeTCTBCHHO 4yHKLHHM11 nepeenix E,, na"; 
TIOCKOJIbRy nepexog OT OI1MX JIepeMeHHbIx H gpyl'HM OnHchIBaeTcH Jn4HeHbIM npe-
O6pa8oBaHneT (16), HRJHIIOEUI1MCH corJiacHo (13) . HeBupo?KeHHbIM, a MHHIIMyM 
HOMh1 (15) O6ecnequBaeTcg iipn 6n = C,, TO HOPM (16) AOCTNrHeT MI4H11MM flM 

	

= rje	=	+ ... c,aK,,. HpHHHMafl BO BHIIMâHHe cooTHOEueHnH (8), 

(9), HaXOHM, RTO  

K 
ip K(W ) =	c,w,,(w);	.	 (17) - 

-	n1 

	

ora HcnOJIb3yR ycTalioBJieHi-IbIe B [2] . cBotcTaa CXO J 11MOCTI4 pna (14), noJiyae	- 
- a (17) nepie ABa yTBepageHMt1 TeOpeMhI. 

TaK iai	 (w) E e2(, I"), TO C0rJIaCHO [2] otia paaJIaI'aeTcH B pg (12),

CXOJIHLI(Hiicll TaM, HaM yHa3aHO B TpeTheM yTBep?HeHIIH 'reopeMbl. IlCnOJIb3yH (7) 

5 Analysis Bd. 6, Heft 1(1987)	 -	/	 S
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nepoe ycJIoBlfe ' (6),no;lyqaeMHa (8), 4T0 1o44ll4L11eHrhI a,,c moryT 6hIT& lmIpa)FceHbI 
epea npoFI3Bouh1e YHHLIIH tpK(W) B TOKC N: 

a'	
'(-1)1'-'	PE1	1 

- p 2' c'(N)I P	m! (p .— m - 1)!  
< Cos	 : D(m+1.P-m-1)K(N) ± sin	D(m;P_m)pK(N)};	- (18) 

113 (12) TeM Ke I1TM MOHHO HafTH aaioravyio 4)Opmyjiy Aim a, ROTOR wfeeT 
BUJ (18) C - 3ameHOR. d91 Ha as,, a tp"(N) - Ha tp(N)'; Bdno.mbByH eë H OPMJ1 (18), 

- noJ1yaeM 113 cooTHolueHM g D(m.)ipK(N) D()(N) npm K -- , dnpaBeg.irnBoro 
B cmay uepBoro,yTBepKeHJ4H TeopeMbl, p6BeHCTB0 (11) I 

Ha reopei 2 cIeyeT, 4T0 pemeHHe i(w) 3aaH (4), (5) MoeT-6Nm Ha8lpei1O IcaK 
npegei upti K - nocJIeJoBaTern,HocTn lyHHiI1tl K (W), npCACTaBJIFiemmx CYMMO (8), 
rae.Q (w) onpee31H1oTcH 113 nipaenrn (7), a xoa44iuIeHml ap 1 - H3cHeTeMh1J1HetHbx 
ypaBHeRHil (10). 3roT cnoco6 oTucIcaHIrn p(w) npeACTaBJI qeT co6ott BapilauT upe)J1onceH-
HOro B [2] MeToa pemeirn icpaeaux 3aa q Ann ypaeHeumR JLaniaca B O61IaCTAX C rpaiiHie, 
cogepwaigeik cxpyr.aeHHhe yrJThI, flHMC11HHH R aaae (4), (5). 

4. Kouopiuoe oT06paaeiu1e. fIocicou.icy HerlocpegcTBeHHoe oTbIcIcaHae HOH4OpM-
HOPO oT06pa7HeHIrn Z = Y(W) 3aTpyHMTeJIbHo, TO BHa qaJ1e ' HaiJeM o6paTHOe OTO-
6paceHne w = T(z), MeTobI B0CTOCH11R 8OTOpoI'O pa3pa6oTaHbx [5, 21]. tyrn-
iwa w = Y'(z),' HOH4OpMHO npeo6paayioivaH noJcyrIJIocIcocTb. {z: 0 < Im z} Ha 
o6iacm S, yoB.neTBopsLeT, B COOTBeTCTBHH C (6), YCJIOBHJqM 

= N,	3'(00) M= co;	 (19) 

	

2. z ± o ( 1 ),	z-*oo.	 (20) 
EyjeM HCIcaTb ee B anye -T 1(z) = /(z/,x), re 4yHHIHH f(),4 = z/, oT06pa?IcaeT 
flo.rIyflJlocFcocTb. {: 0< Im } iia oacTb S Co CJIegy[QUAHM cooTueTcTBaeM ToqeK: 

/(0) = N,	/(1) = C,	f(oo) = 1W,	 ,	 (21) 
a napaMerp . c, 0< X, BhI6HpaeTCfI TaK, 1 ITO6hI BbcnOJIHaJaCh aCHMBTOTHqeC}caH 
ocea (20). 061IaCTb $ npecTaBJll1eT co6ok KpyI'OBol TpCyI'OJIbHIIK C yrjlamH, paB-

epurniiax B a C, n yraom — 2i B B epLuMHe M. floaroMy B COOTBCTCTBHB C 
o6,meft Teop11ei OTo6pa^Reimn HpyroBblx MHoroyroJ1bHrnoB [5, 21], 4yHEIHH f() 
ecTb orHolueHile /() = .E j()/ 2() gByX J1aHe1Ho IIeaaBIlCnMbIx HHTFJ1OB ypaB- 
HeHirn Puiaua S"() + (1 - 2) [4(2 - 1)]1 .EiC) = 0. C flOMOIIb1O oaMeHu riepe-
MCHHhIx

2 
1	-,	S() =	2 (t)	 ,	 (22) 

3T0 ypaBHeHae npeo6pa3yeTcii B rllnepreoMeTpzl4ecKoe YPaBHeHHe Faycca [1] 

(t)=0. 

HdnoJn.ayH [1], rml6npaeM ja ei'o JillueliHo HeaaBllcclMhIx pemeHirn BBae 

i(t)KoF(	 ;1_;t )a

Im
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re F(a, b; C; t)' - uHnepreoMeTpHec1aH yHKIiIfl, a nocTociHHaa ,K0 noJ1e?KHr' 
onpeeiierno B CoOTBeTcTBnf c'(21) Bocno jlbaoBaBwHch KBapaTII'lHhIM npeo6pa3o-
BaineM [1]	 '	 I 

F(a,b; 2b; t) = (i -
	[a ± 1 ±; b+

	(2	

)2], 

flpMBO1HM BX K BHAY  

1+ p	' 

	

(t).=	 F[ Iv- 
	

v ± 1.1	
( 

t )2] 

	

= gfl (i -
	

F [ v ± 1 + .-
 G t t )T 

- 
a B03BLIRC& C flOMO1LbIO (22) K nepemeHFMIM H .E'( C),'noJiyqaeM H3 HMX 

- -

	 .E1()=K0 (_. )-r(_	v±1 1 — — - C-2) . 

TOP)	HKII4H ./()	S1 ()/S2(4) iMeer BHA	 ..	" 

-	 v	V+1;1.2	-	S 

/	\P	2'	2'	'2''' 

	

=	o(J	i -i-i  Fl 
\2'	2	''.	2' 

Bra yH}ulln y)oBJIeTBopaèT nepBoMy H TPTbMY yC.ThOB14H (21); BbI6HpaH K0 uo 
BTOOUO CJ1OBHR (21), riepexo H 4)yHHIU1H 17'(z) = /(z/a) H Bia6mpan a H3 yCJIO-
nir (20), noJJyaeM  

v	v+1	(\2]	- -. 

	

-	2'	2	'-	2''z/j = e'T zo

F Iv	 ' 
+	 . a \21	 ,	

,,	(23) 

\2' 2	+ 2\z)] 

a -'

	

	.2 [ (
	

) 
r2( +	 .	 S - 

L (v+1)172(v+1) 

AmoepeHIAHPYR (23) C yqeTOM CBOfkCTB rImepreoMeTp1qec1dllx (yHKIHt [1], naxoii 
npe)ICTaBJIeHIle AJIII npOH3BOHO1	 S 

.	
.	 fiz'o	2,  

= F2 [
	v + 1 1 + • 

f\21 	) 
L2' " 2 '	2'\z/j  

flpcTaBMM 6To6paiceHHe w = 7'(z) B BHe KOM6HH841f tYHHIAHft JIeHawpa. 
BocnoJm3ye1cr1 .nci aTor'o c.uejyionei cBH3b!O MeKy rHnepreoMeTpHqecHI4MH



68	B. 14. BJ1ACOBHJp. 

yHH[1nM11, BXOJHE1HM14 B (23), ii 4)yn1aMHMH JlemaHApa P,() If Q) coorecr-
BeHilo nepBoço H BTOpOI'o po)a: 

F(- -v-  , - 
V ± ; 1 - P 2) = 2'F(v + 2) 

2	2	2	 /	1


S	 )6t[P,+1(l,) - P,()] - tan 'ji [Q+1(C) - 

	

V + ; 1 +; 2)	 (	2)	-F (v 
 2	2	2	 fP(v+1) 

flocTaBJIrn1 3T0 B (23) H yq llTbiBaFi (24), no.myaeM	. 

	

[	 /.z\	z./ 

	

jn I	 P^1 i— i — — P. i	 - 
—'— I	 x 	) = e 2	tan v —	

(Z)-
 /	 . 	(26)


Q+1 -- Q,
OC  

OTc1oa naxoaM JIPOH3BOJUIYIO oTo6pa?feHHa B BH) 

	

ve'2	z	z	 -2=	
(v + 1) [') -	

(L
)]	

(27) 

B qaCTHOCTH, eë agaqeuHe B TOK z = 0
Iv+1\	- 

•	 Y-"(0) =	
2(v + 1) r	

2 ) 
[_ '+ 1) P2(v + 1)	(28) 

vr
2 (L)	L' ( + ) 

f2 ( 
+ 

OTMeTHM,- 'ITO B paôOTe [32] oT06pa?fceHMe Y HaüyeHo B BHAe pnja. 
•

	

	OôparIIMcn Tflb K flOCTO1LO oT06paKeHHa z = 3(w). Corjiaciio [2] OHO npey-




c'raBI4Mo B BKge pnja 
•	1	 1-2k 
(- i PA

00

 

3(w) = we 2) +XA2k_l.
/
we
. 

2)	,	 S	 (29) 
k=1 

-paBHoMepuo cxoanerocn B {w: lwl E [71 cot xz, co), arg w E[—r/2, fl7/2}}, KOa44H-
iHeumi KOTOpOrO C83H2J C O6paTHbIM oT06pa7KeHIIeM 1OMYJ1MH

1 

= (2k —i)(2k)!	dt2k llq,(t) ]
"1}'	(t)= [3-1 ()J7. 

1o9(xuLu1e11TbI A2k.. 1 y)O6HO BbI'IHCJIHTh, HCxOHH3 r1pcJcTaBJ1eH11u (23) gim 
IOJCTBJ1flK B HPO BMeCro F(a, b; C; ) mnepreomeTpHtfemift png It 

yejieue pHJoB,.noJ1yqaeM 

	

-	f	 J\2k1	- -	-	 (z) = e 2 Zft 1 + .'b' k (-) I,	 •	 (30) 

	

L	k=1	\Z/j
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panoepo cxoiweecsi B {z: Izi E [cc, oo), árg z E [0, 7il }, rje 1CO3II11LMeHTM b'k 
onpeJeJ1nloTcI 113 PeRyppeHTHbIX cooi'iiouieini1: 

k-I	 2k—v-2)(2k—i'-3) 

	

b2k = ak - ak — !' ba_3,	ak = a_1	2k(2k - fi) 

	

,,,;(2k+v-2)(2k+v-1)	a0'=a0"=1; ak - ak_2	2k(2k + i) 

Mcxoci 113 (30), Haxou1M C nOMOIIbIO ()OpMy.fl JJIH A2k_l , qTo 

= 121'B2k._ l ,

	

	1 = [77 tan vv]' I ,	 -	( 31)


re I<O3421LHeHTh1 B2k_j BhI?IIOTCB qepe3 b'2k C.me1yI011HM o6pa3oM:. 

2k/fl 
22k 1(v (v +	

p2 

B2k_l = -2k - 1 	+ 1) P2(v + 1) tan I' 

/2k—i 

	

ki
)	

b2',	b'28.; x 	 ' 
m=1	 8,+"+S,,,k 

3ecb CMMHpOB8H11e upOir3BO)HTCH no BCM B03MOHHMM 

IS,, (p = 1, 2, ..., m), 
a (') - 

61,11loM11aJIbIIue Ioa44IHIMeHThI. 

5. lloc'rpoenue peIJeHh1n 3aa'IiI. B03imlmaa pfiA (29) B cTene}Ih p c yeToM (31) 
11 oTeJlnH MHUMyIO qaCTb, noJ1yaeM npecTaBJ1eHMe j.mi 4)ynH1}Ii Q(w), w =r e1: 

	

00	 \

 

_Lk
	 (-2k) 

Q'(r e ) =	
k=O	

EkPI21'r	sin	
+ _],	

(32) 

- rje pg CXOHTCHpaBHOMepHO B (re'': r E [1 P , oo), q' E	 a se-IuqHHbI

CBH3aHbI C Hoa44}IuueHTaMII B2k_l )OPMYJ1M11 

("'p\
E0 = 1;	Ek = E	 )	'	B23 ,_ 1	-23,,,- 1

m=1	 ,3,+..+$,,,.k	 -. 

BMMcrIH1 3JIeMeHTU cpq MaTPMIUOI CØCTMbI JI11HeHhIx ypaBHeH11 (10). 3a1eTHM, 
'ITO ypaBHeHI-Ie Ayru p ( 1) B KoopAmiaTax 7, q ilMeer BHA 

p= jr(g,) c ill : r(9) = H cos' + }/R2 - fl2 sin2 q,	q' 

- (33) 

flocTaBJu1H B BbTpa?1eH14e (10) Ami c pig (32), cxonau1cn 1I}! w' E P, If y'IIlTbI-
Bad (3) 11 (33), HXOW4M 

00 

Cpq =-	(_i)" 12Ickpq, 
kO
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(	2s) Cpq	 [ 	
+ 

Ln 

[ 

-2k + '2s) + ci 
3/r2 + [r'()}2 d. 

	

X sin	 99

•	' BLIq1CJ1I1M npayio 'iacm ci1creIbx (10). 14cxog M3 opMvJrb1 (10) AIM h7, ii 14Cflonh3yH

(3), (32) ii (33), 11oJ1yaea 

	

•	 (-1 )k l2hk,	 '	(34) k O  

hL P = EkP f h(r() c') [r()]	sin [(r - 21).+ 

X Vr ) + Ir'(q,) ] 2 
I 
d. 

fIOCTaBJu1H B CIfCTeMy (10) 3TM BbipaeHrn TJ1H Cpq ii	ii pernaH eë, noJiyqaeri lcoaf- 
1111LUCHTbT	C ix HOMOII(hio ripIIó.r!nnceHlloe pe luel-Ille aaaqn (4), (5) HXOI4TCR

no,t)opMy.ne (8), a cr0 npol3BoHh!e o1lpe9eJIftIoTcg paBencTBoM 

I	K	 1 D( m . p! (w) = Tm j(ir ' a1
d m+n k ')i W-

	

•	(35) 

	

•	 p=1 

BI,ITeKa1ounM 143 (8). B1I6i1paH K jocTa'roqHo 60JIbm1t, AOMiraem B cooTHeTcTBl4M 
C reopeiolt 2 3aa1lHoi1 TO qIIOCTII BLIqHCJIeHHH petheirn (w) 3aaq M (4), (5) i eë 
fl pOH3BOJuIMx D( m (w) . S

/ 

113 (35) csIeJyeT, B '(acTHocTil, BbIpwReHile Aim rpaueIITa 

K 
grad v"(w) = -

	

	E pa lt ( )P-1 ,	.,	
( 36) 


p= 1 

rez nax0j11Tc31 113 Tpa11c4euae1ITnoro ypaBHeIrIlcI w = -'(z), w 	.\ P (3geCb H B

1ieiweM 4epTa naj q IICJIOM o3uaqaeT icoMnjleHdnoe conpHIeHi1e). Bnux cooTHouleHMnx 
(f)yHNE11H -'(z) or1pe)eJ1ReTca 113 (23) iaii (26), a eö flpOM3BOaHaH	113 (25) iiii (27). Or-




MeTIIM, 'iTO rpaeHT peweHHcI B TO II .He N onpee-uf eTcH opMyJIoft, BalTelcalowell 113 (36) 
c y'ieroi (19) H (28): • •	

:	 ,	- 

	

( 2)	 9	

2.v	 r /	1 \	I - 1 \ 1 1I 
1 -	VP	 v I v -	P Iv + - -- \	/	\ grad ,pK (N) 1 = q,'??$ 	 - 

	

-•	 '2(v -fi 1) f2 (±_!\	(v + 1) ['2(± 1) 

2 

OTMCTHM, '(TO 3Ta llOpMyJ1a MoHeT 6NTb HCflOJIb30Baua I31H BhI1HCJleilIIn Majc1iMaIbHOro 


	

•	Hanpfl?fceHIlH B aaga'ie 0 K'iCHH11 cTep{HH .0 ce'leHfleM B BHAe O6JlacTH g '(oira, icaic oTMe-
qaioci, BO B8eJelIni1, CB0J11TCH Ic aaaqe (4), (5)), rzoc110JLb1y HanpliHelJHe 1Th1paaeTcrI 
'lepea grad (w), a ero MaIcciIMyM ThOCTHI'aeTcfl B Toq I iie N.  

5) -	 'S
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'luc.'IellllMe peayJu.Tam!  

1. OcyuecrBi1eiia q ijcieniiaci peaJIH3a1AI1f HaleIlHoro peuleHHH aaa'H (4, (5); fl113TOM 
rpaiwrnai 4yHI<UHH h(w') B yciioBnii (5) 3aaBaJIaCb B BHJe, paccMarpHaaBweMcR B [10]: 

h(w')	h(m)(w'),	w' € F,	m = 1, 2, ...,	 (37)


rje h(m)(w') onpeeiioca no opyjie  

h(m )(w') = [r(q)] sin	(c + -v-) ,	.	S 

a r(p) - ypaBHelllle gym F (33). BM600 raxoro BH h(w') cBHBaH Co CJIeylOUMMH cBo1-
cTBaMII yixuit h( m)(w') ii pemex tp(w) aaaqu (4), (5), (37):	- 

1. CUCTeMa {h(m)(w')} B coorBeTcTBn}i c [2] HBJIneTcHnornIolt B L2(fl, a npi H = 0 oiia, 
xax iieTpyjilio aaMeTliTb C noMonbIO (33), npejcTaa1neT Co6oü opToro11anhHN16a3HC. 

•	2. [Lpi i = 0 peneHHe-(w) ' xe 3BMCHT or B, II H, BaipaaeTcn 4opsiyio . ?P(W) 
•	= Irn [oxp (in/2) w]mIfl.	 • 

3. ' AJIJI Beex xo3NHI1rieHToB a  B paanomeHIIII (12) Ann pemexrin aaaq (4), (5), (37) 
- I3bInojinHIOTCR cooTHoweHwfl	 - 

a2p = 0 npn rn = 2ni' - 1 it a2 _ 1 = 0 upH m = rn' (ni', p = 1, 2, ...); 
•	 (38) 

0H11 BuTexaloT- H3 paHeilcTBa h(m)(w') = h(m)(w') np m - iiC'1THO1 H paneucna h(m)(w') 
= h(m)(w') npri ?n- qeTHOM, a Taxne 113 cnMMeTpHH O611aCTHg oTHocriTeJmHo e1CTBH-
TeJmHofl OCH. 
• 4. Hoii'iecro riapaMeTpoB, BXOHllHX B aaay (4), (5), (37),(3W B, H, 77, fl, m MoeT 
ShIm MCHbHO xa eHm.y DPH HOMOLUH nepexoa x tHB[1111 '(1v) - pemeHiMo aTo 
aaaq ii B o611acTH r={w: wrl € g}, juin RoTopolt napaMerphI B, H H 77 3aMeHeIIN cooTneT-
cTI;eHHo iia R/, H/i' it 1, nocxOmxy MeMAy V ( W) H ti(w) Cy11CCTByeT CBH3b Bia V(w) 
= i1m/fl(w/)	 --

•	20. B peayilbraTe paceToB 6buIH noiyeni qHcJleHHiIe 3Ha4eHHH (w)H grad tp(w) jrni 
3JIUHMX HaGopoB napaMeTpoB B, H, ,fl, n. Hpri 3TOM xoHTpornipoBaJlacb BewiHlIa 

IpK (w)._ tp(w)I (max {,(w)I: w €})--' oTfociITeJmHol norpemaocTn; eë MaxcilMyM, 0CTH-
raeMhzl CorJIaCIIo npiauunny MaxcriMyMa na gyre F, pae	 S 

(
max l"(w) - h(w)I) (max h(w)i) '.	 . - (39)

we!'	 we!'	 -	S 

Ha piic. 1 npecTaBJ!eHa1 peayiibTaThi pac'iera il im B = 10, H = 3, 17 = 1 ' . # = 5/3 it m = 1; 
aeHpHOfl jimititeft 143o6pa?xeHa rparia O6JIaCTII g, JIHHHfl a - arnopa BejMqi4HI,t Igrad i(w)l 
Ha jyre y (3HaeHi1R OTO1 BeirnqHHbI OTJ1OMeIlBI no HopMaJIH K y), nh1!L1H b - rpax 
yuxri (w) HaoTpe3xe (WE g : 1mw = 0). ilpuaroM B CMMC (8) Sujjo UpHH5IT0K=49 

(3UMeTHM, qTo laKT1i qeCHIi cHcTeMa (10) cogepxaJ1a jiuum 25 HeM3BeCTHHX n cHJiy COOTHO7 
weHu1 (38)), a MaxcitMajiaHa g oTHodllTeJIbHan flOF[UROCTb (39) cocTaBH1a 3,74 i). 

3° HpoBeeno q iciieHuoC IiccJIeoBaHHe pemeiix	(w) 8aaqH (4), (5), (37) npli B -+ co

H 4nlxCHpoBaIIHhzx napaMerpax I!, 77, fl, II m. Ono noxaaaJio, .qTO BCe ico344iuAlleHTbx a 
B paaJIoxen11H (12) ii1eIoT IIH B -^ - xoHeqBhie npeeiai a( m ), He aancnruxe OT Ii,npH-

- qeM am(m) = 1 H a(m) = 0 HpH p > rn. HCEIOJIbOyH BCHCTBO v,(w) = mlfl1 )(w/11 ), Haxo- 
HM, 'VrO a(m) = (rn-P)fl (m) re d(m) aaB[IcHT yxe Tojiaxo OT P. Yq HTMBaH euë COOT- 

HOIIICHMH (38), rIoJly'laeM, -[To iipii B - oc pemeHiteaagaH (4), (5), (37) cTpeMHTdax4)yHK-
IfliM  

-	 rm-Ir	• 

-	 ip(w)=o X	,22877 1lm_28(W), dm (m) = 1;	•	 • 
3BCb [C] oauaqaer ie1yio 'I3.CTL qHCJIa C. llpHBeeM aHaqeHHH nec}coJmxiix	 H0944H-
ltReHTOB 	npu ft = 3/2:	= 0,38167; d2 (4) = 0,50889;63 (5)  = 0,63611; (5) = 0,16568; 
64 ()	0,76333; 2(6) = 0,053 147; (7)	0,89055; 4(9) = 0,34525;	= 0,082 659.
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