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. A New Computer- Assisted Analytlc Method for the Dmchlet
and ‘Ieumann Problems?) - o : , -

HEerBERT H. SNYDER and Rarpr W. WILKERSON

Es wird eine neue Methode zur Behandlung des Dirichlet- und Neumann-Problems fir die

Laplacegleichung im R? und R? eingefithrt. Mit Hilfe der Computersprache FORMAC wird

gezeigt, wie eine vollstindige Folge harmonischer Polynome in einem Gebiet ¢ der Losung |

orthonormiert werden kann. Dann ist die Lésung als Entwicklung in diesen orthonormierten

* Polynomen darstellbar. Wenn die Randwertc gcmsscn Bedmgungcn genugen, konnen die
Kocffizienten automatisch berechnet werden.

- BpopuTtcs HOBHI METOX pelIeHHs sagau JIupuxie u Hefimana mua ypasuenus Jlanjaca
B.R* 1 R* C nomowpi A3HKA IpOrpaMMHUpPOBAHAA FORMAC nokasnBaeTci Kak op'ro- .

" . HOpMHUPOBATH IlOJIHyIO nOC.TIelIOBaTCJIbHOCTb rapmommecmix MHOrouneHos B obmacru G

‘PCLICHUA. Torga peuieHe npeacTasuMo B mme Pa3a0HKEHNA 10 .ITHUM OPTOHOPMUDOBAHHLIM
MHOTOQUJICHAM. ECJIH l\paenue 3HAYEHUA YAOBIIETBOPAIT HEROTOPHIM yC.TIOBHH\( TO KOO(‘I)(I)H-'
. IHEHTH pd3JIOH\eHHﬂ MOI‘yT OHTb BHIUMCIIEHH aBTO\laTH‘IOCKH

The authors introduce a new method for the” Dirichlet and Neumann problems (in R? and R?)
based on.certain theorems of Zaremba and Bergmann. With the help of a symbolic computing’
“language (FORMAC with PL/1), the authors show how it is possible to orthonormalize a com-
plete sequence of harmonic po]ynomxa.ls on the domain @ of the solution. The solution is then
given by an expansion in these orthonormalized polynomials. Under certain conditions on the:
. boundary values the expansion coefficients themsclves may also be automatically culculat,ed.ji

Let G bea snnply -connected domain i R? or R whose closure is compact, and whose
" boundary 3G is at least piecewise smooth. (In R?, we suppose that G is 3- connected.)
We con51d§>r for G Dirichlet’s problem: to find a.function » such that

P2u=0 od @G,

s

. | | o

u=F on dF. .
(Where F is a given funcblon and V“’u = Laplacian of u), as well as Neumann’s
problem . Co
V2 =0 on G, ) . ‘ A
o ou ' o : ' ()
N F on 4G, _ : o :

(where, in (2), the boundary vé.lue function F must also satisfy the compatibility .
condition f F do =0, where the mtegral is the line (surface) integral around 8@ in

‘R2 (R") 8u/aN is taken in the sense of the outer.normal to G).
1t is well known that there exist few methods for these problems which are both
_analytic and compulationally effective. For example, among all orthogonal coordinate
systems, Laplace’s equation separates in only a few; these may be found in (for
example) MooxN and SPENCER [11] In such cases, the method is well known, leading

1) Vortrag auf der Konfercnz.,,Complex Analysis“ (s. Z. Anal. Anw. H. 2 (1986)).
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to solutions in the form of multiple infinite series or integrals. Tn R2, on the other -
hand, there is the possibility of obtaining a conformal mapping of G onto the disc
and/or the upper half-plane. However, if G is (for example) the interior of a real
polygon (i.e., with no vertex at infinity), then the mapping function will be in
general at least hyperelliptic. Even with the aid of approximation techniques, it.
seems fair to say that such methods are really effective only in the hands of a few
specialists. (See, e.g., the collection of papers in BECKENBACH [2].)

Our method is based upon certain theorems of ZAREMBA [17, 18] and BERGMANN

[3]. Although obtained many years ago, their theorems have only recently become

- computationally cffective with the dévelopment of high-speed symbolic computing
methods. With Zaremba, begin with the Green’s identity

f/V"’gdr—{—fo—ngt:f/%da (3)
G’ o G G .
for sufficiently smooth functions /, g. Define the inner p}oduct ‘
(hgy=[V/-Vgde , S )
G .

and the associated gradient norm ||f|2 = (f, f). Let now {P,} = P,, P,, P,,.". bea
sequence of harmonic functions, complete in the space of harmonic functions on G,
- and orthonormal on @ in the gradient norm. We seck a solution u of Dirichlet’s

problem (1) in the form : o

u= 3 anPp o " (3)
m=90 .
and, in (3),set f =u and g = PI,‘ for an arbitrary fixed n. Then (3) becomes
: oo " &P, ,
w VP dt + } ap(Pp, Py)= | F do . (6)
m=1 ' oN - . '
‘ G o % :
“since f = w = F on 9G. But since V2P, = 0, (6) reduces to
' ‘ P, , ‘ - "
'-va"~fF6Nd0' o | )
4G , ‘ . ~

For Neumann’s problem (2), proceed similai‘ly but with f = P, and g = «, so: tha:t

m=1

[ P, V2ude + ¥ an(Py, Pp) = [ P,F do.
q . - %G -

Here we have V2 = 0 on G, so that

= [PTds. - | ®

oG

. In both cases, we see that the expansion coefficients a, are all determined -except

- for the coefficient ag of Py == const, which is lost upon taking the gradient of (5). But
we have u = aq + 3 a, P, = @y + v (say) and, if Q is a conveniently chosen point

. of the boundary 9G, then a, = u(Q) — »(Q). Let us notice, finally, that the calcu-
lations (3)—(8) are entircly independent of the dimension. The theorems of Berg-
mann (op. cit.) show that the resulting expansions converge absolutely and almost
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uniformly on G. (These results of Zaremba were discussed by NEWARI [12] who
however, does not contemplate the kind of direct 1mplementat10n of them glven
below.)

For Zaremba’s method to be’ computa,t,lonally effective, one must be able to pro-
duce the necessary complete orthonormal sequence {P;,} of harmonic functlons on G.
In R?, the real and imaginary parts of (z + )™, viz.,

1, z, y, 2% — 42, 22y, ... A (9

are certainly harmonic and complete on every such domain G, but obviously not .
_orthonormal. In principle, one may orthonormalizc. the sequence (9) (up to some
finite degree p) by the Gram-Schmidt algorithm; which entails repeatedly computing
double integrals of polynomials over G. Clearly, such computations are not manually
+ feasible for moderate-to-large p, even for geometrically simple domains G.

At the time when we began these researches, we had access to large-scale dlgltal
computing facilities’ equipped with the symbolic computing capacity known as
FORMAC (a symbolic pre- processmg auxiliary language associated with PL/1; vide
Banr [1]). FORMAC possesses, in partlcular the capablhty of a.utoma’uc mtegratlon
of polynomials. '

It is beyond the scope of this paper to go into details of a FORMAC program
necessary to carry out the kind of calculation we have described. (We plan to give
such an exposition in [15]; vide also WiLKERsOX [16]:) . . '

However, we do want to emphasize the analytic (as opposed to numerical) character
of the method by exhibiting certain portions.of the program’s output. In the first
part of any such program, one:obtains the polynomials (9), up to some specified

degree p. (Any portion of the calculation — including the specified subsetof the poly-

nomials (9) — may be printed out for the analyst’s.inspection.) In the second part
of the program, one encodes the necessary instructions to-orthonormalize the poly-
nomials (9) over the domain G in question. '

We have already remarked that our method is essentlally independent, of the
. simension of the space. One must, of course, be able to produce ab #nitio the neces-
dary complete set of harmonic polynomials. In R3, it is well known that there are
exactly 2m + 1 linearly independent homogeneous harmonic polynomials of degree
m = 1,2,3, ... Togenerate them, introduce the hypercomplex vartable Z = x + vy 4§z,
‘where j2 = 1 — 7 Then Zm has one real and 2m * ‘imaginary parts”, all linearly
independent homogeneous harmonic polynomials of degree m, given as coefficients in
the expansion of Z™ over the first 2m - 1 of the elements 1, 7, j, 77, 22, 2%, 3, 2%/, ...
(the totality of which forms the basis of an infinite-dimensional commutative algebra
over R; vide SNYDER [14] and RoscuLET [13]). Any finite subset of polynomials
generated in this way is in principle machine-computable. We do see some possi-
bilities of our method for the Robin’s problem: 8u/dN = au + F on &G (with «
piecewise-polynomial). We shall discuss these and other extensions elsewhere.

It seems clear that our method should be applicable to Dirichlet and/or Neumann
problems for a large class of homogeneous partial differential equations of elliptic
type. In particular, for linear elliptic equations Lu = 0 with L = P( (0/ozy, ..., 0/ox,),

P a homogeneous polynomial in- the partials, can one characterize a ]arge class of'
such equations which possess a complete set of polynomial solutions? Some important
special results along these lines have becn obtained by MiLEs and WiLLIAMS [6—10]

- and by HORVAT}I (5]



-2

96 H. H. SNyDER and R. W. WILKERSON ' -

REFERENCES =~ I

[1] BAHR K A.: FORMAC 73 Uscr s ‘\Ianual (SHARE program Library Agency, Tape No.

) 360D-03.3.013). Durham, North Carolina: Res. Triangle Univ. Comp. Center (ca.) 1976.

(2] BeckENBACH, E. F. (ed.): Construction and Applications of Conformal Maps (Nat. Bureau
Stand. Appl. Math. Ser. No..18). Washington; DC: U.S. Government Print. Off. 1952.

{3} BereMaNK, S.: Uber die Entwicklung der harmonischen Funktionen der Ebene und des'

Raumes nach Orthogonalfunktionen. Math. Ann. 86 (1922), 238 —271.

‘[4] BUCHBERGER, B., CoLLINs, G. E., and R. Loos: Computer Algebra: Symbolic and Alge-

braic Comput,a.tlon ‘New York: Sprmger Verlag 1982.

[5] Horvarh, J.: Basic sets of polynomial solutions for partial differential equa,txons Proc A

‘Amer. Math. Soc. 9 (1958), 569 —575.

{6] MEs, E. P., and E. WILLIAMS: A basic set of homogericous harmomc polynomials in
k variables. Proc Ather. Math. Soc. 6 (1955), 191 —194.

‘ 71 MiLEs, E. P., and E: WiLLiaMs: A note on basic sets of homogeneous harmonic poly- i

nomials. Proc.. Amer. Math. Soc. 6 (1955), 769—770.
[8] MrEs, E. P., and E. WriL1ams: A basic set of polynomial solutions for the Euler- Ponsson-
Darboux a.nd Beltrami equations." Amer. Math. Monthly 63 (1956), 401 —404.

[9] MiLes, E. P., and E. WiLL1aMs: The Cauchy problem for linear partial differential equa- -

tions with restricted boundary conditions. Can. J. Math. 8 (1956), 426 —431.

[10] MmEs, E. P., and E. WiLLians: Basic sets of polynomials for the 1temted Laplace and

wave equations. Duke Math. J. 26 (1958), 35 —40.

{11} Moown, P., and D. Spexcer: Field Theory Handbook Berlin— Gottmgen —Heidelberg:
Springer-Verlag 1961.

Equ. Maryland: Univ. Maryland Bookstore, 1956, 157 —178.
[13] RoscuLkt, M.'N.: Algebre infinite asociate la ecuatii cu deérivate partmlc, omogene, cu
coeficienti constinti de ordin oarecare. Studii si Cercetari Mat. 6 (1955), 567 — 643.

[14] SxypER, H. H.: A Hypercomplex .Function-theory Associated with La.place s Equa.tlon .

. (Mathematische Forschungsberichte: Vol. 23). Berlin: Dt. Verlag Wiss. 1968.
[lo] Sxyper, H. H., and R. W. WILKERSON: A néw, analytic method for the Dirichlet and
Neumann problems using symbolic machine-computation . Indmnapolls J. Ma.th Phys
: (to a.ppea.r)
[16] WrLkErSoxN, R. W.: Symbolie- computatxon and the Dlrlch]et problem. In: Proc Conf.
. EUROSAM 84 (Lecture - Notes in Comp Sci. 174). New York Sprmger Verla.g 1984,
59—63.

mentales harmoniques. Bull. Intern Acad. Sci. Cracovie, Classe Sci. Math. Nat. (1907),
147—196. _

[18] ZarEMBA, S.: Sur le calcul numérique des fonctions demandees dans le probléme de
Dirichlet et le probléme hydrodynamique. Bull. Intem Aca.d Sei. Cracowe, Classe Sci.
Math. ‘\Iat (1909), 125—195.

Manuskripteingang: 29. 01. 1985

VERFASSER

Prof. Dr. Herpert H. SNYDER - _Prof. Dr. RaLrr W. WILKERSON

Department of Mathematics Department of Computer Science-
" Southern Illinois University . University of Missouri N

Carbondale, IL 62901 USA .. _ " Rolla, MO 65401 USA

 [12] NERARIL, Z.: On the numerxcal solutlon of the Dirichlet problem. In Proc. Conf Diff.

. [17] ZarEMBA, S.: L’equation biharmonique et une classc remarquable de fonctnons fonda- '



