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On Solutions of Fu'st-()rder Partlal leferentlal-Functlonal Equatlons -
‘in an Unbounded Domam

. 7. KaMONT and K. PrzADKA , : ‘ 4

- B i - < 3 v
Unter der Varuussctzu‘ng der Stetigf(eit und einmaligen /par't,iellen Differenzierbarkeit der
Losungen wird bewiesen, daB8 das Cauchy-Problem oo o

.

L. 2 (2, y) = f(i)(x,~1, 2(z, y), é; zy(')(x, _1/)) . . N ) .
! .- i=1,..,m
Wz, y) = 0’;(1', y) fur (2,y) € [—7, 0] X R* . . ‘
mcht mehr als eine Losung besitzt, falls die Funktion /— (/“’ ...y f™) der Variablen

(2, y, p, 2, q) die Lipschitzsche Bedingung beziiglich (p, z, ¢) oder dlo Llpscluwsche Bedin-
gung bc7ughch (p, z) und die Holdersche Bedingung beziglich ¢ erfiillt.

Iloj ycyoBiteM HENpPEPHIBHOCTH 1 CYLIECTBOBAHHA M3CTHRIX npnmaonuu\ nepBOro nopagka
peuleHutt AOKABHBAETCA, HTO 3ana4a Houmnt

zz“’(x, y) = /9(a, y, 2(z, y), 2, 2,0(z, y)) _ ) .
- , - , t=1...,m .
20z y) = @iz, y) ana (z,%) € [—7,, 0] x R? - .

MOMKET MMeTb TOAbKO CUMHCTBEHHOE pelueHHe, ecu’ Qyuwuua f = (f, ..., ™)) nepe-
MEHHHX (z, ¥, P, 2, ) “yAOBIeTBOPAET ' ycloBuwo.. Jlunwuna no nepeMeHHbM (P, 2z, ¢) Ml
ycaosuio Jiunmmnua no nepeMeHHHM (p, z) H ycnosuio I'énbaepa 1o nepemennoii q.

Under the a.ssumpt,lons of continuity and the existence of first-order partial denvatlves of
_the solutions it is proved that the Cauchy problem

2,9, y) = f“‘(x,-y, 2(x, y), 7, 2,9z, y))

. i=1,...,
z(z, y) = @iz, y) for (2,y) € [—75, O] X R"* b "

admnts at most one solution if the function f = (/“’ «.vy /'Y of the variables (z, ¥, p, 2, ¢)
satisfies a Lipschitz condition with respect to (p, z, q), or a anschltz condition with respect
to (p, ) and a Hélder condition with respect to g.

'd
A

1. Introduetion /
\ \

First-order partial dlffercntml mequa.lmes were first treated by A. HAAR 9] nnd by M. Na-
¢uMo [20). The classical theory of partial mequaht]cs is.described in detail in [17]. The in-

" vestigation of properties of partial differential-functional’ equations of first order is strongly’

" connected with the theory of differential and differential- functional inequalities. In [11]
differential-functional inequalities are applied to the estimation of the difference between
solutions of. two systems of partial differential-functional equations and to the formulation
of a criterion of uniqueness of solutions of such systems: Differerice mequdlmes corresponding

" to the-differential inequalities with a retarded argument, are considered in [13]. The paper
[14] contains sufficient conditions for the stability and usymptotnc stability of solutions of
non-linear partial differential-functional equations. The basic tool in these investigations are
differential-functional inequalities and Lapunow functions. Generalized solutions of partial
_equations and inequalities are considered in [1—3, 7, 15, 16, 18].
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,

The problem of exnstencc of solutnons for partlal differential-functional equations is also
strongly connected “with differential inequalities. A global -existence of solutions together
with an estimation of the existence domain is considered in [12, 24]. At the present moment’
there eXist numerous papers on this subject. For more detailed information and references see
(2, 12, 24]. '

This note deals wiéh solutions of differential-functional equations and inequalities <
- defined in an unbounded zone. The solutions are supposed to be continuous and to
have first partial derivatives. The theorems discussed here are known, under the
stronger assumptions that the solutions possess the total differentials [11, 24].
“Denote by R* the n-dimensional Euclidean”space and by y = (Y1, .-, Yu) itsele-
ments. Let I, = {0} X R?, Dy =[—14,0] X R* and D = [0, a) X R", wherc 051
and 0 < a £ +oo. Suppose that z = (z(, ..., 20™) is a function of the variables
(z, y) defined in a domain O R If 2 possesses first- order partial dcnvatlves
on Q; thcn we denote : -

o i _ (i Wy L ‘
2, = (zz(l): ceey ’-'.z(m)))':- : zy(” = (zyl,)) ooy zyl,.) “y = [ZJ, ,]?=1 ..... m-

‘ . . . ji=1L... n ;
Further, denote-by C(X, _'Y) the set of all cé)ntinumm functions defined in X taking
values in Y; X, Y being arbitrary' metric spaces. Suppose that ¢ = (¢y, ..., @n)

€ C(Dy, R™and . . N A S

[ = (o, fm): DX R" X C(Dy u D, k") X B" - R™.

i z € C(DyuD, R™) and possesses fxrst order- partial derivatives on D \ 1,, then
we dcfme for (z,y) € D\ I, N

f(x v, 2z, ), 2, Zy(% J)) . -
= (f(l) (=, ?/’ (z, y),z z (1)(113 ?/)) ’,/(m)i'x’ ./’ 2(z, y), 7, zy(m)(x Z/)))

In this paper we shall deal with the Cauchy problem for partial differential-
functlonal systcms of first order

(e ) = f(z, v, 2z, y), 2, z,(x, v), (&y)eD\ I,

(1)
2z, y) =9, y), (%, y)€ D0° :
The, solutions are supposed to be continuous in Dy u D and to have first-order par-
tial derivatives in D \_ [,. As a particular case we obtain diffcrential- -integral equa-

-tions and systems with a retarded argument '

First-order, partial dxfferentral-functlonal equations have applications in different branches
of knowledge. Hyperbolic- differential and differential-integral systems of first order have
recently been_proposed [3] as simple mathematical models for the non-lincar phenomenon
of harmonic generation of laser radiation through piezoclectric crystals for non-dispersive
materials and of Maxwell-Hopkinson type. There are various problems in non-linear optlcs
which lead to non-linear hyperbolic differential-integral problems. For more detailed in-
formation and references see [4]. Non-linear equutlons may be used to describe the growth’
‘of a population of cells which constantly differentiate (change their properties) in time [8].
First-order partial differential-integral telegraphic equations are’ examined in [19]. Qur results
in this paper are o.lso motivated by appllcatlons of partial differential- mtegral equations
consndered in [10]

For (x,y) € l) we define” ,
T(z,y) = {(t,8) € DouD: —7y <t < z and [lslls < llyll),
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;

where |- ||* is the Euglidean norm in R*. We assume that the function f satlsflcs the
* following Volterra condition: if 2,2€ C(DyuD,B™) and z=12% on T(x y) then
=z, y, p, 2, q) = (=, y, P, %, q) for all p € R™ and ¢ € R".
In this note we prove tha.t if the function / of the variables (z, y, p, 2, g) satisfies
a Lipschitz condition with respect to (p, z, ¢) then the problem (1) adnnts at most
one solution in D. We obtain this uniqueness theorem as a particular- case of some
- general comparison theorem for. partial differential-functional inequalities. At the
end we prove the uniqueness of solutions in the case when f satisfies a Lipschitz
_ COndlthl) with- lespect to p, z and a Hélder ¢ondition with lcspect to gq.

.The system-(1)-is of special hyperbolic type sinde each equation (,ontams first-order deriv-
. atives of only onc unknown function. This is a weakly coupled system. The existence and
umqueness of solutions of initial problems for strongly coupled systems is examined by using
slightly different methods and under more restrictive assumptions than for (1). We illustrate-
* this in more dctall by the example of the Ca.uchy problcm for the system without a functional
argumont

2,9z, y) = Fy(x, y, 2(z. y),.2,,(2., ¥), 2, %z, y)), ° i=1,..m,

'2(0, y) = y(y),

where F = (Fy. ... Fp): DX Rm+m=n . Rm_The derivatives (), ..., 2i™) = z,, are rcspon-
sible for the system to be strongly coupled. Solutions of the above problem are supposed .to
. belong to a special class of analytic functions with respect to the variable 7. This class was
first taken advantage of by K. NickEL [22] in the theory of strongly coupled parabolic systems
* of non-linear second order differential equations. The analyticity of z with- respect to y, is -
essential in questlons treated in this paper. This is shown by a-counter-example constructed
by A. Pri§ (23] in which for a strongly coupled system of two linear equations there is no_
" uniqueness for the Ca.uchy problem in the class C*. The local uniqueness (and also existence)
of a solution which is ana,lytlc with respect to y and belongs to the class C! with respect to z
was proved by ‘M. NAcumo [21] under assumptions on analyticity of the right-hand sides
of strongly coupled systems with respect to all arguments except the variable z. The problem
of uniqueness of solutions for strong]y coupled differential-functional systcms in a class of
analytic fnnctlons was consndcred in [25].

\

2. A co’nipa;rison lemma
/

For p, PE€ R™ we write p <7 if the (,omponents satisfy p; < p; for all indices

j=1,...;m,and in case of a fixed index p_ S Pif p = Pand p; = P;. For pwe define
1plln = [B1] -+ -+ + [Pmls TPT = (IPrls -+ [pml) and if C = [cy] is a0 m X n-matrix
then [C].= [lc,,l] CT is the transposed matrix of C. Let [«, 8] = (o, fo) = R. If
W= (Wy, ...; Wy) € C( (o> Bo)s l;"') then

U lwllies) = loillias + oo - lellias)

where |- ||1‘, g is the usual max-norm of C([«, ], R). Fon (¢, y) € D we define S(t Y)

= {(¢, 8) ! lisllx = liyll}. We shall denote a furlctlon w of the variable ¢ € [a, 8] by

w(-) or (w(t))[a o Jf 2 € C(I)0 uD, k™) and z € [0, @) then we define a vector-valued
function

(max C=(¢, sl)]][_,e_,]) = (( max |z(“)(t s)l)l_' .1.1’ ceey ( m#x |ze™(¢, s)l)‘_; :]).

€St y) 8€S(L v’ 8ES(t )



. 124 - Z.XKaMoNT and K. PrzADKA

In order ‘to 51mphfy the formilation of subsequent theorems we introduce the
fo]]owmg Assumption H on a function

0 =01, ..., 0,): [0, @) X R, ™ X C([ ~70, @), R,") — R,™
where R, = [0, +c0):

1. o satisfies the following Volterra condition: if -w, W € C([—ro, a), 'R,J") and
w= won[—ro,x] 0 <z =< a, then o(z, p, w) = oz, p, @) for all p € R,™.-

,

A P S P lmphes ai{z, p, w) < oz, P, w) for 2 € [0, a) and w'€ C([—z,, a), R,™)

3. I w, @€ C([—1, a), R,™) and w(t) < w(t) for ¢ € [—7, %] then o(z, p, w )" :

< o(x, p, w) for all p € R, "'
‘4. ¢ satisfies the one-sided Lipschitz condition .

oi(, p, w) — 0i(z, P, ®) < K lIp — Plln + M 'Ilw — Wl 10215

N\

fori = 1,-...,m, wherex € [0,a), p, D € R,™ withp = Pand w, W € C’([—ro, a), R, )
with w(t) 2 w(t) fort € [—1q, 7). .

In dealing with applications, of ordinary dlffcrentxal mequalmes to partial differ-
ential equations, we have to estimate  the solutions of such equations, which are
, functions of several variables, by functions of one variable. In this section we shall -
" prove the following comparison lemma.

Lemma 1: Suppose that
. 1. the function ¢ satisfies Assumption H, .
2. ¥ =(p0), .., pimy € C(Dyu D, R™) and possesses first-order partial  deri-
vatives on D \ Io,
© 3. theré exists a constant L = 0 such that the dz//erentzal -functional mequalzty

T eyl S0 (s (Ve D (max Y6 9D) )

_ €S (L)
+ LYy (=, )7, (x,y) € DN\ L, - (2)
where L = (L, ..., L) E‘R’", and the initial inequality .
[¥@E 9l < 9@, @yeDe, | ,

where n = (0, ..., M) € C([+14, 0], R.™), are sdtis/ied,
4. the right-hand solution @ = (@,, ..., ®,) of the problem

w'(x) = ofz, v(z), w) R
w(r) = _’7(‘5)‘ for x€[—1o, O], )

exists on [0y a).
Under these assumptions [¥(z, y)]] < @(x) for (x y) € D.

Proof: Tt is patterned on that glvcn in [5]. We will show that at an arbltra.ry .
point (%, %) € D, T =0, the function u,( ) = [¥(-)] — @(-) is non-positive. Let -
z < b<a and
D(t) = max max w“’(q:, Y)..

1sism  z€(0.b) !
llyllest .
Tet @ ¢ CY(R,, R+), t) 4 +oo as t — 400, satisfics the condition D(t) = @0(6) for
t = 0. It is easy to verlfy that the function .

i

. }
H(z,y) = exp|®(nLz + (glls? + 1) + 2(m(K + M) + 1)) (4)

v
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- \
satisfies the inequality P
- m(K'+ M) H() '+ LIH,(l — Ho) € —H() <OonD. - >~ (5)

It follows from the definition of @ that for every ¢ > 0 there exists r = 7(e) such
that for =1,

(‘)(x,' < eH(z,y) for 0= z<b and r< [

 Let P = 'I’/H @ = @/H and w(-) =.[¥Y()] = w( ). There exist an index 1, and a
domt (3 Y%o), 0 < 7o < b and IWoll« = 7, such that N

\
w('-)(xo, %) = max max w®(z, y) - (6)
. 1Sism 0sz<d . . . . . .
lulle=r

Tt follows from the initial estimate that wi)(x,, y) < 0 if 2, = 0. We prove thls
inequality now if z, #+ 0 and |jylly < 7. Suppose the contrary. Then we have
[0, Yo)| > 0 and :

lwz“°)(¢o; Yo) + 0':‘.(“?0) @(o), ‘Z’)l = Alw::(“)(xO’ Yo)|

i é 0‘,-.(1‘0, [[W(xm ?/o)]l, ( max Eg’(t) 3)]]) ) + L ”wy(“)(xm ?/0)”;;
: SES(L.Yo) (—rozlf -

Because ')z, yo) > 0, W, (7, o) = 0 and w,")(z,, ¥,) = 0, then wé obtain

. 0= wxf"’(xo, Yo) H (o, ¥o) N PR
= 17.)("'"(10»?/0) (L "Hy(xo’ ?/o_)”n — H (2o, !/o)]
+ i (20 TH(zo: Yo) Plao, Y0)Ds ( max T¥(, 1) ) |
— ai(z0, H(o, %o) ®(Z0, Yo), &) g M

Let I ="{e: W)z, Yo) > O}:and I' = (y, ..., y™) where

b , H(z,y) [P, y)| if iel
i) = : :
oy {H(x, YT,y if i¢1. f
Then we have o ~
o TH(zo, %o) P(%o ¥0)D = T'(Zo, Yo)- - B (8)
Let /1 (l,, <.- Am) be a function defined by . )
: . (I)i(x), z€ [_‘tO) 0] ' .
A=) max [dji(x) max (p®)(z, s)|], -z €(0,a).
s€S(z, y.)
. Then we have A € C([—70,a), R ) and v .
max [¥(z,s)] < /1(:2:) for z € [—ro, . : ~ | "(9)

SES(Z. )

Ffom, the monotonicity conditions for ¢ and Ifrom (8), (9) we get

i, (2or L (@, 90) Ploor ), (mex BV, 0)D) )
) [ —t0.20)

) ) aeS(t.yg)_ o ) . R
S oifwe Do, wo), ). , ' ' (o),
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- -Applying the Lipschitz conditio‘ﬁ for o;,-and (8) we obtain.

- aiu(xO) P(%a ?/o), /f) - al:g(IO’ H(xO) yo) m(1‘0: ?/0): ’:U) )
=K 3 [y %o, Yo) — H(%o, yo) @M (2o, Yo)] + M | — @llt—1,.z,

Jei.

- = mEH(x,, yo) B, ?/0) + M A = dll- 2 - : (11)

It follows from the definition of A that thele exist points (z;, y@), 7 =1,...,m,
" 'such that 0 < x, < xo, ||y(”||,,< < lyolls, and

”;'1 - w;”l—’. zo] = max lw"’(% '-S)I - w7(x )= Iw(”(x y(”)l - w;(x7)' :

) 8ES(xy.ye)
Then we have
125 — @l = 0,20 = WD}, Z/f”) H(z;, y9) < H(x,, yo) W) (%o, Yo)- (12)
‘ Estimates (7), (10)—(12) imply, in contradiction to (3), _ o

' 0 é 'L._Uz('.")(xo’ ?/o) H(rol’ .7/0) .
= W)z, Yo) [m(K + M) H(xo, yo) + L 1H (20> Yollln — H 2(%o, Yo)]-

 Finally, if {lyo|l4 = 7, then, from the def:mtlon of: w, we obtain w('°)(xo, Jo) <l
"¢ being arbitrary.-
i It follows from the.above cons1derat10ns that w4 (Z, 7) < ¢ for arbxtrary £ > 0.
. Then we have w(Z;7) = 0 and consequcntly wHZF,§) =0, s = 1,...,m. Since
(z, y) is an arbitrary point. m ‘D, we obtam the desired inequality 1 ,
Example Suppose that for (z, p, w) E [0, a) X R.™ XC([—ro, a), R’") and 2 = 1,

, m we have .

ai(x: », w) = 0; (Z, P, max 'wl(t): ceey Max wm(s)) '

. tel —14.2] tel — 14,2}

If z € C(Dy u D, R™) and (z, y) € D, then we denote

max [z(t, s)] = ( max |20, s)|, ..., max |zm)¢, s)l).
(63 T(zy) (8T (z,y) LET(z,Y)
Let ‘
) max w(t) = ( max w(t), ..., max w,,,(t)).
tel —ro.2] “\tel — 10,21 tel —1o,2)
Then assumption (2) of Lemma 1 has theform
. >

L2 LS ofs Lo )], max L46001) + LWL 91, (59) € DN\ Lo,

(,8)ET(z,y) |

/

and the comparison problem (3)is | ) -

w'(:g) = a(x, w(x)’zelllla:lew(t')) . . v T

w(x) = n(x) for z€[—1,, O]

If » is non- decreasmg then the above problem is equnva.]cnt with (x) = o(x w(x),

(@), w(0) = 77(0)
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3. Estlmatlon of the difference hetween two solutlons, uniqueness criteria
Let us consider the initial prob]em (1) and the prob]em

2(y) = 9(z v, 2(x, ¥), 2 2=, ), @y €D\ Iy

(13)
) (-’6, ) = @z, ), (,y) € Do.

' The following theorem allows us to estimate the difference between solutlons of” (1) :

and (13).

Theorem 1 Suppose that

1. the /unctzons =D, ..., f™) and g = (g(‘) g("‘)) are de/zned on D X R"‘ ‘

X C(Dy u D, R™) X R" and satzs/y the Volterra condztzon,
2. ‘the function o satisfies Assumptzon H
3. the estzmates .

u:f(x’ ?/, D, 2, q) - g(.’t Y, 7’, z, lI)]]
<o (:c p — P1, (max [=(¢, s) — z(t s)]])[ ])

K . SES(Ly)
and :

4 ”/(x ?/, D 2, Q) -~ g(z, ¥, ]), 2,q )”m = L“q — qlls
-are satzsﬁed on DX R™ X C(D, v D R™) x R",

. partial derwatwes on D\ I,,
5. there exzsts a function n € 0([—10, 0], R,™) such that

[u(z, 7/) — vz, J)]l = n(z) for (z,y) € Dy

. a;zd the rzght-hand solulion @ of the problem (3) exzsts on [0, a).
Under these assumptions [u(z, 3 ) — vz, ¥)] = @) for (x, y) € D.

Proof: The function ¥ = 4 — v satisfies all the condmons of Lemma. 1 and
) hence, the desired inequality. holds tr ue ]

For 'z € C(Dg v D, R™) and (=, y) € D denote
\' m . s

”z”zy = Z ““z(‘)”zy. where ”2“_)”21/ = max ,Z(')(t S)I
i=1 . o (t.8)eT(z,y)

,

i \

The next theorem is an immediate consequence of Theorem 1.

"+ Theorem 2 Suppose that
1. the /unctwn f: DX R™X C(Do uD, R"') X R® — R™ satisfies the Volte'rra condi-
twn and
- 2 =y, iz ) — lx: YDz Dlmn = K |Ip — Pllm + M |z — 2z + L “q — qllns
wherez,ze C(DouD,R™, p,p€ R™and g, g - R*. .~ .
Under these assumptions, the solution u of (1), which is continuous in Dy uD and
has. first-order pamal dervatives on D\ I, s, umque and depends contmuously on ¢
and f.° .

" The followmg t,heorem concerns weak inequalities between vector-valued func-
* tions sa,msfymg first-order partial, dnffezentnal -functional mequahtles in an unbound-_

ed zone.

-

- Y 4 u, v € C(Dy u D, R™) are solutions of (1) and (13), 'respectwelv , hamng first-order -

\
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. Theorem 3y Suppose that

1. the functwn f: DX R™XC(Dyu D, i,"') X R* — R™ satzsfzes the Volterra condi-
tion and the follmmng monotonicity condutions:
L (i) if 2,7 €C(D, u D, R™) and _z(t, s) < z(t, ). for (¢, s) € Tz, y), (x, ) € D, then
/(m,y,p,z,q)<fx,y,p,zq/orallpéR"‘anquR" .

. (i) p = < P implies fO)z, y, p, 2, ) < [ x, Y D> 2, q) for all (z, y) € D,qgeR" and
z2€ C(Dy v D, R™), .
2. there exist conslants K, M, L = 0 such that for =1,

/(')(x’ Y P25 q) — f(‘)(_x’ Y P 2, q) !
= K lp — Pllm + Mllz — 2y + L lig — gall,

where (x,y) € D, p,p € R™ with p = P, ¢, q € R, 2,z € C(D, uD, R wuh (¢, s)

= 2(t, s) for (¢, 5) € T(x, y),”

"~ 3. the functions u, v are contmuous on Do uD, possess first-order parnal derivatives

on D\ I, and satisfy the initial inequality w(z, y) < v(z, y) for (z,y) € D,, o
4. the differential- fmwtzonal inequalities

uiz, y) = f(a, Y, u(z, y), ¥, (2, v),

| (14) -
vz, y) Z f(z, v, v(x, ¥), v, B2, Y)) - : .

are satisfied on D\ I. ‘
Under these assumptions u(z, y) < v(z, y) for (z,y) € D.

Proof: We. have to show that the function w = u — v is uon-posnt,lve at an
'arbltrary point (%, % ) ‘€ D. Let 0 < Z<b<a andf

?D,(¢) = max max w(')(x, y) _ .
1Sism z€[0.b) . 7 -

. llylest ' .

.Let @ ¢ C"(R+, R,), o(t) 1 +oo as ¢t — oo, satisfies the condltlon D(t) = Dy(t) for
t = 0. Let H be a function defined by (4). This H satisfies the mequahty (5). For
every & >0 there exists r = r(¢) such that wi(z, y) < eH(x,y), i = 1,...,/m, for
0 <z <band r < |jylls. Introduce now the transformation w-= wH, v = uH and™
v = 5H on D, u D. Let the index i, and the point (x,, %) € D be defined by (6)
- Wlth % defined above. If z, = O then by the initial inequality we have w()(2,, yo)
< 0. We will show that the last inequality holds if z, 4= 0 and [lyollx <7. Suppose
the contrary. Then we have w¢%)(z, %) > 0, w,("’(xo, %) = 0 and @, ¢)(z,, yo) = 0.
1t follows from (14) that

0o, 4o) = T, Y3) H(zor Yo) -+ T, Yo) Halor 1)
= f"“’(%x Yo» Wg, Yo) H(To, Yo)s U, u,(‘”(xo, Yo) H(Zo, Yo)
+ @le)(z,, ?/o) H (o, ¥o ) - /("’(xo’ yo: (o5 Yo)
) X H(xo: Z’/o) v, ”y( °)(370’ Yo) H(zo, %0) + 5o, ?/0) (%v yo)) .
© Let I = {i: W%z, yo) > O} and = (yW, ..., y™) where _

- H(z, y) 2, y) if i€ I
G =\
“““”ﬁﬂmemw if gl

/
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Then we hayé g

| o o) Hio, 3o) = Tlio, 90). BRLY
Let A = (4, ..", 2,) be a function defined by -
L @y max [uz, y), 09z, y)) - for, (,9) € Dyu D.
~Then we have /1 € C(D, u D, R™) and | | ,
" dey S Ay for (z, yeDyuD. - . (16)

The monotonicity conditions of f .al‘ld (15), gl(}) imply
/(i')(;‘”o: Yo, W(%o, '!/o)\H(xo» y@,"u, @, (g, yo) H (%o, Yo) )

+ w2y, yo) Hylwo, o)) : o : ?
S f‘,‘"’(?o’ Yo» T(%o» %), A, ﬁ”(‘o)(xo, Yo) H(Zo, Yo) .
Co + v'l_;v("')(xo’ Yo) Hy(,, ?/o))- o
. Applying thP Tipschitz condition for f¢» and (15), (1'6) we obtain

B2, Yo) HZo, Yo) + B 2o, Yo) H (%o, o)
< K 5 w20, yo) H(zo, yo) + M A — sy,
oojel : R

: +.L~w(‘.°)(x0’ ?/0) ”Hy(fl’o’ .7/0)”11' . . X ! . ) N

It follows from the definition of /1 that there exist poinfs ('xi, yn), i =1,...,m,
“such that 0 = z; = zo, lyPllx < llyolls and [I4; — vD||,,, = w(z;, y»). Then we

have, in contradiction to (5),

' - . 0= w(i”(“l’o» Yo) H(xo: Yo) ) .
= E(i°)(x0a Yo) [m(K 4+ M) H(xo; Yo) + L'”Hy(xo,»yo)”p — H (x,, ?/o)]-

" Finally, if ||yl = 7, then we obtain from the definition of w that W) (2, yo)' <& .
¢ being arbitrary. . N ,

It follows from the above considerations that (%, §) < ¢, ¢ = 1, ..., m, for an
arbitrary ¢ > 0. Then we have %(Z, ) < 0 and w(Z, ) < 0. Since (%, 7) is an arbi-
trary point in-D, we obtain the desired inequality ¥ -

4, Uniqueness criterion with a Holder condition

. ' . . . o *
Now we prove the uniqueness of solutions of the initial problem (1) under weaker
assumptions concerning the function f: the Lipschitz condition with respect to ¢
" is replaced by the Holder condition. This will be a.generalization of the results
published in [6]. C Yo s

Theorem 4: Suppose that
1. the function [ is defined on D X R™X C(Dyu D, R™) X R* and satisfies the
Volgerra condition, : . T . : . - _

. 1}
9 Analysis Bd. 6, Heft 2 (1987)

\
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2. the estimate '
Il/(x, 059 — 2y P24 )Ilm . .
SKlp— pllm +M IIz —~ 2, + L 2 max (Iqe = qils lgx — Jul® ) (17)

1s satisfied on D X R™ X C(Dy v D, R™) X R”, where x € (0 YYand K,L, M = 0.
Under these assumptions, the solution u o/ ), which is conlinuous in Do v D and
has first-order partzal dertvatives on D \ Iy, 28 umque

Proof: Let u, v € C(D, u D, R™) be two solutions of «(1). Denote w =« — v. By
- (1) we have w = 0 in D,. We shall show that w = 0in D. Let 0 < b < a and &,
“ be the function defined in the proof of Theorem 3 with the above w. Let ® € C}(R, R,),
¢'( )= 1as t=0, satlsfles thc condition @(t) = P(t) for t = 0 Then we have for
t=1,...,m '

~wz, y) < Pllylly) in D’ = [0, b]>< R". S - -(18)
Let e€(0,1)and 8 = (1 = &) a~L It is easy to verify that the auxiliary function

H(z,y; ) = ¢ exp[{eH(lyll + 1) + nLa) + (m(K + M) + 1) ]
 satisfies in D’ the inequality

H.(z,y; e)>[m(K+M)+1]H(x y;e)

, - “’El max (|Hy,(, ¥ &), [Hye v 91%)s (19)

. * _’ - .
Moreover, since @(t) + + oo ast — -0 we have for every fixed ¢ € (0, 1):

P(llyll)

—ﬁm —0 -as ”y”* — +o00. . l . : (20)

Let z(z,y) = w(z,y) — H(z, y; £). By (18) and (19), for every ¢ > 0 there exists
7 = r(¢) such that z(z,y) < 0for 0 £z < b and » < |lylly- If * = O then H(z, y; ¢)
> 0 and it follows from the initial condition that z(z,y) < 0 for |lyll, <. We
prove that 2z, y) < 0 for x #= 0 and |ly|lx < 7. Suppose the contrary. Then there
exist an index {yand a point (zo, %), 0 < 2o < b and [ly,lly << 7, such that z('°)(x0, Yo)
=0, z( Nxo, Yo) = 0 and z(‘)(z y) <O0for0=zr=x and llyflx < 7. Then we have

2,020, o) 2 0 and 2,2, Yo)- = 0.- : o .. (20
Further, at (z;, %) we have ' ; I -

P . o,
Wi 9|, 5 e )l S w9z, ),

7 . :
Y Iw(")(x: ?/)l
Y

and by (20) we obtain ’
00, 9o)] = [H,(@o, Y03 &)1, - (10,920, o)| — Halao, 903 €) Z 0. (21)
- But on the other hand by (1) and (17) we get ' ‘
Twz6(%05 Yo)| = K (@0, Yo)lm + M llewlzoge

+ L Z max (Iw"°’(xo, %)) Iwwk (xo’ ),
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“ and by (19), (20) we obtain ‘ ) B

-

w0 (ax,, Yo)| — H (%o, Yo &)
= K |lw(zo, Yo)llm + M |wllzyy,

+ L Z max (lw('°)(xo: Yo)ls lw("’ (%os ?/o)l“)
— [m(K + M) + 1) Hzy, 35 ¢) .f‘ e

— Lk);lmax (1Hyu(0, Y03 &)1y 1Hy\(%os Yo &)l) )
< K 3 (o0 yo)l = Hizo, yoi €)] — Hisa, toie)
L J= )

M E g, — Hz, ;). I

It follows from the defmntlon of w that there exist pomts (x,, yd)) i=1..,m,

such that 0 =< z; <z, Hy(’)”* < ||y0H* and- {jw)||,,,, = w<ﬂ(x,, 1/0)) Then we get
" from (22) , ] AR

mwmmww< Mwmﬂ§~ﬂmwmﬂ<0

which contradlcts (21): So inequality z(z, ) < O is satisfied for (z, ) € D, 0 S z < b.
Now, letting ¢ — 0 we obtain w(z, y) = 0 in D’. Since b may be chosen arbitrarily
“close to a, the proof is complete ] : :
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