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On a Class of Quasi-Linear Riemann-Hilbert Problems 

E. WEGERT and L. V. WOLFERSDORF	 - 

/ 

Es wird die Existenz einer LOsung einer Klasse quasi-linearer Riemann-Hilbert-Probleme für 
eine holomorphe Funktion bewiesen. 

AoKaabiBaeTCR cylqecTnosaHlle peweiim ajiff HeHoTopot'o iuiacca xBaaH:luHeflHblx xpaeuMx 
3aa4 Tuna PIutaHa-ruJ1b6epTa ai aiianiTi'ieciiix yHIIIn. 
,The existence of a solution of a class of quasi-linear Riemann- Hilbertproblems for a holo-
morphic function is proved.	 S 

Introduction. In recent papers of one of the author [5-7] a novel application of 
Schauder's fixed point theorem in the space of continuous functions is used . for prov-
ihg the existence of continuous solutions to some classes of nonlinear Rieniann-
Hubert problems for holotnorphic functions-in the unit disk. Here in similar manner 
ve prove the existence of solutions of the 1-Tardy class H2 to a class of quasi-linear 
Riemaun-Hilbert problems with sufficiently smooth coefficients by means of Tikho-
nov's fixed point theorem in the space of quadratic summable functions. Also the 
proof of continuity for the fixed point mapping could be simplified in comparison to 
the corresponding proofs in [5-7]. The problem may be considered as a generaliza-
tion of related quasilinear Riemann-Hilbert-Poincaré problems for holomorphic 
functions. 

-1. Stateineiit of problem. Let G: izI <1 be the'unit disk in th'e complex z plane with 
boundary I': 11 = 1, t = e(—t	s	it). We deal with the following quasi-linear 
Riemann-Hilb'ert problem.	 -	 S 

Problem Q: Find a holomorphic function w(z) = u(z) + iv(z), z = x + iy, inG of 
the Hardy class H2 which satisfies the boundary condition 

u(t) + b[u, v] (t) v(t) = W[u,v](t) a.e. on P	 •.	 (1)
and the additional condition  

v(0) =0 in z = 0. .	 -	(2)
The following basic Assumption A on the data is made: 
(i) [u, v] : L2(P) X L2( p) —> c(r) is a (in gneral nonlinear) weakly-strongly-con-

tinuous mapping. 
(ii) W[u, v] : L2(f) X L2(f') -- L2 (T') is a (in general nonlinear) weakly continuous 

mapping: 

	

Assumption A is fulfilled, for instance, if	 S 

Ii[u, v] (t) = F(t, (K 1 u) (1), (K2v) (t)),	
0	

(3)

V 

/
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where F(, U, V) is a real-valued continuous function on I' x R x R and K) : L2(f') -+ C(fl, 
j = 1, 2, are linear compact operators (cf. [4: Chap. V, Th. 1.41), and if 

I'[u, v] (1) = G(t, (1I1 1u) (t), 312v) (t)) , ' (4) 

where the real-valued function G(t, U, V) satisfies the Carathéodory. condition (i.e., it is con-
tinuous with respect to (U, V) E It x R for almost all t E rand measurable with respect tot on 
['for all U E R, V E R) and for all r> 0 an 'estimation of the form 

G(t, U, V)	as I U  + IVI	r 

with gE and M,: L2(1') -+ L(P), j = 1, 2, are linear compact operators (cf. [4: Chap 
X, Th. 1.6 and Chap. V, 1]). If G(t, U, V) = a(t) + U + V with a E L(P), then it is only 
needed that M are linear continuous operators in L2(i'). 

2. Reduction to afixed pointequation. On account of (2)the boundary -condition (1) 
is equivalent to the following nonlinear functional equation for u(s)	u(ei8) 

u(s) - A(s) (Hu) (s) =' g(s),	' -	 (5)
where

A(s)	2(s, u) = [u, —Hu] (t), 

g(s)	g(s, u) = W[u, —Hu](t) ' . t = e 
•	and H denotes the Hilbert trasforni 

•	 1 f___(Hu) (s) = -u(ci) cot	dci.2z	 2 

The corresponding linear equation (5) with 2(s)= .(s,a), g(s) = g(s, w) for given 
•	function co E L2(r) has the unique solution	. 

u(s) = ( Tw) (s)	 .	.	 (6) 

•	- in L2(f)given by 
•	 .(No) (s) = cc(s) h(s) + fl(s) e(8) H[eh] (s) + I)fl(s)	 (7) 

where	•	.•	 .	 - 

Ift = aretan A, v = Hy' h = _______

	

i/i	22	11 + A	 2 

and the constant D has the value (cf: [1: § 31] and [71) •'	 • 

D 
tan Ft	fe_ 8 h(s) ds /1= _ fiz(s) ds	/ Tn 2;r

Any solution u € L2(r) of the fixed point equation u = Nu yields with v = —Hu by 
meahs of the Poisson integral formula (cf; [2: Chap. II, § 3, Cor. 3.2]) a solution 
w(z) = u(z) + iv(z) of Pr'oblern Q with the boundary values u(s) and v(s) of its real 
and imaginary part, respectively. 

3. Auxiliary lemmas; Preparing the proof of the existence of -a fixed point to the 
equation (6) for co= u in the next section, we state some auxiliary lemmas. At, first 
we recall the well-known
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Lemma 1: a) Let z be an arbitary bounded measurable function with oscillation 
2y = ess sup it(s).— ess infu(s), 8 € [-t, az]. Then 

A,,[u] :=fe'1'Pu8 ds	 (8) 
J	 cosxy	 - 

-n 

for any real number x with IxI <r/2y. 
b),Let z be a 2r-periodic continuous function on [—a, z]. Then exp (Hu) € L(—, )

	

for any p.> 0, i.e., A[,u] is finite for any p> 0.	 . 

For proofs see [2, 3, 8], for instance. Further we prove 

Lem ma 2: The operator E: z -> exp ( Hit) is a continuous mapping from C(fl,into 
L(f') forany p € [1, cx).  

Proof: Let y. --,u in C(f'). In a first step we show the convergence of the L-
norms

lirnl!exp (Hu)II = ll exp ( H/L )II .	.	 ( 9) 

Itfollows from the estimation	 -	 - 

III exp (Hu)II,, — Iexp (H1u)IIpI 

-.	f.Iexp [p(H) (s)] J'exp [p(H1t) (s)]I ds	- -	-	- - 

=fexp(pH1i) exp(p(H	Hy)) — 11 d5	 - 

B[] { f[exp (2p(Hi — Ht) — 2 exp (p(i — Ht))' + 1] ds} 

with the fixed constant
1/2 

B[1 ] := {A2[]}'I2= { f exp (2pHz) ds}. <	 - 

	

(cp. Lemma 1 b)) that it- is sufficient to prove -	 -.	- 

urn f exp (x(Hu — Hu)) ds = 2 

for x = p, 21). We denote by y,, the half of the oscillation of the funtions ia,, - u. 
Obviously,.','.-'- 0. Therefore, Lemma la) is applicable for sufficiently large n and 

fexp (x( Hy. _'H))ds	 -- -	-	-	
(10)

COS 

	

On the other hand, hy . Cauchy-Schwarz' inequality we have	 . 

fexp (x(H,2 , — Hp)) dsfexp( —x(Hi —Hiz))ds (2. 

-Therefore, again by Lenuiia la)  

f exp	- Hz)) ds 2n cos xy.	 - (11)
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From (10) and (11) it follows'(9) since ' —>0. 
In a second step we prove the weak convergence exp (Hy.) -k exp (Hu) in L(fl: 

Due to (9) theL-norms of exp (H1u) are uniformly bounded. Therefore it suffices to 
prove exp (H4u) - exp (Hft) in L1 (fl. Let tp E L,(P) be arbitrary. Then	- 

[exp (H) (s)— exp (Hg) (s)] p(s) ds 

•	ess sup (s)j f exp (H1u) () - exp (Hu) (g)j ds. 
—8:9n  

As shown in the proof above the right-hand integral expression tends to zero a it 
goes to infinity which implies the assertion. 

Finally the strong convergence of these functions isa consequence of the weak 
convergence and the convergence of their norms (9) I 

At last we have 

Lemma 3 Let z be i 2n-periodic continuous /unction with oscillation 2y <in2. 
•	Then for any function h € L 2(-7n, in) 

e[e 1 h]1j2 51D, 11hJ1 2 with D = ± 
cos 2,y	

(12) 
Proof: We introduce the function  

n(s) = h(s) -	fe—Hyh ds 

satisfying the orthogonality condition 

f e1' 	h(s) ds = 0. 
_s• 

The Lemma in [6] implies the inequality 

lie" [e-"ii] 5CjIhlI with C = 1
cos 2y 

But H[e 44]= H[e_"h] and 

-	llliu!- 	lhl12 L1-	e"h ds 1 1eHp
112 

• 

	

1hj12 +	- lle "2 11h 112 II e "lI2	11h 11 
2 (1±12), 

where we used the Cauchy-Schwarz inequality and twice (8). Therefore the assertion 
follows I	•	 -	 - 

Lemma 3 with the smaller donstant D = 2/1' l - sin 2y also follows from the considerations 
'in [2: Chap. IV, §3j. 

4. Existence theorem. For proving the existence of -a fixed point u'E L2 (I') to the 
• equation (6) for w = u we make the additional Assumption B: 

(i)Itis	 •	 - 

= JU2- ui <in/2 with uj = arctan A, j = 1, 2,'	 • (13)
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where

	

	 -	 - 
= iif ø[u, '—Hu] (t) and A2 = sup [u, —Hu] (t), 

the ii4imum and supremum are taken over I E r, U E L2(fl.	- 
(ii) There holds the inequality	S 

I'[u, —Hu]I 2	for u E L2(fl, g0 a constant.	-	(14) 

\Assumption B is fulfilled in case of (3) and (4) if (13) holds true with A = inf F(t, U, I') and 
A2 = sup F(t, U, V), where the infimum and supremum is taken over t E F, U E R, V € 11, and 
IG(t, U, V)I ;5 00(t) with a fixed function Go E L2(f') uniformly in U ER, I' E R. 

Lemma 4: Under assumptions A and (13) the operator *N: L2(f) - L2(J') is weakly 
continuous. 

Proof: Let w,, — to iii L2 (P) and put u = Nw, u,, = Nw,,. We denote by a, fli y, 
A, a, v, g, h, D, ji and a,,, j9,,, y,,, A,,, a,,, v,,, g,,, h,,, D,,, ii,, the functions (resp. constants) 
in formula (7) corresponding to.wand w,,respectively. Since Co. - co, also Hw,, — liw 
'in L2(F). Due to Assumption A A n —> 2 in C(P) and g,, — g in L2 (F). Then an, fln, fLn 

E C(F) converge uniformly to a, fl, u € C(f'•), respectively, and h,, € L2 (f') converge 
weakly to h E L2(fl. On account of Lemma 2 exp(+vn) — exp (+ v) in L2 (F) and 
moreover in any L(P), I p < oo. Since fi,, —> ji with LuJ <' 7r/2 and h,, — h in 
L2(fl, the convergence exp (—v,,) — exp (—v) in L2(r) implies the convergence 

D,,—>D. 
There remains to show that 

en)H[e"h,,] (s) — x() := exp (v(s)) H[exp (—v) h] (s) 

in L2(fl. From the weak convergence of theh,, their uniform bou'ndedness in L2(I') 
follows. Hence due to the assumption' Lenin.ia 3 yields the , uniform boundednes's 
of the y,, in L2(r). Therefore it suffices to prove X . — x in L 1 (F) only. Now the conver-
gences h,, — h in L2(F) and exp (—v,,) —> exp (—v) in L4 ( 1') imply exp (—v,,) h,, 
--exp (—v) h in L413(f). Then also H[exp (—v,,) h,,]	H[exp (—v) h] in L413(fl. But 
from this and exp v, -- exp v in L4(I') again, y n	follows I 

Further,' under the additional Assumption B the operator N maps the whole space 
L2(r) into a fixed ball of L2(-V).  

Lemma 5: Let y be defined by (13) ).	max(22 , —2 k ), and 1?, given by (12). Then 

	

IINw II2 ^ R for any w € L2(fl'	- 

with the uniform constant R	(i/i ± D 2 + 2i).o/cos2 2y) g0. 

Proof: From (7) ard Lemma .3 we get 

jjNII 2 :5 fl + D 2 11 h I12 + IDI lIeII2. 
Due to the assumption (14) we have 11hJ1 2 uo and from (8) the estimation li eu2	27rl- - 
cos 2y follows. Further 

ID!	;'o--iie 'li2 llhl!2	
2it	

g0 =	A	go. 
27i 	cos 2y .,	cos 

Therefore, we finally obtain the assertion I 
We now apply Tikhonov's fixed point theorem to the equation (6) in the convex 

weakly compact subset R = {w € L2 (F) : I I CU I12	R} of L2(I') with the constant R
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froni Lemma 5. By Lemma 4 and 5 the operator'N maps? weakly continuously into 
itself. Therefore, we proved the 

Theorem: Under Assumption A and B the Problem Q possesses a solution w of the 
Hardy class H2. 

The boundary values of the real and imaginary , part of the solution w = u + iv 
satisfy the inequalities 1jull, IIvI!2 ^5 R with the constant R given by Lemma 5..	- 
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