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Ona Class of Quasi-Linear Riemann-Hilhert Problems
E. WEGERT and L. v. WOLFERSDORF .
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Es wird die Existenz einer Losung ciner Klasse quasi-linearer Rlemann Hilbert-Probleme fiir
eine holomorphe Funktion bewiesen. .

. -
lonaauBaeTCH CYyIICCTBOBAHME pelleHus IIA HEKOTOPOro KJTACCa KBABHIMHEHHBIX hpaeaux
‘samau Tuna Pumana-Iuab6epra IaA aHAIMTHYECKHX QyHKUUL.

_The existence of a solution of a class of quusn linear Riemann- Hllbert problems for a holo-
morphlc function is proved

[ =
Introduction. In rccent papers of one of the authors [5—7] a novel appllcatlon of -
Schauder’s fixed point theorem in the space of continuous functions is used for prov-
‘ing the existence of continuous solutions to some classes of nonlinear Riemann-
" Hilbert problems for holomorphic functions in the unit disk. Here in similar manner
we 'prove the existence of solutions of the Hardy class H, to a class of quasi-linear
Riemann-Hilbert problems with sufficiently smooth coefficients by means of Tikho-
nov’s fixed point theorem in the space of quadratic summable functions. Also the
proof of continuity for the fixed point mapping could be simplificd.in comparison to
the corresponding proofs in [5 —7]. The problem may be consideréd as a generaliza-
“tion of related quasxlmear Riemann-Hilbert- Pomcaré problems for holomorphlc
functions.

-1. Statemerit of problem. T.et G : |z| <1 be the unit disk in the conmplex z plane with
“boundary I': |t] = 1, t = e®(—n < s < 7). We deal with the followmg quasi-linear
Riemann-Hilbert problem .

Problem @: Find a holomorphic function w(z) = u(z) + n( ),z =x + iy, in G of

the Hardy class H, which satisfies the boundary condition \

u(t) + Dlu, v] (¢) v(t) = ¥lu,v] (t) a-e. on I’ S CQ)
“and the addibional condition ' . ' K
" 9(0)=0 in z2=0. . | : A @)

The following basic Assumption A on the data is made: '
i) @[u, v]: Ly(I") X Lo(I") — C(I') i3 & (in general nonlinear) weakly-strongly ‘con-
tinuous mapping. "
' (i) ¥Yu, v]: Ly(I") X Ly(I') = Ly(I") is a (in general nonlinear) weakly continuous
mapping: . -~ '

Assumption A is fulfilled, for instance, if ‘ S

Bu, o] () = F(t (Kyu) (0), (Ke) (1), o ' 3)
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" where F(t, U, V) is a real-valued continuous function on I'’x R'x R and Kj: LIy - C(I), -
j = 1,2, are lincar compact operators (cf. [4: Chap. V, Th. 1.4]), and if

W, 0] () = G( (M) (), (M) 1), " - (@)

where the real-valued function G{t, U, V) satisfies the Carathéodory condition (i.e., it is con-
tinuous with respect to (U, V) € R x R for almost all ¢ ¢ I" and measurable with respect to ¢ on
IFforal Ue R, Ve R)yand forallr > 0 an'est,im{lt,ion of the form

-6, U'V)1'<g,’(z) as (Ul + V] =7

with g, € Lz(I‘) and M L, (P) = Ll P) 7 = 1,2, are linear compa.ct opcmtors (cf [4: Chap:
X, Th. 1.6 and Chap. V ’§ 1. 1fGe, U, V)= a(t) + U 4 V with a € Ly(I'), then it is only
needed that M; are linear continuous operators in Ly(I").

2. Reduection to a-fixed point equation. On account: of (2) the boundary condition (15 '
is equivalent to the fo]lowmg nonlinear functional equatlon for u(s) 1= u(e)

T k) — i) (Hu) (5) = IC - (5)
where ' .
“Ms) = A(s, u) = Plu, —Hu] OF
) = gls,uw) = Plu, —Hul(), t=e%, . .
and H denotes the Hilbert transform”

a : . ©

(Hu)(s)=§1/_;f?{(u)cob6;sd§: - s o . : -

—=

The correspondmg lmea.r equatlon (5) with )(s) = /(s, ), g(s) = g(s, w) for giAven
function w € Ly(I') has the unique solution . . '

\

. us) = (Vo) (s SN : - (6)
" in L2(F) .given by . ' . (_ . ,
() () = a(s) ) -+ Bls) e H{e~"k] (5) + DBG) e, ’ (7)"
- where ‘ v o -
NS . 2 - g’

&= ———, f=——=, p=arctani, v= Hu, h=

B YT ¥ 1+ 2

and thelcenst-ant, D has the value (cf: [1: § 31} and [7]) .
o R L

V1.4 22

7’ .

1 a e . . 4 , : , )
D = tan ﬁ-ﬂfe—v(a)k(s) ds, ﬁ:%f{u(s) ds. '

Any solution u € Ly(I') of the fixed point equation u = Nu yiclds with v = —Hu by
means of the Poisson integral formula (c¢f: [2: Chap. II,-§ 3, Cor. 3.2]) & solution
w(z) = u(z) -+ tv(z) of Problem Q with the boundary values u(s) and u(s) of its real
and imaginary pa.rt respect,lvely :

- 3. Auxiliary lemmas.- Preparmg the proof of the existence of a fixed point to the
equation (6) for w, = » in the next section, we state some augx_lllary lemmas. At.first
we recall the well-known
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Le mma 1: a) Let u be an arbztary bounded measurable function. wztk osczllatwn
2y = ess sup p(s).— ess inf u(s), s.€ [—=n, n). Then .

n

Ax[#] ;:_fex(ﬂu)(a) ds <

—-_n

27
COS xy

- (8)
/or any real number x with |x| < 7[2y.
b) Let u be a 2n-periodic continuous function on [—n, ). Then exp (H u) € L,,( —n, n)
~ forany P > 0, t.e. A,,[/z] is finite forany p > 0. .

For proofs see [2, 3, 8], for instance. Furthcr we prove ~

Lemma 2: The operator E: p — exp (H,u) zs a contmuous mappmg /rom o) ,mto
L,(T) forany p € [1, 00). . . Ce

" Proof: Let u, R in C(I'). In: a flrsb step we show the convergence of the L, s
, norms-

lim [lexp (Hﬂn M = llexp (H,“)“p . . A 9
n—o0 . . .,
It follows from the est,lmat,lon ' . R N

Illexp (Hﬂn Mp? — lle‘(P (H,u)llp”l

‘ S~

< [ lexp (p(Hun) () Sexp [p(Hp) (Nl ds .~
= [ exp (pHp) loxp(p(Hp, — Hy)) — 11 ds

T . T
= Bp[:u]{ f[eXp (2P (Hjin — 11/4)) - 20XP( (Hun — Hup)) + 1] dS}. ‘

with the fixed constant !

5 ) i : T 1/2 . ) . ) .
Bp,[/t] = {A2p[/‘]}”2 ={ J exp (2pHp) dS}. , <oo o
(cp. Lemma 1 b)) that it-is sufficient to prove - -

N llm fexp Hy,, — H,u))ds =2n

n—o0 3 .
.

‘for x = p, 2p. We denote by yn the half of the oscillation of the functions pu, — #e

- Obviously, 5 » = 0. Therefore "Lemma, 1a) is applicable for sufficiently large n and
. ; - : 27 - . ' .
fexp (x(H,u,, — Hy)) ds £ pr——. LT T 10)
On the other hand, by Cauchy-Schwarz’ mequallty we have
. f exp (x(Hu, — Hpu)) ds f exp (—;e(H,u,5 - H,u)) ds = (2r)2. \ .
,Theref_ore egain byALem‘r‘na 1a) . . ” ' ‘ o ' : -
| fe\:p( (Hun — Hu)) ds Z 2 cos e . oy
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From (10) and (11) it follows (9) since y, — 0. )
In a second step we prove the weak convergence exp (Hpu,) —~ exp (Hy) in Ly(I').
Due to (9) the L,-norms of exp (Hu,) are uniformly bounded. Therefore it sufflces to
- prove exp (H,u,,) — exp (H,u) in Li(I"). Let p € Lm(l’) be arbltrary Then

s

f[ekp (Hua) (s) — exp (Hp) (S)Iw(S) ds

—x

) < ess sup (o) f jexp (Hpta) (5) — exp (H) (s)l ds.
—R58S=R .- ! .o -
As shown in the proof above the right-hand mt,egra,l expressxon tends to Z€ro as n
" goes to infinity which lmplles the assertion.
Finally the strong convergence of these functions is.a consequence of the ‘weak
convergen(,e and the ‘convergence of their norms (9) ]

At last we have

Lemma 3% Let u be a 2n-periodic contmuous functzon with osczllatzon 2y < nf2.
Then for any function h ¢ Lz( —, 7)

14 cos2y
a —~H R il 4
lle®*Hle~ " R]|, <D, Ihll, with Dy =1—=— 2, (12)
" Proof: We lntroduce the function : ! \ '
- | . ' N
h(s) = h(s) — 21_7z '/\e‘.’f",h ds . etHuls)
satisfying the orthogonality condition b
! ﬁc“”""” k(s) ds = 0.
The Lemma, in [6] nnpllcs thc mequallty .
" _H cos 2y
||e sHie=Heh|, SO ||h”2 with C, = =1 5
"But H[e—Z#R)'= H[e~#*h] and
11 —Ha "
’ kllo = liRll, + o | €Tk ds| lle"¥]l,
< il -+ g o=l Wl el 5 bl (14 2o
o= 2 T 2 2 2 2 cos 2

where we used the Cauchy Schwau mequallty and twice (8). Therefore the assertion
follows 1

Lemma 3 with the smaller constant D, = 2/V1 — sin 2y also follows from the consxderatxons
‘in [2: Chap. 1V, § 3]. .

4. Existence theorem. For provmg the existence of a fixed point u'€ LZ(F) to t,he
equatlon (6) for = u we make the addltlonal Assumption B: .

(1) It is : ) .
2y = pp — py < m/2 with u; =arctand;,j=1,2, o (13)

Lot
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where . : . : _
2, = inf ®[u, —Hu](t) and A, = sup P[u, —Hu] (1),

- the infimum and supremum are taken over t € F u € Ly(I').
(ii) There holds the inequality

1P, —Hu]l]z < g, for u € Ly(I'), g, a constant. ~ (14)

\ Assumption B is fulfilled in case of (3) and (4) if (13) holds true with 2, = inf F(t, U, V) and
A, = sup F(t, U, V), where the infimum and supremum is taken over t¢ I, U¢ R, V€ R, and
|G, U, V) S Go(t) with a fixed function G, € Lg(I') uniformly in U € R, Ve R. .

Lemma 4: Under assumptions A and (13) the opemlor N: Ly(I') = Ly(I") is ueaklv
continuous. K

Proof: Let w, = w ih Le(l") and put v = Nw, u, = Nw,, We denote by x, ﬂ V,
,l #s ¥, 9, b, D, i and «q, Ba, ¥n, Any, s Vns G ko, Dy, B, the functions (resp. constants) .
in formula.(7) correspondmg to.w'and w,,,respectlvelv Since w, - , also Hw, = Hw
in Ly(I"). Due to Assumption A 2, — 4 in C(P) and g, — ¢ in Ly(I'). Then «,, f5, ita
€ C(I') converge uniformly to «, 8, u € C(I"), respectively, and &, € L2(F) converge '
weakly to h € Ly(I"). On account of Lemma 2 exp (4v,) —+ exp (+v) in Ly(I') and
moreover in any Ly(I'), 1 < p < oo. Since f, - QL with || < =/2 and h, — k in
LQ(I‘) the convergence exp (—v,) — exp (—») in LyI'). 1mplles Lhe convcrgence'

w—> D. ' , i .
There remains to show that - N o .

1al8) 1= e H[e=wh,] (5) ~ 7(s) = oxp (o(s)) Hlexp (—v) b] (5)

in Ly(I"). From the weak convergence of the-h, their uniform bBoundedness in Ly(I")
follows. Hence due to the assumption (13) Lemma 3 ylelds the uniform boundedness
of the y,in LZ(I’) Therefore it suffices to prove y, — z in Ly(I") only. Now the conver-
-gences b, =~k in LyI') and exp (—v,) = exp(—v») in L") lmply exp (—v,) by
~—exp (—») b in Ly(I). Then also H[exp (—va) h,] — Hlexp (—»)A] in L.,,,,(F) But
from this and exp v, — exp » in L,(I") again, y, =~ y follows 1l

: Further "under the additional Assumption B the operator N maps the whole space

" Ly(I") into a fixed ball of Ly(I').

" Lemma 5: Let y be defined by (13) 2, = max (iy, —2), and D, given by (12). Then
INol, < B forany we Ly~ .

with the uniform constant B = (Vl + D2 + 2aly/cos? 2y)

Proof: From (7) and Lemma 3 we get

. INoll, < VI + D2kl + D1l - o
Due to the assumption (14) we have |||, < g, and from (8) the estimation [le’ll, = 2nf . -
cos 2y follows. Further

2n A e

—le="lls |12 = .
|D] S ||e Hz | ”2 _2 o8 2,};90'. cos 2)/90

Therefore, we finally obtain the assertion

We now apply Tikhonov’s fixed point theorem to the equation (6) in the convex
weakly compact subset & = {w € Ly(1): ||w|]2 < R} of L2 (I") with the constant R
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 from Lemma 5. By Lemma 4 and 5 the operabor N maps & weakly continuously into
itself. Therefore we proved the ,

Theorem: Under Assumption A and B the Problem Q Possesses a solutzon w of the ,
Hardy class H,.

' The boundary values of the real and imaginary. part of the solution w = u +
sat,lsfy the inequalities Hu”2, lv]l, < R with the constant R given by Lemma 5. .
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