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" Es wird die abstrakte Differentialgleichung - ' o "‘

betrachtet, wobei B: L* — Ker S, x € L?, j€ L° und z,,, x5 € Ker S ist.

: 8%z.=f mit s,8z ==, und Bz =‘.9;,, :

Paccwarpunaerca abcrpakrroe nuddepeniinanbioe ypasHeHue

rae B: 12 > KerS,z€ L2 fe L° u Z1g, x,;'é Ker'S.

={f ¢ s8z =12, n Bx=2zg,

The a‘bstrac_:t differential ‘equation

Sz = f- with 8z =2, and Bz =z

is considered, where B: L* — Ker §, z€ L7, f¢ L° and 214» g € Ker 8.

Suppose we are given the operational calculus CO(L®, L, S, Tq, 84, @), where L° and
L! are linear spaces, S, T, s, are linear operations called derlvablve mtegral and limit
condition, respecmvely so that §: L' — L® (onto), T, : L® — Lt and Sg: L' — Ker S~
(g € @), where @ is the set of indices. Let us assume bhat the operatlons S T,, 8¢ sablsfv
“ the followmg properties: '

Squ_f for fe Lo, qu,
TS.‘I—Q—SQQ for ge L', q€Q (see[2— 47 11])

For LIC I L? = {x € L': Sx € L'} (sec [3,4]) and B: L? — Ker § a linear: ‘opera:

“tion; let us consnder the abstract differential equation

-~

S2x =f with s,5z =z, and Bz =z, _ (1)
‘wheré x € L2 f € L® and z,y, 25 € Ker S. _ . )
T heorem 1: Problem ( ) has . ‘ .
a) at least one solution if Bll\er stsa swyecmon onto Kcr S, ‘ ‘

b) at most one solution if Blge s is an tnjection,
¢) exactly one solution if Blg.rs ts a bijection onto Ker S, ‘

Proof: Operating on the equation S2z = f with the operation 7", and applying the

axioms of the operational calculus and the condition s,8z = z,;, we obtainz = 7'%f
+ T2y, + ¢, ¢ € Ker S. The condition Bx = zg leads to Bx = BT2f + BTz, + Bc'

= 2. Thus'we have obtained an equation

Bc—g,xB—Bqu,q—BTZ/—-gE Ker S

with an unknown ¢. Now the thesis of the theorem follows dlrectly from this equa-

tion I

-

-



_252 " E. MIELOSZYK ,

Co rolla.ry 1: I/ Blgers ts a bijection onto Ker S, then Problem (1) has only one solu-
. tion which is given by the formula

A v = T2 + Tq‘?xq + ,(-B]Kers)_l 9,9 = xg — BT, — BT ?f.
~ Theorem 2: Let the following assumptions be satisfied:

(i) L°, L', L* are commutative algebras with unity e € Ker S,
(iz) S(cx = c(S:z:), Ty (cf) = c(Tq/), Sqlcx) = c(sqx), where .c € Ker S, z € L' and
feL : '
(i3) Be = e .
- (ig) B(eg) = c(By) for ¢ € Ker S and g € L2,

. Then the operatzon§ 8, Tq, 3, defined by the formulas
- Bu = S7u, u € L2, . .
Tof = Tf — BT H), | € L?, ‘ | @
8qu = (sqSu) [qu — B(T4e)} + Bu, u € L?

« satisfy the axioms of operatzonal calculus: 8 is a derivative, 7’ an mtegral and §, a limit
condition.

- Proof: 8, Tq, §q are lincar operations. We must show that *
- - ’
S‘Tq/ = f(f € L%  and ’f’qS’u =u — §u (u € L?).

Indeed, from the fact that the operations S, T',, s, satisfy the axioms of the operational
. caleculus-and from the assumptions, we have .

8T f = ST — SEB(TR) = f-

'

“and . . :
T.8u = T28% — B(T,25%) .
- =u — su — Tys,S8u — Bu + B(s;u) + B(Tys,5u)
= u — (s;5u) Toe — Bu.+ (s,8u) B(Te) = u — §u ll

Thcofeni 3:1 f the assumptwns (1,), (1), (14) of Theorem 2 are satisfied, then Problem'
(1) has only one solutwn which is given by the /ormula

x_T2f+qu,q+xB—Bqu,q—BTzf : ' T3

Proof: From the assumpt,lons it. follows that B transforms every element from
Ker S onto itself; so Blgers is a bijection onto Ker S. The appllcatlon of Corollary 1
ends the proof §

Remark: If B = s, then we obtain an initial value problem.

The operat;nonal calculus obtained in Theorem 2 enables us for instance to solve
abstract dlfferenblal equatlons of thc type

SRS —f | | .
i=0 .
with

- §g8%y = uy;, and B(S*u) =w;p (2=0,1,...,n — 1),

.

app]yirig the methods presented in [1—4, 7, 11, 12]. The coefficients of the equation
can be scalars (numbers), commutative or non- commutatlve operations with' deriva-
tive S, mtegral T, and operatlon B. '
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Exn.mplesz A) The differential équation
¥+ 2y + (P° + Py y = ()}
with the conditions

[ : ’
Y'(t) + plto) y(te) =« and [ y(z)dr = B, ’
: ; _

where y € C2((t;, tll), R),pe€ 0‘({!0, t;), R), f¢€ C’°((t;,, 40, Ii) and «, B € R, has only one solution,
because t,he operation B, . L. ) /s ‘ .

Byzz\(f y(7) dr) exp( f‘p(r) dr), ) ' . . .

o to

and B
a +p

d 18 a bijection onto Ker (d/dt + p).
Kcr( ) . .

B) If Ker § =4=' {0}, then theé abstract differential equation

8%2'=0 with s82=0 and s,8¢=0,

where z€ L? hag, apart from a zero solution, the solutxon z = ¢, c€ Ker 8. The operatlon
~  Blgers:i= sq‘SIKe,s is not an injection. - :

v

-€).In the cast of operational calculus with the derivative

Oulz, y)  oulz, y)i
ox + oy }’

Stuiz,y)) = {b
PR
the integral

v . . - N
N Tl = { J iz = by — =), 7) dr}' - |
. * AWe Y i

‘and the limit condition

* spolulm vl = {u(z — by — %), %)}

where u € L' = C*(R X (y,, o), R), f€ L® = Ci(R X (Y1s Yo)s R), Yo € (U1, ¥2)» b € R (the case for
the function of n variables is presented in [6]), the derivative §, integral T , and limit condition
* -8, are defined by the formulas :

1

1

e e U gy Pule ) Pt )
S{u(ac,y)}—{b2 o T ooy T oy }

T,.U(x,y)l—{fw—r)/(z—by—r),) } {f(y—r)/(x—b(y—r), )dr},

Vo Yo

i a ? ’ '
b lute, ) = (s oy, )ty — s — Bly — ) + Bt ),

where ue L? nnd fe L° if the operation B: L? — Ker (b 9/0x '+ a/ay) -satisfies assumptlons
(i3), (i) of Theorem 2.  The partial differential equation

{bz Fulz, y) | g Pulz y) | Fulz y)

pre ooy | og } = V=9

Pl

with the conditions

fp 2elte) 2Ll = pgte ana { futz = by =, dr,} v,

ox ay it

RN '
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~where u € L?, fe L9 g€ C¥R, R) and we Ker (b 8oz + 6/8y) has only one solution which is

given by, formula. (3). In this case B

Bu:= {(1/(3/2 — ?/1)) fu(x — by —1),7) dr}}

wn

_ satisfies the assumptlons of Theorem 2.

D) Into the space C(N) of real sequences z = {xk} let us introduce the' denvatlve S=4 -
accordmg to the formula A{zy} = {gg4; — 7). The limit condition s, corresponding to A has
the form sy, {3} = {xk} ‘The integral T, corresponding to A and the limit COI\Idlthn Sko has

“the form (see [5, 9])

. O for. k =1k
Tifed = | T4 fore ko< : ' .
Lo i=ke X . !
ky—1 . - .
—Jx; for ky > k.
i=k . ’ .
The operation . - ) v
oo ‘oo I ) ' >
T Bl ='{ Efo‘i‘ti/zo‘i}’ . . g .
_ i=0 i=0 . ‘ , ,

where {x;} € C’(\‘) {oxz} is a sequence in which the finite amount of elements is different from
zero and Y «; =+ 0, satisfies the assumptions of Theorem 2. On the basis of this theorem we
can define the derivative § = A2, the mtegml 7’,‘0 and the limit condition §y,. The dlfference

oo 4 - A
Ay} = {fi} with 24 — 2, =a and Yo =10, N
) i=0 :
where a, b € R, {z}, i}, loq} € C(N), (oz,.l.} is a sequence in which only a finite amount of elements
is different from zero and X «; 4= 0, has only the one solution given by formula (3).

EYFor L' — L8 L™:= {x€ L™': Sxe L™}, m = .(see[3,4]). If Lt (: =0,1,...,2n)
are commutative algebras with unity e € Ker S and 1f the assumptlons (i) —(i4) of Theorem 2
are satisfied, then the abstract differential equagion

. 8y = fs

v

. o ' ) 4)
881 =z and B(S%*z) =23 (i =0,1,..,n 1),

where z ¢ 1", f¢ L®and Z1igs ;g € Ker § has only one solution, which is given by thie formula

n-1. ’ ’ )
== (T — BT (migllee — BT+ 7ig) + (T2 — BT~ )

Let us observe that problem (4) is equivalent to the problem
S"x—/ with 3Sx—xl,q3, 1,—01 con—1,

where z € 128, f€ L® and z,;4p € Ker 8.’ Applying R. BITTNER [4 ’[‘heorem 6] and Theorem 2
we will get formula (5) for thc only solution of problem (4). -

.
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