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Operational Calculus and Boundary Value Problem or an 
Abstract Differential Equation	 , 

E. MIELOSZYK 

Es wird die abstrakte Differentialgicichung  
82x = I mit SqSX =	uitd Bx = 

bet.racht.et , wobci B: V - Ker 8, x  V. I E !° unci X iv , X E Ker S ist. 

PacctaTpnnaeTcH a6c'rpaurH0e IfepeuIuI6.T1bl10e ypthtHelnle 
82X = / C SqSX = Xiq II Bx = XB,	 - 

re B: 1,2 -* K el' S, x  V,/E L° it XIq,XBE KerS.  

The abstract differential equation	 S	 - 

82X = / with SQSX x, 8 and Bx = XB  

is considered, where B: V - Ker S, x E !, / E L° and	, xB E Ker$. 

Suppose we are given the operaional calculus CO(L°, L', S, T9) sq, Q), where Lit . and 
L' are linear spaces, S, T, 8q are linear operations called derivative, integral and limit 
condition, respeètively, so that 8: L' . ^-L° (onto), Tq : L° —> L' and sq : L1 -> Ker S: 
(q E Q), where Q is the set of indices. Let its assume that the operations 5, T, s satisfy 
the following properties:	 - 

STq// for /EL°,qEQ, 
•	TqSg = g— sQg for g EL', q E Q (see (2-4, 7, lii). 

For L'-	L°, L2 = {x E L' : Sx E L'} (see [3, 4]) and B: T.2	Ker S a linear opera-
tion; let us consider the abstract differential equation	 ,. 

52x = / with SqSX =.x,, and Bx = .XB,	 (1) 

where x E L2, / E L° and X 1 q XB E Ker S. 

Theorem 1: Problem (1) has	 -. 
a) at least one solution it BIKS is a surjection onto Ker s; 
b) atmost one solution it BKs is an injection, 
c) exactly one solittion it B IKCTS is a bijection. onto Ker S. 

Proof: Operating on the equation S2x = / with the operation TQ 2 and applying the 
axioms of'the operational calculus and the condition sSx = x1 , we obtain x = T92/ 
+ TqXiq + c, c E Ker S. The condition Bx = x8 leads to Bx = BT q2/ + BTqX jq + Bc' 
= XB. Thus'we have obtained an equation 

Bc = g, ZB BTqxiq — BTq2/ = g E Ker S	- 
with an unknown c. Now the thesis of ihe theorem follows directly from this equa-
tioni	-	

•5	 .
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Corollary 1: I/Bi Ker s is a bijection onto Ker S, then Problem (1) has only one solu-
tion which is given by the formula 

= PQ 
2/ :f Tqxiq + (BI KCrS )- ' g, g = XB - BTqxiq - BTq2I. 

The ore in 2: Let the following assumptions be satisfied: 
(i 1 ) L°, L', L2 are commutative algebras with unity e E Ker S, 
(1 2 ) S(cx) = c(Sx), Tq(Cf) = c(T/), sq(cx) = C(Sqx), where .c E Ker S, x € L' and 

/€L°, 
(i3) Be = e, 
(i4) B(cg) = c(Bg) for c € Ker S and g E V. 

Then the ope'rations &	q defined by the formulas 

u=S2u,uEL2, 
T]tq/ = Tq2f - B(T 21), / E L°,	 -	-	-	(2) 
qU = (sqSu) [Tee - B(Tqe)] + Bu, u € L2 

satisfy the axioms of operational calculus: is a derivative, l', an integral and 9. a limit 
condition. 

Proof: 06,	q are linear operations. We must show that 
M1 / = f(fEL0) and i'u=u —u(uE L2). 

Indeed, from the fact that the operations S, Tq , 5 7 satisfy the axioms of the operational 
- calculus-and from the assumptions, we have 

- Mlq/ = 82T 2/ - S2B(T21)  
- and

= Tq2S2U - B(T 2 52u)	 - 
- = u - squ - Tq.sqSu - Bu + B(squ) + B(TgsqSU) 

-	
= u - (sqSu) Te - Bu.+ (sqSu) B(Te) = u - SqUI 

Theorem 3 1/ the assumptions 0 1 ), 03), 0 4 ) o/Theorem2 are satisfied, then Problem 
(1) has only one solution which is given by the formula 

X = T 2f + Tqxiq ± XB BTqxiq - BTg2/.	-	 (3) 

Proof: From the assumptions it follows that B transforms every element from 
Ker S onto itself; so B I gers is a bijection onto Ker S. The application of Corollary 1 1 
ends the proof I	 - 

Remark: If B = 8q then we obtain an initial value problem. 

The operational calculus obtained'in Theorem 2 enables us for instance to solve 
abstract differential equations of the type 

RS2u  
with	-	 -	 - 

sqS2i+lu = Uliq and •B(S2 u) = U 15 (i = 0, 1, ..., n 

applying , the methods presented in [1-4, 7,11, 12]. The coefficients of the equation 
can be scalars (numbers), commutative or non-commutative operations with-deriva-
tive 5, integral Tq and operation B. 

r
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Examples: A) The differential equation	 V 

y" +2py' +(p2 + p ') y = 1J(t)}	 . 

with the conditions 

y'(t0) + p(t0) y(t0) = a and	 = 

where yE C2((t , t 1), R), p E C' ((to , t1), R), / E C0 ((10 , t i), R) and a, P € R, has only one solution, 
because the operation B,	 . 

By := ( y(t) dr) exp (-i p(i) 
o 

and B d	is a bijection ontp Ker (d/dt + p). 

	

Ker(. -+)	 V	 S 

di 

B) if Ker S	{0}, then the abstract differential equation 

• 82X'= 0 with SqSX = 0 and 8q SX = 01 

where xE L2 haè, apart from a zero solution, the solution z = c, c E Ker S. The operation 
BIKerS := sq,SlKeS is not an injection.	 :	 V 

	

- C). In the caso of operational calculus with the derivative	 .	 V 

=	i) + 3u(x,	,	 -	 V 

/	•	 IV	ax	ay	 V	 V 

the integral 

V T{/(x, y)} = {!/(x - b(y - t), r) dr}	.	
S 

and the limit condition 

s,{u(x, y)} = {u(x - b(y - Yo), Yo)} '	 S 

where u € L' = C2 (R X (y , y2), R), /€, L° = C'(It x (y1 , ye), It), y0 € (yr ' Y2)' b € It (the case for 
•	the function of n variables is presented in [6]), the derivative , integral 1' and limit condition 

	

.9,. are defined by the formulas	 0 

	

u(x, y)}= Jb2 a2u(x,	+ 2b a2u(x, y + a2u(x, y)	
V 

a	 ax ay	t9y 

•	

•	

y)} = {f(_ t) /(x - b(y - t), t) dT} B I fy(y - r) /(x - b(y -

	

dr} 

Y)) = (s0{b OU(X,Y) 
+	Y)}) ({y - Yo} - BIy - y0}) + B{u(x, y)J, 

ex 

• where u E L2 and / € L° if the operation B: L2 -^ Ker (b a/ax + L9/0y) .satisfies assumptions

( 1 3), 04 ) of Theorem 2; The partial differential equation	

V 

b2 a2u(x, y) + 2b a2u(x,	
+	 = {/(x y)}	

/	V 

	

8x2	 ax ay	ay j	 - 

with the conditions	 .	•	

S	 S 

{b au(x, Yo) + au(x, Yo)} = {(x)) and 	fu(x	b(y - t), r) dr} = ,	S
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where u € L2, 1€ L°, T € C2 (R, R)-and tp € Ker (b c9/ax + e/ey) has only one solution which is 
given by formula (3). In this case B,	. 

- . Bu := {(1/(Y2 - Yi)f u (x - b(y - r), 

satisfies the assumptions of Theorem 2.	 S 

D) Into the space C(S) of real sequences z = (xk) let us introduce th&derivative S = 
according to the formula L {xk} =. {x 1 - xk}. The limit condition s• corresponding to A has 
the form sk.{xk = (xkj. The integral Pk. corresponding to A and the limit condition sk, has 
the form (see [5, 9])

10	for. k=k0 
k— 1, 

• ..	 Tk.xfr} =	' xi	for' k0 < k • .	 .	i=Ic 
k.-1  

—1 x1 'for k0>k. 

The operation	 .	 .	 . 

B{xk} = {ixi/$c 
1  =0	1=0 

• -	-	where {k} € CN),- {k} is a sequence in which the finite amount of elements ' is different from 
zero and Z a	0, satisfies the assumptions of Theorem 2. On the basis of this theorem we 
can define the derivative , =	, the integral 'k, and the limit condition L'.• The difference

equation  

2 (Xk} = I/k) with xk,+j - xj., = a and	x1 = b, 

where a, b  it, (xk), I/k) ' {k} € C(S), {) is a sequence in which only a finite amount of elements 
is different from zero and Z oci 47. 0, has only the one solution given by formula (3). 

'. E)ForL' LO, L- (XE Lm ': Sx€ Lm ),m = 2, 3, ... (see [3,4]).lf L1 (i = 0,1.....2n) 
are commutative algebras with unity e € Ker S and if the assumptions 02) 04) of Theorem 2 
are satisfied, then the abstract differential equation

(4)


	

= x1i g and B(S2 x) = xfB (i = 0, 1.....n	1) 

where x € Z2n, / E L° and x1 , XIB € Ker S has only one solution, which is given by the formula 

n-i.  
X = E (Tq2 - BT9 1 (xjjq[Tqe - B(Tqe)] 4- X1) + (Tq2 - BTq2 )" f .	-	(5) 

	

1=0	 .	.	 -	 • 

Let us .observe that problem (4) is equivalent to the problem 

Anx = / with	= Ziiqi, i = 0, 1.... . n - 1, 

where x  L2 , /€ L° and X1IqB € Ker .'Applying R. BITTNER [4 Theorem 6] and Theorem 2 
we -will get formula (5) for the only solution of problem (4). 
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