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!
Es wird ein- zufilliger Fixpunkteatz vom Leray-Schauder-Typ fiir zufillige mengenwertige
nach oben halbstetlge {-verdichtende Operatoren bewiesen. Die Definitionsbereiche werden
als zufillig voradsgesetzt. Das Resultat verallgememert verschiedene zufillige Fixpunktsitze
und impliziert eine stochastische Version eines Fixpunktsatzes von Petryshyn fiur mengen-
wertige Abbildungen. o '

TokasrBaeTcs TeopeMa o HemoaBHMHON Touke puga Jlepe- IHaync'pa ANA cAy4aliHHIX MHOTO-

" SHAYHBIX MOJYHENPEPHBHHX 1-yNnoTHALWMX oToGpanenuii. PaccmMaTpuBaoTcA cyvaltHEe .
obaactn onpenenenu. Peayabrar 06061waer n3BecTHEe TEOPEME O CIyYalHBIX HENOABHHK-
HBIX TOYKAX M BKJIIOYAeT B e0A, KAK 4aCTHHI cayyaill, onHa TeopeMa [leTpuumMua JIA MHOrO- .

3HAYHBIX cnyqdmm‘( oTobpaskenuit, .

A random fixed point theorem of Leray-Schauder type for multivalued upper semicontinuous

1-set-contractions is proved. The domains are allowed to be random. The result generalizes-

several random fixed point theorems and implies a stochastic version of a fixed point theorcm of
/Petryshyn for multivalued mappmgs

1 Introduction A

The studytof random operator equatlons was initiated by.the Prague school of probas
bilists.around Spatek and Han3 in the 1950’s. The survey by BHarucHA-REID [1]
initiated an essential improvement of the theory of random fixed points. Especially
the papers by ExcL [5, 6] and Nowaxk [14, 15] contain very general fixed point theo-

- rems., Theorem 6 in [6] assures the existence of a random fixed point of a random con-
tinuous multivalued operator with stochastic domain provided that the corresponding

_ deterministic fixed point-problem is solvable. Many random fixed point theorems (cf.
[B, 10, 11]) are contained in this result. However, this general theorem is unknown for

. the important case of the uppér semicontinuous multivalued random operators. There-
fore it is useful to prove special random fixed point theorems for such random opera- -

_tors, In this paper we prove such a result by use of an idea of ExcL [5]. Our theorem

. gcneralues results of EvcL [6] for compact and of Itou [12] for condensmg random
operators.

, .
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2. Definitions and preliminary results

Throughout this paper let £ be a real separable Banach space, (2, &, u) & o-finite
complete measure-space and B(E) the o-algebra of Borel sets on E. By & X%(E)
we denote the smallest o-algebra containing {SX B:S€ &, B € B(E)).

Let M S E. By o M, M,oM and int M we dénote the closed ccnvex hull, the closed
hull, the bounda,ry and the interior of M, respectively. We define 28 = {X S E:

\
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~ X # 0}, C(E) = (X €2F: X is , closed}, C(E ) {X ¢ C(E): X is convex}, KC(E’)
= {X € C(E): X is compact}. WedefmeforM CENCSE acE r>0andteR:

a4+ M={at+z:x€ MM = {tz:2€c M}, ]ll+-N = {’c—f—g/ xEMand y € N}

and K,(a) = {z €&z —all <r}. Let D be aset and 4+ D — 2% be a (inultivalued)
mapping. The graph of A will be denoted by Gr 4 ={(z,y) € DX E: 1/ € A(zx)} and
for@ S E wedefine A~Y(G) = {z € D: A(:z:) n'G # B}. Theset A(D) = A(a:) z € I)}
is called the range of'd: D — 2E, o

Definition 1: Let 4 : 2 — Cl(E). A is called measurable if for all open G C Ewe
* have' 4~Y(G) € €. ; .

Remark { [9: Th. 3.5 (ul)] The mapping 4: 2 — Cl (B) is measurable iff Gr 4 € € x B(E) or

.~

o

Deflnlt,ton 2 [4]: Let A4 :Q — 2E, A is called sepamble if 1t’, is. measurable and
there exists a countable set Z C E such that for all w € 2 we have A@w) = Z 0 A(w).

" Remark 2 2:1.1f A: Q — 2Fis separable, then A(w )E Cl(E) (we 2).2,1f A(w) = 4,€ CI(E)

for all we @, then 4 is separable. 8. If A(w) = int 4(w) and 4 : 2 — 2F is measurable, then A
is separable Especially : 1fy4 (w) is convex and closed with int 4 (w ) + B (we ) and A : Q 28
‘s mcasurable, then A4 is separable [6: p. 70]. .

-

Definition 3 [4]:Let 4 : ~>2Fand F:Grd —Cl (E) are mappings. F is called

(mulL1va,lucd) random operator with stochastic domain A if A is measurable and if for . .

al]xEL’andopenGCIyweha.vc{'we!) xEA(w)andF(w x)nG;é@}E@

" For Ay € CI(E), F: QX Ay — 2E, F is especially a random opemtor (but, with ‘de tormmntlc
domain) lff F(-, ) is me: 1surablc forall z € E.

Definition 4: Let 4.: 2 — 2% and F:GrA — Cl(E) be a random operator with
‘stochastic domain 4. A mcasurable functlon z: 2 — Eis called random fized point of F

. 1f for all w € 2 we have x( w) € A(w) and 2(w) € F(w x(w))

The following result, is a fundamental lemma for the proof of ra,ndom fixed point
theorcms

Lemma, 1[13]: Let P:0 -l (E)bea measumble multivalued mapping. Then there
exists a measurable functzon x: L — E such that z(w) € P(w) for all w € Q.

Definition5: Let M S E-and F: M — 2E. F is called upper semicontinuous if
for all x € M and all open ¢ & E with (¢ 2 F(2) there exists a neighborhood U of x
such that for all z € U n M we have F(z) & G. F is called closed if Gr F is closed in

- ~ the product topology. F is called compact if F is closed and F (M) is compact.

.Remark' 3 (cf. [2]): Let M S F and F: M — 2E. 1. If F is upper semicontinuous and ¥(z)
‘is compact for all z € 3, then F is closed. 2. If F is closed and F(#) is compact, then F is uppcr .

semicontinuous. 3. F is upper semicontinuous iff for all closed 4 S E, F-1(4) is closed.

Definition 6: et 4:Q — 2% and ¥:Gr 4 — 2% be a random operator with
stochastic domain 4. F is called upper semicontinuous (closed, compact) if for all w €
the mapping F(w, -) is upper semicontinuous (closed, compact).

"Let B be a bounded subset of E. We define y(B), the set-measure of noncompactness.
- of B, by 'y(B) = inf {d > 0: B can be ¢overed by a flmtc number of sets of diameter
< dj. . - : .

Remark 4: Let B and C be bounded subsets. Then the following result is well known: 1.

y(B) = 0 iff B is compact. 2. ¥(c6 B) = p(B). 3. y(B n {a}) = y(B) la ¢ E). -l BcS C 1mphes
7(B) S ¥(C). 5. ¥(B + C) = »(B) + y(C). 6. y(B) = It ¥(B) (t€ R).

’
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Definition 7: Let k =0, A S E and. F: A — 2F be an upper Semicontinuous
mapping with bounded range. F is called k-set-contraction (1 -set- contractzon) if for all
bounded B S A we have y(F(B)) <-ky(B) (v(F(B)) < y(B)). F is called condensing
if for any bounded B < A with y(B) > 0 we have y(F(B)) < p(B). .

Each k-set: contmctnon has compact values, F: 4 — 2F is a (closed) 0- set-contraction iff
F is compact and F Is condensing if Fis a k-set-contraction with & < 1.

- Definition 8: Let A: Q2 —2F and F:Gr 4 — 2% be a random operator with

“stochastic domain A. F is called a random 1-set-contraction (a random condensing
. operator) if for al] w € 2 the mappings F(w, -) are I-set-contractions (condensing
N operat,ors) A

3. The -mﬁin result

Let A Q2 be separable, Z a countable set such as appears in Dcfmlblon 2 and
" F:Gr A — 2E a random operator with stochastic domain. Following ExcL [5, 6] we
define
H(w, x) = {F,,(w z):n € N} ((w z) € Gr 4) /
~with- g
(w z) = T U {F "w, z) z € ZnA(w) and |z — z|| < 1/n}.

z

Lemma 2: Let ¥:Gr 4 — KC (E) be a random upper semicontinuous operator.

Then we have for H : Gr 4 — C(E) the following properties:

1. F(w; xz) 2 H(w, z) = D for all (w, z) € Gr A.
2. Let k =0 and let Fbea random k-set-contraction. Then H is a random k-set-
contraction and H(w, ) € KC (E) for all (w,z) € Gr 4. .+

3. Let T(w; ) := z.— H(w, ) ((w, ) € Gr 4). Then T l(D) E € XY Ib) for all com-’

pact D € E.

Proof: Itom [12: Lemma 1.1] proved statement 1 and that H(w, -) is upper semi-

_ continuous for all w € 2. In the proof of statement 2 we choose w € 2 fixed (but

arbitrary). Therefore we do not write Lhc argument w. Let B be a bounded subset
of 4. Then_ i

H(B) = U (H(z) :z € B} S U Pz € B)
S U % {F(Kys(2)): z € B} S F(B + Ky/(0)) (n €N).

Because F is a k-set-contraction we obtain with Remark 4-

YHEB)) S y(F(B + Kyyal) S kp(B + Eyjal0) S ky(B) + ky(Kyya(0))

for all » € N. With n — co we have y(H( )) < ky(B) and therefore H(w, -) is a k-set- -

contraction for all w € Q. This implies H(w, ) € KC (£) for all (w, ) € Gr 4.
Now we prove statement 3. Let @ S K be open and 2 € N. Then we have (cf. Rem. 1
and Def. 3) N /

{(1'4), 2)ERXE:x € A(w), (U {F(w, 2):2€Zn A('go),.uz —z|| < %-}) n G =+ @}

._u[!)x{er ||:z:——z|i< 1}]0(3“4 _ .

€2

N n[w’EQ:zEA(w),F(w,z),nG# 2} X E]'e G XB(E). ,

[y
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Now ‘we,apply [9: Prop. 2.6 and Th. 9.1] and get that F, is measurable on Gr A,
(X B(E)) nGr 4). Let Ty(w, ) = & — F,(w, x) ((w, z) € Gr 4). Then T, is measur-
~able on Gr 4, too. ‘With Remark 1 we have, especially,

{(zq,x) €GrA.T,.(w,x)nD=_#= 2} € S X B(E)

.- for all compact D S E. Now we have )
T(w,x)—x—ﬂ{F(wx) n €N} = N {To(w, ) : n € N} ((w, z) € Gr A)

- and we apply [9: Cor. 4. 3]. Therefore {(w x) € GrA T(w, x) nD =% @} € @X‘B(E)
for all compact D S E B

For the proof of our main result we need the followmg deterministic fixed point
t,heorem which is a corollary from [8: Th. 6 1.6].

.
Lem ma 3: Let K be closed, convex and U an open subset of E with Un K = 0. Let
A=UnKand H: A4 — C(E) be a mappmg with H(A) < K. We suppoge:

1. H is a 1-set-contraction.

2. If (xn) = A4 and (z,) with z, € H(z,,) are sequences with x, — z, — 0, then there exists
anx’' € A with =’ € H(z'). ’

3. There exists an a € U n K such that fx + (1 —ﬂ)aeH( r)(x€eoUnK,p>1).

Then there exists an z, € A with z, € H(x,) (We can find a similar result for mstance
in[16], though only for K = E and point-valued mappmgs)

Deflmtlon' 9: Let 4 € E: Weé'call H: A — 2 demicompact in 0'if for bounded -
sequences (z,) — 4 and (z,) with z, € H(x,) and 2, — 2, =0 there existsanz € £ and .
a subsequence (,,) with 2, —z for k — oo, !

We can easily sce that any condensmg (espccnally, any compact or any k-set-con-
traction with k < 1) mapping is demicompact in 0.
Now we can prove our general fixed point, theorem.

Theorem Let A:Q —2F be separable and F : Gr A — KC (E) be a random 1-set-
contraction with random domain A. Wé suppose: -

1. For all w € Q2 the mappings F(w, -) are demiicompact in 0. o

2. For all w € Q there exist un open subset U(w) S E and a set K ( w) € C(B) with
A(w) = Uw) 0 K(w), U(w) n K(w) %= @ and F(w, z) S K(w) (x € A(w)).

3. For all w € Q there exists a(w) € U(w) n K(w) such that the Leray-Schauder condi--
tion fx + (1 — B) a(w) § F(w, x) (xé 8U(w)an) B> )kolds’.‘

Then F kas a mndom fized 'pomt

Proof: Let Z be a countable set, such as appears in Defmmon 2. We defme H:
Gr A — C(E) as before Lemma 2. Let P(w) = {x '€ A(w):z € H(w, x)} (w € Q). We .
apply Lemma 2 with £ = 1 and geb that H(w, -) is a 1-set-contraction for all w € 2,
H(w,z) € K(w) for all we Q and z € A(w), and O, H(w z) € F(w, z) for all
(w,z) € Gr 4. Because of assumption 3, for all w'€ Q there is an a(w) € U(w) n K(w)
with  fz 4+ (1 — B) a(w) ¢ F(w,2), and therefore Bz + (1 — B)a(w) § H(w;z) ~
’ (:z:~€ oU(w)n K({w), > 1) Let w € Q he fixed (but arbitrary). Now we show that con-
dition 2 from Lemma 3 holds for H(w, -). Let- (#,) = A(w) and (z,) are sequences with
z, € H(z,) and z, — z, — 0. Because H(x,,) C F(z,) we have z, € F(z,) (n € N). Fis
demlcompact in 0 and thereforc there exists a subsequence (r,,) of (z,) with z,,
-2 € A(w) Then we havez,, — 2. Because z,, € H(z,,) (k € N) and H(w, -) is closed,
we obtain z’ € H(z'). Thcrefore we can apply Lemma 3 and for all w € 2 there exist .
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an z(w) € A(w) with z(w) € H(w, :u(w)). and P(?))) + 0~ ~H(w, -) is closed, and then”
P(w) is closed. Therefore P:Q — Cl(E). We prove that P is measurable and apply
Lerma 1. Let T(w, z):= z — H(w, z) ((w, z) € Gr 4). Then we obtain

"GrP = {(w, z) € Gr A:z € Hw, z)} = T-({0}).

Because ‘of Lemma 2 we have 7-1({0}).€ © X B(E) and P is measurable (Rem. 1);

Because of Lemma 1 there exists a measurable function o Q—E \nth Zo(w) € P(w)
for all w € 2. Then z, is a random fixed pomt for F, since z,(w) € A(w) and z,(w)
€ H(w, z)w)) S Flw, xo(w)) .

Corollary 1: Let U S E be open, K & E be closed and convex with U n K + @.and
F:Q0x(UnK)—> C(E’) be a random, condensmg operator with F(.Q x (O n‘K)) S K.
We suppose: For all w € 2 there is'an a(w) € U n K with fz + (1 — B) a(w) ¢ F(w, x)
(x € 8U n K, B > 1). Then F has a random fized point. '

Proof: F(w, -) is dcmxcompact in 0 becausé F is condensmg ‘Then we apply the
Theorem and Remark 2/2 | L

Corollary2: Let A: Q — C(E’) be separable and F : Gr 4 — KC (E) bea multwalued
random operator . with stochastic domain’ A. We suppose: For all x € 2d4(w) we have
F(w,z) S A(w) (w € Q) and for all w the mappings F(w, -) are k(w)-set contractwns

_weth k(w) < ] Ghen F has a random fided point.

Proof: If w € Q with int A(w) = O, then the conditions 2 and 3 in our Theorem

are realized for U = E, since A(w) = aA(w) If w € 2 with int A(w) == @, then the

conditions 2 and 3 in our Theorem are realized for K = E, sincc A(w) = U(w) is con-

- vex and-then the Rothe condition implies the Leray- Schauder condition. F' isa ran-

dom 1-set-contraction and all F(w, -)are demicompact in 0, because they are condens-
ing. Now we apply the Theorem B n

\

Co rol!ary 3: Let A:Q2 — C(E) be separablé and measumble, F:Grd - KC (B)

" be a multivalued random compact operator and G : Gr A — E a random. operator. We
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suppose for all w € 2: F(w, z) + G(w, z) S A(w) (:c € A(w)), there exists k(w) € [0, 1)
with ||G(w, ) — G(w, y)|| £ k(w) |z — yl| (x y € A(w)) and G’(w ) has a bounded
range. Then F + G’ has a'random fized pomt .

Proof For all we 2, Fw, -) + G(w, ) is a Ic(w) -set-contraction with k(w) < 1
and we apply. Corollary 2 |

Corollary 1 generalizes for U = E or for K = E the main theorem of the Rothe type for
condensing random mappings from [12]. Corollary 2 generalizes the stochiastic versions of the
fixed point theorem by Kakutani, which was proved by ExcL (5, 6] and by Nowax [15] for
compact, muppmgs Corollnry 3 is a multivalued version of Corollary 9 i in [6].

1] BrarucHa-REID, A. T.: Fixed point theorems in probabilistic analysis. Bull. Amer.
Math. Soc. 82 (1976), 641—657.

(2] BEROE, C.: Espaces topologiques (Fonctions multivoques). Paris: Dunod 1909

[3] Dixo, D. A., and N. Tr. DIxu: A probabilistic a.nulogue of the Bohnenblust- }\arlm fn(ed
point t.hcorem Rev. Roum. Math. Pures Appl. 26 (1981), 567 —569.

(4] Excar, H. W.: Fixed point thcorems for random operators on stoclmstlc domains. Disser-
tation. Linz: Johannes-Kepler-Universitit 1977.

- [5] Excr, H, W.: Random fixed point theorems for multivalued mappings. Pac. J. Math,

76 (1978), 351 —360.

LS
<



286 . S. Hamw

[
’.

" [6] ExcL, H. W.: Random fixed point theorems. In: Nonlinear Equations in Abstract Spaces
(Ed.: V. LAKSHMIKANTH M). New York:-Academic Press 1978, 67 —80.
[7] Hann, S.: Fixpunktsitze fir mengenwert,lge Abbildungen in lokalkonvexen Riumen:
- Math. Nachr. 73 (1976), 269—283.
[8) Hanx, S.: Zur Theorie nichtlinearer Operatorengleichungen in topologlschen Vektor-
raumen. Dissertation B. Dresden: Techn. Universitit 1978.
(9] HiMMELBERG, C. J.: Measurable relations. Fundamenta Math. 87 (1975), 53—72.
[10] ITom, S.: A random fixed point theorem for a multivalued contraction mapping. Pac. J.
" Math. 68 (1977), 85—90. )
[11] Itom, S.: Random fixed point theorems with an apph(.at,lon to random dlfferent,ml equa-
tions in Banach spaces. J. Math. Anal. Appl 67 (1979), 261 —273.
. [12] Itomu,S.: Mecasurable or condensing multivalued mappings and random fixed point theo-
, rems. Kodai Math. J. 2 (1979), 293—299.
{13} Kurarowskr, K., and C. RYLL-NarDzEWSKI: A general thecorem on selectors. Bull
Acad. Pol. Sci. Ser. Sci. Math. Astron. Phys. 18 (1965), 397 —-403.
[14] Nowak, A.: A note on random fixed point theorems. Pr. Nauk Univ. Slask. Katowncach
: 420, Pr. Mat. 11 (1981), 33—35. . N
[15] Nowak, A.: Random fixed points of multlﬂunctxons Pr. Nauk Univ. Slask. Katowicach
420, Pr. Mat. 11 (1981), 36 —41.
[16] PeTrysHYN, W. V.: Fixed point theorems for various c]asscs of 1-set-contractive and
" 1-ball-contractive mappings in Banach spaces. Trans. Amcr ’\1ath Soc. 182 (1973),
¥2%—352

n

~

Manuskripteingang: 10. 04. 1985; in revidierter Fassung 08. 10. 1985

VERFASSER:

Prof. Dr. S1egFRIED HaBN
Sektion Mathematik

’ der Padagogischen Hochschule ,,Karl Friedrich Wllhelm Wander*
. WigardstraBe 17 ~ . o X

“DDR -8060 Dresden ) ~




