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Dlstmct Delays

G. CoxnTI, R. IANNACCI and M. N. NRASHAMA

o

Mit Hilfe der klassischen Leray-Schauder-Theorie und des homndcnzabblldungsgra.des wird
dic Existenz periodischer Losungen Liénardscher Systeme mit verschiedenen Verzbgerungen
im Falle nichtgleichmiBiger Bedingungen bewiesen. Es werden Resonanz- und Nichtresonanz-
fille in der Umgebung des Eigenwertes Null behandelt.

C noxompio Knaccideckoit Teopunt Jlepeiia-Hayzepa 1t cTenenn coBnajieHns GOKA3HBIETCA
CYLIECTBOBAHHE MEPHOTIMUECKHX peuieHHii BO30YHICHHHX JIMEHAPACKIX CHCTEM C pasiauy-
HBIMH 33Ma31HIBAHUAMN MOJ HEPABHOMEPHHIMIT YCHOBUAMII. PaccMaTpuBaloTCA cayuau peso-
HAHCA U HEPEe30HANCA OJ[HOCHTEIbHO COGCTBEHHOTO 3HAYCHIA HYJIb.

We use:classical Leray-Schauder techniques and the coincidence degree in order to obtain the
existence ol periodic solutions of forced Liénard systems with dlstmct delays, under nonuniform
conditions. The resonance and nonresonance case with respect to the eigenvalue zero are con-
sidered.

1. Introduction

\

In this.paper we study the existence of 2n-periodic solutions for thc followmg Liénard
systems with dlstmcb delays Ty e Tn € [0, 2n)

LY

#(0) +2 [gra,d Fla(t)] + glt, mat— 1), .., Zall = 7)) = elt) (1.15

a.e. .on = [O 21] where F : R* — R" is of class C2, g:J >< R? — R" satlsfles Cara-’
théodory. conditions and e: J — R” is integrable.

The existence of 2n-periodic solutnons for(1.1) has been rccently studied by DE PASCALE nnd
Ianwaccer (3] and Ianxacer and NkasHaMma [9] in the scalar case under resonance and non-

" resonance conditions, respectively. We recall that in t,he case of effective delay (i.e. I + 0), if
7/n € Q, then the elgenvalues of the problem . ) '

z'’(t) + Az(t — 1) =0, z(0) — 2(2n) = 2'(0) — 2'(2n) = O ) . 2;

are not containéd in the nonnegative part of the real axis (see [3: Rem. 1]). In [9] is gnven an
existence theorem of solutions for the problem (1:1) with » = 1 under the assumption

. p() < liminf 2 g(t, z) < limsup 2-Yg(t, x) < ') < 1

lz|—>+o0 |Z|—>+o00

uniformly for a.e. ¢t € J, where y can cross the elgenvaluc zero of the problem (1 2) on a suitable
subset of J of posmve measure. Moreover, in (3], dealing with resonant situations at the eigen-
value zero, the assumption

lim sup z7'g(¢, z) < F(t) <1

{Z]—+00

was still considered.
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Employmg a techmque due to GU'PTA and MAawHIN [6] for t = 0, we consider the

. case when, foreveryi=1, ..., n, the expressions lim sup z;1g;(¢, ) can cross suitably
1Z—>+00
any number of either positive or negative eigenvalues of the problem (1.2). Notice

that these improvements are given in the context of systems with distinct delays.
The paper is divided into two sections. The first section is devoted to nonresonance.
“conditions at the two first eigenvalues and in the second section we deal with reso-
nant situations at the eigenvalue zero. Each section is lelded into t,hree subsections.
In Theorem 1 and Theorem 4 we assume that for every & .

y,(t) < lim inf 2;,7%g,(¢, 2) < lim sup z; ‘lg,(t ) < T(t)
: lzd->+c° lzg—>+o00

and
lim sup z;"¢;(¢, z) < I'i(¢),
12—+ o0 . . .
respectively, umformly for a.e. t € J, where y; can cross the eigenvalue zero on a
suitable subset of J of positive measure and I'; can cross the positive eigenvalues of
the problem (1.2) on a subset of J of sufficiently small positive measure.

In Theorem 2 and Theorem 5 we assume that for every ¢

T(t) < lim inf 27 1gi(t, ) < lim sup :i,“ i(t, x) < yil?t)
12—+ 00 jzd—>+o0
and
r,(t) < lim inf xi’lgi(t, x), -

lz(l—w-oo

}

‘respectively, umformly for a.e. t € J, where I'; can cross the negative cxgenvalues of
the problem (1.2) and y; can cross zero in a suitable way.

Finally, in Theorem 3 and Theorem 6 we prove the existence of 2s-periodic solu-
tions of the system (1.1) under the assumption that a part of the equations of this
system satisfies conditions of Theorem 1 and Theorem 4, respective]y and the re-
mammg equations satisfy conditiong of Theorem 2 and Theorem 5, respectively

Our results are based.on lemmas giving a prior: estimates and degree arguments. Let us men-
tion that for other existence results concerning either unforced or forced Liénard functional
differential equations or systems but not directly related to the results introduced here, see

*e.g. HALE [8)], GraFTOX [5], MawHIN [12], INVERNIZZI and ZANOLIX [11] and the bibliography

. therein.

2. Notations, definitions and prelil'ninary results
Let usset J = [0, 27]. We W1ll use the symbol z = col (z,, ..., Z,) € R"and the symbol
|l for the Euclidean norm in R*". Further we will use the followmg spaces:

1. L?(J, R") are the usual Lebesgue spaces, 1 < p < co. We denote their norm by
Iz if » > 1 and by ||z» if » = 1.

2. HY(J,R") = {z:J > R":x absolute]y (.ontmuous, ' € L¥J, R"), (0) — z(27)
= 0} w1th the norm v

n . 2 llé
el = {g [(—2—:;) f zi(t) dt] +51; f (= ) dt} :
J J

We use the symbol ||y if » =1 .
3. AY(J, R") =--{x € HYJ, R7) : [ a(t) dt = 0}.
_ ; : .

\




5. O, R") is the Banach space of continuous functions with the norm
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4. W2W(J,R") = {x:J — R": 2 and z' .absolutely continuous, z(0) — z(2r) = z'(0)
— 2'(27) = 0} with the norm ’ . .

1/2

n 1 2 2
el = {'2 [% kz; |28 (8)]| dt] }
o =1 |« = J

‘ lzlle = max {lle(@) : ¢ € J}.

For the sake of simplicity in the notations of the spaces we will omit R® when n = 1.
Clearly if 2 = col (z,, ...; z,) € H'(J, R"), then z; € HYJ) for i = 1, ..., n. We recall
that every z; € H'(J) can be written in the form L

\

'
-

v - oo 1 ro.
r; =7Z;+ % with &; € Hl(J) and Ty = é;fx'(t) dt.
Moreqve;', .

’ 1 - 1/2 . n Y1/2
|%il g2 = {iig + ?nf(xi'(t))2 d‘} so that [l2]lm = {é Ixiﬁn} .
J : . ‘ R

In_the' sequel we will use the following result.

Lemma 1 (MAawHIN - and WARD [13]): Let I' € L‘(J-).sm:k’that () < 1ae. on J,
- with strict inequality on a subset of positive measure. Then, there exists & = oI >0
such that for all £ € H\(J) one has " o

'

1 » : o L |
“ Zm f (&0 — I @0)) dt = 6 2. | - -
J o 4

s

for the sake of simplicity we will write 2(¢ — 7) instead of (zi(t — 7y), oy wat — T,,)) .
A function z € W21(J, R") will be called a solution of (1.1) if it satisfies (1.1) almost
everywhere. Let & :J — R be a real function. We define h*(t) = max {k(t), 0} and
 h7(¢) = min {k(¢), 0}, ¢t €J. If h € L}(J) we denote by k the mean valueof hinJ. .

3.. Nonresonance conditions

I3.1. The case of assumption B+

The fol.lowing lemma extends Lemma 3 of [9], when 7 is an effective delay, to the case
when I' crosses the positive eigenvalues of problem (1.2) suifably in subsets of J of

positive measure. L

. Lemma'2: Let y, I' € L'J) be such that y(t) < I'(t) a.e. on J and I' =°T + ir
+ I with ' : . N, : :

I € L(J), 'I'(t) = 0 a.e. on J, and *T € Lo(J), ®I'(t) 2.0 ale. on J,
or e LYJ), °I'(t) == 0-and °I'(t) < La.e. on J with strict inequality on a
subset of positive measure, ) ’
and ' o

' n? 2n2 _ L Co N e ’
0(Cr*) — 5 I'Ilp — |°T g0 + =7 >0, 7> 4. 3.1 |

19%
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¢

Then, there exist & =e(y, ') > 0 and u = u(y, I') >0 such that for all p.'E Ly(Jy
satisfying y(t) — e < p(t) < [(t) + ca.e.on J, all contmuous /unctzonsf R — R and
all x € W2 we have

1 N '.
%f(f — (1)) (z'(t) + f(=(®) &'(t) + p() 2(t — 7)) At = pu |lips.
J ’ . . .

Proof: A'ssume the contrary. Then there.exist sequences {p,} — LY(J), {x,}
< W J), |Za| .= 1, with y(¢) — l/n < pa(?) g I'(t) 4 1/n such that

Pn(x = —f{(xn(t))z + pn(t n(t - t) (ﬁvﬂ - xn(t) }dl < -
/

N

By means of the’ a.rguments used in Lemama 3 of [9], we have, takmg subsequences if
it ]S nccessa,ry, that there exist z € H*(J), p € L}(J) such that z, Sy z, > zand

Pa " p, with y(t) < p(t) < P(t) fora.e. t € J and D ‘(x) = 0.
We claim that L : o -

2n? z2 )
(x) = (6(°1“) — |0 — = |‘Flu + = ’-) B + 5 (477 + 7).
. Indeed we can write - . ' ’ ‘
oy . , v
Dy (2) = 5- [f( z'(t) — p () (=2t + (z,— r))) dt
+ f () (=(t — ) — &) dt] + % ﬁzé
- = 21 f () {—:c2 — Bt — 1) + (2t —T) — az(z'))z} dt
-- J . .

. . . . | | ; |
. + '2; (x'z(t) — 5 () (fz(t) . iz(t _ ‘t)) dt + E ¢§2_
J . .

Smce —Et) — 2 — T) + (x t — T) — Z(t))® < 3% + (%(t) — Z(¢ — 7))%, we have,
) using the mequa.hty »

1(t>—x(t—tlsv_|x|m' . - , (3.2)

'21_7:"]1"(0 (—&%(0) — 2t — 1) + (el — ) — HOP) e
o ~ C

: 2.2—7![ (t)(x(t)——z(t—r)) dt+ % ;_T|x],,.p +5 P

J
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Since p*(f) < °T*(t) + lr(z) + °°I'(t), we have

21 'Z(t) - — p 0] (xz(t) + xz(t - t)) dt

. 1 : ‘ .
5 25 f z'2(t) - 5 or+(t) (922(:) + 2t — 7)) dt

J
- % l\(""f’ + T ) () (iz(t —- z.)) dt )
- J |
= & 6(°T) — _f 00]‘ 4 1) (t) (xz 1 & — 1)) dt,

. 'Where 6(01"*) 18 the best constant associated to °I'* by Lemma 1. Using (see e.g. [15:
P 208]) ‘o . .

. [#1 < |&]0 = |2l and lflztfoél}—glflv=v—-§lilm,\ | <3._3>
we obtain _ . _
. 1 : JZ ‘0
[ 3 (@0 + 20— ) or +=n) @i < (*‘? P+ |°°P|;w) 1813,

J . * ”

. S0 that, since p(t) = y(?) for a.ec. t,
. o : 72 Y 72 .
0=Dy2) = (6(01”) - |°°T|L°°-+ = (27_ — llrlu)) |53]71= + 5 4y 7).

3 From (3.1) it follows that & = 0 and z=0, whlch ylclds a contradiction since .
"z, —*xand [Zalen =1 0

VVe are now in a position to prove the following existence theorem of 27~ perlodlc
solutions for system (1.1). , . : N

Theorem 1: Let F ¢ C*(R", R) and g J X R - R, g(t, z) = (g_,(l, x), .. o5 galls x)), :
such that -/ : ) .
(1) g( ), measumble-on J for each x € R,
(i1) g(¢, -) ts continuous on R® for a.e. t € J; : ‘
(iii) for each real number r > 0 and for any ¢ = 1, ..., n there exist a;, b; € L}(J)’
(which depend also on r) such that ' . .

9t )] S @) + bt ( 5 kal“)

. /ora.e.téJ,all@éR” withjzj<rend 0= x < 1.
Assume that for, every t=1,...,n the inequalities

(B*) yilh) S llm mf z;73 gi(t, z) < lim sup x,“g,(t z) < Ti(t)
Z(j—>00 .

|z

i hold unz/ormlj /or ae tE€ J and' x, E R, j £, and y;, T} salisfy the conditions of
Lemma 2.

Then, system (1. 1) has at least one 27z-penodzc solution for each e € L'(J, R"). . |



1 . n .
294 . G. ConTr, R. IanNNacct and M. N. NKASHAMA

. Proof Let ¢;, u; be positive constants associated to y; and I'; by Lemma 2. From
~ assumption B* there exists 7; >0 such that for a.e. ¢ € J and for every z€R” with
|z;) = 7; we have y;(t) — & < 27%gi(t, ¥) < Ti(t) +-&i. Put ¢ = min ¢, 4 = min u;
- and r = max 7. Definey;:J X R* > R by

zi~ g, z) ' A |zl =7
. r gt 2, o\, Tiogs T, Zills oo Tq) (7Y)
yith, 2) =1 + i) —zrY) HO0ZSa;<r.
' TG Ty ey Tioyy T, Ty, -e o, Ty) (Tir7) ’

+ L) (1 + 2¢™) if —r < 2, < 0.
We have . . '
y,(t)—sSy(tx)SI’(t)-}—e foraetEJ :ceR" T (3.4)
Moreover, the functlon di:J XR* >R defmed bv Gi(t, ®) = pi(ty x) x; satisfies
a,ssumptlons (i)—(iii) and §i(¢, z) = g;(t, ) for all z € R". wmh lzi| = 7. Let by = g;
— §; and denote by (g— oF (:c(t))) the i-th component of 5 (grad F(z())). By con-

struction and from the assumptlons on g; it follows that

N

hi(t, 2)} < 2 ( ai(t) + bi(t) ( ¥ [xkl")) forae. teJ,z e R*. (3.5)
\ ' .

-Our system (1.1).is equivalent to

“1d oF o . E o . .
2;(t) + (a 27 (:c(e))) + ¥l 2t = ) @it — w) + hilt, 2t — 2)) = ei(t),
N . ' ] i=1,...,n.

‘ By the same degree argument as in the proof of Theorem 1 of [10], it suffices to show
that the set of 2n-periodic solutions for the system

L w0 U —HI ,x.~(t—r)+1(jt ZF (z (z)))+1h.~(t, it — )

+,1;,.(z 2t — ) wilt — 7)) = Aei(t), i = 1, o (3.6)

. is bounded for every 2 €10, 1]. Let z € Wz1(J, R") be a 2r- perlodlc solution of system
_(3.6). Multiplying each equation of this system by (:v — )) and taking into account
the assumptions on I';, (3.4) and Lemma 2, one gets for each t=1..,%

daF

‘ 0 =3 (z: — 5{.’(0)-(%”(‘) + 4 (
7 o

+ ly,(t z(t — r)) (& —1) + 2hilt, a(t — z)) — Je; (t)) dt.

= plxilip — | — filc hils — [% — e leili

d oF
+ E;“n f (7 — z:(0)) @ (z(t)) dt
J
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From inequalities (3.2) and (3.5) one has

. . . 27‘ ’ ~ n . .
0=y |xi|2ﬂ‘ - f EAPY {le.‘lv + 2lailp + 2 bl (k§|xk|°c)}

d oF . -
27: f — (1)) 7 7, (x(t)) dt. .
 Let S
L= ma’x (le.~|Lk +2lailn), M = 2max il

d oF ; o v -

pi= f (x Tt 7z, (z(t)) dt. ' - N .

One gets : - .
02 p lx.fr:,. - V' L. {L Y ( s mlc)} + P

" On the other hand, for each i = 1,...,n one has

n 112; .
il i“( 2 ixn%n) =l and [z g-— ey, -
2

hence - < A
}

n ) 27 - ) S )
£ vt S o e ond 0 2 g~ 2 2% ol (L + T i) + i
Now, a.ddlng fori = 1, «+ey 1 the last mequalltles we derive ‘

0= 4Rl — 2(/3)1 lzllas (L + 2(VT‘ anM |zllgs) .
" Hence .
C 0= i — 2(1/7 tanL |l — 4(V§) ' wen2 M |zl

Hence it is clear that there exists b1 > 0 such that |jz{l; < Bi; from this and the fact
that HY(J, R*) = C(J, R") compactly, we have that ||z] < ﬂ2 for some B >0 and
. the proof is complete 1 : ;

3.2. Thé case of a.ssumption B-

To get the (in some sense) dual version of Theorem 1 we premise

Lemma 3: Let y, I'e L‘(J) be suchthat P(t) = F(t)a e. onJandI"—— or + '+ -
with

1P e LAJ), 0 = 11'(t) a.e. on J, and ©I € Lo(J),0 = ®[(t)a.e. on J,
°I’ € LY(J),°I'(t) = 0 and °I'(t) = —1 a. e. on J with strict mequalzt yon a subset of
posztwe measure, N

and . : o e

X 2 2 )
CA(—OT7) = T Pz, — [Tl — =5 (74) > 0, 77 < —47*,
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Then, there exist e == g(y, I') > Oand,u = uly, I') > Osuch that for all p € L}J)satisfy-
tng I’(t) —¢ = p(t) < y(t) + eae. on J all fe C(R,R)and all x € W% 1(J) we have

—f —2(t) (2(t) + f(x(t)) z (t) + p(t) a(t — 7)) dt > el

Proot: Usmg the same a,rguments as'in the proof of Lemma 2, it is easy to see that
it suffices to show.that

Dy (2) = o f (2"(6) — p(t) 2(t) =t — 7)) d = 0.
We have . 7 . o
Dy (2) 2 5 f (xfzu) + 5 PEY (B0 + #( — ) di
. J ..
1 (1 1 '
—2—1f§ p(t) (z(t — 7) — ;Z(z))z dt — 5‘7;52.
J .
Slnce p )y =TI- (t) using (3. 2) we obta.m

' D,-(x) = —f( 3} R r (z3(t) + x2(c — r)))

. 272 3 I
: —_3_‘|1'111'P Exp' -

> ( (=00) =T |o0 — [T} 2

and the proof is complete I
Theorem 2: Let F ¢ C*(R®, R) and g: J X R = R" salisfy assumptions (1)—(111)

of Theorem 1. Assume that for each © = 1, ..., n the inequalities
(B') rie = lim inf ;7 Yg,(¢, x) < limsup z;71¢g;(t, ©) = y,(t)
12 —>0c0 |00

hold uniformly for'a.e.t € J and z; € R, j =i, and y;, I'; satisfy the conditions of Lemma‘%
Then, system (1.1) has at least one 2m- penodzo solutwn for each e € LY(J, R").

Proof: Itissimilarto that ot Theorem 1, using the same notations. Let x € H'(J, R?)

" be a 2z-periodic solution for system (3.6). Multlplymg each equation of this system by

(=7 — 2t )) a.nd taking into account bhc assumptlons and Lemma 3, one gets, for .
each: =1, n,

: 1’ ' d oF
= — —_T, — I A — . s (t —

S 0=g [(m—aw) (e ( 0+ ((u — (= (t))) =2 Izt — )

. J

+ ;.y,-'(t, 2(t — 7)) it — 7)) + Akt 2t — 1)) — /'.e~(t)> dt

A d oF
i = 1B — e (s + i) e.zinfxiu) 7 %, ot

. . J.

=

w[*g

With a technique similar to that used in Theorem 1 we obtain that there exists a con-
.stant f > 0 such that ||z}ic < f and the proof is complete’'ll
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3.3. The mixed case . )

- Theorem 3: Let F ¢ C*(R", R) and g:J X R* — R" satisfy assumptwns ( )~(m) of
Theorem 1. Let ng be an integer such that 1 < ny < n. Assume that for everyi = 1, ..., n,
- condition B* holds uniformly for a.e. t € J and x; € R, j == i, where y; and T'; are as in
Theorem 1.- Moreover assume that ,‘or every i = ny + 1, ..., n condition B~ holds uni-
/ormly for a.e. t € J and x; € R, § ==, where y; and I'; are as in Theorem 2. ‘

Then, system (1.1) has at least one 2n-penodw_.solutwn for each e € LY(J, R").

~Proof: For each i = 1, ..., m, we proceed as in the proof of Theorem 1 and for
i=mny+1,...,n we proceed as‘in the proof of Theorem 2 to get the boundedness of
the solutlons for system (3.6) I : -

4. Résona-nce conditions

4.1. The case of assumption E* = -

fhe following lemma extends Lemma 2 of [3], when 7t is an effective del:-ay, to the case
when I’ crosges the posmlve elgenvalues of problem (1 2) in some subset of J of positive
measure.

‘Lemma 4 Let £>0 and I' € LMJ) be such that I' = °T + 1" 4+ <T" wzth
e LJ), () 2 0 a.e: on T, and =T € L=(J), “I() ZO0ae.ond, -
o € LY(J),0 < °I'(t) < la.e.on J, with°I'(t) < lona subset of positive measure.

Then, for all p € LMJ) satisfying 0 < p(t) < I'(t) +e& ae on J, all- continuous -
functions f: R — R and all x € W21(J), we have )

L[~ 50) ("0 1) 200 + i) ot — o) |
VA = Co
= [6(°F> = 3Tl = Tl — o] et

' wkere 6(01") is associated to °I" by Lemma 1. \

Proof: lntegratmg by parts and fo]lowmg the proof.of Lemma 2 of [3], one gets
2
D,*(x) = o / [(z ()2 — re #} dt

& (&) + Bt — 1)
T 2 2
T

dt

21 ) 5 (=t — 0 = &) + 2] ar.
J

Therefore, by Lemma 1 and inequalities (3.2), we have ,
Dyt (x) 2 8CT) [#fi — [Tl 18t — 1°Tlueo 513 — ¢ 1al5,

[5(°F) -3 I‘Flu - I“Tle] &7 — ¢ le

a.nd the proof is complete "
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‘Theorem 4: Let F ¢ Cz(R" R) and g:J X R" — R* satisfy assumptions (i)—(iii)
.of Theorem 1 and be such that for any ¢ = 1, .
(B,*) there exists R; > 0 such that g,(t, z) z; 2 0 for all z € R® with |z;| = R;,
*(E;*) lim sup z; “g,(t z) < T(t) uniformly for a.e. t € J and umformly for z; ¢ R,

B
JF1i :
Moreover assume that for every i = 1, ..., n, I'; satisfies the conditions of Lemma 4 wzth
80T) — /3 'Tiln —'1*Til0 > 0,
. Then system (1.1) has at least one 2n-periodic solution /or each e € L‘(J R") with
€=
Proof: Let 0 < ¢ <min {(8(°T;) — 733 M — [°°I’,~|Loo}. Then there'exist,siri >0

L] . . . )
such that for a.e. t € J and for all z € R* with |z;] = 7; one has 0 < z;7'¢;(t, x)
< I'i(t) + . Proceeding like in the proof of Theorem 1, we can write the system (1.1)
in the eqmvalent form

" (t) +(;t zF (:c(t)))+y,(t xt—t)) t—r)—{-h(t xt—t))_e(t),

- i=1,...,n.

(=4

Degree arguments will lmply the existence of a 2yz-per10dlc solution for (1.1) if the set_
of possible 27- perxodlc solutlons of the system .

20 + (1 — 2) Tt it — 1,)—*—4(;2 (()))';*-‘ih;(t,x(t—\r)).

At 2t — D)) &t — 7)) = det)y i =1, Lm (4)

is a priori bounded independently of Aé (0, 1]. Let = € W21(J, R?) be a 2r-periodic

solution of (4.1). Mult,lplymg each equation-of this system by (x — &; (t)) and mtegrat-
ing on J, we obtain, using Lemma 4, ‘

1 d o
°=2 (=: <t>)( + (1= T =t ”“(dca (z()))
+ ik, (t z(t — ‘L’)) + iyt 2t — 7)) 2t — ;) — ).ei(t))'dt N
= p (Bl — (il + lednn) 12 — Bilioo + P; ‘
with 0 < u < m.in {6(°F;) — #%/3 M| — |°°F'|Lco — &}. By means of the afghments

used in the proof of Theorem 2 of [2], there exists a constant d > O such that |jz{|; < d',
mdependent,lv of 4 € (0, 1] and we can complete the proof.like in Theorem 1n

Corollary: Theorem 4 remains valid if we suppose, instead of E,* and g =0, that
there exist constants a;, b;, R; such that a; < &; = b; and

gi(t, x) = b; for aeted and x € R® with x; > R; > 0,
gilt,z) L a; b forae teJand xz € R®with z; < —R;. |
Proof: The system (1.1) is equivalent to |

()+

dt a (x(t)) + gl:l(t’ x(t)) = ei!(t), t=1,...,n,
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" where
9»(‘ z) = gi(t, x)——(a +b) and el(t)_e,(t)——(a + b;).

‘Observe tha.t g,‘(t z): venfies E,+ ; therefore the a.rguments used in the proof of Theo-
rem 4 yield the conclumon |

4.2. The case of assumi)tion E- . y .

The fol]owing lemma extends Lemma 3 of [3]. . .
Lemma. 5: Let:e > 0 and let F € LY(J) be such that I'= or 4+ ‘F +.I" with
1I’EL‘(J) o=1ry )a,e onJ and°°F6L°°(J), 0= °°F(t) a.e.ond,

I'e L\(J),0 =°I'(t) = —la.e. on J wzth °or't) > —1ona subset of posztwe .
© medsure.

|

-.Then for all p € LMJ) satisfying T(t) —e= p(t) < 0 a.e.ond,all contmuou.s /unctzons
f:R—>Randall x € W2 1(J), we have .

' —f aﬁ(t)) "(l)+f(x(t))x(t)+7>(t)x(t—t))

[5(—"1’) — 5 " — |° e — 6] lxla-,
where §(—°1") is a,ssoczated to —°I by Lemma 1. ) v
Proof: Integrating by parts and using the proofs of Lemma 3 of [‘3 P 155] and

Lemma 4 herein, one gets the conclusion i

Theorem 5: The assertion of Theorem 4 holds true zf assumplwns E,* and E,* are
replaced respectively by

(E;7) there exists R; > 0 such that g,(t x) z; =0 forall x 6 R® with |zl = R
(Ey™) lim inf z; ‘lg,(t x) = T'i(¢) unz/ormlj for ae. teJ and unzformlj /or z; € R,

Iz.!—++oo
i1, where T; satisfies the conditions of Lemma 5, and, moreover,

. 2 R )

8(—=°T) — 5 [l = °Tlsee > 0.~

Pr\oof ‘It is similar to that of Theorem 4 herein and we omit it for the sake of
~ brevity. Let us mention the required a priort estimates are obtamed using Lemma 5
above, [ . t

. \ Lt
4.3. The mixed case | o

Theorem 6: Let F e C*}(R*, R) and g J X R* — R” satisfy assumptzons (1)—(111) of

Theorem 1. Let ny be an integer such that 1 < ny < n. Assume that for every i=1,...,n,,

conditions E* of Theorem 4 hold uniformly a.e. on'J and for all z; € R, § = 1, where Iy

are as in Theorem 4. Moreover, assume that for every i = 7 + 1,..,n, condmons E- of

. Theorem 5 hold uniformly a.e. on J and forall x; € R,§ == i, where F are as in Theorem 5.

Then (1.1) has at least one 27 -periodic solution for each e € L‘(J R") with ¢ = 0.
) '

+

\

\
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Proof: For each ¢ = 1,..., n,, we proceed as in the proof of Theorem 4 and for
= ng + 1,..,n, we proceed as in the proof of Theorem 5 for. getting the required
a priori esbxmates .
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