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Abelian Theorem 'for the Distributional Stieltjes Transform 

S. PiupoviO and B. STANKOVIá 

Unter Verwendung des Begriffes des quasiasymptotischen Verhaltens'der temperierten Distri-
butionen im Unendlichen wird ein Satz vom Abelschen Typ für die distributionentheoretische 
Stieltjes-Transformation gegeben. Dieser umfal3t sowohi alle bekannten Ergebnisse als auch 
einige neue. 

UOJIbayncb IIOHHTHCM FcBa3Bacu51nToT11 qecBoro nonegeHllH TeMnepuposannazx AIICTPH6ylAHfi 
B 6ecxoiIe q i1ocTH goHa3bjBaeTCJq TeopeMa A6ejjn o A11CTpM6y1jHOHHOr1 TpaHcJopMa1I1M CTH1hT-
1eca. Oiia BIJHo4aeT B ce6e It Bee IrsBecTHbIe peay.nbTaTlL ii iieioopaie HoBsie. 
Using the notion of quasi-asymptotic behaviour at infinity of tempered distributions, we give 
an Abelian theorem for the distributional Stielt.jes transform, It includes all known results, as 
well as some new ones. 

I. Introduction	 '	.. 

It is possible to define the Stieltjes transform of adistribiition in different ways. We 
will mention onl y the one given by J. LAVOINE and 0. P. MIsRA [3], which is related 
to a subspace of tempered distributions with supports in [0, cc) and which is used by 
many authors. We modify the definition of the Stieltjes transform slightly in such 
a way that it is available for the whole space of tempered distributions defined on 
SR" with supports in In the case n = 1 this definition includes the mentioned 
definition froni [3]. Using the notion of quasi-asymptotic behaviour at infinity, we 
prove a theorem of Abelian type. It includes the known results, as well as some new 
ones. 

2. Notations and definitions 

1 is the set of natural numbers and 11 = u {0}. IJ' is the n-dimensional Euclidean 
space and is the n-dimensional complex space. If a, b E NO and x E , then 

(a, b) = E a 1 b 1, lal =Z la: , x =* 11 = 

ax = (a1 x1 , ..., ax,,) and 11aJ12 = (a, a); a	0 means a	0-	 -, 
a > 0 means a >0 and a -- 00(0+) means a 8 -> co(0) for all i. 

We set + '	{x € R' x,> 0}, and its closureinTi n is denoted by L"; _ = ( — co, 0). 
If a€ Randx€1, then (Lx + l)=(a+ l )(a + 2) ... ( tx +) (a + 1)=1 We 
set e=(l,l,...,l).JfaEJn and kEo n, then (a+e)k(aI+1)k(a2+1)k 

' (afl+ l )k.	 /	 .	.	 S
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By D, p E 9106, we denote'the partial differential operator aP--Pn/ax iP ... 
The space of (R')-functions 4) for which all the norms 

114)IIrn = sup (( I + jt 2)m1 2 DO(t)l},	m E J1O,
te9l' 
IPIm 

re finite is denoted by J'(R'). Its dual i"(Jt') is the space of tempered distributions. 
The completion of T(W) with respect to the norm Him is denoted by and its 
dual by (Y")'. The pairing between 4) and f . from a testing-function space and its 
dual is denoted by (/, 4)) = (/, ), 4 is the conjugate function for 4). The space of 
tempered distributions / with support supp / contained in R' is denoted by 'r,'(91"). 
For a fixed element s E ft" let 4(s) be the space of	 such that: 

(t) E [0, 11, t € R"; for every p E there is a c,, > 0 such that iD',(t)j ci,, t € 91's; 
there exists an e > 0, 2e < IRe s i l for I = 1,'2, ..., n, such that j(t) = 1 if t belongs 
to the c-neighbourhood of '" and (t) = 0 outside the 2e-neighbourhood of 

We introduce a family {/ : a E R'}	'(Th'). Firstly, for a € we set [9: p. 851 

11(T) T* -lr(a) fora > 0	
( € 91) =	fora 0, a + m>0 

where H is the characteristic function of 91 + and m € 91. It is easy to see that /—() 
= ô(>(r), r € 91, n € 91, where ô is the Dirac distribution. Further, for a € 9112 we set 

n 

ta(t) = /7 /01(t,),	t E 1=1 
Denote by K12 , a € 9111 , the operator on T'(91') defined by 

(K121) (x)= (/0(t) - 1(t)) (x),	x € 9123, 

where - denotes the convolution in 50'(9123) (see [9: § 5.6]). In case a € 91o", K- = D°. 
It is well known that Y''(91") is a commutative ring with respect to the operation of 
convolution. The unit element is 6 and K-°(K°/) = ô - /, / € Y+'(91"), a € 91". Be-
cause of that, for a E 91" we set K° = D°. So we have D0(D1) = /, a € 9?", 
I € 

A real-valued measurable function 1 defined on (0, co) is called slowly varying if 
(l(ut)/l(r)) - 1 when r — co, for each u > 0 [6]. We shall always denote by L a 
function of the form L(t) = 1 1 (t 1 ) 12 (t2) ... 1(t 12 ), t € where 1 1 , l, ..., l are slowly 
varying. 

Now, we shall define the asymptotic and the quasi-asymptotic at infinity. 

Dcfinitiop 1: Let F € .Y' 0 (91"). If for some g € Y'91"), g + 0, a € 91" and L 

	

(k E91 + ")	 (1) 

and for some T0 > 0 and M > 0 

F(kt) 
koL(k) !E^ M, t € 91±", 11 t 1	T0 ,	k > (1, ..., 1),	 (2) 

then we say that ' F has the asymptotic at oo with respect to kGL(k) with the limit g.
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Definition 2: Let / E à°.'(). If for some g E	g	O,a € 91' and L 

—= (g(t), 4>(t))	(k€ R,5 )	 ( 3) 
k-* (k-L(k) 

for every 4> € '(R'), then we say that / has the quasi-asymptotic at oc with respect to 
kaL(k) with the limit g.	- 

In both definitions a is called the power of the asymptotic, resp. quasi-asymptotic, 
behaviour. 

Remarks: 1. For g from Definition 2 we have g(bt) bag(t ), t € 91n, b € ffln and b > 0; if g is 
continuous, then g = Cfa+, a >, 0, for some C + 0. Indeed, taking into account the properties 
of L [6] we have 

b°(g(t), j(t)) = urn (bo /(kt) , 
k—.00	kGL(k) 

I/(kbt)	I = urn (	, , j(t) ) = (g(bt), 1(t)), Ct) € ,Y'(91)). 

So for t'> 0, g(t) = t°g(e). By using the fact that its support is in	wi have g	C/a+e. 
2. If we compare the quasi-asymptotic from Definition 2, in the case n.> 1, with that defined 

in [2] we see that our definition is-slightly more restrictive. This is motivated by the fact that 
we need in our investigations the exact form of g. If n = 1 both, definitions are the same. 

Let s € , r E R', co €	and € 4(8). We set 

j(t) (exp ( —CO , t)) (s + t) –t– ,	t € 

Obviously,	€	If/ € .'(") and 711, 21, € LA(s), then

(4) 
Definition 3. Let / € c+ '("), w € 91+'3 and r €	If for any s € (' \ _)" the

limit
It (s) =Jim (f(t), a8.0.,,(t)) 

exists, then the function s —>- It(s ) , s € ( \ R-)", is called the S'-trans/orni of'/. 

Because of (4) It (s ) does not depend on 71 € 4(5). For every / €	'(J1') there exists
an r for which the S-transforrn is defined; this follows from the fact-that there exists 
an m € R such that / € (J'm)' n Y'+ '(R) (see [9: p. 91]). 

3. Connection between the asymptotic, quasi-asymptotic and S-t.ransforiti 

The proofs of the following two propositions are similar to that of the' corresponding 
assertions in [2], so we give these propositions without proofs. In [2] L(x)' 1, 
k = (Ic, ..., Ic) and instead of R,' a cone is observed. 

Proposition 1: If F € W') has the asymptoticat oc with respect to k°L(k), 
a > —e,with the limit g + 0 and has its support in Ti,", then F has the quasi-asymptotic, 
at oc with respect to kaL(k) with the limit g. Moreover, F(kt)/(k"L(k)) converges to g(t) 
in(àPm) /or m>aI+n.
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Proposition 2: 1/I E Y'(91') has the quasi-asymptotic at co with respect to PL(k) 
with the limit g E Y'..'(R"), then there exist a p E Y O' such that p + a > 0 and (D Pf) (t) 
has the asymptotic at cc with respect tokL(k) with the limit C/ 0 ^+, C 0; in this 
ca.seg=C/0g. 

Note that Remark 1 enables us to give in Proposition'2 the explicit form of g. 
Before we give a connection btween the quasi-asymptotic and Sr-transform, we 
have to prove the following lemma.	 - 

	

Lemma 1: Suppose that / E	 DPF, where p E	FE	R') and
supp F R+'. I//or some r' E H' and T0 > 0 

•	I t+e t 
T0 

- then there exists Jr for r	r' and	 - 

•	Jr(s)	.(r + e);f (9	di,	s E ( \L).	 (6) 

	

Proof: For a fixed s E ((Y 	LY we have 

Jr(s) = (- 1)P lim (F(t), .DPa8.,(t)), 

where the expression K••) is a sum with members of the form 

(r + e);f F(t)	 dt 

and.

Ckw1kf(+t)r+e dt,	0	k ^ p,	 (8) 

•	 .	x..	 .	- 
where Ck are suitable constants and for at least one i = i0 , k <p10 holds. When 
w -s- the member (7) converges to the integral in (6) because of the property given 
in (5).  

•

	

	Obviously, for any a> 0, fl> 0, max (u0e-: u> 0) =	This implies
that for every w >- b and e> 0 there exists a T0. > 0 such that fo'r Q = it E J1^": 
11th > T}	 . 

pk r F(t) exp (—a, t) 

	

J(s + t)T+	 .	. .	 S 

^ Cf (s
	

dt C'f tiedt <s, 

where p — k 0 and for at least one coordinate pi. — k10 > 0. This shows that all 
the members of the form (8) tend to zero when w -- 0 I 

Proposition 3: Let / E R') have the quasi-asymptotic at cc with respect to 
k'L(k) with the limit g. Then / has the Sr-transform for r> a and there exists a continuous 
function F, with the support in R,'; and p E O", p + a> 0, so that / = DPF and F



	

Abelian Theorem for the Distributional Stieltjes Transform	345 

has the asymptotic at no with respect to 0"L(k) with the limit Cl,,,,,,, C + 0; particu-
larly, we have g C/e and 

fr (s ) = (r + e)pf	+P+6dt,. ' € (\ L). 

• Proof: The assumptions on / and Proposition 2 imjlythat there exists a p E 91" 
such that.p a > 0 and that D- P/ = F is a, continuous function with the support in 
Jt". F has also the asymptotic at no with respect to k° PL(k) with the limit C/.+,. 
Now, for r > a and for a suitable T0 > 0 we hive that F(t) g-r-P-e, Jt T0,is an inte-
grable function and / = DF. Now, the proposition follows from Lemma ii 

Remark: J. LAVOINE and 0. P. MISRA [3] defined the Stieltjes transform iii one dimension 
for distributions belonging to a space 7'(r) of distributions T having supports in [0, no) and 
admitting the decomposition T = B. + DkF, k € 91, where F is a function having the support 
in [a, no) for some finite number a (a> 0) such that F(x) X t - k - I E . !'(R), and B is a distribution 
having the support in [0, a]. Every such distribution T € 7'(r) is a tempered one and has b 
Lemma 1 the Si -transform. J. Lavoine and 0. P. Mi'sra defined its Stieltjes transform in the 
following Way: 

S(T) = (B(t),(.+t)r+L) + (r+I)k 
f(.* k+1 

dt, on 

They remarked that '1' € 7'(r) is equivalent to T = D"C, m € al,,, if G(x) = 0 for x < 0 and if 
the integral

fIG x)i (x + b) t-m-' dx, b >.O 

exists. It is easy to see that S1 (T) =	 - 

4. Abelian theorem for the .S-transTorm 

To prove the next theorem we use the following lemma vhih is a direct consequence 
of a theorem from [6: pp. 64-65]. 

Lemma 2:1/ t9> 1, then 
CO 

fL(u) u- P du	x1L(x), xoo, xE. 

Theorem 1: Suppose that I E. ,'(R") has the quasi-asymptotic at no with respect to 
k"L(k) with the limit g € à +'(J1"). Then g= Cl,,,, and for r > a, r + —m, m € 9Z, 
i = 1, ..., n, we have 

lim	
fr(s)	

-	
P(?— a) 

	

s(r_o)L(a) -	rfr + 1) ' a = (I s , 1, ..., J s I),	 • 

8E4w 

where wE",	1.,argw1+2r, i=1,...,n, and A,m{s=kcu:k€	11
n = 1 and L(x) = 1, the convergence is uniform in the closed domain ti, = Is € 
- + s args :7v —e},e>0.
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Proof: We shall split the proof intd two parts. We use the same notations as in 
Section 3. 

The case r, — 1	a <r1 for at least one i: From Prdposition, 3 it follows that 

	

11(s) —>- 0 when s —> 00, s E Ac,. Let m be the first integer	Jr + p + e l . Proposition 1 
implies

Jr4-e(ks)	

K_
F(t)	 (t) urn	 urn (r + 2e) 

1c°-'-L(k)	k—	 k06L(k)' (ks + t)TP+28 

	

=lim(r+2e)	

) 

	

(__F(kt)	ij(kt)	\ • 
k"1'L(k) ' ( s ±t)T+P+26) 

= (r ± 2e) (CIa+pe(t) (s + 
t)T+P+2e) 

r(r. — a1 + ) cr	S0_(, x 
€ =i ,	1'(r1 + 2) 

So.' if k . > k0 , i =1, ..., n, then

' P(r1—a+1)

	

(ks)°	L(lc), fr+e(ks) = (i + e(ks)) C JJ 
1=1	f'(r1±2) 

where e(/cs) —* 0 when k--* 00 and s €.A. Taking into account that ft(s) -- 0 when 
s —> oo,s€A,,, we have

.o	00 

If (ks) = s e (?- + e)e f ... f fV+e() du 
k,	k	 / 

f(r— aII±1) 

	

•	 ____ 

{•00 

=CrI

	

T' (r, -f- 1)	
3	 I	'L( u-' '	u 1 ) dui 

1=I J 

	

00	00 

-	+f	f e(su)2-r-;L(u)du}. - 

ki 

In order . to prove the statement of the theorem we only have to use the fact that 
E(us) -^0 when u —> 00, s E A. and to apply Lemma 2. 

The casea <r — e: Let mbean integer such that Ir + p + el > m a + p + el. 
The function F from Proposition 3 belongs to (°")' and the family of functions 
J 1(t)/(s + t) P6 : s € A,, 71 E 4 (s ) } belongs to y'm Hence, for s € As,, 77 E cu(s), we 
have

•	jr(ks)	 F(t)	i(t)	)	 S 

lim	= (r + 'e) lim 
k00 kaL(k)	

k	( PL(k)' (s + t)P6 

	

(t)	\ 
= C(r + e) (t+(t) (s + t)8 

" Pr- — a-1 -	 •	 S	

=	• * 

	

-	 P(r1 + 1)
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Let us remark that in the proof we used the well-known equIity 

r	ga+p	d_SOT_1(a+P+ 1)f(r—a+ 1) 
J (s ± t)T+2	 I'(r + p + 2) 
0 

where a E 91, p € R,s € \_,a + p> —1, r + p + 2 >.--1. 

At the end, the uniformity of the limit process follows from Montel's theorem: 
If f(z)is regular and bounded in the angle between two rays and /(z) -> a as z -> no on 

one ray in the interior of the angle, then 1(z) -- a uniformly in any interior angle I 
We shall give several examples to illustrate th advantages which we obtained by intro-

ducing the quasi-asymptotic.	 I 

1. The functions F(t)	H(€ — 1) t-m, t E R, m = 2, 3.... . (H is the characteristic function 
of 9, = (0, no)) behave as t-m when t -> no. But they all have the quasi-asymptotic at no with 
respect to k' with the limit	1	

• Indeed, if 0 € T(R), then
rn — i

CO 

urn (k/(k), (x))	lim k'-tm fb(x) x d 
k-c	1/k 

-	- = lim f 0(	m dx =	1	(0). 
k-^coJ	kj	rn—i 

•	From the main theorem follows	 5 

lim8'+'/(8) 
=	1	r> —1, rn—i 

-	We obtain the same result for the classical Stieltjes transform. We see that the power of the 
asymptotic behaviour of if does not depend on rn = 2,3, ... just as the quasi-asymptotic does. 
In the case m	1, the function F,(t) = II( — 1) t', t E 31, has the quasi-asymptotic at no 
with respect to k-' In k with the limit a, and our theorem implies 

lim	 = 1, 8 E c;\_. () In 8	• 

This result can be checked directly by using the classical definition of the Stieltjes transform. - 
. Let T DPF € Y''(31) such that F € .2"(314. Then T has the quasi-asymptotic at no with 

respect to kP+' ) with the limit 

(_1)P(fF(t)dt)a(P). 

Namely, for 0 € a'(31) we have 
lim kP+'(T(kt), q(t)) = lim (-1 )P k(F(kt), (P)(t)) 

k- e' '	 k-i.00	 S 

= (— 1)P Iim fF (t ) (v) (L) de = (_1)P (P)(Q) JF(t) dt. 

	

k--co	 k
0 

This example shows that a whole family of distributions has the same power of the quasi-
asymptotic and consequently the asymptotic behaviour of thir.Stieltjes transform has the 
same power, too. Let us remark that F need not be of powei growth [5]. •
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3. The distribution PF(l/xm), m = 1, 2.....has the quasi-asymptotic at oo with respect to 
Jc mL(k) with the limit (-1 )"' 6(m)/(m — 1)!. From [7: T. I, p. 42] follows 

ä(m) (pF(1/xm)) = PF(—m/xm+') + (_1)m_ dx 

The assertion follows from 

Jim km5(m)(kt)1(t)) 

= lim k(— 1)m (5() q(m)(t)) = (-1 )m j, (m )(0) = (0fl), j) 

and

lim	k (PF(11tk),	I (t))=	(D(I1(k1) lñkt ', (j(t)) 
k_*clflk	 Ink 

= _ 'f In (kt)'(t)dt= (0) In k 

Now, we can compare the results of our theorem, in the case n = 1, with the known 
results on Abelian theorems at infinity of other authors. All of them started from the 
space 7'(r) [3], which isa subspace of J' +'(R). If T E 7'(r), as we remarked, it has not 
only the Stieltjes transform Sr(T) in the sense of the definitiOn of J. LAv0INE and 
0. P. MISRA [3]; it has also the Sr-transform 'r in the sense of our definition and 
S(T) (s) = r(), s € \ L. 

Using the notations of our theorem, we can establish the following differences: In 
[:3] J. LAVOINE and 0. P. MISRA proved the case L(x) 1, a > —1, s is real number 
and r> —1. In the next paper [4] they supposed T = B + g, where B is a distribu-
tion having compact support and g E (J,) such that g(x) Axa logi x in the 
usual sense as x - co; s is a real number and —1 <Re a < Re r. R. D. CARMICHAEL 
and E. 0. MILTON [1] proved their theorem for L(x) = 1, a > —1, s € = 

= u + iv: u> 0, jv < Ku, K 0} and r> —1. A. TAKAöI [8] generalized this 
result, omitting the supposition a> —1. V. Mni, M. SKENDIO and A. TAKAI [5] 
proved the case Re a> —1, s real and Re r> 1. 

In a forthcoming paper we shall give similar results for the casc of the quasi-
asymptotic at zero and the corresponding Abelian Theorem for the Stieltjes trans-
form. 
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