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On the Optimality of Methods for Ill-Posed Problems

] . 4

'G. VAINIKKO

Es wird die Optimalitit einer Klasse von Regularisierungsverfahren firr lineare inkorrekté Auf-
gaben untersucht. Die allgemeinen Resultate werden fiir die Lawrentjewsche und Tichonowsche
" Methode sowie fiir eine Klasse von Iterationsverfahren und ihre stetigen Versionen priizisiert.

NayuaeTcsa ONTHMANLHOCT KIACCA METOMA PETYJIAPH3ALMH AHHEHEX HEKOPPEKTHBIX 3a/aY.
O6wue pe3ysbTAaTH MIIIOCTPUPYIOTCA MpHMenenuem K Mertonam Jlaspenbesa u Tuxoliosa, .
KJIacCy MTEPAaLMOHHBIX METONOB M X HempePBIBHEIM 3HAJOraM.

The optimality of a class of regularization methods for linear ill-posed problems is investigated.
The general results are applied to Lavrentjew’s and Tikhonov’s methods and to a class of itera-
‘tion methods and their contmuous versions.

1. Introduction A , o .
Coﬁsider an ill-pdéed problem (sec [15]) .
Au = f , ' " - (L)

where A € Y(H, F) is a linear bounded operator between Hilbert spaces H and F. Any
mapping: P : F — H can be treated as a method to solve equation (1.1) — the approx-
imate solution is given by Pf, or by Pj,-if only a polluted value of f is given (||fo — 1
= 6) For a set M — H let us introduce the funct;lon

A M P A)= sup [Py —ul, 0<38=6,
! ueM, f5€ F
- ldu—sol= s . ,
which mdlcates the maximal error of the method P provxded that the exact solutlon
of (1.1) varies in M and the correspondmg right-hand term f € AM has the accuracy &
(see [10]). A method Py : F — H is called optimal on M 1f

(6,M,P0,A)fmfd(6 M;P;A) “ < (1.2)

where the infimum is taken over all methods P F — H. It is well known (see {10))
that : ,

inf 4(5; M; P 4) 2 5 .(2(26 M; A) \ )

; ! : .

where (¢; M A) = sup {|lu; — || : %y, up € M and [|[Au, — Au2|| = e} o

Below we sha.ll consider methods of special type. Let’s take a.family of continuous

functions g, : [0, a] = R depending on a positive parameter 7. In case H=F,

4 =A4* =0, ||4]] = a we define the apprommate solution via the formula (see (1,2,
6— 9] :
= - Agr(A)) u +g(4) fo -, o (1.4)_
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where %, € H is a given initial approximation (e.g. #, = 0). In case of a non-self-ad-
joint operator 4 € £(H, F), [|4]? < «, we first symmetrize the problem (A4A*Au
= A*f) and then apply a method similar to (1.4):

= (I — A*dg(A*A)uy + g(A*4) A%, (1.5)
Let us introduce the set M,,,, = H of so called sourcelike elements,
Mopu, = (w € H:u — up = IAI” v, vl < of, ' (1.6)

where p > O and o > 0, |4| = (A*4)Y2 ¢ #(H, H). Formula (1.3) takes the form
’inf A(B; M,,‘,uo; P;'A) = w(d; M,,; A)
where M,, = M ,,,and w(é; M ; A) = sup {|lull: » € M, ||Au|| < é}. It is casy to prove
the following assertlon (see e.g. [7]:
zj (6/0) 1/(p+n € U(IAD’ then. w(é M, 4) = 01/(p+1)§p/(pfl)
and hence

inf A(8; Myp,; P; A) = oUp+0gpI+1) | (1.7)
b :

\

It is a typical situation for the ill-posed problems that the range f(4) of A is non- -
closed, and then the spectrum o(|4|) of {A| contains at least a sequence of positive
numbers )k such that i, -0 as k — oco. For the corresponding 0 = 0y = pAPtY,
“k=1,2,..., inequality-(1.7) holds.
Now 1t is natural to ask, under which conditions upon the f unctlons g [0 a] —
there is a parameter choice » = 7(8; M,,y,) such that : :

sup |y — ul] < pMp+0gRIRD; - (1.8)
w€M oy, JoEF, ) . :
lAu—ssll <8

(Comparing (1.8) wfth,(l.’?_) we .gee that the correspoﬂding method is optimal on
M 554,.) We shall answer this-question assuming that

- ) =rrd), 0=ZAi<co, r>0, (9
with a gi‘vén generating function g : [0, co) — R such that . R
sup |1 —Jg(A)j<oo (0=<p=<p, pER). 7 (1.10)

0=5i<o0 .

+ Many concrete methods fit in the setting defined by (1.4), (1.9), (1.10) or (1.5), (1.9),
(1.10). We shall apply the general results to the Lavrentiev and Tikhonov’s methods
"and to continuous versions of iteration methods. Finally we transfer the results to a
class of iteration methods. Note that for all those and many other inethods, it is easy
to propose parameter choices r = 7(d; ‘M peu,) fOr Which (see e. g {7, 8])

sup  lu, —ul] = 091/(p+1)5p/(pﬂ) _ (1.11)
UEM poy, J6EF. . ) :
llau—sol =6

with a constant ¢ > 1 (order optimality on M,,,,).

A most practical way for an order optimal choice of 7 provides the residual (or discrepancy)
pnnclple (see [7—9]). For a fixed f € R(A) this prmclple yields a suitable value of r, whereby
it is not necessary to know, to which concrete set M,,u, p > 0, ¢ > 0, the exact solution of
(1.1) belongs. But we fight forc = 1in (l 11), and in order to determine the corresponding value
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ofr, theinformation aboutp andg is needed. Note also that it is not needed constructing approx-
imations (1.4) and (1.5); only the choice of the parameter 7 depends on Mp,y,. Another idea, is
exploited on [4]: the authors construct a special version of Tikhonov’s method depending on
" the set M < H on which an optimal method is searched.

| B

2. Formulae for maximal error

Let :B be a.linear bounded operator from a Hilbert space G into H. Let us introduce
the set -

Mppu,={u€ H:u —uy = Bo,|p]| <o}, ¢>0, upeH. .
- Lemma21:IfH=F, A = 4* = 0, |A|| < a then, for u, defined in (1.4),
sup b, — )

"'EMBeu.'/"e F,

NMau—ro))<s

1/2

= inf
o<l

g2 A)| - (2.1)

2 . .
2 (I — 4g,(4)) BBX(I — Ag,(4)) +.

1 —t
- Proof: For u, and for u ¢ H . o
up — = (I — Ag,(A)) (g — u) + g(A4) (f» — Aw).

Hence . .
sup |l —ull = sup |[( — Ag,(4)) Bv + g,(4) 2| .
UEM gy, o€ F, floll = .l 6 .
lau—~ssli<6 .

= sup - |l( — Ag,(4)) Bv + 8g,(4) z||.
IS LSt

'A(':cording to MELKMAN and MiccHELLI [4], for any Hilbert spaces X and X; and for
any operators C; € ¥(X, X,),: =0, 1, 2, .

sup’  [|Coz| = inf sup [ICox]].
Gzl =1,[|Cozll=1 0<t<l {|Czf* +(1-0)|C, 2|2 =1

Inourcase X =G X F, X, =H, X, =G, X, = F(= H),

z

.C'o(:) =0(I—A9r(A))Bv+6g,(A)z, Cl(:).=v, o, (v);z’

- x=<:)'€XA=G><F,

and the Melkman-Micchelli’s formula yields

sup fue, — ull
uGMBQuO./afF. v .
lau~rslss , . ,
= inf sup lle(Z — Ag,(4)) By + ég,(A) 7|

o<t<l fv|*+1—nlz*s1

. . /2 .
= inf ||Collg,xF\pry = inf ||0000‘“.l?(n,m,
' o<t<1 o<t<1

where @, X F,_, as a set coincides with G X F but is equipped with the scalar product

N ((Z:), (Z)) = Kvw, v)e + (1 =) (21, 22)r,

23 .Analysis Bd. 6, Heft 4 (1987)
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and Cyt € £(H, G, x F,_,) is adjoint to C, € £(6, X Fy_,, H),

o t_‘QB*(I —Ag,(A))u ’ '
Cotu ——( (1 — £ 8g,(4) u ), u€H.

This leads to formula (2.1) I
Lemma 2.2: If 4 € :Y’(H,‘F), 14| < a, then, for u, defined in (1.5),

S‘llp luy — ul|
ueM ghy, f5€F,
J4ut sl '
—inf £ (1 — A*Ag,(A*A)) BB*(I —-A*Ag,(A*A)) )
o<1
62 1/2
+ T 9°(4*4) 4*4 (2.2),

The proof is similar to that of Lemma 2.1, Lo

" Below we restrict us to the caée (1.9) and B = |4|P (then M g,,, = M,,gu,', see (1.6)).
Denotmg h(AY=1— Ag().) formula (2.1) takes the form ' -

sup  [lu, — u][

uEMﬂ?“o'jo,EF
lAu—ssllsé

2

12 :
8 trzgz(r).)] . -

2 v
= inf sup ["7 a(1 — rig(rd))* +

0<t<1 2€a(4)

. : 0¥ 62 12
= inf sup [T (efr)?® B2(p) + T 7‘292(/‘)] )
0<t<1 u€a(r4). . — b

and the following' result is an immediate consequence from Lemma 2.1.

Lemma 2.3: Let H = F, A= A* =0 and let (1. 9) and (1.10) kold Then, for u,
defmed in (1. 4), with -

7= de""’*” §~Ur+D  d >0, 0<p =P, (2.3)
the following formula is true: ' _
sup ”u' — u” — c&” 91/(P+1)6ﬂ/(p+1) . o (2.4)
BEM pou JEEF,.
flau—sol|lso
whereby l
c&ll:ed = inf - .Sl.lpﬂ ‘ppul(d’ t: /l), ‘ .o . ) (25)

-~ o<t<l peo(dd/PHDs-Hp+N1 4)

A d-?r
(pplu(d’ t, p) = [ "1

dz2 2 '
HPRp) + T gz(u)] , hp) =1~ pg(p). (2.6)
Disregarding the fine structure of the spectrum o(4) we can recommend the choice
of d, solving the minimax problem ’

inf inf sup @M(d,¢, u) =M. ) B )

d>0 0<i<]l 0Sp<o®
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Instead of equality (2.4) we then obtain the estimaté’

sup  lu, —ul < cpM M tP+1gpItp+1). o (2.8)
, BEM S F, - X .
lau—follse

which is precise for sufficiently small § > 0 if o(4) = [0, ¢], & > 0. Note that duc to

(1.10), the function @,1)(d, ¢, u) with p € (0, ps] is bounded in 1 (0 < u < oo).
+ From Lemma 2.2 we obtain. . .

Lemma 2.4: Let A € Y(H, F) and let (1.9) and (1.10) hold. Then, for u, defined in
(1.5), with o : : : :

r = dp+ng-2itp+n . g~ 0, O < P = 2p, ) (2.9) '

the following for_mula is true: . ' J

-7

- sup  Jlu, — ul| = cF) oM@ gPiEEY - ('2.10)
UEM oy JOEF, ) : .
lAu—~ssll=6
whereby .
' @, = inf  sup @' 0(d, ¢, p), 2
o<1 ugq(dggl(P‘f'1)6—2/(P+1)AOA) . . .
- dr T2 .
@o12(d, ¢, u) = [ 7 KPR + 5 — #92(#)J o k() ="1 — ug(p). (2.12)

- Disregarding the fine structure of o(4 *4) again, we can recommend the choice of
parameter d,.solving the minimax problem , . .
inf inf " sup @ lA(d, ¢, p) = el ' - (2.13)

d>0 0<t<1 0Sp<oo : . ’ : .
Instead of (2.10) we then obtain the estimate

sup |, — ul} < c,[2lpttp+1gpip+) ) (2.14)
€M,y J6EF,
" llAu—foll=s

which is precise for small § > 0 if o(4*4) > [0, €], ¢ > 0. Due to (1.10), the function
@,1%Xd, t, u) is bounded in p (0 £ p < oo) if p € (0, 2p,]. . ‘

To solve minimax problems (2.7) and (2.13), it is useful to know stationary points
of the functions g, and @,?) introduced in (2.6) and (2.12).

Lemma 2.5: Let a dif/ereﬁtz’able function g :[0, c0).— R satisfy (1.10) and let

“h(2) = 1 —'Ag(2) decrease, h'(1) < O for 0 < 2 < co. Then both of the functions @,

Ad, t, ) with 0 <.p < p, and 2, t, u) with 0 < P = 2p, have a unique stationary
“‘point in th'e,regiqn d>0,0<t<1,u>0, namely the point, defined by coordinates

o 1Y L1 1 ' '
d=h1 y b= — u=h——). (2.15
. (zH,-I) “p+1 # (p+1) B (2.15)
Proof: The proof is straightforward, equalizing the first derivatives of @0, 1, u)
or p,12(d, t, u) to zero and examining the corresponding system of three equations il

23* N

i) . . ‘ ~



356 . G. VAINIKKO . 4

3. Optimality conditions

Now we are ready to p;'ove the main results of the paper.

Theorem 3.1: Lee H =F, A = A4* =20 and let a differentiable function g : {0, oo)
— R satisfy (1.10) whereby k() = 1 — 2g(2) decreases, k'(2) < 0 for 0 < 4 < oo. If,
for a p € (0, o), the inequality '

vl w) = (p + 1')' [h"\(p—iqﬂ_ " pohEu)

2
Hp k1 3] g2p) =1, 3.1
+@+1Dp [ (p+1)]g(/t)_ . (3-1)
0 < u < oo, holds then, for u, defined by (1.4), (1.9) with thé parameter choice
J 1 , _ »
r — b1 Yp+ng—1p+ - » (3.2
(P + 1) ¢ : ©2
the following error estimale is true:
sup  lu, — ull < QU +1GYIPHY, ' : S (33)
UEM oy JOEF. ~ . '
lAu—fol)<6 : : )

_ Conversely, if (3.1) is violated for a p € [0, co), and o(d) o [0, €], € > O, then, for all
sufficiently small 6 > 0 and all r > 0 : _
Cosup e — ull > Qllwﬂ—nap/(m—'n. : . A (3..4)

ueM oy, S € F, .
flav—/sll=s

The point u = h~(1/(p + 1)) is a stationary point of y, M whereby -

A . |
mip-1{—_\| = ‘
w"lﬂ(hl(pv”)) b

Corollary 3.1 (see Section 1): Under conditions of Theorem 3.1, if (3.1) holds, then
method {(1.4), (1.9), (3.2)} is optimal on M y,u, provided that (8/e)VP+" € o(4). If(3.1)is
violated and o(4) > [0, €], ¢ > 0, then method {(1.4), (1.9)}, with an arbitrary choice of

parameter r = (8, Mppu,) is non-optimal on My, for all sufficiently small 6 > O.

Proof of Theorem 3.1: Note first that . -

- 1 1 2
(1] = M p-1 JN—
vt -["”’l(h (p+1)’p+1”‘)].

with @, defined in (2.6). It follows from Lemma 2.5 that p = R 1/(p + 1)) is
stationary point of y,l!l. Obviously @,9(d, k(d), d) = 1 for any d > 0 and hence this
equality holds for point (2.15): .

71 1 1 - : 1 '
m (p-1 , , b1 =1, m (g [——)) =1
vr ( (p,+ 1) p+ 1 (10 + 1)) Ve ( (P + 1))

Fixing p = b~ Y1/(p + 1)) we obtain from [@,1(d, ¢, u)]? & strictly convex function

ind and ¢ which attains its minimum in its stationary point: for d,t) + (h“(l/(p + 1)),
1(p + 1)),

1 1 1 1 ’
1] - mipr3 {—mM8 8}, —— -1 —
o (d’t’hl(p+l))>% (hl(p+l)’p-+ i (r+1)) b
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~On the bther hand, in view of (3.1)

1 -1 : ’
e (h_l (;»‘ﬁ)’,m, ﬂ) =[pHWPr =1 (0 < <oo).
Thus the minimax in (2.7) is attainable at the point d = A~ (1/ (p + 1)) t=1/(p + 1),
w=nh" 1(1/(p + 1)3 whereby c,{!] = 1. This means that, with parameter choice (3.2),
error estimate (2.8) takes form (3.3).
If (3.1) is Wolated then (2.7) yields cpm > 1. If thereby a(4) o [0, €], ¢ > 0, then
(see (2.5)) X ‘

.

inf ci}),s — cpm as 6 — O, : -

a>0

and (3.4) is a consequence of (2.4). This completes the proof of Theorem 3.1
In a similar way one can prove '

. Theorem 3.2: Let A € £(H, F) and let a di/jerehliable function g : [6, o) =+ R
satisfy the same conditions as in Theorem 3.1. If, for a p € (0,.2p,] the inequality

‘ L\ -
w2 () = (p + 1){’*'1 (m)] ’ uPh?(p)

. | s
o 1) p)'S 1, (3.5)

o= ,u'< oo) holds, then, for u, defined by (1.5), (1.9), with the parameter choice

+ (p + 1)7)“’»“(

y o= p-1 (p _1*_ 1) g¥lP+IE=2N P+ ' . ‘ . (3.8)

v

error estimate (3.3) holds. Conversely, if (3.5) is violated for a u € [0, ;x>), and 6(4*4) o
[0, €], € > O, then, for all sufficiently small 8 > 0and all 7 > 0, inequality (3.4) holds.

The point u = h“(l/(p + 1)) is a stationary point of yp!%) whereby

w (i (521)) =

Corollary 3.2: Under conditions of Theorem 3.2, if (3.5) holds, then method {(1.5),
(1.9), (3.6)} is optimal on M, provided that (6/g)¥'P+V € o(A*A). If (3.5) is violated
and o(A*4) o [0, €], £ > 0, then method {(1.5), (1.9)}, with an arbitrary choice of
r = (8, Mppu,) s non-optimal on Mp,,, for all sufficiently small 6 > O. )

4. Optimality of Lavrentiev and Tikhonov methods

The Lavrentiev method (see [12]) .
wy = (ol + A)71 /s (¢ =7r1,4=4*=0) ; (4.1)

‘s an example of methods {(1,4), (1.9)} with u, = 0 and g(4) = k(4) = .1 + At
Condition (1.10) is fulfilled with p, = 1; so is the condition of Theorem 3. 1 on h(2).
: Condmon (3.1) takes the form .

) = (p + 1) (P4 + p) (1 + )2 <1 (0.£ 1 < 00). (4.2)

\ t
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It is casy to verify that (4.2) is fulfilled for 0 < p < (]/5 — 1)/2 ~ 0.618andis violate(:l

for p> (6 — 1)/2 (namely, v,20) = (p + 1) p > 1). According to Theorem 3.1,

the choice of the parameter & = p~ @‘1/"’“‘6‘/"7’“’ provides the optimal estimate
sup |lu, — ul| < pVPH1GPIPF ’ (4.3)

u€Mpp, f5€ F,
flau—sfollss

for 0 <p = (]/5 — 1)/2' on the other hand, for p > (Vg — 1)/2 therevis no parateter

choice « = (4, M,,) that makes Lavrentiev method optimal on M,,. But it is known.

that, with oo = ¢~ “”"’“’6‘/"’“’ d = const > 0, Lavrentiev method is order optimal

" on M, also for (V— — 1)/2 < p £ 1; for p > 1 there is no parameter choice which

could provide even.order optimality of the method on ‘Mpg
The Tikhonov method (sce [14, 15])

Tuy = (ol 4 A*AYV AR, (x =1 A€ L(H, F)) | (44)

corresponds to the same generating function g( ) = ( + 4)~1. Condition (3.5) takes
the form < '

W) =+ )PP+ w1+ w2S1  (0=<pu< oo) (45)
and is fulfilled for 0 < p < 2. According to Theorem 3.2,.Tikhonov method (4.4),
with the parameter choice o = p=lp=2/(p+ 1§22+l s optimal on M,, ((4.3) holds) for

0 < p < 2. Tt is known that, for'p > 2, there is no para.meter choice which prov1des
even order optimality of the method on M, '

5. Optimality of continuous versions of iteration methods

The following two meéhods_ can be considered as continuous versions of iteration
methods (see [13]) ‘ )

wit) + Ault) = fi, wO)=u, (t=r,4=A%=0), (5.1)
w(t) + A*¥Au(t) = A*¥fs," uw(0) =u, (t=r A€ L(H,F). (5.2)

Methods (5.1) and (5.2) belong to the class of methods (1.4), (1.9) and (1.5), (1.9), .
~ respectively, whereby g(4) = A"}(1 — e~%), h(A) = e % Condition (1.10) is fulfilled
with p, = co. Optimality conditions (3.1) and (3.5) have the form

W) = (p + 1) {[In (1 + p)]2 uive2
Do (L4 p)Pai(l e £,
) = (pot 1) {[ln (1 + )] pve=
, +p M In(1+p)jpt(l —e#p} =1
(0 = p < 00), respectively. An analytical check ot these condltlons occured to be
complicated and so they were examined numerically. The result is as follows: the
first inequality s fulfilled for 0 < P, ='p, &~ 1.043 (this number appears from the
condition y,[1(0) = (p ¥ 1) p~Y[In (1' 4 p)P < 1); the second inequality is fulfilled
for 0 < p < p, &~ 7.124. According to Theorem 3.1, the choice of the parameter
t = [In(1 + p)] p"P+1§-1»+D in method (5.1) yields, forO < p = p,, the optimal esti-
mate . . :
sup ”u(t) — u” é 91/(P+1)¢§D/(P+1).; O N (53)
"ebipgu.'ﬁ’e F, . . .
flau—ssll=8
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- there is no paramet;er choxcet S5 t(é M,,,,) which-provides the optimality of method
(6.1) on Mp,, for p > p,. According to Theorem.3.2, the parameter choice t =
[in (14 p)] p2/P+1§—2/2+1) in method (5.2) provides, for 0 < p < p,, optimal estimate
(5.3); there is no parameter choice t = £(8, M p,4,) Which makes method (5.2) optimal
on My, for p > p,. It is known that method (5.1) with ¢ = do/tP+1§-1tp+1) and
method (5.2) with ¢ = d 2p+1§=2p+1) -d = const > 0, are order optimal on Mp,,,
for all p € (0, o). : . .

6. Asymptotical optimality of iteration methods

Consider the iteration methods (see [5, 7—9])

Yo = tUpy — BlAtiny — ), (n=1,2...;B=b4), 4 =4*20)

' . (6.1)"
and . : . . . .
Uy = Up_y — C(Au,,_l - /;), (n=1,2,...;C = b(d*4) 4%, A € £(H, F)),
P ) " (6. 2)
where b : [0, a] — R witha = [[A]| (case (6. 1)) ora 2 HAH2 (case (6.2)) 1 isa contmuous '
function such that . :
T o r . . . '
o O<b().)<7 for 0=2=a. o (6.3)

Most usual iterations, .introduced in [3, 11 —13], correspond to the functions b(4)
- =p€(0,2/a) and b(2) = (B + 2)!, B = const > 0. Iteration methods (6.1) and (6.2)

present a special case of methods (1 4) and (1.5) in which the parameter r = » takes
" -only mteger values and the function g, = g, is defined by !

g,,(;.) = P () b(z)_— 71[1 — (1 — ()], . (64)

j=0

As far as 7 = n cannot take all positive real values, it is impossible to establish the
optlma,ht;y of iteration methods on a set M. But it is possible to indicate a choice
n = n(d, p, o) so that iteration method (6.1) or (6.2) occurs to be asymptotlca,lly
optlmal on M,,;, in the followmg sense (compare with (1.8)): ‘

sup llencs.p.00 — i
T "EMmgu° J6€F.[[Au~foll<é

lim
60 Ql/(li"'l)al’/(P+l)

<1 (6.5)

-More precisely, such a choice of . = n(é P, 0)is possnble only for those p > 0 for which
the corresponding continuous version of iterations ((5.1) or (5.2)) is optimal on M, :

Theorem 6.1: Let H=F, 4 = A* =2 0, ||4]| < a and let a conlinuous'function
:b: [0, a] = R satisfy inequatities (6.3). Ther, for 0 < p < p, ~ 1.043 the choice

S n=mo P = int {_(bl((;_p) wwa—m.vw}_ : (©6)

in iteration method (6.1) provides a’symptlotic error estimate (6.5).
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" Theorem6.2: Letd ¢ £(H, F),||A|*? < aand letacontiﬁuous function b : [0,a] — R
satisfy inequalities (6.3). Then, for 0 < p < p, &~ 7.124 the choice

n = n(d, p, ) = int {M 92I(g+1)5‘—2/(p+n} (6.7)
‘ 9(0) :
in iteration method (6.2) provides as ymptotic error estimate (6.5). (H ere int 2 denotes the

integer part of a real number 1.)

The proof of Theorem 2 is alike that of Theorem 1. For the latter onc we establlsh
first :

‘Lemma 6.1: The following statements are consequences /rom (6.3), (6.4) and the
continutty of b: :

. 1
a)g.(2) > 0, max g,(4) S —nfort>0,n=1;

tn'<1<a

b‘) forany ¢ > 0 and p > O there is a Ty = to(¢, p) > 0 and a ny = ny(e, p) such that

. max Pl — /g,,(}. | Sen® for 7 2=27,n g‘no.
m'siga . .
Proof: Statement a) is obv10us Let us prove b). Choose an « € (0, a) such that
0=1—4() <1 —~Bifor0< ) S« \\1th a positive constant 8. 1t is clear that
x =< f~'and

0 = max |1 —7b(2)| < 1.
aSisa . )

The function (1 — ﬂ).)" is non-negative and decreasing in 2 on [p/f(n + p), 1/8].

Assuming that = > pf~! (then z/n > p/B(n + p)) and 7/n < « (that means takmg

suffluenbly great, n) we ha,ve ,

max 2P |1 — ig,(3)| = max P 1 — /b())]"'
tn'gi<a m-lgiga

' = max{ max A?(1 — B2)*, max /” 1 — )b(A)|"}

rn"SASa a<i<a

G I
; n/ \'. n =
< max {r”e br aP0"n7’} nP.

The resulb is not greater than en? 1f tPe Bt S &, (an)? 0® < ¢ which ho]d for snffl-
ciently great v = roandn = n, 1

- " Proofof Thcorem 6.1: According to Lemma, 2.1, forany n = 1 we have (putting
t=1/(p + 1)) , '
sup . flu — o\

UEM oy, S6€ F
llau—fsl|sé

0? ) 1/2 ,
= inf max (7 A2P(1 — jga(2)? + T g,ﬁ(/l))

0<t<] A€a(A) t

0=iga

A : : ; Lo
< max [(p + 1) g2#(1 — 2g,(A))2 + B ;f : 529"2(;.)]‘

= max {,(8, , 0), 9(, P, 0)}
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where

$x(9, p, 0) = max [. ..]1/2‘ and 0,(d, p, 0) = max [...]V2.
0215 n? : - m-'gisa

Due to Lemma 6.1,

’ ) ‘o /2
0.(0, p,0) < [(p + 1) %2~ 4 %‘1 62(??«/!)’]

with an arbitrary ¢ > 0 assuming that = 7o(e, p), = ny(s, p). Takinga sufficiently
small ¢ > 0 and choosing n = «(3, p, ) according to (6.6) we obtain

~

Onispol(0, P, 0) < -@V(P+VSRIB+YY, '

It remains to show that T v

iy Satspe(8, D 0)
. l'_&} ol /(P+1i§pip+1) = 1'_ . .
. . ’ \
By means of substitution 2 = u/n and.(6.4) rewrite

Ospusr
2 . a2
- (-

p n n
/ t ’
2 (WY _ oo
(1 . n.g(n)) em o

~Choosing n = n(d, p, o) according to (6.6) we obtain.

st 0) = max |04+ 1 gwomen (1~ Lo (B

"Note that

max —~0 as n — oo.

) . ; 0Suse

. sn(b.p.g)(‘s’ P, 0) _ .y : —2 )4 0y 2
i SR = o {0+ 0n 04 1 0 s e

+

P 0 (1 T (0 1 = sl ™

= max [y,1(g(0) w2
- 0Susy ] . .
with ,1) defined in Section 5. But ,(4) < 1for 0 < u < coin $0 faras 0 < p=
P1 &~ 1.043 (see Section 5). This completes the proof § : o
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