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Second Microlocalization and Propagation Theorems for the Wave Front Sts 

P. ESSER 

Es wird gezeigt, Avic die Menge der zweitén.analytischen Mikrotrager z  definieren ist, urn Aus-
breitungseigenschaften Mr differenzierbare, Gevrey- oder analytischE Singularitaten von 
Distributioneiohne zweiten analytischen Triiger zu erhalten. 

HoHaabIBaercH, Ha}- c J!eiyer OHpeeZI1TTb flTOpOtl aHajlTH'IecHnd M III{pOHOCHTeJIh 'IToGhI 
noJiyiiin, CBOfCTBa pacnpocTpaueHnn AAR H()(hepeHunpyeM11x, Gevrey- nun aHauMTII-
'iecnnx dnhlryulnpHocTeü o6o6I.1eHh1Mx yniii1 6ea noporo auaJIIlTlI qecnovo HOGHTeJIR. 

There is showed how to define the second, nalyticwave front set in order to obtain propagation 
properties for differentiable., 1evrey, or analytic singularities of distributions without second 
analytic support. 

0. Introduction 

M. KASHIWARA [4] introduced the, notion of a second microlocalizatiori along an 
involutive manifold of T*Rn . J. SJöSTàAND [10] defined the second analytic wave 
front set (and even a k-th one) on a lagrangian manifold. Finally, G. LEBEAU [8] 
spread this notion to isotropic manifolds. In this paper, we show how to adapt these 
definitions in order to obtain propagation properties for differentiable, Gevrey, or 
analytic singularities. We introduce the second analytic'support and identify it to 
the projection of the second analytic wave front set. The main ideas of this proof are 
due to G. LEBEAU [8]; We finally prove propagation theorenis for the first wave front 
sets of distributions without second analytic support. 

1. Second analytic wave front set 

The (first) wave front sets have several equivalent definitions [3, 101. Here we use 
the following one due to Bros- Iagolnitzer-Sjostrand, extended to differentiable and 
Gevrey singularities [2]. Let (yo, i) E W' and let (z, y) be an FBI-phase function 
[10]; that is a holoniorphic function in a neighbourhood of (z0, Yo) E C" x R" such that 

Dq(z0 , y) = ?lo,	7D9(z0 , Yo) > 0,	1)et D2D jp(zo, y,) + 0. 
Denote by y(z) the unique 11011-degenerate critical point of y E R"	—3(z, y),. 

= —Dp(z,y(z)), (z) = (y(z), ?)(z)) and. 0(z) = — J(z, y(z)). Let 1 :z^ 8, ^-' 00. 
If .T E '(R") is a distribution with compact support, then ( yo, i) q %VF8 T if there 
are a neighbourhood co Of z0 and positive constants c, C, 2 > 0 such that 

-	 -IJzI' e	
•*	

if s < 00, 
u(z, .) ^ e	j Ck)._ k , k e N,	if S = 00	/
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for all zE co, 2>OWith I 

u(z, 2) = T(e"Y ).	 (1.1)•. --
-	 (v) 
Notice that WF I Y = WF,, T and WFY = WFY. 

Let 0 < k <n, V be an involutive suhuianifold of codimension-k of T*ltn and 
Loo = (Yo ) E V. Denote by F the isotropic subnianifold of V containing eo such that 

	

TO eF = TeV if c denotes the usual symplectic 2-form on TR'. Consider w(z, y) an	- 
- FBI-phase function such that 

e(z) E V if Jz' = 0,	(z) E F if Jz' = 0, z" = 

e(zo) =	(z) = 
j- 

Jz, 

where z = (z', z") E Ck x Cn_k . For example, one may take T as the critical value of 
(x, 0) - i(z - x)2/2 + (x, y, 0) if ip generates a real canonical transformation z 
such that y(lz0, —Jz0) = . Then 

{((x, Dv(x, y, 0)), (y, —Dtp(x, y, 0))): Dov(x, y, 0) = o} 

= {((lz, —Jz),o(z)):z E C I}. - 

Let T€ '(R') be a distribution with compact support. We write 

v(z, It, A) = f e)L7) u(x', z", A) dx'	 (1.2) 
z- z0J<ô 

where ô > Ols sniall enough and u(z, 2) is given by (1.1). 
Before defining the second analytic wave front set of Y, we shall give an estima-

tion of v..Let z E D({x' E Rk: Ix' - Jzo'I <O}) be equal to I if x' —Jlz'  From 
the complex shift x' - x' + ity(x') Jz', I > 0, and the continuity of the distribution 
Y if follows that v(z, u, ).)J is smaller than 

[exp (-- (	
(1 — j)2 + 1 2) 1,7Z'12 + -- Jz2) 

exp
(2(1—

Jz' + g2 Jz' +	Jz"2 — 
2(1—

AY

 )]	
(1.3) 

if ,qz' - 3lzo'l <a/2. Taking I = y, one obtains 

jv(z,z, ).)1 ;5 Atm exp (?	3z'1 2 + -- 3z2)	 (1.4) 

if 18z' - Ylz0 'J < /2, Iz" - zo"I < ô, 7z' < C, A > 2, 0 < y < jz0 , provided that 
-,u0) < 2/4. For D,v	= 1, ..., k) an analogous estimate with a factor 

holds. 
i IU	 -	- 

Definition 1.1: If Jz' = 0, we denote by -r(z, a') the class of 

D(z' - iva', z")= 0 in N ) ( V) = T )(T*Rlz)/T(z) V. 

Let 1 s 09. The second analytic wave front set WFT (resp. WF 2 F Y) on - 
V (res. F) is the closed subset of N(V) (resp. T*F\(0)) defined by (o i(z0 , o))
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-

	

	 (resp. WF F c.T.) if there exist some constants e, r, p >A and a de-



creasing function fin (0, u) such that 

Iv(z, u, 2)1 ^ exp(?. l z 'I 2 +	IJz"I - 

when
0<ui'<uo, 2>/(), 

Iz' - (z0 ' - ia0')l < r, jz" - z0"J < 7 (resp. r V) 
with

-	A0 > 0, a = - 1	if 1 <s < cc, 

•	 2>0, 2u^mln2,m >0 ifs=oc	 - 

If Q is an open subset of R' and YE 2Y(Q) is a distribution in 0 1 we say_that (so, 
r(z0 , (10 ' )) 4 WF V Y (resp. WF,Y) if the same condition holds for qY where 
q" € D(Q) is equal to 1 in a neighbourhood of yo. 

In the tei'tuinology of [5; 91 the ,case s = cc defines a temperate second wave front 
set. The unteniperate one is given by .s = 1. Of course, the ,set's WF V and WF 
are increasing with c.	 .	 -. 

Proposition 1.2: We have (°, t(z, ao')) WF 2 Y (resp. WFj F Y) if and only 
if there exi,t r, 2, u 0 > 0 and a constant M >' 0 if 1 <s :^-, co, a decreasing /unction. 
2(,7) if s = 1, such that	 - 

	

e	if s = 1, 
lv(z, p , ;)I	exp(-i- IJz'1 2 + -- Jz" 2 - cia).) eMAh/ if 	1 < s< cc, 

	

)M	[ 

when A > A, 0 <u	Iz' -. (z0' - ia0 ')l <r, jz" - z0"1 <r (resp. rj/ ) and 
A>2(?7),,7>Oifs=1.	. 

'Proof: Suppose (e(zo), r(z0, ao')) WF V Y (resp. WF .F Y). From the con- 
•tinuity of T, it follows that' 

I3:*I*+I3z*I* 
v(z, it, ).)1	),I e2	2	.tiA 

with	 S 

	

1A,t em	if	21z:!E^mlnA, 
Ai elPA	e2, A.A

	if 	A1u0 ;5 A0 , ;. > 

	

te t	if	A	g(,7). 

In the last case, we put 2(i) = sup (/(,7/2e), g(,712)). For 2. > 2(	one has whether' 
'u ^! 77/2e, thus A > fcu), or 1a ^5 7712e and 2. > g(7712) gives A' e	:!^ e'. 

On the other hand, assume(1.5). In the cases = 1, take 17 = ,uf2 In the case 1 <s 
< cc, notice that M). 11.8  - c).	—qz2/2 if 2 	(2M/4". If s = cc, one has 

e' /2 if 1u2 ^ .!	in 2 I 
C
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• 2. Second analytic support  

Th projections of WF,T and WF F Y on V and F are in general smaller 
than V n WFa Y and F n WFa Y. They are characterized in the following way. 

Definition 2.1: The second' anal ytic support on V of a distribution 7 E '(R') is 
• the closed subset of V defined by if there are some constants ,, r > 0, 

a constant. M > 0 if I <.s !E^: oo, a decreasing function ;, ( 77) -if s = 1, such that 

A
13,' 

e'	if	s=1,. 

	

Iu(z, ), )II ^ e'	e''	if	1 < s < co,	 /	 (2.1) 

when jz - zoI <r,.2 > ;., >	) if .s = 1 and u(, '2) is the function given hy , (1.1).
• The same definition holds for the second analytie support on F, denoted by [Y]f, 

if exp (-i- Iz"1 2) is replaced in relation (2.1) by 
exp (-i- 

13Z1112 + 2C Iz" - zo " 1 2) for 

some constant. C > 0., 

We hav the following theorem.	. . 

'Theorem 2.2: The projection of WF V Y (resp. WF.Y) on V (resp. F) is 
[Y' 'exactly	} 1, (resp. 	 . .	' 

Proof: Assume (2.1). We estimate the function v given by (1.2) for lz' - 
< r, Jz' ± a0 'j < r1 , Jz" - z0 "J <r1 (resp.r 1 j/). To do this, we use the complex shift 

y' _* Y +  ity(y') Jz'  

where x E D({y' E II": y' - 9zI < r}) is equal to I if y ' - 81z0 'j < r/2. Consider two 
integration domains. For y' E [x] the issumption gives the exponential behaviour. 

2(1— i) 
(z - y )2 - 

2(1—u) (1— t,(y ))2 IJz 2 +	13Z111 2 +
 Ix- ZO l}} 

7z' 2 ±	IJz"12 -
	

(Jz' - y')2 2	2	2(l—z) 

; ff .	( - ty(y'))2\	
"i 2	

0 
2\k	1--u	IJz	

12Cr12 

where the upper (resp lower) part of the expression appearing in brackets concerns 
the second analytic support on V (resp. F). Fix 1> 0 and choose u> 0 such that 
I - (1 - 1) 2/(1 - u0) > 1. If y(y') = 1, there exists a c > 0 such that	• ,	 / 

• •: (i_.(.1	*))2) 
IjzI2_ 

22}
	ct T {22} 

-if r 1 is ma1l enough and 0< <. If 'O ^ (y') < 1, notice that Iz' - y ' j ^ r/4 
if r 1 ^ r/4: S ince (1 _ tx(y'))2 --- 

1 <	, we obtain the announced behaviour. 
•	

•*	 1.—z	1—ia
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For y' j E] the. exponential behaviour is

2. 
- 2(1 - a) kflz, - YI + 2(1 1 u) IJzI •+ - 3zI2ZY 

±	Jz112 + 2(1— ) ( IJz'I — Iz' — y'12) 

We may conclude in the same way as above since 181z' - y'J j> r/4.	- 
Now assume ( 0 ,x0 ) J WF 5 T (resp. WF F .T) for all r € N,(V). This means 

there exist constants r 1 , 2, /20, e> 0, a constant M > 0 if s> 1, a decreasing func-
tion 2(77) if s	1 such that

ell'	if	s 

I v (z,iz , 2)I <)(_	zI 2 +,s 3Z1112_ e/22){eM3 

•	 •	 (2.2) 

when 2> A, 0< u< o, k7z,— flzo,I <r,, II Jz ' - i <r1 ;jz"_- z0Yj <r1 (resp. 

r 1 j/) and 2 > 2(7]) if s =i. in order to show that	(resp. [T]) we
need the following lemmas..

0 
Lemma 2.3: Let w be abounded open. subset of R" anda> 0 1/ u is a holomorphic 

junctiOn in a neighbourhood of Z, 1hre are some constants C, ô > 0 such that 

•	

ey)(t0(x—u1) (i + ia(x - u):.	(Y,) 4Y	 S 

C exp ((_ôd 2(flx, Cw) + 3 Jx) ) 

if E R" \ 0}, flx E a. Moreover, 

U(X) 
=	f cisf e1(U)(+i0(Y)Il) (i+ ia( - y) .

	
u(y) dy	(2.3) 

if Yx € co, 13XI <-- (12(x, C(0).  

Proof: Let ip € D(x € R": Jxj< 1)) be equal to 1 in jx € It": lxi :5: 1/2}. There 
exists an r > 0 such that u is holomorphic in ± E C": Jz € a), 13zl < r). Moreover, for 
each J?x € co, there exists a ô > 0 such that 62 sup (r, 1/2a) if = d(Jx, C(o). 
After the complex shift

Iy — (flx\ 

	

, y - y — ity(y) -j--,
	I =	y(y) = p 

the real part of the phase function in (2.2) is equal to 
—j, 

l — y 1 2 l - 17(y) ll - Jx- + a 13x1 i iI + 2aty(y) Jx• + a1272(y) l 

< —alflx—yi2ll — y (y)	± 3 I Jx l ll 

if . 17xl <1/a.. If 7(y)	1, notice that kflx -- yj 	/2, thus 
•	—a Ix — y 1 2 l ^S —ao 11/4	_2 

11/2
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if 6 is small enough. Hence integral (2.3) converges absolutely if 13x <3d 2 (flx, Cw)/3. 
To verify (2.3) we may assumex real. If ip E D(R") is equal to 1 in a neighbouFhood 
of x, it follows from [3] that 

=	f df ei y)(e+w-y)1n) (i + ia(x - y) .
	

(y) u(y) dy 

(2	f df ei( y(E+i —yH1) (i +'ia(x — y) .
	

u(y) dy 

since	 - 

f
e	m)(+ia(-y)Ij) (i + ia( - y) .

	
d = 0	if x	y U 

•	Lemma 2.4: If  is given by (1.1) and v by (1.2), there exists an r> 0 such that 

	

= 1 ( ) f e'ii2 	D) ( -	z", a('), 2) d' - 

• if Iz' -	zo'I <6,	z' <r, with (') = I'I/( i. + I'I). 

Proof: Indeed, the term on the right-hand side is equal to 

	

f e_11'112d' 
f 

exp (i2(z'_ y') . (' +	— y') i'i)) 
l y -Jz,I<ó 

-	x (i +-- -r (z' - y')) u(y', z", 2) dy' = u(z, 2) 

if I1z' - flz0 'j < 6, IJz'I is small enough I'	.•	.	.	- 

Lemma 2.5: Let co be an open'subset of C' and f(x, u, A) a holomorphic function in w, 
/or all A>c>0,0<1u<u0.If 

-	If(x,, A )I	e,	x€ co, A > c, O<i 
then	.	 • 

-	ID,,/(x, , A)I	(I	+ I ,7xj I A) e312 e 3	• 

• /or d(x,C)>c I2,A >c,0</i< p.  

Proof: From Cauchy's inequality for holomorphic functions, it follows tht 

1JJz,I+	-IJxkI' 
• -	D,,f(x, u, A)I ;5 --e2	TI e2 

(1	 k4sj 

If we put Ô = 21(aA + }/a2A2 + 4A), .a = 3x11, we obtain	 • S ' 

6<c'12 ,	 --	aA+VA, 

which proves 'the. lemma I



N 
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• End of the proof of Theorem 2.2: It re'nains to estimate the integraLgiven 
by Lemma 2.4 for flz' - cflzo'I < r, IJz'i < r, Jz" - zo"I . < r, 2> 2. We shall split 
the integration domain in three parts. 

First of all,assume	u/(1 —po)• From (1.3) we deduce the following exponen-



tial behaviour. On the one hand, there is 

•	
I'i + 	(1 — 1)2 +12)	

—W1
 

-f (I,I( t (2 - 1) - IJz'I (2,+ 1.7Z']))- 12(1 + TJz'I)) + 

IJzI 2	 • 

•' 'because of	 - 

I'L (1(2 - 1) -Jz'I (2 + Iz'D)	12(1± IJz'D2 > 1 I'I	C1 > 

if we choose IJz'! <r small enough and t'< ,2012C(1 - yo). On the- other, hand, we 
have

2_±2fl 

= —- ['i 
(0,2
- - 

IJz'1 2) + 23z'. _2 JzI 2 ± 21	 — 12]+ j- 7z"2 
i	 - 

 

	

(j• - I 3 j (2 + IJ'D) - 12(1 + IJz,I) 2) +-f I3z 1 I 2	-	zI2 

since

!P
(C,2 - IJz' (2 + 1 -7z ' 1) - 12(1 +	zI)2	 • 

I'I - 1(1 + Jz'I) 2	I'I - C1 ^ 0 

if rand I are small enough!	 - 
Assume 2u(') ;5 A0, p() < ,u. Using (1.4) we obtain 

m f exp (__'I + + -- I3z"I) 
).(E')< A, 

x (1 + k	 \ d' • •	' 
^.(1 + k) 2	f exp (---	

± -	(t Jz'I + 1)2 ±	IJz 11 1 2) 4* 

^2me2 

(I-r)'	•	• 
if2^e 2	.
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It remains the case	') <, At(') > A. The relation 2.2) and Lenima-2.5 
• applied with A = Au show that 'the corresponding part of the itégral is smaller than 

•:A ' I	f exp (_?_.11 -+	Jz'	jfj2 ± -- z"i — u') ) (i + 

- f
A(	15	 -	. 

if Iz"— z0"I 	r (resp. r,I')). The exponential behaviour is 

(i'i	IJz'I(Jz'I +2) + e) + j 13zw12	'A' 13Z1112 

if we choose r such that r(2 + r) < r. When studying the second wave front set on F, 
it remains the case Iz" — z0 "I	r 1/ ') . From (1.4) we deduce the exponential be-
haviour  

2'), —	+	IJz 

•	
<2 Iz	ZOI (13Z 1 1 + 1)2 +	IJz"1 2	13zI2 + 2CIz" - zoI2 

r1 2	 2 

since fL(')	— zo"1 2/2r1 2. This completes the proof of Theorem 2.2 • 

3. Propagation of the wave front sets  

We now reach the main result of this paper: we prove propagtion theorems for the 
wave front 'sets of distributions without second analytic support. We need the 

• follo.ving lemmas.	 t 

Lemma 3.1: Let 1 <s < oo and s' <'s. Let /(x, 2) be a holomorphic junction in a 
neighbourhood of x0 = (x0 ', x") E ltk xC k• If there exist some constants c, e, M, 1 > th 
such that	 - 

•	 I 
;M e2	 •	 \resp. e2  

ij(x,2)i	.	 •	' 

	

-Ilzi	-	I 
Ck2" e2	,	k E N	\resp. e2 

if Ix' — x'l f^ e, x" --- xo"i	2> 2o then 

-  

Ij(x, 2)1 ^ Ck'2	
I 

k e2	, • k E N	resp. e2	 • - 

if Ix' — x0'i 	/2, Ix" — 'x0"[ ^5 z,2 >A.	 - 

Proof: We may assume k, = 1 and x = (x1 , x"). The function 
2	x1—e	 .• h(x1 ) = — 	x1 + e (

arg	
• 

is harmonic in D = C{x 1 € C: 7x1 = 0, llx1 i	}• ]T 3x1 = 0 and lxi i <e, then 
h(x) = 1 and if Jx1 > 0, I x,1	e, then h(x1 ) = 0. The subharrnonic function 

In 
-	 : v(x, 2) = fixi + oi X. , 2)1 — 1 3Z 1112 _M{1



Second Microlocalizatiôn ... for Wave Front Sets	513 

verifies  
IlnCfr — klnA

I
,h(x,) v(x, i.) ^	11 	. 

if Jx 1 = 0, lxii < a or 3x 1 > 0; lxii = E. From the maximum principle it follows 
that

v(x',  	Ok— kin 2} h(x 1 ) ;5 In Ok — kin 2}	 - 

if7x 1 >O, 1x 1 1	e/2. Thus  

I/(x, 4	 lx	xb,l	e/2, 3x > 3xoi, 

if one chooses 	(M + 1)/6 (resp. 2 large ough). The sae argumentation holds 
for 7x 1 <x01 I 

Lemma 3.2: Leto. = w'x w" be an open subset of C,x0 = (x0', x0 ") E, CU and 1pareal 
.continuous, /unction on co". Consider r> 0 such that 

•	K = {x' E Ck: lx1 - x0) 1	r, j = 1, ..., k}	w'.	 -. - 

Let /(x, 2) be a /wlontO,phic /uwtion in Cu such that, for each compact subset K, 1 of w, 
there exist some constants iw; 2 > 0 if s >1, a decreasing /unction 2(71) if 's = 1,such 
that

e2	if s=1, 

l/(x, 2)j	e)9(z") eMl'/'	if	1 <, s < c'c, 
A'	'if 5=00, 

/or x E K0 ,.2 >	if s> 1, 2 > 2(77) if  = 1. If there exist 'a, 6',Ô > 0 such. that 
•	 e	 if	s=l,  

j/(x, 2)1 ;5 e1 " ed", s' < s,	if	1 < 5 < 00,	 - 

	

E N,	if	5 = 00, 

• for jxj	x0 I ^5 6', j = 1, ..., k, lx" — x0 "I ;5 6 	> 2, there exist a', 6 > O such Mat 
• •	/	

e"	 if	= 1,	 • 

• lf(x, 2)1 :5-,	e'A''	if	1 < s < 00, 
Ck'A", k E N,	if s = oo, 

when d(x, K) ^—, 6, 2 > 2.	 •	• 

Proof: Consider	•	 - 

(s, 2) = In	' sup	lf(x, 2) e 2 "1.; •	 • 
IXX,'I6. IXj —X.j I8	 . 

........k	 S 

We may assuni 6' <r. Choose a > 0 such that 

{x'EC": IX,	 xo1lr+a,j=i,..:,kcoj'. 
Write	 S 

In (r + a/2) = 0 In 6' + (1-0) In (r + a),	0€ (0, 1).	•	 . •
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•	-

 

From Hadaniard's three circles theorem it follows that 

g (r +.jA) ;5 ogo,, +(1 - O ), g(r + a, 

	

02 ± (1 —0) 2 if S = 1, 

	

•	 < —02' I' ±(1 - 0) j),I8	 if	1 < s < 00, 

0(lnCk —kln2)+(1-0)M1n2 if s=oc, 

S	 —O2/2	-	if	0/2(1 - 0), 
S	 —E0/.'I2	if	2 is large enough, 

S	

lnCk° — llnA if -k> (1-0)M+1	
S 

T
h

eo rem  3.3: Let co be an open connected subset of F. 
1/ [Y] n co = 0, then (V fl WFa Y = co OT co fl WFa T = 0. 
It co = 0, then (o n WF3-Y = co or co n WF3' T = 0, s' E [1, s).

n w = 0, then w n WFY = a or n WFCT 
= 

0. 

Proof: There exists an open connected subset w' of R such.that co = 

z' E w', Jz'	0, z" = z0"}. Let z0 ' E w' and assume (z0) j WF,Y. Hence, E = {z' 
E co': (z', z0 ") 4, %VF3 'Y} is a non-empty subset of w'. If E	co', there exists a
y' € co' n E, where E is, the boundary of E. If u(, 2) is the function given by (1.1), 

	

•	there exist constants 2, r.> 0, a constant ill > 0, a decreasing function 2(n) if 
8= I such that  

	

e' A eAM1"_4"1' if	s = 1 

	

Iu(z, 2)1 ^ e '	eM	 if	1 < s < oo, 

.	 .	if	800,. 

	

S	

,

 

when Iz—yO,I<r;j=1,...,k,lz"—zO"l<r,'2>20;2>2(?i)ifs=1. 
Since y' E E, there exists a y 1 ' € E such that 1z1 - y < r/4, j = 1, ..., k. Since 

WF3 . Y, there exist constants C, C, 6', 6" > 0 such that 

eSA	

•	 if	s' = 1 

	

u(z, 2)1 :5: e2	 if	1 < s' <'cc 

	

S •	

•	 C'k1, k € N, if	s' = cc, 

if Iz' - y ,l 6,, lz - z0"I	6". From Lemma 3.1 it follows that 

	

A	
eAMIt'7:'1_aI2	

• if	s' = 1 , 

S	 lu(z, 2)1	e2	e— 	 if	1 < s' < 60, 
S	

•	-	

• k € N,	• if	s'• = 00. 

S Lemma 3.2 gives	-	 S	 S 

S	
A	

et1t"_za"1'_'A  

	

- lu(z, ; )I f^ e2	e "''	 if	1 < s' < cc, 
ck2 Sk , k E N,	if 5' = 00, 

for Iz , - y l < r/2, lz" - z0 "I	6", thus for Iz, You < r/4. Hence, 0(Yo', z0") 
•	WF8'Y, which contradicts Yo' € 2 1	 •	 -
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