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The Convergenece of Rothe’s Method for Paraholic Diﬁerential Equations

R. ScHUMANN !

F‘s wird die Konvergenz des Rothe Verfa.hrens fur quasnlmeare parnbollsche Differential-
glenchungen unter fiir die Existenzaussage typischen Voraussetzungen bewiesen. Grundlage
hierf(ir sind geeignete Approximationsschemata fir Evglutionstripel und die Beobachtung,
daB das Rothe-Verfahren don F‘orderungcn der Stabilitit und der Konsnstem geniigt.

,_[0ha 3bIBaeTCA ¢XO0OMMOCThL MeToja PoTe XiA KBa3HUIIMHENHHX napa60nuqecm1x nuddepen-
'UMATLHLIX YRABHEHUIl MPH THIHYCCKUX MPEANQIOMEHUAX. O cywmectsoBanun. OcHonanfie
3TUr0 — MOAXOMALIIAA ANMNPOKCHMALMA LA 'rpnn.ne'ra NPOCTPAHCTB it HAGIIOAEHIIE, YTO METON
. Pore Bumonuaer ycnomm YCTOIMYHBOCTH I COCTOATENILHOCTH.

)
"The convergence of Rothe’s method for quasilinear parabolic differential equations is proved -
* under typical dssumptions which guarantee existence. The investigations are based on appro-
priate approximation schemes for evolution tripels and on the observation that . Rothcs
method satnsfnes the requirements of stability and consistency.

" 1." Introduetion

.

Consider the mixed problem for a quasilinear-parabolic differential equation

wz, t) + X (—1) D*A,(t, x, Du(z, t) )_f(xt

lsfsm .
in, Qr=2x[0,T], o S
w(z, 0) = ug(x) S inQ, ‘ '
DPu(z, t) = 0 ’ \'ona.Qx[O T] for 03|ﬂ|§m—1 '

where 2 is a bounded domain in R¥, T is some fixed positive number and
Du = (D"u Blsm (m > 1). In abstract form (1) may be written as- -

w'(t) 4+ A() u(t) = f(t) forall te (0, 7), C-

' (2)

’ , ’ u(0) = u,. A
The Rothe method introduced by RoTne [12] more than fifty years ago consists in -
replacing (2) by a family of elliptic equations using discretization in'time and dif-
ference quot,lents

Bt = walle))  + A(h) ualty) = fulty) . '
B up(ty) — wa(ty))  + A(t) 'un(eé) = fa(ta) ‘

b= (wa(tn) — Unltny )+ A(t,) wp(t,) = f,,(

1
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with _&h(toj = %y. Here b = T'/n, n € N, denotes the parameter of discretization and
b = kh (k =0, 1, ..., n). The system (3) may be regarded as an implicite scheme for
the successive determination of u,(t,), ..., u,(t,) from the given datum wu,(t,) = u,.

Since there exists a plenty of methods for the (approximate) solution of elliptic equations
Rothe’s method has gained significance for numerical mathematics (cf. REKTORYS [11], where
many theoretical and practical questions concerning Rothe’s method are enlighted). NEgas
" [8] applied Rothe’s method to abstract parabolic equations in a Hilbért space and Kacur [4, 5]

to equations of the gencral-form (1). One of the typical results in these papers is, roughly
speaking, the following: The piecewisc constant and the piccewisé linear functions constricted
‘from the solutions w,(t;) of (3) converge to the solution of (1) in the norm of L (0, T, Ly(£2))
as b — 0, i.e. n - oo, under a hypothesis like e.g."u, € W,m(2), A(0) ug € Lo(2), f € Lo(0, T,
L,(2)). If A(0) satisfies certain regularity assumptions, this means that x, must belong to the
Sobolev space W2M(QYn ¥,m™(2). Under these assumptions existence and uniquencss results
rare slightly better obtained by nonlinéar semigroup theory and the solution is more regular:
Here we shall use the weaker assumptions from the existence theory established by Browder
and Lions — Strauss (cf. Lioxs [7]). GROGER [3] proves the convergence of an iteration method
which in the case.of equation (2) with f = 0 reads as : )
. : [
. 1 .
T (ualts) — uplti_p)) + f A(t) upl;) dt = 0.

X t—1

“He reduces it to Rothe’s equation (3) if £ > A(t)'is Lipschitz continuéus and also givesstronger
convergence results under additional regularity assumptions on A, u,. -
. . _

" It is the aim of this paper to prove the convergence of Rothe’s method under
those typical hypotheses on the operator 4, the initial datum u; and the right-hand
side f of (1) which guarantce existence. We would like to mention that Rothe’s method
sometimes is called (transversal) method of lines in distinction from the longitudinal
method of lines investigated in detail by WaLTER (cf. [14]).

2. Ahstract parabolic equations and their approximation : *

" 2.1 Existenee theorém

It is the purpose of this section to state the general conditions under which problem
(2) has a solution. Simultanecously we want to present the minor changes necessary
“for the application of a difference method, like Rothe’s method. Suppose (V, [|-{lv) is
a reflexive and separable Banach space densely embedded in a separable Hilbert
space (H, |-[) with scalar product (-, -), V* denotes the dual space to V and (-, )is
the pairing between V* and V. By identification of 71 with its dual we get the triple
of spaces ¥V <= H < V*. The basis of our subsequent considerations are the spaces,

X =L,0,T,V), X*=L,0,7T, V¥, )
W= WMNO, T, V,H) ={uec L0, T, V)|w € L0, T, V*)}
wheré p = 2, p~! + ¢! = 1. The norms are defined by

/¢

.. T, . i/p . T
Il = ( I ol dt) o Je¥lye = ( J ol dt) "
(N ’ 0 ’

and fully = Jullx + [w]lxe for « € X, u* ¢ X*, and u € W, respectively. Remember
_that W < C([0, T'), H). For details cf. GAJEWSKI, GROGER and ZACHARIAS [2:Ch. 4],
Lioxs [7: Ch. 2], Wroka [15: Ch. 4], ZEIDLER [16: Ch. 23]. | ' :
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Theorem 1: Let A(t) (0 =t T) be a family of monotone mappmgs from V mto
V* with the following properties:

(Hl) Coerciveness: (A(t) @, wy = y[aP — y, for all T e V, 1 € [0, T] where y,y, > 0.
*areconstantsand [-]: V — R denotes a seminorm satzs/ymg 1+ 211 =cll v
for some constants 7, c; > 0.

.(H2) Growth condition: A(t) Ty < 01(1'+ WElia) - for all @we V, t € [0, T] where
¢ >03isa constant. . » _

i
(H3) Continuity: A(t;) W, — A(t) @ in V* for all sequences (L= [0, T'], (@) <V
o withty >, W, —>Win Vasl-> co. . S
For the right-hand side and the initial value we assume
- (H4) /€L(0TV), '
(H5) uo € H. .
* - Define (Au) (t) = A(t) u(t). Then the problem

W+ du=f,  w0)=u . - )
kas exactl/ one solution u € W= Wp0,T,V, ).

S Proof Cf. GATEWSKI, GROGER and ZACHARIAS [2 Ch. 6] Lioxs [7 Ch. 2] AEID-
' LER[16 Ch. 30]. :

Remarks’ 1. lf A(t) is henncontmuous and (H 2), (f{ 3) above are replaced by
(H2) AW dlly S g9(0) +.0, [ll,”? with g € Lg/(0, T),
(H3) the function t 1> (A(t) @, %) is measurable on [0, T'] for all @, € V

the conclusion of Theorem 1 is still valid. 2. The case 1 < p < may be treated; too (cf.
"+ GAJEWSKT, GROGER and ZACHARIAS [2: p: 142])

2.2 Approximation scheme

~

In order to prove the convergence of Rothe’s method in the next section we construct
‘approximation schemes adapted for the application to equations (2), (3). We use
methods of AuBIN [1], Raviart [10], and TEMaM [13], but we must pay attention to
the fact that our aim is to apprommate mappings from [0, 7] < R into Banach
spaces instead of real-valued functions in the cited references.

A. Grid functions: Set & = Tin (n €N), t , = kh (k =0, 1,'..'., n). I it is clear
. to which subdivision (characterized by &) ¢, , belongs we also write {, instead of ¢ ,.
.. Define the grids ) . : '
Sh={tlk=1,..,n and 3, ={4]k=0,1,... 10,
. and the following.spaces of grid functions: ‘ : ‘ ' .7

C Xy =L V) . <L
. f. o n 1p
e i = (r Srer) ]
Xy = Lo(n V¥ - : o

= ' 1/q
. ) ) {n & —-V*| ”ln"r,.‘ = (h Z [1falts ” ) }

=1
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Wy = WIS, = {up: 55— H | wp(t;) € V. for s=1,..,n;
: Maalli, = luellx, + [IVerllxzed : .
where Vu,,( i) =h" ’(u,‘(t gt ,)) is the backward differénce quotient.
B. The prolongation p°: For any gnd function defined on &, with values in
V(H, V*, respectively) we set : - :
(’Ph°un) ('3 A';':' un(ts) zi(t -

where y; is the characteristic functlon of (¢ tioy, L.

C. The prolongation operators p, and p,!: First, we define the mapping ;
Pn Wl(gn)ﬁL (0,7, H) by . . : T

mwm—mMW)fw te(0,T], u€ W\E). -
" Furthermore we set ' ' l '

- . l .
(pa'wn) (&) = up(ticy) + " (wats) — ualtic)) (¢ — ticy)

if 4, St st (i =1,..,n), u, € W‘(&,,) 'J he functions p,lu, (oftcn called Rothe . i

functions) are plecemse lmear mappmgs from [0, T] into H, thus p,. W1(5,,)
- L(0, T, H). . :

D. The restriction operators 7, and 7: Thcrc exists a linear continuous
‘mapping P: W10, T, V, H) - W,X(R, V, H) satisfying (Pu) (¢) = u(t) for ¢ € [0, T']
and (Pu) ( ) = O in the exterior of some fixed compact set K containing [0, T'} (it
is easy to ‘sce that the proof of NECAs [9: Theorem 2.3.9/pp. 75—76] concerning the
-extension of functions from usual Sobolev spaces carries over to our situation with
obvious changes (Bochner’s integral, triple of spaces V o= H. - V*)). With this pre-
paration we may defme rp: W ‘(0 T, V, H) — WY&,) by ‘ :

-

-‘_(r,,u). ) = % f (I_’u) A(t) dt,. 1 = 0,1, ...,_'n.
. Pt ~ _

*Thus r, is an averaging operator. Further for any f €L (0 T, V*) we define 7,:
L0, T, V ) = Lif( &, V*) by :

(Faf) (¢ ff(t 2 =1,..,n.

E. Propcrtles of the approxnmatlon scheme Let us consider the approxi-
mation scheme

~

S e .
L =L°°(O, T,H) 4—-——— W = W,,‘(O, ,.1,, V, H)
N . . :
Pas oy L 17‘;} - () N
Wy = WG

Here o denotes the cor'lt,in‘uouvs_ embedding W < ‘L. We show (for proofs cf. Appen-
dix 1)‘that the approximation is stable (cf. Raviart [10], TEmaM [13]).
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Lem ma 1: We have
(i) 12°%all L yi0.7.v) = lltallz is,vy for all wy € Ly(Sn, V), X .
(i) “Pnun”Lco(o 1. = C luallwr @) for all u, € W(F,) T

u,here C > 0 is a constant mdependent of h.

"Lemma 2: We have _
(1) ”r,,u||.,n(;;,‘) < C|lully for all w € W10, T, V, H),
(1) Faflleasive = C [}/||L w.T.ve for all / € L0, T, V*) where C>0isa constant

independent of h. )
Lemma 3 (Convergence of the approximation s'cheme) We haz,e
(1) PaPryu — u'in L0, T, ),
' (i) pa® Vryu — u’ in Ly(0, T, V*), . '
(i) parwu = wu i Loo(0, T, H) ‘ . .
Nor all w € W0, T, V,H)as h —0. /

2.3 Convergence result
Wc now mvestlgate the convergence of. Rothe’s method. For a given f ¢ Lq(O T *)
we define the right-hand side of (3) as 7,f and get the following system of equatlons

for the determination of the grid functlon s
uh(to) = Upo, »

h Alu,,(t Y Aty) ua(t ) = (Faf) (¢ ) + A 1'“h(‘o) - (B)

L Rt + Al walt) = (Faf) ) (4 + Wit} .

Thcorem 2: Suppose hypotheses (Hl)—(Ho of Theorem 1 are satzs/zed Assume

(H6) (u,,o) < H isa sequence with Upo —> U in H as-h >0 (eg. u,,o = % forall hisa
possible choice). . )
]

Then .
(i) for any b = T[n; n € N, (5) possesses a unique solutzon uy € W (%),

(i) S"P lleallw,&n < 09,

(1ii) p,,u,,——>wumL (0,'T, H) as b — 0. .
Corollary: For the sequence o/ the Rothe /unctzons (cf C) we. have the convergence ’

p,,‘u,,—»wumC[O T]Hash—>0 i

Proof of Theorem 2: (i): Let us defme a mappmg A p: V — I/* (2= 1 S R)

by
1° . _ ) .
A,',,,TL = -}: un + A(l,’) u fOI‘ uE V - \

We claim that 4, , is monotone, continuous and coercive. Clearly

(Ai s — AiaB, T —T) = — [T — 3P + (40) T — A 5,7 —5)

1

E

v
k‘l ._."pnl )
C

mgo'
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for all %, 7 € V since A(t) is monotone for all ¢ € [0, T] The contlmuty of A4; , follows
lmmedlatcly from (H3) and the continuity of the embeddmg V & H. To verify that
A » is coercive we have

(luliv) ™ {A4; 4%, %) = lullv) YRl (A )&, u)
- _ . ka4 yfup
= lmly T 2jal + [al
co min (A'271 @, y[@]- ) if " (@], (@] > 0,
-W + 'coh—};.—l‘m ' ff fa]l =0, m >0,
coy[ulr—t - ) if |"7{| =0, [z] > Os_

v

=00 if |y - oo

bccausc of hypothesis (H1) of Theorem 1. We now consider the system (5). Since-

uy € H V*, (74f) (t,) € V*, the well-known existence theorem for monotone, hemi-

continuous, and coercive operators (cf. Lioxs [7: Theorem 2.1] gives the existence of

a solution u,(t;) € V of the first equation of (5). Umqucness follows from (6). The
« remaining equations of (5) are treated andlogously.

(if): a) We multlply the first equation of (5 ) by u,,( 1), the second by u,,(tz) etc. This
gives

I+ (A) w6, ) |
= ((Faf) () walti)) + ,—lb (uh(h__a‘,‘un(ti)),v
i=1..m Hypothesis (H1) implies
6+ )P ) !
0 1) Dl i)l + - )] ]
3 R & mlup
< P+ B ) @)l Tl + 5 P

-Summing up the flrst k of these equations we get by virtue of the mcqua,lltles of
Holder and Young

ok
'2— |un(te)® + }’hig [ua(ts) )P
‘ koo . up '1
= ity + (5 2 16 @ite) " (b Z o) o 5 i
v
< by + C Il [("5, mw) ’

. k 1/p 1'
+ (h ,i:l [u,,(t,»)]ﬂ) ] 4 5 [us(bo) 2
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S , . = k ‘
< ki 4 O, Wilfs,rm + 5 (b 2 tmita?) ]
. ' . k : Up - 1
\ +0mwmn@@gywm@ + 5 lualto)l
and - : . . ‘
L e 2 h S ey
2 h\%k . 2 T & h\Ys
< kb + O IFE, T

. >
~ .

1 e . 1 K 2/p 1. -
: -+ 2 C? liFafllz, + 5} (hZ Iun(ti)P’). + ) [ua(to)12.
. g ’ . t=1 A
. Thus by Lemma 2/(ii)

2

: k . 3 2
[a(t)1® + yh 2 [(t)]P < €7 + (h z Iun(t.-)l”)' + Junlt) 2 L)
. t= 1=1 . .
' ‘where C; > 0 is a constant depending onf é L,(0, T, V*) only. Especially we have

)PP < C,u.(l +h 2 fanlt >|v) k=1,..,n, :

where C,, depends on f and u, € H only. From this and a discrete variant of Gron-
wall’s Lemma (cf Lemma 4/Append1x 2) we get |u,(te)| < C for all h = T/n (n € N)
and k=1,..., n where C is a constant mdependent from h and k. Now (7) with

k=mn glves h Z [unl(t; )]” < éfu. ’lherefore -

. ”uh“L,(zf,. = C/u. forall k.
Here again O, v, and C, u, Are constants dependmg on j und uo only

'b) From the Rothe equations (5) we get
) — ) = @ () — A )
fori=1,7.,n,ie. -
lJVua(ls)ll = C(”("nf) (& )Ilv- + IIA(l ) un(ti)ll}s)

. = C(l + ) e+ uatol )
by virtue of hypbthems (H2). Therefore it follows from part a) th'a,t"_

1]

ok Z ]]Vu,, My < C( +,||7-'n/”%,_(3,..l5°) + luall Ly san) < €

\

i.e. sup |luslw (3, < oo.
A . '

-(iii): a) First we try to'give an estimate for the difference of two solutions u,, v, of
" Rothe’s equations (3) corresponding to different right-hand sides f,, g,. The resulting
implication . (9), (10 (11)” is a stability property of our nuinerical procedure.
Suppose ’ ‘ :

B up(t;) — un(ei_.i) + A(t) upts) = falts),

o (o) — waltin) + AW walt) = gl o

37 Analysis Bd. 6, Heft 8 (1087)
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for i = 1,..., n. Scalar multlpluamon of these equations by w,(t )_ — vu(¢;) and sub-
tra(,tlon glves '

1 N .
5y fun(‘ ) — oalls )[2 + (A(t) u,,(t ) — An(ts) valt), un(ts) — valti)) .

= (falts) — gnlts), walts) — walti)) + =~ (un i-1) = Ualtia), ua(ls) — onlt ))

Summmg up the first k of these equations we get by virtue of the monotomutv of
A(t;) and Holder’s mequallty (cf. proof of (ii)/a))

1/,
|uh(tk) —ull)l* = (h X lialts) — gn(‘i)lllf") 'q
. 1 ) . ’ )
(h 2 lhu(t) — walts )llv) 5 lunlte) — valto)|®.
: Thus we can give the estimate
[ua(ti) — on(te)?

< 2| — gh”L;(S,..V-‘) llen — wallLyis,) + 12a(0) — va(0)2 S (8)

fork=1,...,n

. b) Let us suppose now we are given two sequences (f3), (g,,) LSy, V¥) (b = T/n,
. .mn € N) bounded in the sense -

~ sup ||fn||L (Vs Sl;P llgallLys; v < o0

.and satisfying

B _ (©)
Furthermore we assume that J ' . :

ﬁ,,(O) —u, and 9,(0) >u, in Hash 0. - : ) o (IOj)

From the proof of (i1) we conclude that sup |[us]lw,, sup‘“z;,,”wh < oo. Then" it fol-

lows from (8)_—(10) thatlzl:g [en(te) — vh(t,,)']l —~0ash :> 0, i‘.e. : v

lpsn — Pavallioo. 7. —> 0 as  h-0. (11)

¢) In this point we want to show that our discretization method is consistent with
the original problem (4) (cf. (12), (15)) Suppose » € W is the unique solution of (4) .
(cf Theorem 1). Set uy(¢;) = () (4) in the left-hand side of Rothe’s equations (3)
(t=0,...,n; h = T[n) and consider the resulting right-hand side -

% ((raw) (6) — (raw) (i) + A(t) (ra) (L) = : ga(ti),

G=1, ,n. We intend to use part b) to show that

"phuh - I’n"’nu”Loo(o r.4)—~> 0 as h—0.

t

In view of Lemma 3/(iii) this implies assertion (iii). That (10 is valid follows from
vhvpothes:s (H6) of the theorem and Lemma 3/(iii)~Now we consider the grid function

‘ wn&»V*_ww) A ) (1) (=1, m).
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If follows from hypothesis'(H2) of Theorem 1 that
llya(ta)llb < const (1 + ||(ryu) ()]13). - . .

Thus by Lemma 2/(i) sup leallz,csn e < 0. We claim that
: A

. s — Auin L0, T, V*) as h—0. O a

From Lemma 3/(i) we get P'rpu(t) —u(t)in V a.e.on [0, T) as b — 0. A reasoning
similar to the proof of the completeness of L;-spaces (cf. KurNER, JoRrN and Fucik
[6: p. 74] gives the existence of a function w ¢ Ly(0, T') such that {|p0ryu(t)lly < w(t)
a.e. on [0, T). Since (pays) (¢) = A(k:;) (rww) (6) if 7.0 < £ < t; , it follows that

I2apa(O)llVe < O(1 + [Parau(®)l}) < C(1 + w(t)?) (13)
| a.e. on [0, T']). For licp <t = b, we have .
(2a%n) (&) — A() w(®)lly"= 1A(L.4) (i) (i) — A(L) ()]l
' = A (ti.0) (Pars2) (8). — A() u(t)fly.
Thus it remains to use (H3) of Thebrem 1 to see that _ 4
e (6) — A w(®)llye -0  ae. on [0,7) as & +0. (14)

Now we gét (12) from (13), (14) and Lebesgue’s Theorem on Dominated Convergence.
Together with Lemma 3](ii) (12) implies :

- a9y > u + Au=1{ in L,(0, T, V* as h -0. - ' (15)

lEquiva]ently llgn — FufllLyspvey — O as b — 0 and the conclusion llowuy — wu]lboé(o,r,ﬁ',
—> 0'follows from part b) and Lemma, 3/(iii) I- -

. Proof of the Corbllary: We have for any & > 0 - \

\

sup [patup(t) — prun(t)] < Sup |up(le.n) — up(becy )l
0sSt=T 1SkSn

= S:lp [un(te.n) — wulty.s)| + Sl:P lew(te,n) — wulte_y )], _
o sup fwulteyp) — wali.0)

=< 2 sup | paus(s) — wu(s)| + sup lwu(r) — wu(s)]. -

-8k

The result ;follows since pyup = wu in Ly(0, T, H) as h -0 and W,(0, T, V, H) |
< ([0, T, H) 1 ‘ : _ . .

-3 Application to parabolic differential cquations : SR

" Suppose 2 is a bounded domain in R¥, Q € 601 (cf. KurNER, JOHN and Fuerk [6:
" p.305], T' is some fixed positive number, Q@r = Q % [0, 7] and Du = (D?u) gy <m is
the tupel of all spatial derivatives up to the order m (m = 1) of a function v @ — R.
We are going to apply Bothe’s method to the parabolic equation
©ou(z, ) + (=) DAL 7, Due, ) = f(z, 1) in@p

lal=m

37* A
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' _ . .‘\ , : .
_ with prescrlbed initial and boundary data ~ . .
: u(x, O)—uo('c) for x€ L, . } :

DPu(z,t) =0 .on a.Q x[0,7] for 0l =m — 1.

' We prepare the use of the results of Chapter 2 by the following definitions. 4
Spaces: ' A . : ~
V=W;mQ), H=L(Q), X=LoT, V), X*=1L 0, T, V ),
W = W0, T, V, H) = {uexm'ex*y (pz2p 47 = 1)
Here W, is the usual Sobo]ev space defined e.g. in NECas [9 p. 64]
. Opcrator A:

~

(Au) (0):= AQ) w(t) for te[0,T)
where A)T € V*is defined for @, % € V by o
f (A(t)ii 7) = f( At %, Die, 0) D3(2)) de. (16)

’ nght, hand snde/‘ . -
. Suppose f € L,,(QT) Then an clcment be X*is glven by

(b(t v) ff(x t) v(x) da: for allge V..

- With these prclmnnarlcs we can formulate the convergence theorem. . .

Theorem 3: Assume that the ‘following hypotheses are satw/wd.

a) Carathéodory condition: For all , x| < m, let A,:[0,T] X2 xR+ >R bea
function such that x + AJ(t, x, D) is meuourable on Qforallt € (0,T], D = (D?).€ R~ -
(t, D) > A,(t; z,"D) is continuous on [0, T} X R* jor almost all x € Q (u is the cardinal
number of the set {«: || = m}).

b) G’rowth condition:
|4, (5 z, D) < d(z) + C Z |Dﬁ|p !

N\

\

/or all t € (o, T], x € Q D (Dﬂ) € R#where d € Lq(Q) and C > 0 is constant
) Monotonicity:
5 (4u(t, %, D) = Ault, 2, D)) (D — D) =0

la|=m
for all t€[0,T), %€ Q,D = (_Dﬂ), D' = (D) € R~.
d) Coerciveness: s

2 Ay taD)D“>on|D5|"—— K(z)

la|sm : 1Bism

foralltE[O T), x € 2, D € R* where K- € L,(Q), yo>000mtant

&) Initial datum: u,.€ H. Further, we suppose’ thal (ur) —Hisa sequence with
uho—auoanashﬁO '

) Rzght hand side: f € Lq(Qr)

-

i
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~

Then all the k Jpotheses of Theorem 1 and Theorem 2 are satzs/wd and Rothe s method -

converges. N

Proof: That A(t) (¢ € [0, T')) is a monotone. mapping follows 1mmcd1ately from
hypothesis c). The growth condition b) and (16) give A(t): V — V*. It is obv1ous that
the family A(t) satisfies the growth condmon (H2) of Theorem 1. . ~

Let (¢;) = [0, T'), (@;) = V. be sequences such that t; —tand w, - W in V We'
intend to show that for all «, |x| < m,

I:= f [4.(t, =, Dw,(x)) — 4 (t‘x, Dw(x))]" dx—» 0.

First we observe that, passmg to.a subsequence if necessary
. D) —+Dﬂw(x) and |DBz)| < g(z) . ac.on Q
for some function g 6 L,,(Q) (8l S m). Agam cf. KUFi\ER JonnN and Fucrk" [6:

p: 74]. Thus |
4 o(tss z, DPwy(z)) 1t A (t z, Df’z_o(x)) a.e.on Q. o

This and the growbh condition b) permit to apply ‘Lebesgue’s Theorem on Domi-

~nated Convergence. Therefore I, — 0 as.l — oo by v1rtue of an argument concerning

subsequences (cf ZEIDLER [16: Ch. 10}.
The coerciveness hypothesns 'of Theorem 1 Llearly follows from condition d) above |

Appendix 1

N

We are going to prove the stablhty and convergence propertxes of the approxm)atlon -

scheme I’ Whl(,}l were stated in Section 2.2.

Proof O.f Lemma 1: (i): The definition of pid gives . - N
- AN : . . v
. ’ n . .
loluallz 0.7y = hz; et = llwnllZes0vy \
L s T

(ii): This p'roof is more difficult. since it constitutes the discrete version of the
embedding result W (0,7, V, H) < C([0, T), H), i.c. after a possible change on a ,
set of measure zero any functlon u € W w0, T, V, H) is contmuous and

el pooto. .y < € lJully " ¢ a constant. . R ’ (A.1)

We use the idea for the demonstratlon of (A.1)in GAJEWSKI GROGER and ZACHARIAS'

[2: pp. 144, 148). . ;

1

a) First we want to show that for some constant C’l > 0, mdependent of &,

lpa® uh“Loo(O.T.V‘) =0, ”uh”w‘(s..) for u, € WY(3,). s (A.2)-

Clearly for any we have u,,(tk) = uy(ly) + hZVuh i); define v, € W‘(&’,.) by :

vu(0) = O v,,(t,, =h Z’ Vuy(t;): It follows that for al] k !
ci=1 \ N

N ’ n B . u 4 " : ) .
. ||vn<tk)nv.gh,_zl uwh(t.onv.g_C(kg uwh(t.-)u&-) R (4.3)

N
]

\
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Sincé up(ty) — valle) = up(to) for all k we get

TV |fug(to)llv+ = (h 'é; lloen(ts) — 'l),,(t.-)”’;.)”p
S lllzsnm (1 2 o) ”
N - _. = C(”uh”l,(S,. V) + ;‘:P"“vn(‘ )”v‘) P
= C(Huh”L,,(S,, vy T IVl s, vs) = C llunllves, (A.4)

by virtue of (A.3) and the continuous embedding V<= H = V*. Usmg (A ‘5) again
{A. 4) implies (A.2). '

' b) We note the formula of discrete integration by parts

(u,, b, %(tk)) — (uh(tl—l)’ Un(tz ) :

) ok . % C o
=B 2 Tu) ) +h S Gulwta) (A9
k=23 . .0 l=1, Ic—l

(walt), walts)) — (uh(to on(t)) = h (Ven(t), oally )>

if k= 1. buppose @n: Ep — R. Then the discrete version of the formula for dlfferux-
tiating a product-reads, for i = 1,...,, as

V(@aun) (£) (V%(t )) () + altizr) Vaa(ts). : ' (A.6>

c) We choose an a.rbltrarv C'-function ¢: [0, T] — R with ¢(0) =0, ¢(7T') =1
(e g T-1). For any h > 0,9 defines a grid fun(,tlon on via @u(ly) = @(t) for k =0, 1,
.» 1. Set

’

vate) = alle) wn(te) ’ for k=,0,1,..,n,
wy(te) = up(besr) — Pallesr) Unllesy) for k = 0:1 sn— 1.

We use formula ( .5) for vy, u, w1th l= 1 and wy, uy With I = k, k = n — 1, respec-
tively. This gives

'

. k ¢ .
('”n(‘k), wp(le)) = h.§,<v(%u/§) (£:), un(ti)) ’ 7

+h Z (Vup(ts), @altiza) walticn)) , . (A-7)

= :
for £ = 1, ..., n defining the second term on the rlght hand side of (A.7) to be zero
itk =1. llurt,her

n—1
= (walte-1), unltn)) ="k 2 (Veon(t), w(t)

' C +h Z (Vun(t ) walti-1)) - (A.8)

i=k-+1
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N

"~ for k=1,...,n — 1 with the convention that the second term on the right-hand side
is zero if k = n — 1. Subtracting (A.8) from (A.7) yields . ‘

K . ) .
[ua(te)]? = h'é; {Veu(ti) (“/x(fi), up(t:)) + @altica) (Vuh(ti).’ w(ta))
k n—1 .
+ A ;; @altizy) (Vaup(ts), wn(tiny)) + k.é: (Vup(tivr), ua(ti)) .

n—1 n—1 - o .
.= h~‘§; Vou(ti 1) (unltisy), wa(ti)) — =Zk Pa(ti) (Vualtisy), un(ti))
. n—1 :
 F h__%;]KVua(‘iL up(ti)) — oalts) <Vuh(ti.):’uh(ti)>}
for k= 1,..., % — 1. Tt follows that for these k ‘

tp

. ' n 1/ n .
T2 £-C ("E. nVu,,(t.au“V.) v ( )5 ||u,.<t;>||‘&) .

. . - n A1/
+ C sup @l (b 5 ||uh(t.->nﬂv) . o (A9)
- 1S¥iSn \ i=1- S . ]

by virtue of (A.2) and Holder’s inequality where the constant C depends on ¢ and p,
only. From (A.7) with £ = 7 and @(T) = 1 we immediately see that (A.9) is' valid
for k = n, too. Thusa)gives the norm estimate juplte)2 < C |]uh||fyn(§h, fork=1,...,n, -
with C independent of &, i.e. ||pstsllLoo0. 7.1 < C |[slli 3, for all u, € Wi(s,) 1 :

Proof of Lemma 2: a) Consider . _
P > P

N 4 .

T i 1 [ : : 1 .
sy = 2| ] (Pu@a| | k5|5 f I(Pu) Oy dt
o bi-y L. ) V. ) tioy .

n e - T ,

< X [ Pu) (I dt = [ |[(Pu) ()% de.
. i=1 42, 0
b) Further
. . 1 e N\ |le
. S | IR A | 1
V7l ycare = B 21 W E_/‘.(Pu) (¢) dt — 7-[ (Pu) (t) dt)
' L7 ©o by ) e
i [ , . ‘ q
n 1 .- . . .
= ".Z Iff ((Pu) (6). — (Pu) (t — h)') dt
N t=1 .

tey Ve
. t t q - .

. n 1 ] B

= h _— —_ "

'é; hf 7 f(Pu) (s) d§' d( : N
oy t—h yve ) '
_ /"t . *
<+ P f . f (Puy @)1~ ds | di
Zh

[V
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t

f fuPu (o + t —R)fpe dn | dt

[ 75 0

| =
™M

L3

t(

S| wewy o+ ¢ = mifyedt] dn

> -

-

ty

=.

|-

] (Puy (?7+¢—h)llw dt | dn = f Py (O de

-where Jensen’s inequality and the theorem of Tonelli.were used. Observe that supp Pu

1s a compact subset of R. Assertion (1 follows from a), b) and the continuity of P i

Proof of Lemma 3: To bcgm with we remcmber the fact that the set c\([0,T], V
is dense in W (cf “GAJEWSKI, GROGER and ZACHARIAS [2: p. 144]. Since the lméar :

"mappings \

plry: W ——r ',,(O, T, V),
p,,OVT,,: — 1 q(O T V* ) R
pray W = Ly (O T,H)

~ have operator norms bounded mdependently ‘of'h>0 by Virtue of Lemma 1 and

Lemma 2 it suffices to prove tho assertions (i)—(iii) for u € CY[0, T, V) (cf. RAVIART

- [10], TEMAM [13]). : N

(i): Suppose t;_; < t < t We have : ‘ .

b ty

flu(t) — (Pn"%@) Olly = [|u®) — 7'__[ (Pu) (s).ds

(788

= —f(u —us) fllut)—u Hyds
te

For any ¢ > 0 there exists ho(¢) >:0 such that [t — s < ho implies ||u(t) — u(s)l|y <e
because u is uniformly contmuous on [0, T]. Thus . ‘

IIu(l) — (o) Olly < & i b < hole), ' o (A-IO)

i.e. ”u(t) — (pa®ryu) (DI — 0 as h 0. .
" (ii): Let us consider an approximation scheme for the space Wp'(R, V, H) for a

- moment. For any h >.0 we define the gnd Ry =1{p =hk|k=041,+2,..}.

and the spaces of grid functions L (<7£,,, V) Ly(R,, V ) and W(JR,) analogously to
Scctlon 2.2/A. Set - _ )

b

(Pw) (4) = %f zb\(t) dt  (we W,(R, V‘,‘H); k=41, +2,...).

» te-y '. / ’ . .
‘Then the proof of Lemma 2 shows that.?,: W Y(R, V, H) — WA Ry (B> 0) is.a
family of linear mappings bounded independently of A: f

IEwoliw oy < ¢ [wilwy iy for all w e WyY(R, V, H).
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[#1}
-1
SO0

Y

() ~(pa® Vi) (t)uv._ﬁ f f nw(o—w(r)nv-dr ds* (A1)

~ PO 7 s—.

forwe WXR, V, H) Since Co!(R, V) is dense in W,(R, V, H) (GAJEWSKI GROGER
and ZACHARIAS [2: p. 144] and WLOKA [15: p: 70]) we may derive from (A. 11) that
p® Viw — w' in Ly(R, V*) as b — 0 in a fashion similar to part a) of ‘this proof.
As (pr® V#,Pu) (8) = (pa® Vryu)(¢) for t € [0, T] we get ‘

POV > w' . in L0, T, V*) for uE W0, T, V, H) ‘
C.
o (iii): This follows from mequahty (A 10).and Lemma 1/(ii) by virtue of the embed-
ding V& HI
Appendix 2 K

We pfove_a discrete variant of Gronwall’s Lemma.

Lemma 4: Suppose a family of grid /unch'ons Uy: &y —> R (h = Tfn, i € N) satis-
ftes the growth condition - . .

‘.k - "‘ : % x -
?fh(tkh)ﬁa'i'bhzun(tih S " N . (A12)

forall k=1,...,n and k> 0.where a,b > O are conslant Then, with C >0 bemq
mdependent oj h > 0, sup ( max wy(l, ,,)) <cC. - : .

h>0 \1Zk=n

"Proof: We may assume that () = M,, for all k=1, ‘n‘\vhcrc M, depends
upon k,.in general. Therefore in a first step () < a + bhch,, by vnrbue of (A.12);
Substituting this into (A 12) again we get in the second step :

uplty) <@ + abhk + b%2M, 2 i =a+ abhk + — behw,,k(k + 1)

i=1

One may prove by mductlon on m that after m'steps the iteration of this procedure '

glves .
ww = al(* 50+ (1)

e+, e+ m— o o

+(*3 )(bh>+-~+( N T B
.+ M, ( m ) (bh)™

for allAk =1,..,n;,m 1. Thus, if bh < 1, Cauchy’s ‘theorem on the product of

series applied to the geometric series (1 4 bk 4 (bk)% + ---) implies that (m —-oo;

k=1,...,n) - .

- - o {1 k-
() < a1+ bh 4 Bh? + ) =a (1 : bh) .
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Thus .

1

' 1 \n BT |7
[ — = —_— br
:11:;{ u,,(,,)Sa(1 —bh) a(l +n—bT) —ag

" as.n — oo, i.e. k — 0. Therefore we may conclude that

sup (max uh(tk‘,,)) <O, C > O constant I
ko \tia€8, ’
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