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On a Singular Part of an Unbounded Operator 

S:OTA	'.

*S 

Es wird die Singularitat eines Operatqrs im Hilbertraum untersucht.	- 

flccJIeyeTcn CHHryJIRpHOCTh oneparopa B rI4Jib6epT0BoM npocTpaHcTse. 

The singularity of an operator in a Hilbert space is studied.  

The concept of singularity of an operator is originally derived from the measure 
theory. We-showed in [ 31 that a special operator, i.e., an unbounded derivation in - 
operator algebras is always decomposed into the sum of a singular part and a normal 
part, and at the time JORGENSEN [1] also proved that every unbounded operator in 
a Hubert space has such a decomposition. Our method in , [3] to obtain the decompo-
sition theorem is different front Jorgensen's one. In this note we will make the con-
cept of singularity of an unbounded operator in a Hubert space more clear by using - 
the idea of [3] and show some relations -between singularity of an operator and its 

• characteristic projection. 
The author would like to express his hearty thanks to G. Lassner and K. Schmüd-

- gen for the warm hospitality at the NTZ of Karl-Marx-UniveIuity Leipzig in autumn 
of 1986, and especially to K. Schniüdgen for valuable discussions on unbounded 
operators.	 •.	 S	 S 

A densely defined operator A in a Hubert space X is said to be singular if, for 
each.x E R(A), there is a sequence {,,} c 2?(A) such that 	0 and	- x as 

'.	n*oo. We denote the graph of A in the direct sum X ED X by G(A). Clearly, a 
non-trivial singular operator is not closable.	 - 

Examples: 1. A singular operator [4: p. 312]: Let {x5}. X be an orthonormal basis and 
let e € X be a vector which is not a finite linear combinationof the x,,. Let 2) be the set of 
finite linear combinations of Ix. ) and e,. and on 2) define in operator T by T(cee + f c,x,) 

= ae. Then T is singular with	)	X-	{e}; i.e., 2)(T*) = (e)-'-.	 - 
2..A non,clos'able but not singular operator: Let T be the operator cited above in a Hilbert 

- space M, and let L be a bounded operator in X such that the restriction on 2)(T*) does not 
- vanish. Then the operator T + L* is non-closable but not singular. 

Define  
BA={EX.0G(A)}. .• .	 .	 . 

It is then clear that the operator A is Singular if and only if 2A ZD cR(A). If this is - 
the case, BA is closed and is just equal to R(Aj. We define the /lip operator on X(j X 

- \	by .V ='(?	-).	 .	 -	5
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Lnima 1: For a densely defined operator ' A in X, one ha-s 5A = .7)(A*) i .	- 
- Proof: For E Ji(A*), one has _A*	= V(A*). Since VG(A*) = 0(A)1, 
it follows that (_A*(@	) =0 for all 71 E SA, O that (A*)	SA'. On the 
other hand, take E .Z(A*) I . It follows that (_A*	, 0(@ 77 ) = 0 for all E 2(A*).€
Hence we have 0' E (vo(A*)) 1 = (0(A)')' = 0(A). This means that 77 € SA • 

Theorem 2: Let A be a densely defined linear operator. in a Hilbert space X. Then 
the following statements are equivalent: 

(i) A is singular.	
0 

•	(ii) X	2i(A*) i = 0(A)	 - 
(iii) A* = 0I(A'), that is, Ker (A*)= .(A*). 

Proof: Suppose A is singular abd take 27 € .(A*) . For each E .(A), there is a 
•sequenc	c .7(A) such that	-f 0 and	- A. Hence we have (, A) 

(A, ) = lini	i) = lim ( , 'A*i1) = 0, the implication (i)	(iii) follows. 
•	Suppose the statement (iii) holds. Since we have 0(A) = V0(A*)i = ((01 

= X	(A*)i, the statement (ii) holds. The implication (ii) - (i) follows from the 
above Lemma I	 - 

/ A densely defined operator A in M is said to bp strict singular if J(A*) = {O}. 
• A strict singular operator is singular by Leninia 1 and it range is dense in X. Con-

versely, it is easily seen hat a singular- operator with dense range is strict singular. 
•

	

	Example: Let T be a non-zero singular operator in X and let K be an isometry of X into
.(T*) I . Put A = KtT. -Then A is strict singular. 

We next consider singularity of an operator-in connection with quasi-affinity of 
unbounded operators.	 - 

Propositi o n 3: Suppose there is a bounded linear operator X. with dense range 
suck that XA c BX. 1/ A is singular (resp. strict singular), then B is singular (resp. 
strict singular). 

Proof: For any € .z(B*) , one has X*B*= A*X* = 0, since A* = 0I7(A). 
It follows from the injectivity of X that B* = 0. Hence B is singular. Suppose 
now A is strict singular. Since 7I(A) is dense in X, one has 1(B)	B(X(A)) 

XA2(A), so that iii5	XTYA) = fl(X).Since 7l(X) is dense, it follows that B •	is singular with dense range. This iiieans that B is'strict singular I 
Proposition 4 [1]: Let'A be a densely , defined linear operator in a Hilbert space X. 

Let p 4 be the projection of X onto SA. It follows that PAA is singular with the adjoint 
domain equal to .2)(A*) and (I - PA) A is closable.	 - 

Proof: Since (pAA)* = A*PA , it follows from Lemma 1 that 
2((pAA)*) = {x:pAx € .7(A*)} = {x:pAx = 0) = 5A1 = 

This implies that pA is singular. Suppose x,, - 0 and (I - p ) Ax - x. We have 
/	(x, ) = urn (i PA) Ax ) = lini (x0, A*) = 0 
for all E 2(A*) . Since x E	it follows that x = 0 • 

The above proposition shows that every densely defined operator A is decomposed 
into the sum of a singular operator and a closable operator by the projection PA which 
is called- canonical piojection, and such a decomposition is called canonical decompo-
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sition. In:what follows, we denote the singular part (resp.the closable part) of A 
by A (resp. A t ). Of course; if A is closable, then A = A and, moreover, if A is 
singular, then A = A. 

Remarks: 1. The canonical projection PA IS the minimum among the projections q such 
that (I — q) A is closable. In fact, for each E X, there is a sequence (x}	2(A) such that 
Ax,, — PA with x,,'-+ 0 as n	no. Since (I — q) A is closable and (1'— q) Ax,, —* (I — q) p.. 
it follows that (I — q) PA = 0, and 50 PA	q. 

. In general, it is known by the general theory of operators that AS ZD (A)5 + ( 4Jt . In 
the canonical decomposition, however, it is easily checked that the equality in the above 
relatiOn holds. 

Corollary, 1: Let T be a densely defined'operator in a Hubert space X. Then .7(T*) 
is closed if (T)* is bounded (with 2((T)*) = X). 

Proof: This follows from (T*) = ((T)*) n ((T)*), and . (T*) = ((T5 )*) I 

Corollary 2:' Let T be an everywhere defined unbounded operator on a Hubert space. 
Then .(T*) is closed and T* is continuous on (T*). 

Pioof: This follows from Remark 2 and-Corollary 1 I 

Let A and B be operators in a Hilbert space X. If there is a unitary operator U 
on 3e . such that UA = BU (that is, U(A) = .(B) and UA = BU for all 

E (A)), then we say that A is unitarily equivalent to B with intertwining op- 
erator U.. 

Theorem 5: Lei A and B be densely defined linear operatrs in a Hilbert space X. 
Suppose A is unitarily equivalent to B. Then the canonical projections PA and pB are 
unitarily equivalent.	 S	 - 

Proof: Let U be an inertwining operator to realize the unitarily equivalence 
between A and B. It follows that 

B = u((J - PA) A + PAA) U- 1  U(I - p) U- 1B + UPA U 1B 

Since (I --- p ) A is closable, it follows that U(I -. PA) A U 1 = U(1 — PA) U- 
' 
1B 

is closable. Hence, by Remark 1, we have UPAU' p. By applying the sae 
argument for U, we have U 1PBU p. This implies .the theorem. I 

Let T be a densely defined linear operator in a Hilbert space X. We write QT for 
the projection of X $ X onto G(T), which is called the characteristic projection of 
T. Following [5] (also see [2]), QT is expressed in terms of a 2X 2-matrix QT = (q,,) of 
bounded linear operators on X as 

	

(

q,

q2: -q12
	L *Q = WItLI (q 17 ) = q 1 anu	qq1 = q11.€

	

 q22,	 -	 - 

In particular, q12 = T*(1 - q22 ) and I - q11 = T*q21. 

Theorem 6: Let T be a densely defined linear operator in a Hulbert'spadx with 
characteristic projection Q = (q,). Then T'is singular if and only if q22T = T. If 

this is the case, q22 = PT (the canonical projection) and QT 
= 4 0

0 q22 

Proof: Suppose T is singular. Since 8T	fl(T), it,.follows that Q(0	T)

= 0 T for ,all E 2(T). This means that 9 2T = 0 and 'q22T = T for all.
E 2(T). Hence q22T = T. The converse is almost clear by the relation Ker (I - q22) 
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Ker (q12 ). Moreover, ii follows that q12 = (T - q22T)* = 0 and q11 = I -7
= I - (q 2T) = I. Furthermore q21 = (q12)* = 0. It follows from Theorem 4 that 
q22	PT	: 

•	 Corollary: Keeping the same notation as above, T is strict singular if and only if €
the characteristic projection QT of T is the identity operator; that is, q22 = 1. 

Proof: This follows from Theorems 2 and 6 I 
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