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V	 1 

Es werden Kriterien der Beschrhnktheit und Kompaktheit lincarcr Pseudodifferentialoperato. 
V 

ren L(X, D) in den HOrmander-Räumen Pk.erortert. Gewisse Bedingungen an das Symbol	V 

•	L(x, ) von L(X, D) sollen dabei garantieren, daB L(X, D) den Schwartz-Raum à° in sich ab-
bildet ünd die formal Transponierte L'(X, D): Y	a" existiert. Eine Charakterisierung der 
Beschranktheit des Operators L'(X, D): VZ'Ikk	-J.k wird hergeleitet, desgleichen eine hin.	V 

reichende V Bedingung fur die BeschrSnktheit des Operators L'(X, D): 
£ 'pkk +LVp.k mit 

P E (1, oo). SchlieBlich wird die Kompaktheit der stetigen Erweiterung L'(X, D): pkk(0) 
- p.k erörtert, wobei U eine offene beschrhnkte Menge des R" und p.kk(G) die Vervoll. 

V	
ständigung von C0 (G) bezüglichVder Pkk--Norm ist.	 \	 .	

V 

06cya0'c1T KHTI111 OI'paHHeHHOCT11 H KoMnaxTilocTil Jrnl1elHalx ncen)oJu1c4epeH- 
1uaJIbHbIx onepaTopoB L(X, D) B EIpOCTpaHC'rBaX Xeps1aHepa c2p.k. flp ' M 3TOM iIeI<oTopbie 

CJ1OBHH Ha csuinoi L(x, ) OT L(X, D) ojneciui o6ecneq llBaTb To6bI L(X, D) 0To6paRaJ1 
npoc'rpaHcTBo fflBaMa ,Y B ce6n H 'JTOH cynecTBonaJI iOMJ1bH0 COflpHHeHHOe L'(X, -D): 

-* Y. BMBO)HTH	 orpaHHeHIIOcTH onepa'ropa L'(X, D): 1kk   

	

/ H OCTaTOq Hoe ycJIoBHe,orpaHM'leHHocTH onepa'ropa L'(X, D):	'p,k C p E [1, 00).	
V 

HaxoIIeL, oôcy aeTcc! HoMnaicTHocTh lienpepalBlloro paCulupeHHn L'(X, D):	p.k—(0) 
- '-p.' r ieG oprroe orpaeiioe MHoRecTBo B Un is pkk(G) JJOflOJUH1iC C000(G) .	 V 

oTHocisTejibilo	p.kkH0PMM.	 .	 V 

Boundedness and compactness arguments in the Hörmander spaces ap.k for linear pseudo-  
differential operators L(X, D)'are considered. The symbol L(x, ) of L(X, D) is assumed to 
obey appropriate temperate criteria, which guarantee that L(X, D) maps the Schwartz 
class X into itself and,that the formal transpose L'(X, D): Y —* a" exists. A characterization V 

for the boundedness of the operator L'(X, -D); 	-	is obtained. Asufficient con-



dition for the boundedness of the operatorL'(X, D): 'pkk - ',.k with p E (1, oo) is esta-
blished as well. Finally, the compactness of the continuous extension of L'(X, D): Vpkk—(G) 
\ 'p.k is studied, where GO an open bounded set in R' and where '-p.kk—(G) is (essentially) 
the completion of C0%G) with respect to the ,Pkk-.norm. 

I. Introduction	 V	

.	 V 

-, 	 V	

V	

J 

Let m,	6.E R be such that 00<	1 and .0 6 < 1. Define the class S78 of	 V 

V	 C(R X R")-mappings L( . ,.) via the requirement: L( . ,.) lies in	if and only if 
the estimate	 .	S	

V	

V	 V 

.I DD L ( x , 	

C,(1 + II)m + 1 ._ e1P1 (x, E R; a, E N0 )	V 

is valid. It holds a very extensive theory concerning the D'-boundedness of respec-
tive pseudo-differential operators L(x, D), that is, linear operators defined by 

(L(X, D) (x) = T2—"j. f  L(x, ) () () e' d,	 (1.1)
R.

'S
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where Y: Y' - ? is the Fourier transform in the Schwartz space C ' and where, 
L( .,.) E S' . For the results and for their generalizations we refer to [1, 3-6]. 

Let X be the class of weight 5functions given in [2: 34] and let.p E [1, co). Define 
a norm IIIp,k by 

/ (J 1	 S

	

()() 
k( P d)	( € cfl. -€

Choose *eight functions k, k € X. In 'this contribution we consider the validity 
of the inequality	-	 S 

IIL'(X, D) IPII,.k	C llLk-	( 9, € a0),	:	 (1.2) 

where L'(X, D)': Y' - a0 is the formally transpose operator of a' linear pseudo-differ-
ential operator L(X, D)': a0 -* a0.' The' validity of (1.2) means that L'(X, D)has a 
bounded extension from 93p,kk into where these Banach spaces are defined 
as in [2: 36]. We onsider also some arguments for the compactness of the appi-o-
priate continuous extensions of .L'(X, D). 

For the first instance we establish an (algebraic) criterion, which guarantees , the 
- ' fact that L(X, D) maps a0 into itself. In addition, a condition for the existence of 

the formal transpose L'(X, D): Y -> a0 of L(X, D) is given (cf. Theorems 2.1 and 
2.2). After that a characterization foi the validity of (1.2) with p = 1 is shown for 
a certain class.of bperators .(cf. Theorem 3.3). The validity of (12) with general 
p € [1, oo) is considered as well. Fi 5rtherniore, the compactness of the continuous. 

• '	extension, Lv': P ,kk— (G) -±	of L'(X, D) is investigated, when G is an open 
•	bounded set in R'. Here Y31, ,kk -(G) is (essentially) the completion of C000(G) with 

respect to the , II . IFP.kk -norm.  

2. Preliminaries	 - 

2.1 For the unexpianed notions about the distribution theory we refer to the mono-. 
graph [2: 1-25] Let G be an open set in R". The class X of weight functions Ic, the 
Banach spaces ó,,. k and the Frechét spaces .3(G) with p € [1, co) are defined as 
in [2: 34-45]. The norm in 121,k is then given by	 -. 

	

1 I / p	. 
IIUII.k	((2n 

R	

(u) () k()I 

The topology, in	°(G) is defined by the semi-norms u - IIWU Ipk, ip € C000 (G). Let.
1p.k(0) be the completion of C000 (G) with respect to the11.IIP,k-norm. Then cp.k(G) 
can be imbedded into ap,k .via the injection 3: , k(G) p.k given by 3(T) (q) 

= lim (q) for 99 e C000 , where {p4 is a representative of T. Denote p.k(0) 
= 3(k(G)).' The norm in P,k(G) is defined by I3(T)II9 • = IITII,. 

Let L(X,D) be a linear pseudo-differential' operator on the Schwartz class a0 
defined by the relation (x € G)  

(L(X, D) ) (x) =. (2	f L(x, ) () ()	 •	'	( 2.1) 
Itn - 

Here L( . , .) € C°°(R' x R0 ). In the sequel we give a condition for L( . , .), under which 
L(X, D) maps a0 into itself.	 ,	 - 

5-	 .
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Theorem 2: 1: Suppose that there exists a numberp E R with 0-:5 o. < 1 such that 
/or each pair (a, ) €N0" x Non one can find constants C. , # > 0, Na E R and Na; € R 
with which 

ID aD flL(X, )I	Ca.lCNa+elpI(X) kNa ). ((x, ) € R" x Rn), 

where k8 (s € R) is ' de/ined by k8() = (1 + I 2 )3/2 . Then L(X, D) givn by (2.1) is an 
operator from Y' into Y.	 I 

Proof: Let 92 ECT. By applying the Lebesgue Dominated Convergence Théoreiu 
one sees easily that L(X, D) 92 € C(R") and that 

•	 '	
'	 D(LX, D) ) (x) 

=	 1 

D a(L(x, E) e()) () () d. 
R 

•	Furthermore, for every 'x € R." and 'y, r € N0" one has	 S 

(2)" Ix7D'(L(X, D) ) (x)!	'	 •" 

= i f
 
xvD(L(x,,) et 

S (

))	 2) () d I 

() i RI, 

xY(D/L(x, ))T) () e' ' d	.	S 

^ E 
(r)	(v) f ((—D4)-DL(x, )) D(D'-) (E)	d 

-. R. 

' (
ID41D.IL(x,

)R/

	)J	(xYaD,P) ()Id 

 

£ () () C;akN±olaI(x)f,Ic(XY_aD?T) ()	d. 

Let now y and -t be fixed. Then we obtain	' ''	S • 

IxD'(L( X, D) ) (x)I	CayTkN(r)+O(IaI+IyI)(X),	-	 • 

where N(T) = max {Nfi :	r}. Hence for every N € N one can find a constant 
• , Cv > 0 such' that	•	 .	 S	 S 

Ix7D"(L(X , D).q) (x)I	CNkNr+elyI+C9_1v(x) .  

By choosing N large enough we see that' sup {IxD'(L(x, D) q, ) (x) I : x € R°} < Co. 
which completes the proof I	 S	 ' 

' Suppose that. L( . ) € C(1t") and that DL()I	Ck() (c € R"). Then by 
Theorem 2.1 the operator 'L(D) defined by 

-	
• (L(D) )(x)

=	I L() (T) () el (-' , x ) d	 - 5 

:	
Ps T into itself.	 S	 '	 S 

I*
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2.2 We say that L'(X, D): Y - Y' is a formally transpose operator (or a formal 
transpose) of the operator L(X, D): X --> Y when 

(L(X, D) ) (v')	 f (L(X, D) q,) (x) (x) dx = (L'(X, D) 

holds for all T, ?pE Y. ' A sufficient criterion for the existence of L'(X, D) is given in 
the following	 S	 - 

Theorem 2.2: Suppose that the operator L(X, D) defined by (2.1) maps a0 into 
itself and that one can /i?d a number 5 E R with 0 ô < 1 such that for each pair 
(, ) E N0 x N0 there exist constants Np E Rand N g E R with which for all x, E R' 

IDDL(x, )I ;5; CskN5 + I 0) kN fl (x).	 (2.2) 
Then there exists the /ormaltranspose L'(X, D) of L(X, D). 

Proof: Let V E Y. By changing the roles of x and one sees in virtue of (2.2) and 
due to the proof of Theorem 2.1 that L(D, ) V € a0, where 

•	-	(L(D, ) ))) := (2)flf L(x, ) (Ts) (x) e"-, 0 dx. 
Rn 

For all q, . € a0 we obtain by the Fubini's Theorem and by the Parseval's identity 
(here we denote i(x) = 

(L(X, D) ) () =
(J L(x, ) (Yr) ()	d) (x) dx 

=	RI 
(Y) 

(RI 

L( x, ) (x)	dx ) 

(L(D, 
R" 

(Jq) ()	) (Y)) () d 

p(y) Y(L(D, ) (Y')) (y) dy = (a0(L(D, ) (Y))). 
Rn 

The operations are legitimate since the function 

(x, ) —* L(x, ) (Y) () v() etJ 

is by (2.2) integrable in R' xR. Hence there exists L'(X, D): a0 a0 and L'(X,D) 
= (L(D, ) (9)) I	 - 

The existence of L'(X, D) implies that L(X, D) and L'(X, D) have continuous 
extensions from the dual space c ' of a0 intd cT (here a0 ' is equipped with the weak 
dual topology). Our aim in the next Chapters 3-4 is to seek criterions under which 
L'(X, D) (and L(X, D)) has a continuous extension from 191kk into 19,.k and from 

p.kk into	(G). 

3. Characterization of boundedness in spaces 1,k 

3.1 In the sequel we consider the validity of the following inequality: There exists 
a constant C > 0 such that 

IIL ' (X, D) 92111k	C 119'III.kk	(' € Y').	 (3.1)
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Here k and k are weight functions belonging to X. 
Lemma 3.1: Suppose that one can find numbers Ô, Lo E R with 0 6, Lo < 1 such 

that for each pair (x, ) E N0 x N,11 there exist constants C> 0, N. E R and Nfl E R 
with which

DDL(x, )J	Ca,k+p1(Z) kN fl +J()	(x, .E 1t*).	 (3.2) 

Then /or each qEi"	0• 

c(L(X, D) 9) ( p7) = Y(qL(x, — i)) ('1)	- (77 E Re).	 (3;3)• 
Proof: In,virtue of Theorems( 2.1 and 2.2, L(X, D) maps cT into itself and there 

exists theformal transpose L'(X, D): à° —> X of L(X, D). Let 0 0 E Co-,' 
(T0) (0) = 1. -Dfine functions 0,' through the relation 0,'(x) = j'c9(jx). Choose 
O1 EcT,Y0,=01 '.Thén for each x,,7 € R' 

(2	(L(X, D) (0j e'')) (x) = f L(x, ) j '( + ) e 1	d 
Rn

	

—' + y) O'(y)	dy 
Rn 

R/( 

_+) 0(r)e1(iZ) dr. 

In virtue of (3.2) for all j E N one has (with some N> 0) 

•	 ' 	 -7'7 
+	

&r e+) 

< C(x) kN (-77 +	0(r)J ^ C'k(x) k(- 77 ) k(r) I0(r)I,	(3.4) 

• where the right-hand - side is integrable in W. Hence due to the Lebesgue Dominated 
Convergence Theorem we see that for all x E R' 

(L(X, D) -(0, e_(1.x))) (x)	 -	- 

•	 '	

—* L(x, —77) e'	
(2fl	

0(r) dr = (2)' L(x, — 7)) e-. 

• Furthermore,  in view of (3.4) one has 

-	(L(x, D) (O e fl. )) (x)  
•	^0'kjy(- 77) kv(x)f kN.(r) 0(r)I dr	C"kN(-77) kN(x).-

Hence with each 72 E 1V we obtain  

(L(X, D) (0 e1()))	(2	(L(.,	) e( .> ).	
•	 (3.5) 

In according to the definition of 0, one sees	 -	 • 

(2 0,(x) = ( 
j O(jy)	dy =f 0(z) e' 4i' dz -^ (J0) (0) = 1
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/ 

- and 
•	 (2i)' O,(x)l	 IO(z)I dz 

R' 
	=1 

so that we get the convergence	
0 

D)/p) (O e') ••• (2i)' (L'(X, D) q') (e"'1) 

	

(2	
Y(L'(x, D)) ()	 (3.6)

Since for all j E N arid iq € R' the equality. 

(L'(X D) ) (6i 	= (L(X, D)  

holds, we get by , (3.5) and by (3.6) that 

	

.:(L'!X D) ) (ri) = '(L( ., —) e(')) 
=	 —)1)) () 

I 
-'	Let P € C000 , 0 :!^: 0	land (x) =1 for XE B(0, 1). Define functions cP, E C000 

by 1 (x)-= (x/l). Then we obtain 

• Theorem 3.2: Suppose'that one can find numbers 6, o E.R with 0 6, 9 < 1 such 
that for each pair (a, fi) . E N' x No" there exist constants C,> 0, N € R and N fl E R 
with which the inequality (3.2) holds. Furthermore, we suppose that there exists a con-
slant M > 0 such that for all I € N and E .R	

0 

• S..	 .fI(1Le, —))	)'k(?J)Jd,?	M(kk) (a).	 • .	(3.7) 
Rn 

Then one' can 'find a constant C > 0 such that	•	
0 

IIL'(X, D) 9'II1.k	C. IfrpIIJ,kk-	. (T € J'). 

PróofIn virtue of Lemma 3.1 - we get for all 97 E , I € N and 77 € R' 

I T i,(X, D) (ç)) (')I 
= f (x) (x) L(x, —fl)	dx  

a" 

	

0	 ='f (T9) () T(L( . —) e')) () d 
a" 

•	

0	

0	

• 'v	
() T(,L(.,	)	,	)I d...,	

'	

0; 

R. 

Define functions f,: R' x R' —- R by	 • 

•	
0	 f, j)	 --)) (i '- ) (T0') ()I k().	 , 

•	Then /,, is by (3.2) eontinuous' In addition, due to (3.7) and the inequality 

O	 •	 (Oj')()I 
= 

in f- O(jx)	dx'	'	•	0

Rn 

=

0(z)	z/)") dz ;5JI0( z)I dz = 1,	 . •	' 

we obtain that	'	 •	- 

) d	(f 1 0(Z)j dz M(kk) ().= M(kkT)'()  
•	

• *It"*	 \Itn	 /	 •

0	 •	\
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for all € R". Furthermore, the function	-. 

gjj : R —i. R,	g,'j()	f /,,, ) di 
Rn 

is continuous and 

f g j(E) (cT) ()I d-' ^ (2)" j11 IIIIJ.kk 
Rn 

-.	Hence due to the Fubini's Theorem 
(2r)' II(L'(X, D) (c')) * 19j, 1 

111,k 

3 (L' (x, D) ()) () (Y01 ') ( ,7)1 k(?? ) dj 
R'

=1 ((I	L(.,—ij)) ( -)I d) T(O,') ()I k() di 
Rn 

•	 R(	
1' -) ( - ) (30,') () k(	d j J(3) ()I d 

^ M 99 II1.kk-	 -	 (18) 

Since (L'(X, D) (jq,)) * 0,' - L'(X, D)	in 21 , k as j	no (cf. [2: 42]) .ve ob-



tain the assertiofi I 
3.2 in this subsection we characterize the validity of the inequality (3.7) with 

the validity of the inequality (3.1). 

•	Theorem 3.3: Suppose that one can find numbers 6, o € R with 0 :!,- 6, e < 1 such 
that for each pair (, ).E N0t' x N0t' there exist constants C.. # > 01 N € R and Nfl € R 

•	with which * the inequality (3.2) holds. Then one can find a constant C> 0 such that 
r 

0)	IIL'(X, D	II1.k	C IIII'.kk	( 9, E	) 
 

-	i/' and only if one can find a constant M > 0 such that 

(ii)  
R. I

Y( 1 ,L ,	)) (' — ) k(1) d 1	M(kk) ()	(1 € N, € Rt'). 
R  

Proof: Theorem 3.2 implies that (i) follows from (ii). On the other hand, suppose 
that (i) is valid. In virtue of Lemma 3.1 we obtain for every 99 € cT, € Rt' and 
l€N .	 •	 • 

f 3(L( . —) i) ( —	k() di, =f 1c7 (L( . , —) 01 e) ()I k(1) di€

=f Y(L'()(, U) (L ei(E. >)) '(m) k(,)j dij = (2n)t' IIL '(X, .0) (, e'-1)II1 
R. 

^ (2i)t' C 110, em IIIkk- = Cf J(YI,) ( — ) (kk) ()I d1 

= inaf I() (l(j — )) (kk) ()P di	- 

R/ 

(3) (r) (kk) ( + -j-) dT  

C (3) (t)fkk— (T) dr (kk) ()	(2)t' CC, II1.k. (kk) ()



I	 - 
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where C1 > 0 and N > 0 are chosen so that 
Mkk-(r) := sup {(kk') (r+ i)/(kk) ()} ^5 C1k,(r). 

,7ERn 

This completes the proof , I 

4. On boundedness in spaces p,k 

4.1 Let  E (1, oo) and k E X be given. Definep' E (1, co) and kv E X by i/p + l/p' 
1 and by kV () = k(—). Denote the dual space of p,k by c k. Then for each 

L E	one can find an element I E c.p'.1/kv such that L = I() . (p € 0) and. 

	

•	IILII = I11Ip'. 1Ik v. On the other hand with each I € c1Bp' I/k- the linear forni L: J' -- C 

	

•	defined by Lq = l(q) has a continuous extension Rp.k	C (cf. [2: 42]). Hence one
sees easily the following 

Lemma 4.1: Suppose that the operator L(X, D) defined by (2.1) maps cJ' into itself 
and that the formal transpose L'(X, D); a0 -- ' exists. Then, /Pr p > 1, 

II 1 '(X , D) IPII,,k	C IIIIp.kk	(p E a0) 

if and only if 

L(X, D) IIp.I/(kk)	C IIIp'.1/k v	( E 
Furthermore, we have 

Theo r e in 4.2: Suppose that one can find numbers 6, 0 E R with 0 6, < 1 such 
that for each pair (a, fl) € N x N0" there exist constants C. , > 0, N E R and N . € R 
with which the inequality (3.2) holds. Furthermoe, suppose that there exist constants 
M>O and K>O such that for all l€N 

I	_)) ( - ) k(i1) di1 < M(kk) ()	E R) 

and

J*  I(zL	— n))	- )I (kk) ()I	
(j € R'3).	(4.i)

Then  one . can find a comstznt C> 0 (which is independent of 'p € [1, co)) such that 
IL'(X, D) PIIp.k	C II9'IIp.kk	(p € cT).	- 

Proof: Let the functions O' be as in-the poof.of 'Lerna 3.1. Define functions 

	

-.	hj,:R°xR'3-Rby 

i) = 3((b,L, — 'i))(i - ) (T0/) (1) (kk)() 

Then we have (cf. the proof of Theorem 3.2)  
-•	 (2) I Y (L' ( .X , .1) (,q,)) () (70,') (71)1 k() 

	

() () (kk) ()I r(cbgL( . , T- 71))	 ()I (kk)() 

,)I/P' h1 (, 7))hh1 (Tq) () (kk) ()J dr 
R" 

jh,1(.,	

(	

h,,(, ) (cTp) () (kk) ()IP d)h/P. 

S	 S	 -.
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/ 

Hence we see that	 S 

I!L '(X, D) (P) * e'ig,4.	
.S 

(2r)n:+n f (I h 1 (, ?1) I(Y) () kk) (P d) d 

= (2n) P+f f (I h1 ('	dii) (392) () (kk) ()JP 

K I '	 (K + M)P/P'+' 
-	 '	(27-)"P M IkPIIp.kk	

,	(2)'P	
II92IIp.kk	 .	S 

This inipliesour assertion A	 - 

4.2 Let .G bean open set in B?. We apply Theorem 4.2 to obtain a criterion for 
the existence of a continuous extension of L(X, D) from	p1/kv into c/(kk.)v(G). 
Let  E [1;cc).	 S 

Corollary 4.3: Suppose that one can find a number ô E R with 0 ô < 1 such 
that for each pair (a ) € N0" X N0" and for each p € C000(G) there exist > 0 
and Np . , E R with which 

sup IDDL(x, 	 E R") 
XESuPPv, 

•	Furthermore, suppose that there exists C 5, > 0 such that for all . E lt' 

f	( Le, _v)) (r - 4)j k(r) dr	C5,(kk)	
1	 5''• Rn

d	 1	 (4.2 

f Y(L(•,	i))	- T)I (kk) ()	 I	.5 

•	Then L(X, D) , defined by (2.1) is an operator from c? into-.Cc (0) and it has a continuous 
extension from 2p.1/k into 2p.11(kk5) (G).	 S 

Proof: Let Q5,(X, D) be the operator (2.1) with the symbol (x) L(x, ), where 
€ C(G). Then Q5,(x, ) satisfies (3.2) so that the first assertion is obvious. Since 

-

	

	 for 1 € N large enough; the conditions (3.7) and (4.1) hold for Q 5,(X, D). 
Theorem 4.2 implies the existence of a constant C5 '.> 0 (which is indeendent of 
p E [1, cc)) such that	 S 

IIQ5,'(X , D) 92 1p.k ^S C II92IIp.kk	(q' € à")
In view of Theorem 4.1 one has for p' € (1, cc) 

IIQ5,( X, D) 92Ilp'.l1(kk)	C' I192IIp,i1k	(q' € a0).	 /	S 

Since C',' does not depend on p' € (1, cc), this .ine4uaiity implies	 S 

IIv,L(X, D) pIp.1/(kk--) ^ C	I92IJp.1/	(' € à°) 

	

• and then L(X-, D) has the stated extension I	 S - 

A sufficient condiion for the validity of (4.2) is the following one: for each 

	

C0°°(G) and xI[N+L+n+e1 (with e>0)	- 

sup IDL(x, —)J	Ck)	(E it"),	(4.3) 
XESUPPW	 S 

4 Analysis Bd. 7, Heft I (lOSS)	 S	 -
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where N and L € R are chosen such that for all , 17 € R' 

k( + )	Ck() k() and k	+ 'i)	CkL() k) 
(cf. the proof of Theorem 2.1). Furt .hermoie, one sees for p € [1, co) 

Corollary4.4: Suppose that one can find a number ô E R with 0 ô < 1 such 
that for each pair (a, ) E. No" x N0" there exist constants C> 0 and Nfl € R with 
which

sup lDDL(x, )l	C fikN + l ()	( € R"), 
xE5upp,	 -	 -. 

where ip € C0 . Furthermore, suppose that for jal [N + L + n + 1] 

sup lDL(x, -)l ^ Ck(fl	( € R"). 
XfSupp' 

Then the operator (øL(x, D))' has a continuous extension from 3P,kk into 

For example the operators defir1ed by (1. 1), where L(x, ) € S070 satisfy the as 
sumptions (3.2) and (4.3). with k = km. 

5. Criteria for compactness 

5.1 Let G be an open bounded set in R". We are going to investigate the compact-
ness of the continuous extension L': Y3Ikk—(G) of the formal transpose L': 
G000 (G) - cY Of an operator L: Y - C°°(G) defined by (2. 1), that is, Ii satisfies the 
relation (L'q) ( p) = ç(Lr) for all 99 € O(G) and ip € Y. We give also a sufficient 
condition for the compactness of the continuous extension Lv': P .kk( G) - 
of L'. In the following we keep the. open set G	R" fixed. Let ip € Co" (x)	1
in theclosure G of G. 

Lemma 5.1: Suppose that one can find a number ô € R with 0 c5< 1 such that 
for each pair (a, ) € Non x No

n there. exist constants C,,> 0 and N€ R with which 

sup lDD/L(x, )l ^ CpkN+oJI()	( € R").	 (5.1) 
XESUppW 

In addition, we assume that there exists a constant M > 0 such that 

I	—91)) ( — ) k( d :<- M(kk) ()	( € R").	 (5.2) 

Then L maps )° into CM (G), the formal transpose L': C000(0)	exists, L' has a 
continuous extension L': c6'I,kk (G)	21.k and 

-. IIL'll	(2 (kk) ()f I F ( L( . , — 'i)) ('i - ) k(	di1.€
R. 

Proof: Let Q(x, ) = v(x) L(x, ). Then due to (5.1) the condition (3.2) is valid 
for Q(x, ) (with N = 0 and p = 0). Replacing in the proof of Theorem 3.2 0 1 with 

one sees that (cf. (3.8)) 

-. IIQ'(X, D) II;k	
(2

	111.kk-.. 

El
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Since for all 4P E C0 °(G) and 0 E ? one has (Q' (p) () 
= q(Q) = q(L) (where we denoted Q = Q(X, D) and Q' = Q*(X,D)) and since M can be chosen to be 

(kk -) f 
R.

I'((L( ., — ))('i - )) k()J d; 

the proof is ready .1	 S 

Remark: The validity of (5.1) is sufficient - to  ithply that L maps à° into C(U) and that, L': C0 "(G)' -	exists. 

Lemma 5.2: Suppose that (5.1) is valid for L(x, ). Then for each /ixed B > 0 the quantity 

•

	

	 F(R, N) =sup
(kk) () f JL( . , -n)) (i -. ) k( d 

M:sR

is tending to zero with N - oo. 

Proof: Since 11(kk) is continuous, it suffices to show that -	 S 

sup	I* I(v"-(-,-—ri))	- ) k(	d 
A;-+OD 

IIR ii>v 

. , .For each x E No" one gets  

	

-	Y(L(., -n)) (	)I = I3(DL, -n))) (	)I 

I(D vDL(x, —fl)) ( - )P	
= 

•	 sup D rL(x, -	JJDjJL - 0	 y"	xEsupp, 

^z
(o) 

CYokN • ,+a:I() JD IL^ CkN+j()	 0 

-	
0 

with home Ca.> 0. Hence for each m E N there exists Cm > 0 such that 
Jc7(pL(.,	7)) ('i - )I	CrnkN. ( ó_ l)m() km(). 

Choose m so large that 'N0 + N1 + 0 - 1) m — (n ± 1), where N1 E It such that k CkN,. Then we obtain 

sup f JcT(L(., —71)) (71	) k	d71 
flR I,71>N	 - 

;5 CCSUpk() f k(i)d	°.	I	• 
IjR	I71>N	 •	- 

This proves the assertion I	 • 

Let . 0. E C0°°(B(0, 2)), 0	:5: land (x) = 1 for all X  B(0, 1). Define cP, E CO- by' b,(x) = P(x/j). furthermore, let L,(x,) =, L(x, )	and- Q,(x, ) = t(x) x L(x, )	Supposing that L(x, ) satisfies (5.1)—(5.2), one sees that L'(x, ) satisfies (5.1)—(5.2) as well. Hence due to Lemma 5.1 the continuous extension 
- L,':	1.kk(G)	1.k exists. We have	 •	•	 •	 S - 

4*	•
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Lemma 5.3: Suppose that (5.1) is valid for L(x, ) and that 

•

	

	

.	(kk)	R['' -)) (' - )	i)I d—^ •	 (5.3) 

Then'

	

•-_+ .	
•- 

	
(5.4) 

Proof: The symbol L(x, ) - L(x, ) satisfies (5.1)—(5.2). Hence due to Lem-
ma 5.1

(2	II L — LII = (2-)" JI(Lj 

•	-	
(kk)	 f	

(L1(., -)	
L( . ,—))) ( -	k() d 

suf)- = f p 	pL( — i)) (77 - ) k(d	(55) 
Rn 

Let eO. Choose R>Oso large that	 0 

r(L(, —j)) (i - ) k()) d7j < (kk :^_)	f 

Furthermore, choose N E N sjch that P(R, j) < e (j > N), where P(R, j) is the 
quantity defined in-Lemma 5.2-Then one gets by (5.5). 

	

(2z) IL,' -	ii	 •	 - 

	

^s sup (kk)	
Ri	

—,(T1)) 
r(L( . , -))( - ).ki)l d 

	

+ SUP (kL)	(1	 k(j) - )(-?))) f(L(, —?i)) (, - )	d 

(kk) () f	L( — 'i)) (i - ) k(	<2e(2 

for all j N. Thus L, is converging to L' I 

5.2 In this subsection we show that L,' is c'ompact for each j € N. Hence the 
• compactness of L' follows from (5.4). 

Lemma 5.4: Suppose that (5.1) is valid for L(x, ). Let Q(x, ) be defined as in 
the Subsection 5.1. Then the formal transpose Q' of the operator (2.1) corresponding 
the symbol Q,(x,4) has a continuous extension Q,': J t.kk - ci 1. k. and Q,' is compact€

	

• (with each k, k E X).	•	•	

0
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Proof: a) For, each (ix, ) € Non x N0" the symbol Q,(x, ) satisfies	- 

IDDQ,(x, )I	 .	.' 

(0)() 
I(P) (x)I f(D 1 ) ()IIDD 'L(x, )I 

VT^P Y	 .	 . 

=	
x () () I D	(x) (D,) ()J 

	

-	. 
and then Q,(x, ) obeys the assumptions of Corollary 4.4 (with respect to 'each k, 

k-'€ X). Hence by Corollary 4.4 the continuous extension Q,': -I.kk —	I.k exists. 
b) Let {Um}	c.I.kk be a sequence such that; I jum ll, ,kk	C (m € N): Then there 

exists a q,,,, € f such that .	 .	 . 

Ikm	mIII,kk 15 1/rn . :	 .	..,	 (5.6) 

We shall show that {m} possessesa subsequence {m'} so that IIQ,'11 — /Ih. 	0 
with m —> oc (with some / € l;k). This implies	 - 

IQ,'Um' — /JI,	"' Qj'm'IIi,i + IIQ;'q'm'	1111k 
•	Will IIUm — mIli .kk + IlQj'm — fill ,k	0, 

and then,' is compact.	 S 

c) Define fm .: R" - C with /m() = Y(Q1 'p) (i). Then /m E T	C(R'). Further-
more, {/m} is uniformly bounded: in virtue of (3.3) one has 

	

-	 . 

= Y(Qj(x, —i)) (	= (2)" f	?/) (Q1(x, —k)) ( — ) d1 

-' •	
=	Im)()i (kk)	

/ R	

L(x,__)5 - 

	

r	L(x, —))( 
IImIiI.kk	iH)J	

(kk) (?)	
d71.	-	 -	(5.7) 

As in the proof of Lemma 4.2 one sees that 

r	—i)) ( — )	- 
E:=suPP,(_)J	 dii<oo. 
,	€R"	 (kk ) (i) 

•	.	 R	 . 

Hence by (5.6) and by (5.7) i/m()i	(C + 1) E (rn € N, € R").	- 
- d) We show that {/m} is euicontinuous. Let ,	R". Then	- 

I/m()	Im(o)I ;5 sup E (D1/,,) ()l 1$ -	 -	•	 -	 - 

,ER 1=1	 •	•	 S	 •	 S	 •	 •	 S 

Hence it is'sufficient to verify that •	 •	
5 

P i(Di/m) (	:5 C'	(M € N).	•	 (5.8)	• -
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In fact we obtain 

-	IDi/m()I = D 1 T(Qj'92m ) ()J	I DjcT( pmQj(X, _)) ()J 
= Di f 9 m(x)p(x) L(x, —) ,(—) e t • dx 

J 
Rn 

	

qmtpDi(L(x, -) (-))	dx1 
Rn

q 
JR 

rntpL(x,	 dx —) (—) e- 	
J	 - 

= Imi((X, —)	(-))) ()I + I ( 7m L(X, —	(—) ) ()I 
and then (5.8) follows with the same conclusions as done in the part c. 

e) Since {/m} is uniformly bounded and {/m} is a equicontinuous set, the Ascoli- 
Arzela Theorem implies that one can find a subsequence {/m'} so that {/m'} is uni-
formly convergent on every compact subset of R'. Hence we obtain 

f ,r(Qjq1	Q1'2j') () k()J d 

= f I/m'() — f'()J k() d __ 

2(0.2))	

S 

and then IQj'q'm' — tIII.k -k 0 with some / E 21.k	- 

Let 0 and tp be as above. Then we obtain 

•	Theoreiii 5.5: Suppose that (5.1)-is valid/or L(x, ) and let L,(x, ) = L(x, ) (I)(). 
Then the continuous extension L,': 1Ikk-( G)	21,k exists and L,' is compact. 

— Prdof: Due to Lemma 5.4 the continuou extension Q1': I.kk exists and 
Q,' is compact. Hence it is easy to see that the continuous extension L,' exists and 
that L,'u = Q,'u for each u E I.kk(G). This completes the proof I 

•	Corollary 5.6: Suppose that (5.1) and (5.3) are valid for L(x, ). Then the contiiuou.s 
extension L'.: c?)Ikk-(G) -	1.k exists and L' is compact. 

Proof: Li ': 1. kk-(G')	is compact for each j EN. Since the space of all 
compact operators K: I kk -(G)	is closed in the space of all bounded-opera-
tors T: J9lkk-(0)	,, the Lemma 5.3 proves the assertion I - 5.3 Let 0 be an open bounded subset in R' and let V E.00°°, ø(x) = 1 for x E 0. 
Choose an open bounded set 0' such that supp V 0' and let s' E Co-, o'(x) = 1 
for x E G'. Assume that	 S 

•	
-	sup DaDL(X, )I ^5-C.,k+61.,1()	( E Rn).	•	 (5.9) 

XESupP'	 S 

Our goal is to show that the compactness of L': I,kk-(0') -	implies the coñdi- 
tion (5.3). Let (}	R, k1I	oo, and 

•	•	U, E Co00 (G),,	u,(x) = (x) e'"/(kk) (4,) .	•	 (5.10) 
Lemma 5.7: Suppose that (5.1) is valid /orL(x,). Then 

•	 cY(vL(x, -i)) ( - 1)/(kk) (,)	0	( E Re).
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Proof: In virtue of (5.1) we obtain for each a E N0' 

-i)) ( - i)I = IY(DL.(, -i))) ( - )I 
^

a (YC') sup 
iDL(x,

 xEsuppy - 

with some constant. C,,. > 0. Hence one bees that for each N € N there exists a 
CN >O such that

-i)) ( - )I	CNkN,+(a+I)N() k5). 

• This proves the Lemma I	 - 
We are now ready to show	 . 
Theorem 5.8: Suppose' that (5.9) is valid /or L(x, ). Furthermore, suppose that 

the-continuous extension L': !kk — ( G) -	 exists and that L' is compact. Then the 
• convergence (5.3) is valid.	 • 

Proof: a) Let u, € Co00 (G') . be defined by (5.10). We must show that there exists 
a subsequence {,'} of {,} so that	 . 

(kk) (')f	L(., -n)) ( - 5 ')k()j d1  

For all j E N one has  

•	 (2	f (Y) ( - ,) (kk) ()J d 

(7) ($))' ft'Plll.M 

Since .t' is compact, there exists a. subsequence {u'} of (u,}such that	 I 

(2	f ((Lu,) () - (/) ()) k(	d	 .• 

Rn 

= JL'u1' - /I,,,	0;	 •	•	
V	 (5.11) 

b) We show that I = 0. In virtue of (5.11) there is a subsequence {u,"} of {u,'} 
such that (L'u,") () -* (T/) () a.e. in R'. On the other hand, b3 Lemma 5.7 and 
by (3.3) for each E R'	 •	 • 

Y(L,u") () = Y(L'(X, D) ( e1i'..x))) ()f(kk) ()	 • 

•	 S	 .	 = cY j,L(X, -i)) (f'— ,)/(kk) (i,)	0.- •	.	•	- 

Hence (Y/) () =0 a.e. in W' and then / = 0.	 1 

c) In view of (5.11) and (3.3) one obtains	 V 

(2	
(kk)	 ) ( —	k()I d?J	-	

• -.	 S 

•	

V	 •	 .	 -• 

Rn 

•	= ()flf Y ('x D) 
(h	(c)) 

(j) k( 1 ) . di1 = IIL'u,'lli.,, j+ 0 

and then the proof is ready I	-	 •
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•	 'Remark: With the same kind of conclusions one sees the following result: 
•	Suppose that (5.1) is valid for L(x, ) and that 

-))- ) k( d	M(kk) (f.)	( € R)  
Rn 

and
r r(L( . , — i)) ( -	'	I 

(kk),(t)	
dK-_-	(€R).  

'Furthermore, assume that either  

•	 (kk)()f	
Le -))( - ) k( d	0 

or  

•	 k	r-	
— 77)) (!1 - t) 

(?7)	 (kk') (r)	
dt - 	-+ 0. 

R. 

Then the continuous extension L u': p:kk0	exists and L' is compact. 
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