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On Bp,-Boundedness and Conhp:ictness
of Linear Pseudo-Differential Operators

J. Iﬁnvo

Es werden Knterlen der Beschranktheit und Kompakthelt linearer Pseudodlfferentlaloperat,o-
ren L(X, D) in den Hérmander-Riumen B, , erortert. Gewisse Bedingungen an das Symbol -
-L(z, £) von L(X, D) sollen dabei garantieren, daB L(X, D) den Schwartz-Raum & in sich ab-
bildet und die formal Transponierte L’(X, D): f — & existiert. Eine Charakterisierung der
Beschriinktheit des Operators L'(X, D): &y 4~ — $, « wird hergeleitet, desgleichen eine hin,
“reichende . Bedingung fiir die Beschriinktheit des Opemtors L(X, D): By ik~ = Bp i mit
P € (1, oo). SchlieBlich wird dxe Kompaktheit der stetigen Erweiterung L'(X, D): 3,, w (@)
— B, erortert, wobei G eine 'offene beschrinkte Menge des R" und B 1~ (@) dle Vervoll- :
stand!gung von Cy*(G) beziglich.der B, ;;~-Norm ist. RN

Oﬁcym;larorcn KPUTEDHH OrPaHUYCHHOCTH M KOMMAKTHOCTH JMHEeHHHX ncesponnddepen-
IHAJIbHEIX onepatopos L(X, D) B NPOCTPAHCTBAX Xépmangepa B, ;. Ilpk aToM HekoTophle
yciaosua Ha cumpon L(z, &) ot L(X, D) momxun obecneinBars q’ro6u L(X, D) oro6paman
npocrpauctso Msapua & B ce6a u uToGu cymecTroBas fopmanbHo conpsmennoe L'(X,-D):
" — . BHBORATCA XapaKTCPU3aUUs orpanudeHnoctH onepatopa L(X, D): By gy~ — Brx
U 70CTAaTOYHOE yCJlOBUE OrpaHuyeHHOCTH onepatopa L'(X, D): B, i~ — By € p € [1), co).
Hakonern, o6cymuae1*cn KOMNAKTHOCTD uenpepusnoro pacumpe}mn L(X D): Bp i~ (G)
— By, TNe’ G OTHPHITOE OTPAHMYCHHOE MHOMECTBO B R” n B ik~ (G) nonoenne C°°°(G)
OTHOCHTEJBbHO ﬂp ki~ HOPMBI. :

Boundedness and compactniess arguments in the Hormander spaces B, ; for linear pseudo-
differential operators L(X, D) are considered. The symbol "L(z, &) of L(X D) is assumed to
obey appropriate temperate criteria, which guarantee that L(X, D) maps the Schwartz

class & into itself and,that the formal transpose L’(X, D): & — & exists. A characterization =~ -

for the boundedness of the operator L’(X, D): By xx~ —> Biy i8 obtained. A:sufficient con-
dition for the boundedness of the operator L'(X, D) Bk~ —> By withp € [1, o0) is esta>
blished as ‘well. Finally, the compactness of the contmuous extension of L(X, D): B 4~ (G) .
> Bp is studied, where @ is an open bounded set in R" and where Bk~ (G) is (essentla]ly)
the complet,lon of Co°°(G') with respect to the ﬁp kk~-norm.

o . . i

1. Introduction \-
‘ .

Let m, o, 6. € R be such that 0 < e =1 and 0L < 1. Define the class S:o of

C”(Rﬂx R7)-mappings L( , ) via the requu‘ement L( , +) lies in 87, if and only if
the estimate N -

DD Lz, §)l = Cop(1 + IEI)"’“"‘"""' (2 £ € R7; o, B € No)

is vahd It holds a very extensive theory. concemmg the L?-boundedness of respec- -
tive pseudo differential operators L(:z:, D), that is, ]mear operators defined by

1 : '
(L(X, D) <p) (=) = o f L(z, &) (Fp) (&) e}t dé, . (1.1)

S~ . R“
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where F:& — & is the Fourier transform in the Schwartz space & and where
L(., ) € 87;. For the results and for their genemllzatlons we refer to [1, 3—6].
Let X be the class of wexght funcblons given in [2: 34] and let.p € [1, co). Define

@ norm [ by -

[ np‘ ((2 f|(f<b ew’ds) Teen..

Choose weight functlons k, k€ JC In ‘this contnbutlon we consider the validity
- of the inequality s '

ILAX, D) gllp.x = 0 Il?’llxz k™ (s‘o €), R (1.2)

whcre L'(X,Dy: & — J" is the formally transpose operator of a lmear pseudo-differ-
. ential operator L(X, D): & — ./ The validity of (1.2) means that L'(X, D) has a
bounded extension from By~ into ‘B, ., where these Banach spaces are defined
as in [2: 36). We consider also some arguments for the compactness of the appro-
priate continuous extensions of .L'(X, D). :
For the first instance we establish an (algebraic) criterion, which guarantees the
fact that L(X, D) maps & into itself. In addition, a condition for the existence of
the formal transpose L'(X, D): & — & of L(X, D) is given (cf. Theorems 2.1 and ..
2.2). After that a characterization for the validity of (1.2) with p = 1 is shown for
a certain class.of operators (cf. Theorem 3.3). The valldlty of (1:2) with general
p€fl, o0) is consndered as well. Furthermore, the compactness of the continuous.
extension, L : By~ (G) = By i of L(X D) is investigated, when G is an opén
bounded set in R". Here &, ,.~(@) is (cssentla]]y) the compleblon of Cy>®(G) with
respect to the I+ |[,, kie~-norm.

2. Preliminaries - - - i o : . .-
.o i ’ ¢ 7

2.1 For the unexplaned notions about the distribution theory we refer to the mono-.
‘graph [2: 1—-25]): Let G be an open set in R?. The class K of weight functions k, the
Banach spaces %, and the Frechet spaces iG) with p € [1 oo) are defmed as,

in [2: 34— 40] The norm in &, is then given by '

el = ( o f n;(u ) KeP dé)

The topology.in $'°°(G s defmed by the semi-norms u — ||1pu|[,, o Y€ 00°°(G) Let
Fpi(G) be the comp]ctlon of Cy>® (@), with respect to the ||-||, y-norm. Then B, (@)
can be imbedded into B, . via the mJectxon J: Bpu(G) ) = By given by J(T') (p)
= lim (p,,((p) for ¢ € C,®, where {(p,,} is a representative of 7. Denote B, (G)
( ». k(G)) The norm in &, (G) is defined by [|J(T)ll,.c = [T llp,- !
: Let, L(X, D) be a linear pseudo- dnfferentlal operator on the Schwartz class &
defined by the relation (z € ) »

(X, D) ) @) = e [ Lmo @ @eta. o @)
@ ). -

R" ' -

Here L( , ) € C°(R™ X R"). In the sequel we glve a condmon for L(-, ), under which
- L(X, D)y maps & into itself. o

“t
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Theorem 2.1: Sdppose that there exists a number oc€R with 0. < o<1 such that
for each pair (x, B) €' No™ X No" one can ﬁnd constants Cs,p > 0, N, € R and N, € R
with which :

|D; °De"L(-”C, f)l =G, BkNa+oIﬂl(Z) ky, 5(8) ((x, £) € R* X R7),
where k; (s € R) 18 defined by k,(E) = (1 + |€]2)%/2. Then L(X D) gwen by (2.1) 3s an

operator from & into . ,

!

~ Proof: Let ¢ 6 &. By applymg the Lebesgue Dommated Convergence Theorem
one sees easily that L(X, D) ¢ € 0°°(R") and that :

. 1 ) ) - M
D,“(L(X, D) ¢} (z) = @ f DLz, &) e1¢2) (Fo) (§) dE. ‘
’ ' ) ) R" R .
F_urthermz)re, for every z € R® and ‘v, T € Ny" one has > B S

(2n)" |er (L(Xx, D) (p) (x)| ‘

J

. ' R
=S
=26z 0)|

. () (Z) / DD LL(z, &) |F (@~ Di~Pg) (&)] dé
R® ' ' ‘

27Dy (L(x, & e““’) J’(p) 63 d§|

'x'(sz’L('x, §) E-5(Fg) (&) e1em di

— Dy DLz, 8)) Dy~*F (D) (§) et d

A
IV\

8

I

é Z (B) (Z) Coickng+oal(®) f.l'}-(x"“D'fﬂtp)‘(S), kg, o(6)] d5.
R™ ° R

Let now y and = be fixed. Then we obtain
|x"x’D (L(X, D) g) (2)] = Coprobnveiei+iy(2)s

where N('r) = max {N: f < 7). Hence for every ‘N €N one can fmd a constant
C'\ >0 such that ) N

|“’D (L(X, D).g) (=) = C, kl‘«(r)+elyl+(v ().

By choosing N large enough we see that sup {|x7D (L(X, D) ¢) (x)| z€ R"} < o0,
which completes the proof 1 '

< Suppose that. L(-) € C*(R") and that |D/#L(&)| = CﬁkN (&) (f € R"). Then 'by
Theorem 2.1 the operator -L(D) defined by

Ay

7/

oy 1
- (LD @) (@) = o f L(¢) (Fo) (5) NI
R» .

p}épS & into itself.
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2.2 We say that- L'(X, D) S — & is a formally transpose operator (or a formal
transpose) of the operator L(X, D): & — & when

: (L(X, D) ¢) () := f (L(X, D) ¢) (%) y(z) dz = tp(L'(X,D v)

holds for all ¢, p € . ‘A sufﬁcxent criterion for the existence of L’(X D) is given in

~ the following

" Theorem 2.2: Suppose that the operator L(X, D) de/med by (2.1) maps & into

itself and that one can find a number 6 € R with 0 < 6 < 1 such that for each pair

(x, B) € No® X No* there exist constants Ns€ Rand N, .8 € R withwhich for all z, £ € R"
ID#DSL(z, £)| < C.lgkwysaii(s) kn, (@) : ‘ T (29

Then there exists the formal transpose L'(X, .D) of L(X, D). '
Proof: Let y € . By changing the roles of z and ¢ one sees in virtue of (2. 2) and

‘ due to the proof of Theorem 2.1 that L(D, {) y € &, where

( D C) ’P) (5 (2 )"fL x’ 5) J‘{p) (x) e“”'dx

'For all ¢, p.€ & we obtain by the ‘Fubini’s Theorem and by the Parseval’s 1dent,1ty

(here we denote §(z) = y(—z))

(X, D) g) (v) = @T,f ( f Liz, &) (Fp) (&) o ds) v(a) de
) o R" \R® :

( fL(x, £) y(x) eltt-d dx) dé
\R"’ ]

= [ (Fo) (&) (LD, 0) (F ) (&) d¢
.Rn" .
"= [ o J( (D, 1) (F9)) () dy = o(F(L(D, C) ).
Rn .

The oﬁeratjons are legitimate since the function

(2, &) — | L(z, §) (F) (£) p(z) etten)] o .

N

- is by (2.2) integrable in R* x'R*. Hence there exists L’ (X, D): f - & and L'(X,D)y

=F(LD,¢) (Fy) 1 N
The existence of L'(X, D) implies that L(X, D) and L’ (X D) have continuous

. extensions from the dual space & of & into ' (here ' is equipped with the weak

- dual topology). Our aim in the next Chapters 3—4 is to seek criterions under which

L'(X, D) (and L(X, D)) has a continuous extension from 3,, e~ mto $,, ¢ and from
B ik~ mt;o $’°°(G)

L

3. Characterization of houndedness in épaces Bk

3.1 In the sequel we consider the validity of the following inequality: There exists
a constant C > 0 such that

I/(X, D) ¢l < C liplh - (p ). | @1
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Here k and k™ are weight functions belonging to x.
<1 uch~

" Lemma 3.1: Suppose that one can find numbers 3, g€ R with 'g 9,
- that for each pair (a, B) € No» X Ny? there e:rzst constants C, 3> 0, N, € R nd Nz;eR-
, with whzch ‘ . ’
|D:*Df Lz, §)| = C, BN, + o181(%) kNﬂ+6|“1($) (z, & € R7). (3.2)
Then foreach p € & _ . .
F(L'(X, D) g) (n) = FloLe,—n) o) @eR). (3,3)

Proof In virtue of Theorems 2.1 and 2.2, L(X D) maps J’ into itself and. there
exists the formal transpose L'(X,D): & — & of L(X,D). Let 0 < 0 € Cy™,
(F0O) (0) = 1. Défine functions ©;' through the relation O/ (z) = 7"0(7:1:) Choose
0,¢ S, 50, = 0,. Thenforeachx,neR" ’

(2n)" (L(X, D) (0; e=itn ) (z) = f L(z, &) O;(¢ + ,7) eue ) d&

s

—fL(x —n+y)0 ‘(y) eit=it0 dy

- ‘ —f (” -+ )O(r) (”fﬁ")d,,

In virtue of (3.2) for all j € N one has (with _some N>0)

n+= I)

e+ 3) oo "

/

< Onho(2) b (—ﬁ + l-) 0] < Chn(z) ks(—1) ka(@) 1O@],  (3.4)

where the rlght-handrsude is mtegrable in R». Hence due to the Lebesgue Dominated .
Convergence Theorem ‘we see that for all 2 € R# , .

T (KX, D)@, emitn) ()

o i
(27 f (T) dr = (27)" L(x, —7) e—ima) .

. = L, —y) et

. Fprthermore, in view of (3.4) one has
. (X, D) (8 e~tn)) ()|
C'k,«( 7) ky(z) f kn(7) 10(z)] dr = C"kn(— 7) kzv(x)

: _ .
Hence with eaqh n € R"® we obtain

1 - .
¢(L(X, D) (0; e—“'l”)) —-— q;(L —7) e~i), (3.5)
In according to the definition of Gi'one sees ' . -

(@n)" 0)(z) = [ "6ljy) =¥ dy = [ O(z) &=+ dz > (F) (0] = 1.
o R . R A .

N

N\
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(27)" |0;(z)] < [ 10(2)] dz ='1
. =4

[}

and -

50 that we get the convergence

(L’(X D) q)) (6; e"“” N —

2 7 (EX D)) 7o)

. N -
J

FLE D). . (36

(271)
Smce for all 5 € V and € R® “the equality. » ,\'
(L'(X; D) ¢) (9li eTin) = g(I(X, D) (O] e~1))
- holds, we get by (3.5) and by (3 6) that ’
D) 9) o) =L, =) e7t0) = F(pLt, —n) () B

. Let De Co°°, 0P <1and ¢(x) = 1 for x€ B(O 1). Define functions D€ C’o
by ®,(z) = (x/l Then we obtain

Theorem 3.2: Suppose'that one can find numbers 8, g 6 R with 0 S 0,0 < 1 such .
that for each pair («, B) € No® X No® there exist constants C, 3> 0, N, € Rand Ng€ R
with which the inequality (3.2) holds. Furthermore, we suppose that there exzsts a con-

’ stantM> OSuchthatjoralllEVandEtE Rn

[ (@, =) bn = &k ldn < M) (0. 6D

Then one can find a constant C > 0 such that )
IL'(X, D) wll: = Clehw~ - (@ed).
Proof.\.In virtue of Lemma, 3. 1-we get for all g€ J’ leNand n € R"

If (L'<X D) (@) (1) = | [#@ @) Lz, ) exitn2 dx|

= f (Fg) <s) F(@: L( =) eind) (§) dE

=7 [(Fe) (&) F(PL(, —n)) (n. — &) ds. .
R N )

L

Define functions f, i R* X R* > R by
i) = |<7(¢1L( > =) (n'— &) (F6;) ()] k(n).

Then f, ; is by (3. 2) contmuous In addition, due to (3.7) and the mequahty
(5o, ) () = e~ i dz |-

| —m/; rz) dzl < f~}0(z)| dz=1,

" we obtain that ' .- ‘
f fi, ,(s, ) dn S( [16(2) le) M(KE™) (£).= M(kkf)‘(s) R g
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. N
forall £ € R" Furthermore, the function -

g B> R, g = [ fui& ) dn
- R® .

is continuous and .

[ A8 1(Fo) ()] dE'Z (22)° M liglh -
R® ’

" Hence due to the Fubini’s Theorerﬁ - o
S @ ||(L(X, D) (@) * 0| " .
- = f |lF(L(x, D) (@) () (FO) ()| k) dy © >

A
y

= f ( f|Fo) s> F(@, L(,—»;)) (n — s>| ds) |F(657) ()] k(n) dn
=J(J |[F(@L(, —m) (1 — §) (5O, >(n)kn)|dn) o) @ ds

< M liglh - - (3.8)

Since (L’(X D) (d),q))) * 0; - L'(X, D) ((D,q>) in J?, ¢ a8 § —> oo (cf. [2: 42]) we ob- ;
_tain the assertioh :

3.2 In this subsectlon we charactenze the validity of the inequality (3. 7) with
the validity of the inequality (3. 1)

Theorem 3.3: Suppose that one can find numbers 6,0 € Rwith 0 < 6,0 < 1 such
that for each pair («,B).€ No® X No® there exist constants C, 3 > 0, N, € Rand Ny€ R
- with which the znequalzty (3.2) holds. Then one can find a constant c>0 such that

' (l) IL'(X, Dy plh i < C lpliw- (@€ f) -

- 2/ and only if one can /md a constant M >0 such that

(i) f|<7(¢> L., —n)) (n— & k(7;|d77 < MEET)(E)  (QeN, &€ R»j.

Proof: Theorem 3.2 implies that (i) follows from (ii). On the other hand, suppose
;hﬁat‘:q (1) ‘1s valid. In virtue of Lemma 3.1 we obtain for every ¢ €S, £€ R® and
' f|&’(L o =) BY) (1 — £)| kln) dy = |<7(L<-, —) B, &) ()] km) dy
= f |# (L' (X, D) (&, e“‘ ) ) k)| dn 2 (@) IL(X, D) (@ s
S (22)" C |, S| e = C’f (FP) (7 — E) (k™) ()] d’i

- z»onfn (F®) (17 — &) (k&™) ()] dy

—c f ’(m) (x) (kE") (e+§) de
R'l "

-

/

- 50[ |0 @ - (3)
R" '

dz (kk™) (§)- = (27)" CC, [|Plh.iy, (KE7) (£)
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where C; > O and N, > 0 are chosen so that : ~
- My~(7) = sup (k™) (.4 )(kE™) (1)} < Ciken,(7).

- This completes the proof | : o e

4. On boundedness in spaces Bp '

4.1 Letp € (1, 0)and k € JCbeglven Definep’ € (1, oo) and k' € K by l/p + l/p
. .= 1 and by k7 (§) = k(—¢£). Denote the dual space of &, by B3 ,. Then for each

L ¢ B3, one can find an element ! € By v such- that. Ly = l((p) {p € ) and.
L) = ||l||,, iyk~- On the other hand with each ! € B, the linear form L: ¥ — C
defined by Ly = l(p) has a contmuous extension &, ; — C (cf [2: 42)). Hence one
sees easily the following

Lemma 4.1: Suppose that the operator L(X D) defined by J (2.1) maps & into ztsel/.
and that the formal transpose L'(X, D): & — & exisls. Then, forp > 1,

IIL (X, D) gl = C Htpllp w~ o (p€F)
if and only if . .
IL(X, D) gllyawemr S Cligllyas ~ (@ € ).
Furthermore, we have '

Theorem 4.2: Suppose that one can find numbers 6,0 € R with 0 < 6, 0 < 1 such
that for each pair (x, B) € No® X No® there exist constants C, 3 > 0, N, € Rand Nge R
with which the inequality (3.2) holds Furthermore, suppose that there exzst constants
M > 0and K > 0 such that for alll € N

JFUPL(, —m) (0 — &) k(n)| dy < MkET) (§) (e R") :
R® . . .
and

f |:f(<1> L(, =) (1 —
gn
Then one can find a constant C > O (which is mdependent of p € [1, 00)) such that
IL'(X, D) @lipe = C liplpi~ (@ € ).
‘Proof: Let the functions 0, be as inthe proof.of Lemma: 3.1. Define functions
byt R"xR"—>Rby : !

dt : :
' R"). ) 4.1
Ty e = Ky (1€R -

. /
C huten) = |F(@u —77)) (-8 w“@ ) () g |
Then we have (cf the proof of Theorem 3.2)

(2)" |F(L'(X, D) (P1g)) (1) (5 O;) (n)l o

k .

- = f By (& mVP by (& VP |(Fp) (8) (kKT) (&) A€
R" . :

= ¥ O Vil ( J b i(& ) 1((F ) (€) (kK7) (£)IP df)””- =
¥ Re ) N
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\ Hence we see that ’ ' ' | '
" IL'(X, D) (Pup) * O;'lI5 o C
Kriv' . L
S G f ( f husE, ) (Fg) (&) (kED) (B ds) an
-, R® R :
) - . Kpolv ' . o
= Wf(-fk:.;(& ) dn) (Fo) (§) (kk™) (5)I v?&
: " . R* \R* 0 : :

Kpl? (K + M)pip'+1
N = (2—‘ M |plbux~ = —W— ”W”p ki~

ThlS 1mphes our assertlon 8

4.2 Let G be an open set in R», We apply Theorem 4.2 to obtam a criterion for
the existence of a continuous extension of L(X, D) from Bpaje~ into $ i)~ (G).
Let p € [1, o0).

Corollary 4.3: Suppose that one can ]znd a number 6 € R with 0 < é < 1 such
that for each pair (xiB) € No® X No" .and for each p € Cy™(G) there exist C, 5, > 0

. and Ng,, € R with which .
) - sup |D,°D{L(z, §)| < Copvkng.,+861(8) (&€ R™).

x€Suppy

Furthermore, suppose that there exists C,, > 0 such that for all &, '7; € R» -
JIFLe, —0) (x — &) k(z) dv < Oy (kk™) (§) ] ‘ ’

[
Rn 3

=C

_[l‘T("”,L(" =) (n —'7)| @ =%

ie . T2
|
Then L(X D de/med by (2. 1) is an operator from & into.C*(G) and it has a contmuous
.. extension from ﬁ,, v into B~ (G). '

Proof: Let @,(X, D) be the operator (2.1) with the symbol y(z) L(z, &), where
p € Co®(G). Then Q,(x, &) satisfies (3.2) so that the first assertion is obvious. Since
@y = y for L € N largé enough; the conditions (3.7) and (4.1) hold for Q,(X, D).
Theorem 4.2 implies the existence of a constant C," > 0 (whlch is mdepeudent of
P € [1, o0)) such that

1Q,(X, D) @llos = O ligllpie~ = (@ € ) )
In view of Theorem 4.1 one has for p’ € (1, cc) V-
1Q,(X, D) @llyapur=rv = Cy llellpase~, (pe ). /

.

Since C,’ does not depend on p’ € (1, o), this ,inef;uality implies
”‘(pL(X D) ?llp. Yikk™) =0y ”‘P“p 1k (ped)
and then L(X D) has the stated extension 1

A sufflclent condition for the validity of (4.2) is the followmg one: for each
v € Co™(G) and |a] < [N + L+ n+ €] (wnth e>0) -

sup |DeLiz, —8)] S Cork™ ® (€eRry, a3y

z€SUpPDY

4 - Analysis Bd. 7, Hef@ 1 (1988)
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_where N and L € R are chosen such tha:t for al'l &neRn /
| - k(& + ) < Chu(8) k(z) and (& + ) < Chy(§) k() >

(cf. the proof of Theorem 2.1). Furthermore, one sees for p € [1, o0)

. Corollary 4.4: Suppose that one can find a number é € R with 0 <'6 < 1 such
that for each pair («, ﬂ) € Ny" xN " there exist constants C, ’ > 0 and Nge R with
~which

_sup |D; °Dy’L(x, fl =C. ﬂkﬂp+5lul(§) (6 € R7),

z€suppy
" where y € Cy™, Furthermore, suppose tlmt for lo| E[N+L+n + 1]
'sup - |DoL(z, —8)] < CAT(E) (£ € R,

ZESUPDy.
" Then the operator (wL(x, D))' has a continuous extension from B, g~ into B, ;.

For example the operators defined by (1.1), where L(z, &) € SF, satisfy the as=
sumptions (3.2) and (4.8). with k™ = k. ’ ’ .

5. Criteria for compactness

~ 5.1 Let G be an open bounded set in R". We are going to investigate the compact-
ness of the continuous extension L': &, w~(G) > B, of the formal transpose L':
" Coy®(@) — & of an operator L: & — C®(@) defined by (2.1), that is, L’ satisfies the
relation (L'g) (v) = @(Ly) for all g € Cy>(G) and y € . We give a]so a sufficient
condition for the compactness of the continuous extension L, : &, ~(@) —><$,,k
of L'. In the following we keep the open set G — R* fixed. Let pE€ C'o , plxr) =1
in the closure G of G. ‘ ) : '

Lemma 5.1: Suppose that one can find a number secR untk 0= 6 < 1 such that
/or each pair («, f) € 1\0 X No® there. exist constants C, 5 > 0 and Ng.€ R with which

sup |DDEL(z, §)] < Cughwprn® (¢ € BY). N (5.1)
. reEsuppy
In addition, we assume ‘that there exists a constant M > 0 such that
JIFLe, —m) 0 — & k() dn < M(kk™) (§)  (E€RY. (52)
R» v . .

Then L maps & into C®((), the formal transpose L’: C’o°°(G) - J’ exists, L' has a
continuous extension L': By gy~(G) - By, and o

e o
DS g sup (E)mf 7L, =) 0 = & ko) dn

" Proof: Let Qlz, &) = yw(z) L(z, £). Then due to (5.1) the condition (3.2) is valid ~
for Q(x, &) (with N, = 0 and ¢ = 0). Replacing in the proof of Theorem 3.2 ®; with
y one sees that (cf. (3.8)) : : ' o

M
1Q(X, D) gplhx = v llplly he~

? : ~
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Since for all p ¢ Co""(G) and @ € & one has (@ @) (P) = <p(Q¢) = q:(L{D) (where we
denoted @ = Q(X D) and @' = Q'(X, D)) and since M can be chosen to be

v (o ) &) fl‘:r(W(L( , —’7)) ('7 - 5) k(n)| dn,

N

the proof is ready |

Remark: ’I_‘hc validity of (5.1) is sufflcxent to imply that L maps & mto C=(G)
and that L': Cy®(G) — & exists. . :

) 'Lemma, 5.2: Suppose that (5.1) is valid f& Lz, E). Then for each fized R > 0
the 'quqntity ’

PR, ) = sup e ) @ f |;r vL(, —n>) (7 —. &) k(n)] dy °

1S R
I'll>N
ts tending to zero with N — 00,
Proof: Since 1/(kk™) is continut/)us; it suffices'té show that -

sup [ |F(pL(, ~n) (7 — £ k)| dy 5= 0.

- IEISR Inl>N

,For each « € Ng" one gets

[ — &) F(YL, =) (n — &) = léf D(yL(, —77))) (n = e)l

sz( )|a~(z>« "D Lz, —n)) (7 — &)] - o

rySa

<5 (;‘) sup IDx’L( 1Dl

T ySa ZESUpPpPy

= 2( ) VOkNo+6lyl(77) IID" Y= e e o+ 8101(7)

rSa

with some C,. > 0. Hence for each m € N there exists C’ > 0 such that
[FLC —m) (1 — 8] S Coowtomin(n) k().

“Choose m so large that N, + N, + (6 —1)m = —(n + 1), where N, € R such
tha.t k = Cky,. Then we obtain : .

sup [ |F(wL(, =) (n = &) k(n)| dn.

. SR SN , S,
S CuC sup kn(é) IR k—(n+1)(’7)d77 =0 .
© ISR >~ -

This proves the assertion |

Let,qb,g C,>(B(0,2)),0 < & < 1and ¢(x) =1forallz ¢ B(O 1) Define ®; € Oy
by' @;(z) = ®(x/j). Furthermore, let I, i(%, &) = L(x, &) @;(£) " and- Qilz, &) = y(z)
X L(x &) ®;(£). Supposing that L(z, &) satlsfles (5.1)—(5. 2), one sees that Lz, ¢)
satisfies (5. 1)—(5 2) as well, Hence due to Lemma 5.1 the continuous extensmn

“Ly: By ju~(G) > By, exists. We have .

4%
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Lemma 5.3: Suppose that (5.1) ts valid for L(z, &) and tka't | S
L (L =) (1 — O k| Ay 0. (5.3)
() @) ) ’ e oo
Then - _ ! , "
1L — Ll = O o S ‘ (5.4), -

v . )

- Proof: The symbol L,(x, &) — L(x 5) satxsfnes (5.1)- ( .2). Hence due to Lem-
.ma 5.1. -

(2ny° I — L I = (2a)" W=D

éffnli C )(5) f‘ (WLt =) = L, =) (’7_.._5)| kGr) di
\ - . C ' ’
e )(5) f (1 ) 7oL, =) 0 = kil dn- (55

" Let & > 0. Choose R > 0,so large tha-t o o ; I

Y

— 7

. 1 " ’ K . . :
T, f v, —m) 0 =9 kolldn <e (81> B).

Furthermore, chooseé N € N such-that P(R,j) <& (j 2 N), where P(R,j).is the
quantity defined in-Lemma 5.2._Then one gets by (3.5) - .

(2" L — L

;sup i )(g)fl <D( ) FwL(:, — )) (77—5 77|er

§I>R
o - - d
. +I§|u£z @ )(5) fl (wL(, 77)) (n—4) n)l 0
=e +|§|usI;¢ (Ick If |3 wL( ) (i — &) k(n)' < 26(25‘!)" '
ln >j ’ . ~

_forallj = N. ’I‘hus__L,-’ is converging to L’ l'

'5.2 In this subsection we show that'I_J is compa(,t, for each jeN Hence the
- conipactness of L’ follows from (5.4).

, Lemma 5.4: Suppose that (5.1) is valid /or L(z, &). Let @z, § be defined as in

_ the Subsection 5.1. Then the formal transpose Q;' of the operalor (2-1) corresponding
" the symbol Q,(x, £) has a- contmuous eztension Q;': u‘?l W~ &9, k. and Q, is compact -
. (wzth each k, k™ € X). : A oo

’
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Proof: a) For. each (a, B) € No® X No" the _symbol Q,(:z:, §) satisfies’
DDz, ©) ‘ o R
=X X (a) (ﬂ) I(Dz’w) ()] (D)) )l | D271 D#~ Lz, §)

ySa rsg \VY

4

=3 X (:) (ﬂ)I(D: ¥) (x) (De"l’)(é)l Cavy.p- rng-,+6|a ,,(5)

ysa 158

" ‘and then- Q,(%, &) obeys the assumptlons of Corollary 4.4 (with rcspect to -each k,

k™ ¢ J). Hence by Corollary 4.4 the continuous extension Q)" By~ — Bk exists.
. b) Let {u,} = B, u~ be a sequence such that lemlh e~ = ‘C (m € N): Then there
exists a @, €. such that - . o ’ :

i @i < ifm. o o . (58)
We sha]l show that {@,} possesses a subsequence {(pm} s0 that |1Q;'¢.. — fllh.« —-0.
with m — oo (with some f € B,). ThlS implies - -

13 n’ — fls S 10w’ — Qv + 1Q79n" =l S
< 197 i’ — @m'lhie~ + 11Q5' 9w’ — fllk 7z ® O '

- and then Q, is compact.

c) Defllne fu: R® = C with /,,,(5) F(Q) Pm) (8). ‘Then fm € & = C=(R"). Further-
‘more, /,,, is uniformly bounded: in virtue of (3.3) one has

1F Qi Pm) @)1 | :
- |J(%Q,~<x; ) @) = f Fom) J(Q,(x —a) ¢ = man
J(wL OO E -]
. ‘2’ (") () !
F(pLiz, —&)) (€ = 7) - o
~ =l Y f \ (" " )()() ! .dn. o - (65.7)

As in the proof of Lemma 4.2 one sees that

(el —0) G =)
Ee=g “’f‘.—f)f ‘ | <kk’) () "

Hence by (5.6) and by (5 7) |fm(8)| = (C + 1) E (m €N, &€ R"). i
.- d) We show that {f,} is equlcontmuous Let &, §0 € R" Then -

Ufml®) — /m(fo)l = sup Z I(Difw) (T)] 1€ —‘fol-

"Hence it ls~suffxclent, to vcrlfy that '
’ sup |(Difn) (@) = ¢ , (m € N). . (5.8)

N
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In fact we obtain o . '
IDifm(@)] = IDF @' 9m) ()] = |D.F(gu@s(x, —8)) (&) .
- = ID. [ oulz) p(z) L(x‘,.—E) D,(—¢) e~tEn) dxl )
Rn .

§,| f q:,,,wD‘(L(x, —&) qji(_g)) e—it&2) dx, . -
Rn . .

-+ | Lt =8 =6 & oo d;cl S
< Re » ~ : : Co

,.

= [F(onpDL Lz, —&) B4—8)) ()] + |F(pmpLlz, —) B(—8) &) (&),
and then (5.8) follows with the same conclusions as done in the part c. :
.e) Since {f,} is uniformly bounded and {fm} i3 a equicontinuous set; the Ascoli-
Arzela Theorem implies that one can find a subsequence {f,’} so that {f,’} is uni-
formly convergent on every compact subset of R". Hence we obtain

J 15 @ vn’ — Q') (&) k(&) dE ~

R :
= ] Im'@ — O k&) df 7zt 0

< B(0,2j)

-

~

i

. and then (|Q/'n’ — fll x — 0 with some f € B, , 1 -

Let G and y be as above. Then we obtain , R

Theorem 5. 5: Suppose that (5.1)'is valz"d for L(z, &) and let Li(z, §) = L(z, &) @,;(¢). -

Then the continwous extension L/ : By u~(G) — B, , exists and L} is compact.

_ Proof: Due to'Lemma 5.4 the continuous extension Q,t": B.uu~ —> By« eXists and
Q)" is_ compact. Hence it is easy to see that the continuous extension L, exists and
that L;'u = Q,’u for each u € By .u~(G). This completes the proof I ‘

Corollary 5.6: Suppose that (5.1) and (8.3) are valid for L(z, £). Then the continuous
extension L': B, u~(G) — B, ; exists and L' is compact.

Proof: L;: By y~(G) - B, is compact for each j € N. Since the space of all

compact. operators K: B, j~(G') — B, 4 is closed in the space of all bounded opera- .

\ tors T': B u~(@) — B, the Lemma 5.3 proves the asscrtion 1

- 5.3 Let G be an open bounded subset in R% and let y €.Cy®, p(x) = 1 for z € G. 4

Choose an open bounded set G’ such that supp ¢ < G’ and let P €0y, y'(z) =1
for x € G'. Assume that . D :
sup |D;2DP#L(x, &)) é‘Ca,p(CNﬂMm(f). (& € R"). . (5.9)

zesuppw’l \ s

Our goal is to show that the compactness of L': B, ~(G") - ﬁl'.k_bimplies‘ the condi- .

tion (5.3). Let {¢;} <= R*, || — 00, and
L w e C(@),  w@) = pl@) SO RE) (). (5.10)
.Lemma 5.7: Suppose that (5.1) is valid for L(z, &). Then
el —0) ¢ = E)/W) (€) s> 0 e R,

~
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Prodf: In virtue of (5.1) we ob@ain for each o € Ny* .
|6 = &) FluLw, —8) ¢ — &)| = |F(DAvL(, —8)) ¢ — &)

=2 (:) sup Dy Liz, —§I 1D ylle = Coaky, 10 ()

¥=a z€Suppy

with some constant.C, , > 0. Hen(,e one sees that for each N € N there exists a_

“ Cy > 0 such that

| |FloLz, —8) ¢ — &)| = 0~k~.+w+n~<§) k_~(5,>
.+ This proves the Lemma 1
. ‘We are now ready to show

Theorem 5.8: Suppose that (5.9) is valzd /or L(z, £). Furthermore, suppose that.
the “continuous extension L. By e~ (@) — B exists and that L' is compact. Then tke>

E convergence (5 3) is valid.

 Proof: a) Let u, € Co®(G"). be defined by (5.10). We must show that there exists
a subsequence {£;'} of {£;} so that ‘ _ '

1. o .
(kk™) (_5,.') f [F (L, =) 1 — ¢ l k()| d == 0.

For. all j € N oné has .
T f (%) 01— &) ) () 4
’ . ”u}’”l..kk‘ =. (kk ) (5’) . g 'leli.Mkk~‘

: Sipce L'is cbmpact, there exists a.subsequence {u;'} of {qi}isuc.h that /
1 ’ ’
R"

)y ey A ' SR GRY
b) We show that f = 0. In virtue of (5.11) there is a subsequence {u;""} of {u;}

such that (L'w;"”') (§) — (Ff) () a.e. in R". On the other hand, by Lemma 5.7 and

' by (3.3) for each & € R"
| F (L) (&) = F(L/(X, D) (y e ) () (KE™) (&) ~,
L= J’(y;L(x —&)) (&'— £)I(kK7) (¢)) 5= 0. '

Hence (F/) (§) = 0 a.e. in R” and then f = 0.
¢) In view of (5 11) and (3.3) one obtains

(2n)" (kk') &)

T (2n)" f

R®

(oL, ) (r — &) k)| o

dn = ||L'u, —

[l1. & e

(n) k(n) |

(L (X, D)

p elEo) )
(’6’c ) (5;)
and thén the proof is ready 0

1

P
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‘Remark: With the same kind of conclusions one sees the followmg result:
Suppose that (5.1) 18 valzd for L(z, &) and that

f|:f(wL =) (n — &) K| dn S MO () (¢ € BY)

(v, ) 0= 9| 3
d K— ).
f ’ W | ey -

‘

Furtkermore, assume that either AT

1 : ) - - X : .
(7’7)75_) f [ vLe —mln =9 k()] d > O -

f’f(wL )(77—T)
(kk ) (1)

or

dv ——+ 0. 4 . T v ',}

Inl—o0

-

" Then the continuous extension L, c?p:,,r((}') — By exists and L, is compact.
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