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Generalized Solutions of the Cauchy Problem for a Nonlinear Funectional Partiai
Differential Equation :

. J. Turo

Es wird ein’ Satz iiber die Existenz und Eindeutigkeit der verallgemeinerten Loésung (in Sinne.
,.fast iiberall*) des Cauchy-Problems fiir nichtlineare Funktional-Differential-Gleichungen mit
partiellen Ableltungen erster Ordnung bewiesen. :

IlokasaHa TeOpeMa O .CyUIECTBOBAHMU M eXMHCTBCHHOCTH 0606me1moro peilieHun (B CMBICTIE
,,IouTH BeloAy**) 3amaun Kowm' paa uesnmnHefinoro auddepeHumanbHo-QyHKUNOHAILHOTO
YPaBHEHUA C YACTHHIMU MPOM3BOAHBIMI NEPBOro NMOPAAKA. - c

An existence and uniqueness theorem for the generalized solution (in the sense “‘almost every-
where”’) of the Cauchy problem for a nonlinear functional partlal dnfferentml equa.tlon of first
order is proved

1. Introductlon. Let us oonsider. the-Cauchy problem '
' Dz, y) = Flz, y, u=, y), (Vv) (=, ). Dyu(z,y) \
(a.e.in [0, a]; y € R), . _ : (1)

u(0, y) = Q’(J) (yeR),- = ' )
where D, = 9oz, D = 8/6y, and V is an operator of Volterra type

Equation (1) contains as partlcular cases ((Vu) (z,y) = u(a(x y) p(z, y))) the differential
equations with a retarded argument, the special cases of which arise in the theory of the distri-
bution of wealth [5]. A few kinds of integral-differential equatlons can be obtained from (1) by
" specializing the operator V. For mstance, problems arising from lascr problems in Nonlmear

Optlcs are alsorpa.rtncu]ar cases of the problem wnth (Vu) (z, y) = f Ky —t) u(x, t)dt [l]

— 00

In recent papers P. BRA'NDI and R. CEPPITELLI [2], Z. KaMONT [6 7] and A. SaL-
vADORI [8] have considered the existence and uniqueness of- contmuously differen-
tiable solutions of problem (1), (2) under the assumption that F is differentiable.
The aim of the present paper is to extend these results to a more general case
,where the given function F is not necessarlly continuous and solutions of problem
(1) (2) are generalized (or weak) in the sense “‘almost cvery\vhere (a.6.). The method
 applied is of fixed point type. It is based on defining an operator, whose range consists
of solutions of suitable equations without functional argument By applying differen-
tial mequahtles (see Lemma 1) it is proved that this operator is a contraction, and its
fixed pomt is a solution of problem. (1), (2).. The solution is local in x and global in
y, and it is unique in a class of bounded functions, a.bsolutely continuous in ¥ and
possessing Llpschltzmn derivatives in y.

. 2, The auxnllary results. Inthe sequal we will use the existence theorem for the non-
linear partial differential equatlon _ \ :

Date,y) = Iz, v, le ). D 9)) (.m0, dyem. . "
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Assumption H,: Suppose that , . ‘ }

1° f(z, -): R®*— R is continuous, and derivatives D,f(z, -}, D.f(z, -), Df(z, -):
R? — R exist and are continuous for every z € (0, a,), a, > 0

2° f(-59,2,9), Df(-, ¥y, 2, q), D.f(- ,7/, z, q) Df(-, ¥, 2, q). {0, ao] —> R are measur-
able for every (v, z, ¢) € R?; \

3° there are measurable and mtegrable functions M;, L;: [0, ao] - R+ = [0, +o00)
(z =0, 1, 2, 3) such-that, a.e. in [0, ao]

L

(9, 2, Q)| < Mo(=), ID,,/ z, Y2, q)l = M (2),
D@ 9.2, 0 S Mala),  IDf(@, v, 2,0)| < Myfa) -
-and i ) . .
@ y.2,9) — (. 9,2 D] < Lo(2) (ly — 3 + ]z — 2/ '+ g — q),
D@, ¥, 2.9) — D@, 5.2 DI S L) (ly.— 71 + |2 — 21 + lg — 7)),
\D:f(z, 9. 2, 9) — Dif(2, 9,2, §)| < La(*) (ly — 71 + |z — 2l + lg — q)),
IDef(z, 9,2.9) = Dil(2, 9, % 9) = Lof@) (g — 9l + |2 — 7 + _!q —q)

forall (J,z q9), (7, ,q)€R3 : \
- 4° the initial function ®-in (2) belongs to CY(R, R) (CY(R, R) denotes the set of all
". continuously differentiable functions on Rinto R), and there exist constants k,, k, > 0

such that {¢'(y)| < &, and [¢’ (y) — 9@ =k ly — ¥l (y.7€R).

Let us defme the constants o \ o

K, =k + (1' +k k) ((1,0 + Qa,) Ly + Ma) expj Gdt) dr,
AL 0

a

Ky =k, + (1L + k& + kz)f, ((Lx + 2(a,) Lz + Mz) Cfo G’dt) 31

0

» N ' a x ’ : .

o go=1—(14+k +i§z)f (L,,exprdt)dx,
St .0

where ' '

LG = L0+L1 +L3+Q(ao) (Lo + L) + M + M,

s | Q(a,) = exprzdt {Icl +f ‘(Ml exp( fﬂlz ds)) dt}.

0

Theorem 1 [3 4] 1 f Assumption H, 1 18 satzs/zed then there are a constant a € (0, a]:
and a functzon u: By = [0;a] X R = R satisfying equation (3) and. condmon (2).
T'his solution ts unique m that class of functions u: E, — R for which u(-, y), Dyu(-, y): .-~
" [0,a) > R are absolutely contmuous for every y € R, and . -

\ IDyu(x, = Lao), -

K, ; _ _K _ -

, lu(z, y) — u(x D=l — yl, 1D, y) — Dyl Pl < v — 3
for every (, ¥), (=, y) € E

Rem ark In the above theorem a is chosen suff1c1ently small such that go > 0 -
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Set, for a,b >0, M = 0, and Ma < b,
an={(xyy)¢0§x§“x |3/| §~b_ﬂlx}: . .
 Bas{ey€Eps<a), S.={y:(zy) €Ea).
We shall need the following

Lemma 1: Suppose that : R . ‘
1°u: By — R is continuous, and D,u exists for a.e. x € [0, a) and every y € [—b
+ Mz, b —Mcx]; "

27 for every x € [0, a], w(z, -) fulfils a Lepschitz oondmon, ‘ Co

- 3e there are constants c,, 02 =0 such that - '
ID,u(x Y £ ¢ lu(z, 1 ¥ + c2 + M |D,u(x y)l (a.e. in [0, .a]; '
Wl < b — M) ‘ ‘ )

Then the derivative v' of the function y, .
- (@) = max {Ju(s, O)]: (5, 1) € Bn}) (2 €[0,a));
exists a.e. and Y'(x) € oy(x) + ¢ ae. in [0, a].

Proof: Since 4(x) — max {lu(z, y): y € S} is continuous on [0, a] (see [9]) and -
y(z) = max {8(s): s € [0, x]} y is conbmuous on [O a] and y’ exists a.e.'in [0 al.
Supposc that (Z, 7) € E,, is such that
‘ y@) = @yl - @

and u,(T, ), u u JZ, 7). ¥ (@) exist. Thus we have 0 < 7 < . First; let zZ+0. From the
definitions of y-and 6 1t follows that y(z) =.6(%). For b << 0, we get
y( + k) — y(=) (x+h)—6()
b -k

yz4 k) 28+ h)  and

Hence, by-h — 07, we obtain
. ] ~ s - . ~ I
Y'(x) = D-o(x) S ‘ ()

(D is the left-hand lower Dini derivative). For Z = 0 inequality (5) is certainly
satisfied, since y is constant in [0, z]. If (Z, 7) is an interior point of E,, then we havc
- [9] Di(E) < |D (%, §)|, and also |D,u(Z, ¥)] = 0. Hence, by (5) and assumptlon 3°

"1t follows that
y'(x) S D 5( Z) = |Daulz, y)| < 23 ]u(x I+ = ay(z) + c..

. Now suppose that (%, %) is not an mtenor ‘point of E,,. Then § = b — MZ or
7 = —b + M%. We consider only the first case. Assume also, that in (4) we have
y(x) =u(%, 7) (for y(x) = —u(ZT, §) the proof is quite similar). Let us consider the

“function 7 defined by (x) = u(x, b — Mz). Since (z) < d(z), z € [0,Z], and .
w(E) = 6F), - . : . . .

m(E + k) — ME) o 6T + k) — (%)

7 = %

forh < 0.

Hence, we get )
Wia) = D.8(F). . . o, ()

9 Analysis Bd. 7, Heit 2 (1088) ’ i S,
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From assumptlon 2°it fol]ows that 7’ exists a.e. in [0, aland @' (z) = Du(r, b — Mz)

— MDu(x,b — Mz). In particular, we have (%) = Du(x,¥) — MDu(z, §).
. Hence, and by (6), we obtain D_4(Z) < D,u(%, §) — MD,u(Z, ). The inequality’
. together with assumption 3° yields .

D_5() < Dz, §) — MDuEN)) < ¢ [u(3, 9 + &2 = cv(@) + .

Hence and by (5) we get the assertion of the lemma I ‘

3. The existence theorem. We denote by K(a, P, @) the class of all continuous a,nd« :
bounded functions u: E, —> R satisfying the fo]lowmg conditions:

(i) u(-, 9),-Dyul-, y): [0, a] > R are absolutely .continuous for every y€R;
(i) there are constants P,Q = 0 such that

D TN

(e, y) — uz P S Ply — 3l 1Dyula;y) — Dyule, I < Qly — 31,

o, .forall(_x,y), (x,7) € E,. B T

Assumption H,: Suppose that . . T
"1° F(z, -): R* > R is continuous, and the derivatives D,F(z, -), D.F(z, -),

D, F(zx,

-), D,F(z, -): R} — R exist and are continuous for every x € [0, a];

2° F(-, ¥, 2, 4 DF(-, 4.2, 2. 00, DiF (-, 4,22, 9), DoF (-, 9, 2, , ), DeF (- ,y,
?,9): [0, 25] = R are measurablc for every (y, 2, p,q) € R

3° therc are a constant [, = 0, a;ndvmcasurable and integrable functions m;, l:
[0,80) >R, (:=0,1,2,3,4;j=1,2,3,4) such that a.e.:in [0, a,]

and

. ]F(xv'y’ 2, P, ‘I)l é mo(x):

|DIIF(x7 .7/ 2, P, q)l g. ml(x): IDzF(x: ?/: 2, P, 9)| g m2(21),

’ .' |DPF(x’ 3/: Z, p’ q)J g m3(x)) |DqF(x; ?/;'2: P, q)l é m‘i(z)v

\F(z,y,2p,9) — F(x 7%, 59| .
<Ly =7+ — 2+ 1p — Bl + lg — s .
1Dy F(x Y, 2P, 9) — D,F(z, 3,2 P, 9 .

< (@) (ly — 71 + Iz — 2| +1p —Bl+ g — b,

ID.F@ 3,20, 9) = DFw 5,5 5.0 |

_slz(x)(ly—yl +lz—z +1p— Bl + lg —ab),

_ID F(z,y,2 p, q) DF(x, y,z 2 q)’l Lt

|Dg F(x, Y 2 p,q) D, F(x, 7,2, 7,9

: sl4(x)(ly—yl+Iz—z|+lp—p|+lq—q)l

for all (% 2 2,9, (4,27, 9) € RY; :
4° (Vu) (-, y): [0,a,) - R is measurable for yER, u € K(ao, P, Q) there ex1sts
D,(Vu) € C(E,,, R) for each u € K(ay, P, Q), and there are measurable and 1ntegrable '

N\ .
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functions 2, 7::[0,a0)] > R, (2 = 0, i) such that a.e. in [0, a,]
(V) (z, y) — (Vu) (=, §)| =7(@) ly — 3l o
|Dy(Vu) (z, Yl sp@), 1D Vu) (@, y) — Dy(Vu) (z,9)| < n(z) ly — ?71
for each u € K(a,, P, Q);
5° there is a constant s = 0 such that -||[Vu — Va|, < s ||u — ullz for any u,
% € K(ao; P, Q), where Jlull, = sup {ju(s, y)|: (s, y) € Es}, E, = [0, 2] x B;
6° the initial function ¢ in (2) belongs to C!(R, R), and there exist constants
ko, ky >0 and k, 20 such that |p(y)| < ko, 9ISk and |¢'(y) — ¢'(H)]
=kly -7l (.7€R). .

Lemma 2: If Assumption H, is satisfied, ‘then there exist constants a €. (0,.a,] and -

E P.Q=0, such that for everJ we€ K(a, P, Q) thereisa umque sol'zmon u[w] € K(a, P,Q)

_ oj the equation

Dz, y) = F(x., Y, d(:c, ¥); (Vw) (*, ¥), Dyu(z, y)) (a.e.in[0,a]; y €R) (7)

satisfying condition (2). . : RN -

- Proof: In order to prove this lemma, we show that all assumptlons of Theorem 1
- are satisfied with f(z, y, 2, ¢).= (x ¥, z, (V) (2, y), ) where w € K(a, P, @). From
H,/1°, 2° and 4° it follows that*H,/1°, 2° are satlsfled H,[3° is satisfied with :

M, = mg, M,:m,—}—msp, My = m,, M3=m",
Ly =U(l +7),  Li=(1+ 7o) (4 + ply) + mgry -
L, = lz(l + 7o), Ly = 1,1 + 7'0)

. At la.st H,/4° i is covered by H2/6° By Theorem 1 it follows that there is a umque.'

function u[w) satisfying cquatlon (7) and condition (2) ‘Moreover, this soluton satis-
fles the conditions , . :

) , ’ K _

Julw] (@, y) — ulw] (@ )| < 7, vl

IDu[w] (2, 9) — Djulw) (=, ) = Z= ly — 71,

‘- where R

’

K By + (1 4k + k) f ({(1 + 7'0) (lo +- -Q(ao) l4) + m,,} expf Gdt) dz,

K2 "'kz + 1+ kl + k) f ({(1 + 7'0) (ll + 2l + Q(ao) lz) + Pma"x + mz}

X e\{prdt) dz,

N

go— 1 — (1 + k +Ic2)f(l.(l +ro)expf(xdt)dx

Q(ao) = exp f m, dt {Ic, + f ((ml + mqp) exp (—f my ds)).dt},

= (l +70) (b + U + Pl + 54 + Q(a,) (& + L)) + mgry +m2 + my.

Let P and Q in the definition of K(a, P, @) be constants satisfying the inequalities
R, < Pg,, K, = ng which are certamly satisfied for a sufficiently small (for a-— 0

.

’ g* K : [
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these 1nequa,llt1es reduce tok = P, k2 = @). Thus we have

uw) (2, ) — ulw] (& P < Ply — 7,
1Du[w] (2, y) = Dyulw] (. 9) = Qly — 7l
Since u[w] is generated by characteristics [3], then writing the characteristic system

for (7) it is easy to show that u[w] is bounded Hence, we have u[w] € K(a P, Q) for -
every w € K(a, P, Q)0

Theorem 2: If Assumption H, s wtzs/zed then there are constants a, P Q.0<a
< a,, and a function w: E, — R, satisfying equation (1) and condition (2). Fur-
thermore, u is unique in the class K(a, P, Q). :

Proof Let us define the operator T on K(a, P, Q) by (Tw) (x,y) = u[w] (@ y),
where a, P, Q are given in Lemma 2. It follows by Lemma 2 that T maps K(a, P, Q)
into itself. Let us mtroducc the norm . < ,

]lz|| = sup |2(z, y)| exp (—/.z),- where / > l(l 4 s).
(ZYIEE, o . .
By H2/5° we have
(V) (=, y) — (Va) (2, y)l exp (—42) < s sup Iu(s y) — uls, y)l exp (—42)
S.WEE; -
< s sup [u(s, y) — s, 9) loxp (—29) < 5w — 7.
(* VIEE,

N

Hence ||Vu — Vaull £ s'llu — 7||. Now, we prove that 7' is a contraction. Indeed, for
any w, W € K(a, P, @), we have ~ )

|D.[(Tw) (z, y) — (T®) (z, 1/)]1 = | D,[u[w] (=, y) — ul®] (x 2|
< I [ufw] (z, y) — ul®) (2, Y)| + b (V) (z,9) — (VD) (z, )|
+ b |Dfuiw] (2, y) — w[@] (z, p)|
< 1, [u[w] (z, y) — @) (2, y)| + ls |w — B exp (3=)
+ 1o |D,fulw] . y) — ulB) (=, )] | o

and u[w] (0, y) — u[w] (O, y) = 0. Hence, and by Lemma 1, we obtain y!(z)
< loy(x) + los lw — || exp (i), where y(x) = sup {|u[w] (s, t) — u[w] (s, t)]: (s, )
€ E,} and consequently, by the extended Peano mequahty [3], y(z) < lys(2
— 1)t |w — )| exp (4z). Since this inequality is satisfied for every b, it follows that

- HT'w — Tw|| < los(2 — lp)™! ”w —wl, ls(A — L)t < 1.

Thus, T is a contraction’ Tt is easnly seen that the fixed point of the operator T satis.
fies condition (2) and equation (1) i '
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