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Nodal Domains for One- and Two- Dimensional Elliptic Differential Equations 

E. M-jLLER-PFELFFER.  

Für die Schrodinger-Gleichung —Au &) u = 0, x = (x 1 , x2) E R2 , wird für q eine Bedingung 
angegeben, so daB ein kreisformiges Knotengebiet existiert. Entsprechend werden für die 
Sturm-Liouvillesehe Gleichung Bedingungen formuliert, so daB ein Paar konjugierter'Punkte 
existiert.	 S 

Lia ypaneuun fflpenHrepa —Au + q(x) u = 0, x = (x1 , x2). E R2 , AaeTCH ycjiossie iia q 
4To6bl cyuecTBoBaJIa 1cpyroo6p3Hafl oGJIacrb 3IOB CooTneTcTBeHIIo (1opMyJu1pyeTcn 
yCJIOBHe Ann ypawieHIM IIlTypMa-JLISyBSIJIJrn qTo6bI cyiuecnonaia ñapa conpsDKeHHblx 
'roq e}c.	- - 

Concerning the Schrodinger equation —4u + q(x) u = 0 1 x = (x1 , x2 ) E fl 2, a condition for q 
isformulated to ensure that there exists a nodal domain being a circle. Similarly, conditions for 
the Sturm-Liouville equation are obtained for the existence of a pair of conjugate point 

First consider the Schrodinger equation	 . 

--Llu ± q(x)u =0, - x = (x1 , x2 ) E R2 ,q EC(R2).	 (1)	-' 

A bounded domain Gc 1t2 is said to be a nodal domain of (1) if there exists a non-
trivial solution u E *2'(0) n W22(G) of (1) (14+2+(G) and W2 2(G) are Sobolev spaces; 
W2 2(G) is the set of (complex-valued) functions the generalized derivatives of which 

• up to order two belong to L2 (G), 4'2 '(G) is the closure of C(G) in the norm IIIic, 
!luII.c = f (1 u 1 2 + IUa,1 2 + IuJ 2 ) dx). We prove the following 

o 
Theorem 1: Let 

•	 urn sup  q(x) dx 0,	0 + q E C(R2).	-	 (2) 
r-00 jxj ^g r 

Then there exists-a circle KR = {x E R2 xI < R} being a nodal domain of (1). 
Proof; The equation (1) possesses a nodal domain' if there exists a function 

	

E c0 (R2 ) with [5]	
0 

	

(pVj 2 + q(x) 19, 12) dx z 0, -	=	) - .5	 (3) 

In the following we construct a function 4p with this property. By (2) there exists a 
point y E R2 with q(y) < 0. Since q is continuous, there exist numbers d > 0 and

	

> 0 such thát . q(x)	—d, Ix - I/I	. Define the functions v0 , ô by 

	

1,	 IxIrj,

lxi v0(x) = 1 — aln --, r1	lxl ^r2 ,	 - 

•	

0	

.ixlr2,

/



- 136	E. MULLER-PFEIFFER 

ô(x).= h(1 - ____ 

0, 

where e > 0, r2 = ehltrj, h > 0. Let, r, > II + Q . The function v = v0 + 5 belongs 
to *2 1 (Kr,) and will be used as a test function for the quadratic form of (1). We have 

f (Vv) 2 dx =f (Vv0 ) 2 dx +f (Vô) 2 dx  
 R-
2n T 

1r/ 
(Vv0 ) 2 r dr d92 + h2 ,-t 	2 2 in ,-- + h2 

= it (2e + h2 )	 (4) 
and	 - 

'f q(x)v2(x)dx	f q(x)v 2(x)dx + 2 f q(x)ô(x)dx + f g(x)62(x)dx.	(5) 
R3	 R2 jx — yI	,	Iz—L/IQ 

The items on the right-hand side of the last equality will be handled as follows. For' 
the first item we have  

f q(x)'v 2(x) dx = f q(x) dx + f q(x) v02(x) dx 
K1	 Izr,	r,-^lxI^r1	 S 

=fq(x) dx+f [f q(x) d] v0 2(r) rdr. 

(Ix=r) 

By setting f q(x) d	(r) it follows that 
(IxI=r)  

f q(x) v02 (x) dx = f q(x) dx + J' (r) v0 2 (r) r dr.	'	'	,	(6) 
K'	 r, 

The factor V0 2(r) is monotone decreasing on [r 1 , r2 ] from v0 2 (r 1 ) = 1 to V02 (r2 ) = 0. By 
the second mean value theorem of integral calculus there exists a point s E [r1 , r2] 
such that

f(r) v0 2 (r) r dr = f (r) r dr = f f q(x) r dw dr = f q(x) dx.	- - 
•	 1_I	 r,	0	 -r,sIzIa 

5(IxI=r) 
By using this we obtain	'	S 

fq(x)v02(x)dx= f q(x)dx.	,	 -	-	(7) 
-	R'	 ZI^8 

-. The-second item of (5) will be estimated as follows:  

.	2fq(x)6(x)dx_2df6(x)dx=_d2h.	 (8) 
x—yIt,	 Iz—yIp	 - 

Because the third item of (5) is negative, by (7) and (8) we, obtain 

q(x)v2(x)dx<.fq(x)dxd2h.	-	 (9) f  

-	 IzI8
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By setting h	j/ it follows from (4) and (9) that	 - 

f [(VD)2,+(x) v9 dx < f q(x) dx + 3e -	d2 .	 - (10) 
IxI8	 , 

By (2) the parameter r1 can be chosen so large that f q(x) dx	rë, s	r1 (e). Hence, 
it follows that	 IZI8 

f [(Vv)2±q(x)v2]dx	 -	do2).	 (11) 
Its- 

• By choosing E sufficiently small the right-hand side takes on negative values. Hence, 
there exists a finite function v .E W2 1 (R2) such that f [(Vv) 2 + q(x) v2] dx < 0. The 

Rs 
support of v is contained in a circle KR', 0 < R' < oo. Obviously, there exists a (real-
valued) function op E CO (KR') such that 

f[(V)2+q(x)]dx<O	 (12) 

also holds Let AR' be the Friedrichs extension of the operator A R ' O ,	- 

AR'.OV = -	± q(x) ip,	v E cO(KR.). 

The spectrum of A R' is discrete. By (12) the lowest eigenvalue 2R' of AR' is negative. Let 
UR' be the corresponding eigenfunction. Because UR' belongs to the domain D(A. ,0 ) - 
of the adjoint operator A.,0 of AR'.O, we have U' E W2 2 (KR') [2]. On the other hand, 
UR' belongs to the energy space of"A R',o. Because the energy norm 

- (1 [I V	+ (q(x) - CR') tv,1 2 1 dx\h/2 
\KR	 / 

CR' = mm q(x) - 1, V E 'CO(KR"),' 
-	 • 

of A R' .O is equivalent to the norm of *2 1 ( KR. ), the function UR' also belongs to *'(KR'). 
• Hence, we have UR € W22(KR') n W2 (KR'): By Courant's variation principle AR' is 

a monotone decreasing function of R', which tends to infinity when R' tends to zero 
[5]. Because A' is continuous (cf. [5]), there exists R > 0 with AR 0. The eigen 
function UR determines the circle KR being a nodal domain of (1)1 

Note that in the case q = 0 there does not exist a nodal domain of (1).  

Corollary 1: There exists a circle KR = {x x'< R} being a nodal domain of (1) 
if q(—x) =:—q(x), x € R2 , q rr 0, holds. 

Proof: For every r-> 0 we have f q(x) dx = 0 and, consequently, assumption 
(2) is fulfilled I	 •	• - 

Let the operator  

- •	A0 = —J +q(x),	D(A Q ) = 
be bounded from below and denote the Friedrichs extension of A 0 by A. Let a(A) be 
the spectrum of A.	•	- 

	

Corollary 2: If (2) holds, then a(A) n (—cc, 0)	0.
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The corollary immediately follows froni (12). Suppose in the following that q is 
bounded and define the cbè 

Qi)	x I lxi - YiI' 5 2-, j = 
1,2 	Y = (Yi, Y2) '	> 0. 

The essential -spectrum ae(A) of A is equal to [, oo) if [3]. 

urn f q(x) dx = 0	for each (fixed) x i> 0.	 (13) 
•	

.	IyJ—.ooQ(v) 

Corollary 2 now leads to the following result'. 

Corollary 3: Ifq is bounded and the hypotheses (2) and (13) are èatis/ied, then there 
exists at least one negative eigenvalue o/the operator A.	- 

	

•	Corollary 3 is essentially due to SCHMINCKE [7: Th. 5]. 

Consider in the following the Sturm-Liouville equation 

(_p(x)u')'+q(x)u=O,.	—oo	a'<-x<boo.	 (14) 

The points x1 and x, a < x1 < x2 < b, are said to be con jugat with respect to (14) 
if there exists a nontrivial solution u of (14) with u(x 1) = 0 = u(x2). 

Theorem 2: Assume  

dx = -	fpl(x) dx,	a <c <b, 

and	 S	 ' 

lim sup f'q(x) dx	0,	q 4r 0.	.	'	'	 (15) 
a.I.o $1b	 . 

Thenthere'exists a pair of conjzgte points x i = a + , x2 = b - , 0 < < 
b - a 

with respect to (14)  

Proof: Let y be a point with- 'q(y) <0;There exist numbers'd °> 0 and e > 0 
such that q(x) '' —d, Ix — y j . Choose points x2 and x3 with a <x2 <Y - P

 and y + < x3 <b and a e > 0 arbitrarily. Then the points x 1 and x4 are uniquely 
'determined by 

•	

. 5 • - efp'dx= 1,	a<x1 <x2 , and efp l dx= 1, x3 <x4<b. 

Choose a number h > 0 and define a function v by -	•. 
- .	0,	• .	 •	x 	(a,x1u'(x4,b), 

X	 •	 - L 

Cf	dl,	 x E (x1 , x2 1,	'	-	• 

	

•	 v(x)=1,	 •	xE(x2,y—]u(y+,x31, •	
'	h[1—.'Ix—yI]+1,	xE(y—,y+], 

I p_ 1 dt,	 xE(x3,x4}.	 S	 • • 

X. 

It will be used for estimating the quadratic form f 
[p(VI)2 + qv2] dx: by choosing 

X2, x3 , c,' and h in an analogous way as in the proof of Theorem 1 one can obtain the
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estimate f'[p(v')2 - qv2]dx <0. Then there exist a function T .E Co-(a, b) , and a 

number ,> 0 with supp 9, [a + 77 , b - j] such that. 
•' b	 .\ 

f [p(9 1 )2 + q 2] dx <0. .	 .	 .	(16)

The smallest eigenvalue A, of the Friedrichs extension 4, of the operator .A.0, 
A ,, oip ='_(p(x) v')'	q(x) V,	t' E 0000(a + b 

is negative. There exists a > 71 with ) = 0 (compare the proof of Theorem 1). I.et 
u be the corresponding eigenfunction. It has the property u(a + ) = =u(b — 

• Let z = z(x) be the solution of (14) being identical with u(x) on [a + , b — fl . The

	

points a + and b — are conjugate. This proves Theorem 2 I	. 
There does not exist a pair of conjugate points with respect to (14) when q = 0. Otherwise, 

the solution u = 1 would vanish somewhere on (a, b) by Sturm's comparison theorem. 

	

Theorem 2 improves results of TIPLER [8:Th. 21 (the case p = 1, a = —no, b = no), AJIL-	- 
BRANDT, HINT0N and LEWIS [1: Th. 3.3] (the case q	0), and the author [4: Th..1]. 

If a = —no, b = no, p	1, q(x) -+ 0, JxJ -- no, the essential spectrum of the Friedrichs 
• extension A of the operator 4 A 0tp = — vt' + q(x) ,, € C0 (—o-, no), coincides with [0, no). 

It follows from (15) that there exists a junction q' E Coco(—no. no) satisfying (16). Hence, there 
exists at least one negative eigenvalue of A. This result is due to SCHMINCKE [6: Lemma 8]. 

'V 
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