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Nodal Domains for One- and Two,-DimeI,lsional. Elliptic Differential Equations

E. MULLER-PFEIFFER -

<

<. -

Fiir die Schrédinger-Gleichuhg —Au-+q(z) u = 0,z = (x;, z,) € R?, wird fur g eine Bedingun‘g
angegeben, so daf3 ein kreisformiges Knotengebiet -existiert. Entsprechend werden- fur die
. Sturm-Liouvillesche Gleichung Bedingungen formuhert so daf ein Paar kon]ugxerter ‘Punkte -
"existiert.

- : : » ) .
Hna ypasueuus UIpenunrepa —du + q(z) u = 0,z = (z,, ,)- € R?, maerca ycnosue Ha ¢
4TOGH CYLIECTBOBANA KpyrooGpasHas o6macTb y3moB. CooTBeTCTBCHHO (OPMymitpyeTcs
YCIOBHE HJA YpaBHeHMA lll'rypma -JInyBunna 4ro6wr cymecmonana Hapa CONpPAMKEHHBIX
TOYEK. . - .

Concermng the Schrodmger equation —du + q(z) v = 0 x = (z,, 2,) € R?, a condition ‘for'q
is formulated to ensure that there exists a iodal domain being a circle. Slmllarly, conditions for
the Sturm-Liouville equation are obtained for the existence of a pair of conjugate pomt,s

Flrst conSIder the Schrodmger equation .

—Au + q(x) u = 0 x = (2, %) € R?, g € C’(Rz)

~ | s ()
A bounded domain G — R2 is said to be a nodal domain of (1) if there exists a non-
trivial solution u € W,}(Q) n W,2(Q) of (1) (W,}(@) and W.2(G) arc Sobolev spaces;-
. W.%G) is the sét of (complex-valued) functions the generahzed derivatives of which
up to order two belong to Ly(G), W,1(G) is the closure of C°(G) in the norm ||- II, G
)2 ¢ = f(]u[2 + |u,,|2 + |u5,[?) dz). We prove the following

fTheoreml’Let T ' : o . ‘
lim sup [ q(x) d:c <0, O0z%gqc€ C(Re). . : ‘ T(2)

10 lzlSF !
" Then there exists-a circle K = {x € R | Jz| < R} bemg a nodal domain o/ ().

Proof: The equation (1) possesses a nodal domain'if there exists a function
‘p € 00"°(R2 with [5] .

f (9ol + @) Ipl?) dz < 0, V= (Prm) (3)

In the following we construct a function @ with this property. By (2) there exists a
point ¥ € R? with ¢(y) < 0. Since ¢ is continuous, there exist numbers d > 0 and

0 > O such that g(z) < —d, |x — y| = . Define the functions v, é by

L el =7, o
||

vo(z) = 1—slnTl, "= S,

o llzn,
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| |z yl '
b(z) = h(l— o )lx—J|<o

O; |x—y|>0,

where €> 0, r,=er, h > 0. Let,7, > |y| + ¢. The function v = v, + 6 belongs
to W 1(K,,) and will be used as a test function for the quadratic form of (1). We have

f (Vv)2dx = f(VQ‘;o)2 dz + f (V)2 dx : ) -
R? . . R* v R? . )
L so2mTy .. ‘ .
= ff (Voo)2 r dr dp + h2z = 27¢% In % + h2n
. 1
- o ) ) ‘

and o

J Y@@)dz = gl Y@ + 2 [ g + | g e, (5)

' lz—ylse . lz—yl<se

The items on the right-hand Slde of the last equality will be handled as follows. For‘b
the first item we have ‘ .

f gy voX(x) de = [ q(x)dx + f () vo¥(x) dz:

lzlsr, xS,
= [ q(x)dx+f [ J q(x)dw] v?(r) r dr.
» lzj=r, (|z[=r) R .
2n
By settmg f q(z) d(p = g(r) it follows that
© o Uzxi=n) .
f a(@) v2(@) de = [ q(a) dz + f g(r) winrdr )

lzjsr,

The factor v,2(7) is- monotone decreasing on [r,, rz] from v,%(r;) = 1 t0 v2(r3) = 0. By
- the second mean value theorem of integral calculus there exists a pomt s € [r, r)
such that

)
s 2x

f&(r) v (r)rdr = [ §(ryrdr= | f q(x) 7 d<p dr = f q() dz.
Ty . L4 5} -r S|Z|§3 -
(lzl r) !

By using this we obtain . .
| qum () dz = [ q(z)dz. | | S (7).

lz|ss | °

-

- The-second item of (5) will be estimated-as follows: - -~ N

o f q(z) 8(z) dz ‘< —2d f 8(x) dz = *23—” do%h. (8)
) lz—ylSe ' " lz-yise \
Beca-use the third item of (5) is negative, by (7) and (8) we.obtain

_fg(x) v3(z) dx <,f

R! [FEX]

o%h. \ 9)
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/ 1
By setting b = V_it follows from (4) and (9) that

f[(Vv)z + g(x) vz] d:z: < fq(x) dx + ‘3ne —— dg }/_ B (l(l)

|lz|s8

By (2) the parameter 7, can be chosen so large that f q(x) dz < ne, s = r(e). ‘Hence,

it follows that - . Izl S8 _
f [(Voy? + q(x)v2] dz < Ve( n Ve 3” déf). (1)
\ R? - . : B :

By choosmg ¢ sufficiently small the right-hand side takes on negative values Hence,
there exists a finite function v ¢ Wl (R2y such that f [(Vo)? + q(x) v*] dx < 0. The

support of v is contained in a circle K g, 0 < R’ < 0. Obv1ously, there exists a (real-‘
valued) function (p € Co®(Kp)such that . ‘

[ (V) + @) 1 dz <0 B D 12)
R? . . . , :

also ‘holds‘. Let Ag be the Friedrichs extension of the opérator Ag o, S

. o _ _ :
Apoy = —dp +9@) v, -y € C>(Kr).

The spectrum of 4 »- is discrete. By (12) the lowest eigenvalue Ag- of 4z is negative. Let
ug- be the corresponding eigenfunction. Because ug- belongs to the domain D(4% ) -
of the adjoint operator A% o of Ag o, we have ug- € W,2(Kg) [2]: On the otherhand,
Up belongs to the energy space of’ AR .o Because the energy norm .

( fllVW (g(=) — Cr) Iyl dx)m

\

S
CR mmq(x)—l tpECo (Kr),'

lz]s

of Ap-ois equivalent to the norin of W,1(K ), the function up also belongs to Wsl(Kg').
Hence, we have ug € W,%(Kg) n lrl’z}(Kn').' By Courant’s variation principle 4z is
a monotone décreasmg function of R’, which tends to infinity when R’ tends to zero
[5). Because Ap is continuous (cf [5]) there exists B > 0 with Az = 0. The eigen-
'functlon up determines the mrcle Ky being a nodal domain of (1) | B

Note t,hat in the case ¢ = 0 there does not exist a nodal domain- of (l)

Corollary 1: There e:msts a circle Kp = {z | |2|'< R} being a nodal domam o/ (1),
if g(—z) :—q(x) z € R2, ¢ +0, holds A

Proof: For every r.> 0 we have f q(x) dz = 0 and, consequently, assumptlon
(2) is fulfilled ] . lzlsr .

Let the operator - L . ~
Ay = —4 +q(z), . D(Aol = Co™(R?),

i bc bounded from below and denote the Friedrichs extension of A, by 4. Let a(4) be
the spectrum of 4.

Corollary 2: If (2) holds, then o’(A) n(—o00,0) = 9.



138 E. MULLER-PFEIFFER

: The corollary 1mmed1atcly follows - from (12). Suppose in the following that ¢ is
bounded and define the cube : )

. .
\

.Qx(y) = {x Py — gl S »i=1 2} y=ny%), x>0
“The essential spectrum o,(4) of A is equal to [b, oo) if [3]. |
. lim f q(x) dx =0 for each (fixed) ».> 0. - (13)
Iyl Qul) S - _
Corollary 2 now leads to the following result.

Corollary 3: Ifq is bounded and the hypotheses (2) and (13) are satzs/zed then there
exists at least one negative eigenvalue of the operator A4..

~ Corollary 3 is essentially due to ScEMINCKE [7: Th. 5]
Consider i in the follo“mg the Sturm Liouville equation . .
(—p(a:)u)+q(x)u—-0 —oo;a<x<b£oo : (14)"

A The pomts z and 73, @ < 2; < %, < b, are said to be con;ugate -with respect to (14)
~ if there exists a nontrivial solutlon u of (14) w1th u(x,) = O = u(xz)

Theorem 2: Assume

c b X o : ‘.
[pUz)do =00 = [ piz)dz, -a<c<b,
a c - .

and , .
ﬂ . R - .
limsupf‘q(x)dxgo, - q*0. l (15)

; ala B10" @ Co ‘ o :
Then there exists a pmr of conjugate pomts o =a+§xp=>b—4¢ 0 < § < —2_ a’

with respect to (14)

Proof: Let y be a pomt with ‘q(y) < O Therc exist numbers d>0 and ) > 0
- such that q(x) =+ —d, |x — y| < 0. Choose points z, and z; with a < Ty <Y — 0
and yto<wzy<b and ae>0 arbltrarlly Then the points x; and z, are umquely
“determined by .
T D . L )

afp‘ldx=1,. a<x,<‘x2, and afp;ldle,\x3<x4<b.

Ei ' . . . Ty
Choose a number h > 0 and define a function » by ) , . -
" 0, " L xE(axl]U(% b), -
. . x , ' -4
. \ £ f P_l dt: z € _(xl: x?]y
) ‘zl - .. —_——— . - - » - . - - B .. .. - o
"U(:l:)[: 1, ’ xﬁ(xzay—Q]U(?/‘i"Q,xs]:

h[l—o“lx—yl]+l ze(y—o y+ol

1 — & f p—l dt ‘. \:t E (xs, di.

. \ b . . L :
It will be used for estimating the. quadratic -form f [p(v")? + qv?] dz: by choosing

- . .G N
%3, ¥, &, and k in an analogous way as in the proof of Theorem 1 one can obtain the
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estimate f ‘[p(v’)2 3 v dx < 0. Then there exist a function ¢ € C;™(a, b) and a

number 1) > 0 with supp @ < [a + 5, b — n] such that.

N .

pr<¢>2+q¢2]dx<o o (,16)
The smallest elgenvalue A, of the Frledrlchs extension 4, of the operator.d,,’
A9 =—(p@ ) + @)y, veCo™@+nb=—mn),

is negative. There exists a & > 7n with A, = 0 (compare the proof of Theorem 1). Let’ -

ug be the corresponding eigenfunction. It has the property we(@ + &) = 0 = ug(b — &).
" Let z = z(z) be the solution of (14) being identical with u(x) on [a + & b—7¢) The
points a + & and b — £ are conjugate. This proves Theorem 2 .

. There does not exist a pair of conjugate points with respect, to (14) when ¢ = 0. OtherWISe
the solution # = 1 would vanish somewhere on (a, b) by Sturm’s comparison theorem.

. Theorem 2 improves results of TrPLER [8: Th. 2] (the case p = 1, @ = —o0, b = ), AHL-
BRANDT, HixToxN and LEwIs [1: Th. 3.3] (the case ¢ < 0), and the author [4: Th..1].
Ifa= —o0,b=00,p=1, g{z) — 0, |z| = oo, the essential spectrum of the Friedrichs

_extension 4 of the operator Ao, Ay = —y’ + q(z) y, p € Co®(— 00, 0), coincides with [0, o0).
It follows from (15) that there exists a function ¢ € C,®(—oo, o0) satisfying (16). Hence, there
exists at least one negative eigenvalue of 4. This result is due to SCHEMINCKE [6 Lemma 8].
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