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ROJIe6aIIHHX B CHCTMX ynpaBJ1eHun c 3ajepKaMu 

J. 14. FIETPOB 

Es wird eine Gleichung behandelt, die die Dynamik von Steuerungssystemen mit'Verzogerung 
beschreibt. Mit Hilfe allgemeiner Stze der nichtlinearen Analysis werden hinreichende Be-
dingungen für die Existenz eines reguliiren asymptotischen Verzweigungspunktes sowohl für 
T-periodische als auch für positive T.periodische Losungen gefunden. 

PacctaTpuBaeTcri ypanuenile, onhtcIABaIou.ee tnaMHKy CHCTM ynpanJieHuhl C 3H3JThI-
anoe. I-Ia ocHoBallian o6uiix 'reopeM HeJIHIreflhloro auazarraa IraiierIbr OCTaTO}Ihte 

ycJIoBhIB CEUeCTBOBaHHH npaBHJ1bIIol acIIMnToTu'lecHoü TO4Iilt OIt(ypKaIurn 1aK B aaiiae 0 
' BbnryjeIIHbIx ?-nepnoi,rr'ieciuix peuieHHnx, 'rat it' B aajae 0. noJloHntTeJlbHblx T-nepno-

JU14 CHItX pemeunax. ' 

An equation describing the dynamic of systems for control with, delay is considered. Using ge-
neraltheorems of nonlinear analysis sufficient conditions are obtained for existence of regular 
asymptotic point of bifurcation in the problems for forced T-periodic and for positive T-perio-
dic solutions. 

1. I1ocTa1IoBIa 3aaq H. Byei iiay'iaTs 3aia qy o 13bIHflHHh1X T-rrep1tomIecHnx 
icojieöaannx.n ducTeMe, HHaMnla RoTopoü onncblnaeTcx (co. [1, 6])ypaBHemre1 

L(__;2)x(t)	 -S	

S 

-	
= i (; 2) {(A) x(t) + [t, x(t), x(t -.h, (t)),  ...,	- hk (t)); 2]}.	- (1.1) 

3ecb
L(p; 2) = p5 + a, p" ±	+ a(2), 

M(p; 2) = b0 ().) pm +b1 (2) pm-1 +	+ b(2). 

PynKuun y(2) It FcoaHL(neHTb1 MH0I'0 11JleuoB L It M HI1PbIBHh1 no i. E 
cnpaBeJruBo HepaBeHCTB0 n > m; b0 (1) + On a5 ().)	0 jijrn Beex 2 E [2', 2"]. DytrK-



una (t, x, Yi, .:., y; 2) iienpeprnria no - c0BOHyIIHOCTH nepeMel-inbix, T-iiepuontra 
no nepeMeHuon t U y1oraJIeTuopHeT yeJlobnro	 - 

urn	
192(t, x, yi 	= 0.	 -	 (1.2) 

Izl—'-	1.v	 xI 

3ana3u,iBa1LI4n h, (j = 1, ..., k) 6yeM cq IlTaTb 1-IenpepblBHbJMu, T-nepnoJIt4HHMu 
It yJoBJIeTBopnIotIuIMH oLeHHaM 0 <x	hi (t)	< T. 
Mepe3 C°o6oaHaIrM [IOCTHCTBO iieflpepbiBFtbix i-ia [0, T] ()yHKII4iI, JJIH HOTOPbIX 
x(T) = x(0). C.riejya 11aIIpur1ep [3], na3oBeie 'iitcJiO 2 E (2', 2") npaau.ilbnori acuAtn-
inomu'ecew(t mo'owü 6wfiypcaq1111 3ai3a'w o T-nepuoôu'iecKux peuenuiiç ypaenenui 
(1.1), ecmt nprr ica	ore e >0 MH0?scecTBo N(2, e)Bcex T-nepi-ioaraeciciax C°-peuieniiii



142	JI.44. HETPOB 

ypaBHeHun ( ;1•1) iijii 2 E [2', 2"] n (2 - e, 2 + e) 
a) HflCTO 11 

6) liMeeT iienycoe nepeceeuøe c rpaHI1Leh W KaaoiI orpaHI.leIIHoft oó.nacTn Q, 

coAepHimueft HeKoTopwfl map S	= {x E CO : llxll	e()} .	 ¼ 
Eajiee, iiawBeM 'iiicio A npa6uJbi0ii acunnioma'eccoü mo'iicoü 6u/5ypcaiuu 3ai3a'LU 
0 noIod1cumeJbnbix T-nepuoOu t ec,cux pewenuix ypaenenus (1.1), ecjii npu xajoi 

> 0 MHOKeCTBO N+(),, ) ncex noo? TeJIbHlx T-nepnoall4ecKnx C°-pewei1Ht. 
YPBHHBH (1.1) 11p14 2 E [2', 2"] n (1 — e, 1 + ) 

a) HflCTO 14	'. 

6) nMeeT HenycToe nepeceei4e C rpaHl44ei Q Ha7Floft orpaHueliI1oi o6.macTa 
:D 

HHe 6yJyT npneaei jIocTaToqI-1b1e yCJIOBBII Cy[UeCTBOBaHIIfl rIpaBI4.nbHoii aC14MH-
ToTH qecKo Toqidu 6ii4ypKaw4Il )iByx 3aga q 0 BhIHyKJeHHhiX HoiTle-
6aHHnx. OT1eT, 'ITO BrlepBh!e D. Xon ' [2] npeaiocii MeTo pactiera Hepilogla-
'ieciciix peweH14ü clicTeM HeJIi411eI11b1x ai444epeHLu1ar1bHMx ypaBHeHhii, poaa- 
IOI1U4XCH 143 COCTOHHI4II paBHoBecua. Bonpochi, icoopie PCCMTP1IB1OTCH B 3TOf 
pa6ore, OTIIOCIITCH K rJloGaJlbHoIi TeOplili 6i1ypKa1u111. 

2. B1,11IyaeJl11hIe ilep110)u1'IeeKlIe Ro.le6alIllsi. CHa4aJIa HpIIBeaeM BcnoMal'aTeJIbI-loe 
11 aKBuBaJIeHTHoe onepaopioe ypaBneIlBe.	 - 

Teopeia I (M. A 1{PAcHocEJmcd0 [3: c. 484]: Hycmb e eelqecmeeni-wt 6anaxo-
'30M npocmpancmce E öeiicmeyem neiuuetniti onepamop A(2) () E R), A(2) = AI(2) 

-+ A 2 (2), rae A 1 (2) .ituneüiwJi onojute itenpepwitbitt onepamop, a Oz g onepamopa 
A 2 (A)' cnpaeei9iiueo paceiicmeo 

Jim	sup 11 A 2( 2 )IIE/Ilx IlE	0.	 .(2.1-)
UXII E- .00 2 

ByaeM npeönoJaarnb, 'tmo C tadlcôoü oicpecmnocniu 'uciia,2 cyuçecmeyiom 'tuclia 
it 2, Ôjz.i ,c.omopbix 1 me j(iiise,ncit co6cmeenui&v 'tuc.'iost onepamopoe A 1 (). 1 ) it A 1 ().2 ), u 

< 0.,	 (2.2) 

öe ltepe3fJ().) 0603 ta' enacy.4t.Ata ipamnocnzeui ce 5lqecmeennblx U 60iuux. 'te.it I coócm-
eennblx 3na'tenua onepamopa A 1 ().). To2aa 2 .eflemca npa6lmbltOtz acu.4tnmomu-
'ec,coii mo'tcoü 6u/Jypaiutu 0.izjz ypacnenuz x = A(x; 2). 

flepeflgeM K Bonpocy o6 BKBWBaJICHTHOM OflCTOHOM ypaBHeHBH. PaccMoTprn1 

q iwjia x(l) = L(21ii/T; 2) (i = 0, +1,...; i = i i) . Taieiaien < 00, TO TOJIbEdO 
KOHe q Hoe q Hc.no 03 HoX MoaeT GLITi, paBHO nyno. flOJlO?KHM 

-	r0= min (lx (l ) l : (l) == 0} ii L(p; 2)	Lp;A) + r1, 

rae r1 E (0, r0/2) ii a().) [a(A) + r1 J > 0. Toraa oce q iicjia x 1 (l) = L 1 (217ri/T; 2) 
(1 = 0, ±l, . . . ) 6yayT OTJIiI'lHbI OT HyJIH. )eICTBl4TeJIHo, ecjio e(1) = 0, TO t 1 (1) = r1 >0; 
eciio c(l) = 0, TO 03 onpeaeieniia r0 cJleJlyeT, UTO x(l)i	H IloaToMy lx i (l)I> k(l)l 

r > r0/2. TaK HaftKo3l)iW11eHTbi MHoro qjleI-la L(p; 2) HCflPCb1BHbi 110 1, TO 
cyuecrByeT Taicoe E0 	0, qTo 113 2 — 2	e0 BbITeKaeT oTilliUne OT Hyila Bcex 
q iceji ,t 1 (l; ).) = L1 (21-ti/T; ).) (1 = 0, ±1, . . .). CJleJiOBaTeJlbHO, gj	aaoro 2e [2 - 
' .± eJ onpeae.ieHhi oMnyJlbcHo-UacToT}IhIe X8KT14CTflKH (cm., HanpuMep, [6]) 

I'
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• JIIIHeÜHhIX 3BeHeB o rIepeaTOHhiMI1	HKLHHMU 

-	y(2) M(p; 1) + r1	 - M(p; 2)	 - 
i(P, 1.) =	L1(p• A)	

11	2(P'	- L 1 (p; A)' 

KOTOpbie O6O3Ha4IiM cooTBeTcTBeHHo q Cpe3 01 (t, T; A) ri G2(t, T; A). PaccMorpnM 

JiiIHeHbIe nllTei'paJibHbie oriepaTopll 

G 1 (2)x(t)=f0(t - t, T; A) x(r) dr.. 

'2(lt) x(t) = f 02(t - t, T; 1) x(t) dt. 

• Ra?lh1fi 113 ffllX leicTByeT I! Bi°IOJIH enpepie Ii B npOCTHCTB 2[0, T], U B 

npocTpaHcTBe C[O, T] npri KancioM 11KCr1pOBaHHOM A E [2 - e0 , 2 + eo]. I'13 He 

rIpephIBHOCTIl Ko3rILu4euToB yUjiiXtirt W1 11 W2 BbiTelcaerHenpepblBnaa 3asrtdH-
MOCTb 3TIIX onepaopon rio HOPMe OT IlapaMeTpa A. YpaBIIeHlIe (1.1) MOKHO aanhlcaTb 

BBlue,	 -	. °	 •	
. 

[L(p; 2) +r] x(t) = [y(2) M(p; 2) + r 1 ] x(t)  

± °M(p; A) ç[t, x(t), x(t - h 1 (t)), ..., x(t —°hk(t)); A], 

I-oTopoe 6yJLeM paCCMaTpiiBaTb ripri A E [2 - E0 , A, + e]. OHO. 3KBHBaJIeHTHO one-

• paTOpHOMy ypaneiiio	 •	 -. 

	

x = G, (A) x + 02 (2) (x; 2)	 •	 (2.3) 

	

-	B npOCTHCTB	CO, re	(x(e); A) = (t, x(t),Sh,x(t), ..., Sx(t); A), a 8h,, ..., 
onepaopi T-riepiiouecicoro npOO CHI1H.JeCTBUTeJIbHO, eciri x T-nepno-

jui qecloe penieiiue ypaBHeHHR (1.1), TO x(t - h(t)) = Sh,x$(t) (j = 1, ..., k) JJIfl 

• t € [0, T] ii cJIe)oBaTeJ1bHo x = G1 (A)'x + 02 (2)	A). Hao60poT, ecjui y 

Tnepuortec1aa yHKi.UIfl, TO Irlt , y(t), y*(t - h1 (t)), . . ., y(t - hk(t)); A]	y(t),
Sh,y*(t), ., Sy(t); A), oTya ]lerKO cJIemyeT 3IcB1IBaJIeHTHOCTb. 

Terlepb nepefeM K jocTaToHoMy yCJIOBI4I0 cyueCTBOBaHI4H TOKH 6u4ypKai.un. 

Cieyioivaa JIeMMa RBJIHTCH flOCTMM cJIejcTBueM 06u.Wx TeOpeM [3].. 

JI e m m a: flycmb cunoirneno ycirOOue (1.2) U tuc.iu A JIeem°cc npaeulibnoIt acutn-
mornu'ec,coü Fno'iico( 6u/Jypicatuu 3a8a'u o T-nepuoauieccux pewenux ypaenenu 

Toöa a.uiJI flehOmOpO2O Le./W2O 'uCiia 10 8bnOJiKe1W pa8eflCm6O L(210 ti/T; A,,) 

= y(A* ) M(210iri/T; As).	.	 S 

	

• •
	B ciiiy 3T0ft J1CMMbI npIl . noIlCKe Tex 3Ha1eH111i 2 € (2', 2"), H OTOpbie HBJIB1OTCR 

	

•	ToqIcaMil 6n(jypFcaR uhl B 3aaqe 0 nepi1OUi9eCKHX penleHHBX, Hy?RHO npn Ka?KoM

1 = 0, 1, ... lt3yi1Tb ypaBuellue 

•	L.(;A)_(2)M(–;A)=o.	 °	(2.4) 

- •I'H KaK fl. > rn, TO 0110 lie 115leCT peitiet[HA rIpil AOCTayo qHo 6oJthmux 1. ame 

paCCMOTpHM CKBJIIIpHYIO	HKUUIO 

(A) = y(2)bm(A) - 1	(A' <A< r).	
.	•	° 

-YpaBHeHUC U(d) = 0 - aToypaui-leHIle (2.4) grin I = 0.	• •
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leopeMa 1: Hycm	(2) = 0 () € 0.', 2")),	iU5Z u npunuuaem C 

o)cpeclnnocmu mo'uu 2,,, 31ta'enuipa3n020 3naKa u ypacnenue (2.4) ne uAteem pemenuü 
flu ripu oOno.4t 1 =, 1, 2,	npu diia'Lenu.qz napa.nempa 2	2, no 6./iU3KUX K 
Toaôa A, 	npaouiu,noui acu.MnmomuliecKoü mo'ocoti 611ôypKauzt 3aöa'lu 0
T-nepuoau'ecKux .peuenuax ypacnenuii (1.1). 

JoHa3aTeJIbcTBo: PacceOTp11e onepaTop A,
A().) x = 0(1) x + 0 2 (2) b(x; 2). 

OH eicTByeT n npocTpaHcTBe Co 14 BIlOJIHe HeiIpepbIBeH no coBo}ynHocTn nepeMeH-
iiux: CrlpaBe,ijJIHBa oteiiia 

11 0(x ; 41c	 (lixilco	;	2 € (2', 2'')), 

13 }cOTOpOt

(o) =	max	q(t, x, y, . •, Y ; 2)1 ,	.	S 

-	 IXIJl ..... . YkI 

npm ,lem 113 YCJIOBIIFI (1.2) BhITeHaeT cooTHotueHile ()/ --> 0 npn Q - co. floaTorey 
oriepaop A 2 (2) = 02 (2) 0() ) yjouieTopneT ycJlorn4lo (2.1). CJIeJtoaTeJIh11o, jjii 
npI4MelleHI4n TeopeMbl I ocTailocb I4ccJ!ejoBaTn CO6CTBeHHhIe aHa'lellHn .iiiiiieiiuoro 
onepaTopa G().). B03breej'l npoHaBoJlbuo reaiyio o1pecTHocTb {2: 2 - 2I < 6 < o} 
TO41M 2. Bea orpa11HeHI4n 06[IHOCTl1 MO?lllO C'IIITaTI, 'IFICJIO b ILaCTOJIbHO M3JIBIM, - 
4TO6hl IlH JA - A* 1 < 6 ii 2 r= 2 ypaene (2.4) i-ie riMe.rIo peweiini 1111 npii owoi 
1 = + 1-, +2, ... 113 yCJIOBHUI reopeMbi BblTeHaeT cy[LecTBoBaHue ql4ceJI 2, 22 
€ (2,,, -. 6, 2,, + 6), LJ1H }OT0pb1X Hblnoj!HeHo HepaueucTBo 

fL() U (A2 ) < 0. 1	 (2.5) 

•	CHaaJ1a IIoxa?HeM, 'ITO iipi 3THX A, II 2 2 q cjjo 1 iie }IBJ1H	H eTc coGcTBeHublM 3Haqe- 
- 1111cM ollepaTopou G(2) ii 01(22), a HOTOM oKa?HeM, '-ITO BbIOOJHIeHO HepaBeHCTBO-

(2.2),re ,8(2) - cyMMa EpaTHoCTeii neLIecT13eHIIbjx II GOJIbWHX 'ieAi 1 CO6CTBeHIIbIX 
3HaeHui1 011epaTopa G(2). BTHM Ola3aTeJ1bcTB0 TeopeMbi 6yer 3auepulello. 

• ,Loiiycriire, '-{TO 'lUcJIo 1 1IBJ1HCTCH COGCTBCHIIhIM aHa'IeHueM orieparopa G, (),l), 
r.e. ypaBliel-Ille x = G 1 (). 1 ) x l4MeeT HeHyJIeHOe T-nepl1o11ecEoe petiieiine x,,,. Via 
Onpe3e51eHHfl orieparopaG 1 ().) BblTeKaeT, '-iro x, 6y)eT T-IIepHoul'IecKlt1 peulellileM 

•

	

	u4(I)epeHrwaJ1bHorO ypauHel-IHH [L(p; ).) + r 1 1 x = [y(2) M(p; ).) + r 1 J x, T.e.
L(p; ).) x,,, = y ( 2 ) M(p; 2) x,,,. floc -1e,7 Hee PBBCHCTBO 03Ha LIaeT. 4T0 MHOrOqJIeH 

•	'L(p; 1) - y(2 1 )ilf(p; 2) I4MCCT 110 KpaIi1Ie Mepe oHH HyJib Bnjia 217ii/7'. r,rw 1 HeKo-
•	TOOC teioe q icio.' Ho, Kali ye OTMeqaJioch, 113 yCJIOBHu TOCMb1 BbITeKaeT, 'ITO 

3T0 1-IeBo3Mo?iilIo ripii I = ±1, +2, ... Ecsiii ice 1 = O. TO (A) 0, 4T0 npoTlIBO-
pe'-rnT HepaHeHçTBy (25). Aiiajiorii q iio OHa3b1BaeTcH, 'ITO '-IHCJIO 1 He nBJIHeTcn 
C06CTBeHHbIM 3Ha qeHHeM ollepaTopa 01(22). 

OcTaJlocb AoiivaTh I-IepaBeHcTHO (2.2). CHa'IaJla HauJeM 'I1ICJIO (2). Tali HK onepa-
TOP	 HOpM3J!eH, TO OH IIC IlMeeT flpHCOeJI3I1eHHb1X 3JICMeHTOB, oTBeqalonHx 

- HaFcoMy-J!H5O c06cTBeHHo1y 3Ha'IeHnIo. FIO3TOMy HpaTHocTb }a -doro cOGcTBelIHoro 
quçJIa v orlepaTopa G(2) cO111aJaeT C PB31H0CTbIO nonpocTpa!icTBa E(v) peuieFini 
YHHHH11 G().) x,= vx. Hac I1HTCCC1OT CO6CTBeHJ-ILIe q uciia 6OJlbunIe qere I Tafl 

xaH onepa'rop G().) BBOJIHe Henpepb1BHh1i, TO 3T11 cO6cTBeHHbIe 3HaqeHHH MOE'yT 
6MTb TOJIbI-cO xoHe q HbIM 'IIICJIOM. UyCTl Vo O)1LO 113 HI4X. }cpaTIIOCTb aToro CO6CT-
BCIIHOI'O 'IHCJla conajaer c 'IHCJIOM JInHe1HO He3aBndHMbIx T-r1epuo)11'IecHI1x peme-
HHi ypanhleHuR C IIOCTOHHHbIMU KO3)IILu1eHTwMH 

[L(p; 1) +-r1 ] x = -- [y(21) M(p; 1) + r1 ] x.	 ( 2.6) V0
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Eciu )YHHIU4H-ROHCTaHTa He - flBJIHe'rca ero peLUeHLieM, TO KpaTHOÔTb coãcTBeHHoro 
ucJLa v0 6yer 4CTHLIM q ciioM. Eciiii +e (yHHuIlR-KoHcTaflTa HBJIBeTCH ero pe-

uleHI4eM, TO lcpaTHocTb coöcTBeHI-Ioro qMcjIa v0 6yJeT Heq eTHhlM q iicjiori. ,onycTHM. 
'ITO 4)yHK!wHx	1 5IBJ1BeTC}1 pelueHileM ypaBneHuH (2.6). Tora 

•	
a(A1) ' r =	[y(A1) bm(Ai ) + r1 J,	T..	V	

Y(Ai) b(A1) ± r1', 
a(A1)+r1 

JaJ1bme nocTpOIlM npo'Il3Be)eH1e	
0 

-	

fv(Ai) bm(A i ) + r -	
-	a(A1) +.r	'	 S 

HOTOOC GyeT nojlo?HnTejIbnbIM B C1y Bb16opa 'IlleJia r1 . JeiicTBHTeJ1bHo.	• 

A = [y0A 1 ) bm(). i ) - a().i)]2/[a(A1) (a(A1) + rj )] > 0.	
V	 •	 • 

CJIeoBaTeJibl1o, eciiii u(A) <0 11 X 1 HBJIHeTCH c06cTBeHHO yiiiiieü orlepaTopa 
0 1 (A 1 ), TO ju cooTBeTcTByfoI1ero co6cTbeHloro qmcjia v0 Bepila o1eHKa v0 < 1. B 
aTOM ciyae Bce öoj!bwlie 4e.Ni 1 coôcTBelIHhIe 'IIIcJIa v onepaTopa G1 (). 1 ) IlMejoT qeT-
1-lylO KpaTI-IocTb H flOTOM . (A) 5IF3JI5ICTCH 4eTHH5l 'IHCJIOM. EOJIH me 1u(A) > 0 n 
X	1 HBJIReTcH co6cTBeH1IoiiqyHHLneIi onepaopa G1 (A 1 ), TO AJIFI cooTBeTcTBylowero
C06CTBCHHOFO q iicjia v0 (ono uMeeT He'IeTllyIo IpaT11ocTb) Beptia Qtei-na v0 > 1 ii 
3TOMy ().) HB.rineTca He q el-HhIM 'IUOJIOM. Taiini o6pa30M, 

A - f 2p, + 1	lip"	(2) > 0,	 - 
'	2p1	npH	(2) <'0,  

rite pi HelcoTopoe I(ejioe 'mcjio. AHaJI0rII q HO goRa3blBaCTCFI, 'ITO 

P2/ I) - I
2P2	 npH/	(2) >0,	•	 V 

1 2p	Ilpil-	I L(A2) < 0,	V	 V 

r1ep2 HeHoopoe te.noe 'incno. l'13-3TIIx paBeHcTB BhITeIcaeT HepaueHcTBo (2.2) 

3. BbIHyaeuh1h1e V noIoa1ITe.m1Ihie Hep11oi11gecKne io:ieaiiiin. CHa'IaJla CTpOHM	• 
aIcBIIBaJIeI-ITHoe oneparopHoe ypaBileHile. PacciioTprn'I ypaBHel-IIde 

S	 V	

• V 

x=B(x;A),	 V	 •-	 (1 
rje B(x; A) BnoJIHe Henpep1iBHhIM onepaop no V COBO Y H HOCTH npeMeHUbIx B 110- 
J1yynopaJo'IeHHoM TeJIecuhIM HOHyCOM K 6a1-iaxouoM lIpocTpalLcTBe E. IlyTb ollepaTop 
B(x A) noJ1o?fUTeJ1eH iia MHoecTBe {x E K: [x oo} H ero paniloMepi-laR aclIMnTo- 
TH qecicafl npoaouan B'(oo; A) HenpepblB}{o no 1iopiae 3aBuidnT or napaMeTpa A. 
Haioi-iei, [1CTb qllCjlo 1 nnjinecn flOCTb1M CO6CTBeHHLIM aHaMeHileM BI1OJIHe Henpe-
pWBHOI'O OneparOpa B'(oo; Am), KOTOpo1y OTBe'IaeT nopMLipoBaHHh13 COóCTBeHHbIi 
BeFTOp eo, 

I 

11BJF1IOUVH1C}1 BHyTpeHHek To'IIof1 EcoHyca K, npueri ocTaJiblihle CO6CT-
HeHHhIe aHaqeHufi onepaTopa B'(oo; A) HaXoLHTcH B xpyre { 1u: LuI	q}, q < 1. Hi
o6iueft eopiiu J1HHeHhIx OliOTOOB BbITeKaeT, 'ITO laff 6J1H3xI4x H A, 3HaqeH11t • • 
IlapaMerpa 2 Oneparop B'(oo; 2) uMeer eJwHcTBeHHoe npoCToe,co6cTBeHHoe 'IUCJIO 
x( . ), GJIIi3lcOe K 1; 3TO CO6CTB1IH0 'IHCJ1O BeuecTBeHHo.	.	 5 •	 - V 5 

V • Teopeia II (M. A. + p ACHoCEJ1hcKth [5: c.228]) Hycrn& e Kawaotlo,cpecmflodnfu 
mo'zt 2 cyuecmoyiom 'Iucjia A1 it 22 , &AA wmopix eunojineno nepaeencmeo [7( A ) - 11 x [X(A2) - 1] <0. To2ôa A .'uiifiemc.c npaeu4bn0i VacuJ4nmomu1ec,coü mo'ocoü 6u-

ypia1zeu 3aaalut 0 noi1.o;cumem Kbiz pewenuax ypaenenua (3.1).	
V • 

10 Analysis Bd. 7, Heft 2 (1988)	 0
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HHe aTã Teopema nplIMeHfleTcn uii I43yqeHHn nepiojuieciix petheHilil. ypaB-

nern (1.1). Mepe3 E0 6yeM o6oBHa'Iarb norIpocTpaHcTBo npocTpallcTHa €0, COCTO-

ujee 143 (j)yHKLIJIU OTOF0HJ1bHh1X OJkHOMHOM IIpoeTpaHCTBy ()yHH-KOHCTa1LT, 

T. e. E0 = {x ECO : Jx(t)	: o}. I1ojioit 

Fx(t) = x(t)- -fx(r)dT.	 - 

3TOT ollepaTop F flBJIHeTCH JU!He1HWM flOKTOPOM Ha IIp0CTpaHCTBO E0 H yJOBJIeT-
BOHT paBeHCTBY 0(1) Fx = PG,().) x (x E CO). EcJ114 BbrnoJlHeHo ycJtoBHe 

== y(A,,) M (
2- ;2*)	(1 = 1,2,.:.),	 (3.2) 

TO 1 e HBJIHeTCH CO6cTBeHHbIM q UCJIOM ollepaTopa PG1 (A). )IeücTBuTei1bILO, ecJul 

PG,().* ) x = x, TO x E E0. CJIeoBaTeJmI10 Px = x ii G, ().*) x = G, (a*)Px 
= PG,().* ) x = X, T.C. X HBJIHeTcH CO6CTBCHHOÜ 4yiiueii ollepaTopa G1 (1), COOT-

BeTcTBy1onefl CO6CTBeHHOMy HcJ1y I. JTo pUBIIOGIIJIbHO ToMy, IITU z IIBJIHCTCH 

T-nepnoli14ec1IIM peluellueM ypaBHeHHfl [L(p; 1) + r1 ] x = Ly(A* ) M(p; )) + r 1 ] x, 
T.C. ypaBi-leHila L(p; A) x = y(.Z) M(p; A) x. B ciiiy ycJioinia (3.2) 3TM peIUeHlla 

MOryT öblTb TOJLL}cO (yHKIwu-KoI1cTa11Th1 H IloaToMy x q E0 . CiieoBaTe.rIbHO 'iucio 1 
He HBJIneTc}1 c06cTBeI-UIMM alla qel-lueM oriepaopa PG1 (A), . CHOBa BhIGepeM TaKoe 

e l > 0, 'ITO 1 iie BBJIHeTCH COGCTBeHHI'IM 'IUCJIOM i-iu o yuioro onepaopa PGI (A) upa 
2 E R - 2 +e]. Torja ripii A E [2.,, - t, 2,1, + E 1 ] o n peaeJlellhl JU1He1HbIe one-

paopi R(A) = [I - P01(),)]-'. floiIoiiiQ= I —P. i'ora ypaBueHue (2.3) aajau 

o T-nepuoiiueci*ix peweHuax vpaHeHun (1.1) MO?K1-IO nepenmcaTh B. BmAe 

X = G().) Qx + R(2) 02 (2) (x; A).	 (3.3) 

Fenepb nepeieM KOCTaTO'IHOM yCJIOBIIIO cyuecTBoBaHu1 TO4KI4 6uypKaw4u. 

OTMeTHM, 'ITO )OCTaTO'IHbIe yCilOBIsIB CYWeCTBOBaHHH TO qKH po?1ceHua B 6ecHoHeq
-11OCT11 nepHo11'IecKux penieuuft gpyrmx KJIaCCOB ypaBHeIInü HarlJeHbI B [4]. 

T e op e a 2: llycmb 6b1noJ1nen yciw8ua meope& 1 u yciwdue (3.2). To2ôa A "- 
emc.g npaMAMOii acu4tnmOmU'1eCKOü motoo t 6u6ypcaizeu 3aaa'iu 0 nOJl0):cu - flJbfl&X 
T-nepuoau'ecuz peutenu.cix ypacnenuii (1.1).  

LoHa3aTeJ1 bcTuo: PaCCMOTpHM MHoKecTBo	 - 

K = {x E CO: fx(r) dt	0, IIPxMc	IIQxIIco} 

rje LX i-iecoTopoe noJlo?ldHTeJIbnoe 'I14CJ10. OH'o HBJIHCTCH KOHyCOM B IIpOCTpaHCTBe €0. 

flpii jOcTaTO'IHo MarloM x Bee aJieMeaTbI HOHyca K (ipoae HyileBoro) lIB.HHIOTCH 

crporo noJloncuTeJIbHblMI4 yHKLUlHMH. 0603Ha q l-IM onepa'rop onpeJeJ1eHHblft npaoi 

CTOOHO (3.3) qepea B(x; A), T. e.	 -	 -. 

B(x; 1) = G(A) Qx + R(2) 0 2(2) (x; 1).	 -	 (34) 

OH BnoJIIle HenpepblBeH 110 COBOHynHOCTH flepeMeuablX. Aim joHasaTejlbCTBa Teo- - 
peMbl rloaa1ceM, 'ITO ypaBaeane (3.1) C 3THM OnepaTOOM yJoBJ1eTBOpaeT CJIOBI4HM
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TOMhi II. lax xax IIR( A )JJ ^S d (A E [A - e 1 , A + e}, d= coast), TO iia (1.2) 
BhITexaeT paBel-IcrBo  

urn	sup IIB(x ; ).) - G, (A)Qxll =0,	 (35) 
IIzII—	M-1,I<t 1	 IIxII 

.xoTopoe. 031la qaer, WO oriepaop 01 (A) Q HBJIHeTcH pa Bli omepnoil ac1IMnToTnqec}coi 
np6n3BOJulOu onepaTopa B(x; 2), T. C. B'(oo; 2) = 0(A) Q. 
• flepeiJeM x 113yeHI4Io cnexrpa JIIlHetiHoro onepaopa B'(oo; 2). Tax xax upit xax- 
ROM (uKdHpoBaHnoM A onepaop G(A) Q iipeo6pa3ye'r Bce npocTpal-lcrBo Co B 0110

-epoe flOCTHCTBO 4)yH}cII1I-i-KOHCTa11T, TO 11I4 H?KJOM A ero CnCKTP COCTOIIT 113 
HyJLeBo TO q FCII II 113 OjHOO npoCTOI'o CO6CTBeHHOFO alIaqeHI4H x(A) KOTOpOMy oTBe-
qae'r c06cTBenHan 4YHK1U111 e0 = 1. Haiijei 3T0 CO6CTBCHHOe aHaqeHne. lax xax 
9e0 = e0 , TO 113 0(2) Qe0 = y(2) e0 BbLTexaeT, 'ITO 0(2) e0 = x(2) e0 , T. e. y(A) [L(p;A) 
+ r 1 ] e0 = [y(A) M(p; A) + r1 ] e0 -Ho e0	lii 17103'ro1y 

Z (2) [a(A) - r1 ] = y(i) b,,(t) + r1 , T. e. 7(2	
y(2)bm(A) + r1

) = 
a8/) -- r 

I'13 yCJIOBIIII reopeMbi BhITexaer Cy1LCTBOB}fl4e B Ka?xo1i pxpecTHocTl-! TO!RM 2 
Taxiix quceji 2 n 22 , 'ITO 

Y(i)bm(2) ._i1 Y(2))m(2) - 
-	L a(A	 fl )	J	a(22 )	 . - 

TO HCBC1ICTBO axBItBaJIeHTHo nepaBelicTRy 

•

	

	 [y(21) b,(2 1 ) - a8 (2 1 )} ['/(22 ) bm(22 ) - a(A2 )J <0.	 (3.6)
I1ojioxmo D = [7(2) - 11 [x(22) - 1}, T. e. 

D -	
bm(2i) - a(A)} [y(22 )bm(22 ) - afl(A2)} 

[a(2 1 ) +r 1 ] [a0.2) + r] 

B ciiy Bb16opa q ucjia r1 II B CHJIY HepaBeucTBa (3.6) BbinoilHeHo HepaBeHcTBo D <0. 
JJIH 3aBepuJ6Huajoxa3aTeJ1bcTBaocTaJloc1. noxa3am flOJ1OK11TCJIbHOCTb oneparopa 

(3.4) npii 6oJlbuinx no nopie yxxuinx x E K. [Ipeiiio.noxuru npoTnnoe. Torja 
cywecTBy Ior nocJ1eoBaTeJIhHocTu (A)	[2,, - e, A + e 1 ] u {x,}	K •Taxne, '-ITO 
11x811 -*	 ripn s -* 00 II B(x,;-A,) EK gin S > so. Jler'xo B11eTL, qTo QB(x; ).8) > 0 
j jin s >, , So • HO3TO1H Taxux s cnpaBeJInBa oueiixa IIPB(x,; A,)I > a IIQB(x,; 28)11. Tax xax P01 (2,) Qx, = 0 u Q01 (A,) Qx, = 0 (22) Qx, =y(2,) Qx,, TO 3Ta oLeHKa 3IcBH-
BaJieBrila nepaBeHcTBv 

IIPR (A,) 02 (2,) (x,; 28)11 > a IIx(2 ) Qx, + QR(28) 02 (28) (x,; 2,)I1. 

IIO3TOMy

IIx(2x,II :5: I JPR(A,) 02(4 (x,; A,) I p + IIQR( A,) 02(1,) (x; 2,)jI 
CX 

:E^ (jjPj/	-1- 1Q11) IIR ( 2,) 02 ().,)	(x,; 2,)II .	•	 (3.7) 

Ho y(2* ) = 1, a F, MO?I}LO B3HTh OCTaTo'I1lo MaJ1hIM. 1ora MOHO r1pe)nOJIaraTb, 
'ITO BhlnoJlneHo HepaBencTBo x(2 )I	1/2 jiin IA - AIE,. i'ora us (3.7) BhlTeIcaeT 
oLteni-ca

lIQx,lI < 2 (jIPlI/ -F- 1Q11) ]IR( 2, 02 (28 ) (i>(x,; A,)Il 

10*
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Ho lix.11	IIPx8II + IIQx II	(1	c) IIQx8II,'no3Toy 

•I(x II 5 2(1+ ) ((!PMIc + LQl) (R(23) G2 (23) (x; ))11 
T. C.

 IIR(A8) G2 (A 8) (x3 ; 4II >	1
> 1141	 2(1 + ) (IIP / + 1Q11) 

floc.rieuiee HOTHBOPHT H13HCTBY ( 3:) I 

ilpuMephi. PaccMoTpliM ypauneHie 

S	

-	 +	
(t) = (2	+ i) [(1 + A) x() 

+ (t, x(t), x(t - h1(t)), ..., x(t - hk(t)); A)I,	
- 

re HeJrnlieftHaH YHFCUHH q(t, x, Yi ' - • • • ' yk; A) HB 1eTca21r-nepuoJ u4ecKo1l no t, HelipephiB- 
iiofl H orpaHH'lcHlIoll, a 3ana31 b1BallHH h1 ,..., iienpepbinuiMH it 2-nepHogHecHI1MiI 
4yIiHLHHMH. 143 . Teop'(31MIJ 1 nhlTc}caeT, 'ITO A = 0 HBJIHeTcH upalillAbl-forl acMMnToTHqecHofl 
Toq Hol 61u4ypicauHH 3a5laq M 0 2-uepHon4ecKux pelilellilfix aToro ypanhieIlHH. 

143 TCOMbI 2 BblTeiaeT, 4T0 A = 0 HBJIHe'rcfl flpaBHJIbIIOIl acnMnToTn4ec}ofi TOqHOt 
6H4yp Kau HII ajau 0 nooHHTeJIbIIUx 2i-nepHoJH4ecLu1x pewennx ypaiHeiiiiii	. 

S	 (+
	x(t) = (2.	+ i) [(1 ± A) x(t) 

S	

I	+ (t, x(t), x(t	h1(t)).... . x(t - hk(t));	1: 

JIHTEPATYPA 

[1] Boi'oñon, A. A.: Ocñoobr TeopHu aBToMaTI1'IecIoro peryJIlpOnaIliIH it , ynpaBJielina. 
MocxBa: 1'13-Bo BbIcwaB niioia 1977.	 5	 5 5 

[2] HOPF, E.: Abzweigung ciner periodischen Losung von eincr stationren Lasting. Ber. 
Sächs. Akad. Viss., Math:-Phys. KI. (Leipzig) 94 (1942) 19, 15-25.	- 

[3] HPACIIOCEJIbCHMI, M. A.,H	 I' H. Ii. 3ABEflio: reoMeTpIl4ecHHp	 JlH MeTobI' tIeHelthoro 
aIIasIn3a. MocI<Ba: 1'I3j-BO 

it

	

 1975.	
. 

•	 [4] 1-cPAcIaocEJIbeKufl, A. M., it M. 1. 101Arv.'ioB: BwypiawsoIIIilAe 31taqeIuln napaepon 
B aaja'ie 0 BbIuyHeHHMx 1oJIe6aHIrHx ducTeM aBToMaTli qecKoro peryJmpo Bait aB. JJ,oAii. 

AKa. HayK Ta. CCP 11 (1984), 679-682. 
[5] KI'ACHOCEJIhCHH9, M. A., JInuiuu, E. A., ii E. A. CoI;0JIEB: BoaliTithilbie JrnnefHbIe 

cKcTeMbI. Merog noj1oKHTej1bIiux OIlepaTOpQB. Mocioa: l4ag-13o HayHa 1985. 
[6] P03EHBACCEP, E. H.: HOJIeGàllHH 1{eJulHdfihlblxducTeM. MeTouIliTerpaJIbHbLxypaBHeHM1. 

MocHBa: H3g-o Hayia 1969. 

-	 Manuskripteingang: 15. 07. 1986; in revidiert.er_Fassung 21. 05. 1987 
•	

-. VERFASSER:  

•	J-p J . 14. TIETPOB 
UeuTp MaTe1anhIll B'I'Y iii. A: 1-i,iii'ieita 
y ji. HOMCOMOJIbdKH 8 
7004 Pyce (Boirapiin)

	

/	 5'


