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" A Differential Equatlon for the Positive Zeros oi the Functlon
ad,(?) + vz2d,’(?) - a0

-~ -

E. K. IfanTis and P. D. SIAFARIKAS ' =

/

Es wird eine Differentialgleichung fir jede positive Nullstelle g(v) der Funktion aJ,(z) + y2J,’(z)
angegeben, wobei J; die Besselfunktion erster Art der Ordnung v > —1, J,’ dle Ableitung
‘von J, und’«, y reelle Zahlen sind. Es wird gezeigt: ’
(i) Die Funktion g(v)/(1 4 v) ist fallend mit v > —1 im Falle « = 1, und die Funktion
o(»)/(x + v) ist fallend mit » > —a im Falle « < 1.
(ii) Die Nullstellen der Funktion od,(z) 4 2J,’(z) wachsen mit v > —1 im Falle x =1
und mit ¥ > —« im Falle « < 1. Das erste Resultat fiihrt zu eirier Anzahl oberer und unterer
- Schranken firr die Nullstellen der Funktion «J,(z) + 2J,’(z), die frihere bekannte Schranken
vervollstindigen und verbessern. Das zweite Resultat erweitert-ein bekanntes Resultat.

¥YcranaBanpaeTca mui)q)epenuuanb}\{oe ypaBHeHHe [ OPOMBBOIHHOTO HYJIA o(») dyHrunu
«d(2) + sz "(z), rae J, .— dyuxuua Beccena nepsoro pona nopAgka v > —1, J,” — opous-
BonHaa J,, 4 «, y BeweCTBeHHHe yicia. JokasaHo:

(1) pyuxuus o(»)/(1 + v) yOuBaer npuv > —1 B c.nyqae a=1,a (bymuum g(v)/(a + v)
yOuBaeT npu ¥ > —« B ciyvyae o < 1.

(ii) Hyan dynkuun «J,(z) + 2zJ,'(z) BospacraoTnpuy > —1 Bcaydaea = 1 unpuv > —a
B cay4ae & < 1. [Tepubm pesyJbTaT BeaéT K Habopy BBEPXHUX M HMMHUX TPAHUIULAJA HYJeH
dyuruun «J,(z) + 2J,’(z), uTo NonoJaHAeT ¥ yiay4waer Gosee paHHUE M3BECTHHE T'PAHMLML.
BTopoit peaysabTaT yayuwaer oznm XOpOoLlIO U3BECTHHIN pe3yJNbTaT.

P
N

A differential equation for any posmve zero o(v) of the function aJ,(z) + -sz (z) is found,
where J, is the Bessel function of the first kind of order » > —1, J,’ is the. derivative of J
and «, y'are real numbers. It is proven-that:

(i) The function g(v)/(l +v) decreases with v > —1 in the case 2 1, and’ t,he function
o(v)/(x + ») decreases with » > —« in the case « < 1. . )

(ii) The zeros of the function oJ,(z) + zJ ’(z) increase with ¥ > —1 in the case « 2 1
and with v > —« in the case « < 1. The flrst result leads to a number of lower and upper
bounds for the zeros of the function «J,(z) + 2J,’(z) which complet,e and i improve previously
known bounds The second result improves a well-known result.’

’

- 1. lntroduction :

.The study- of the behavxour of the zeros of the function &J (z) + sz (2), where
"J, is the Bessel function of the first kind of order » > —1 and J,’ the derivative.
of J,, dates back at least in 1884, 83 we can see from a work of H. LaMB concerning
the induction of electric currents in a cylinder placed across the lines of magnetic
force [6]. Special cases were also studied by Schwerd in 1835 -and Rayleigh in 1873
(see the footnote in [11: p. 477])." Since then results concerning the interlacing of .
zeros, monotonicity of growth and upper or lower bounds for the zeros have been.
established by. many authors. The reason for which the problem of the zeros of
ad (2) + yzJ, (z) is very interesting is that these zeros arise in the solution of the
‘wave, equation in a sphere with mixed boundary conditions [1] and in other equa-
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tions of physical interest'(see the references in [10])). In this paper we follow a new
approach presented in [2] and find a differential equation for any posntlve zero o(v)
of ad,(2) + yzJ,'(z) with-» > —1. This differential equation for y = 0 is reduced

to the differential equation for the k-positive zeros j, , of J, found in [3]. For y = 1
" the d]fferentlal equation has the form ' '

do(») _ o) (L, h) £1 J[—1 for a2 1,

¢ (hyB) + &« + 2’ —x for a'< 1,
~ where k' is an element of an abstract Hilbert space (H (- -)-) w1th orthonormal basis
‘€1, €, ..., and L, is the diagonal operator defined by L,e, = e,,/(n + %), nFE —r

. For o = 0 we find from (1.1) the differential equatlon for the k-positive zeros 7, P
of the dcnvatlve g

d?v,k o a (Lvh: h) + 1
T S R

(1.1)

v > 0. . ‘ o (1.2)

Although we know nothing more about the element h we ¢an easily prove the dlf- -
ferential inequalities :

d@(”) ) Q(”) . =
y ﬁ’ > 1, for « = 1: , ]
. d@("’). 0("’) ¥ « ’ : |
dv < _[x._v’ Y > &, f()r < 1. .

The first. inequality means that the function o(»)/(1 + ») decreases with » > —1
for o« = 1 and the second one that o(»)/(x + ») decreases with » > —« for & < 1.
These results lead to a number of lower and upper bounds for the k-p051t1ve zeros
ok (k=1,2,...) of the function oJ,(z) + 2J,(z), which complete and improve
prev10usly known bounds. For « = 0 we obtain the well-known result that the
function j7 /v décreases as v > 0 increases ([9: Theorem 5] and [7: Theorem 4.1)).
Also from (1.2) we obtain the wellzknown result that §, ;, increases as v > 0 increases
[7, 11}. Fmally, from (1 1) it follows unmedlately that the zeros g, of the function
«d,(z) + 2zJ,'(2) increase for » > —1 in-the case «. = 1 and for » > —a« in the case
- & < 1. This improves the well-known result that each positive zero of aJ,(z) + 2J, (z)
* increases with » > 0[10: Lemma 4.1]. :

2. The differéntial e'quation
In this section we prove the following h

Theorem 2.1: Let v > —1 in the case x =y and v > max {—oc]y, —1} in the
case & < y. Then in each of the open intervals. (0,7,.1) and (Jops Foesr) (K =1,2,...)

_there exists a umque 2ero.p(v) of the function oJ ,(z) +:yzJ,’(2). It satisfies-the dz//erentzal R

- equation
do() o) ~2(L, v) 4 ¥*
dv (v, v) + oy + y2’

Here v is an element in an abstract Hilbert space (H s (5 -)) with the orthonormal basis
€1 €, ..., and L, is the didgonal operator defined by L.e, = e,/(n + »).

(2.1)

For the proof of Theorem 2.1- we use [2: Theorem 2.1], reducing the problem of
the zeros of the more general function (x +.6z) J,(2) + (8 + yz) J,'(z) to a specnal,

N
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eigenvalue problem in the. abstract Hilbert space (H (-5 - )) In fact, in the case
f =06 =0, «, 8 and » real numbers it is known that o(») is a real zero of aJ,(2) .
+ y2J,’(z) if and only if there exnsts an element u( v) &= 0 in (H (s )) such that

(Co + 9 ut) — 23 Tqut) = — % 2wy e, K @2
(u(v), el) = —(a« 4+ ‘}’1’),

"~ where C, is the" dlagonal operator defined by Coen =mey, To =V + V* V is the
shift operator with respect to {e,} and V* its adjoint. In the case v > —1 the prob-
lem (2.2) is equivalent to the followmg one:

-2 o _vel)
S — V) == s 2.3
! 'g(‘y) Q(V) g( )\ Vm l ‘ . . ( )
(gore)= —VTFra+w), BN )
~where , :
' u(v) = LV%g(v) - S ; . _ (2.5)

and S, is the compact and self- adjoint operator S, = LM2T L2, The condltlons
stated in Theorem 2.1 exclude the case « 4 yv, = 0, for some real v, > —1, and "
essentially exclude the case that g(v,) is a zero of J,,.;. Also these conditions, in
conformance with the results of [2], imply that there exists a umque zero of aJ,(2) -
+ yzJ,’(2) in each of the intervals (0, 4,,) and (., Joi) (K = 1,2, .%.).
~ Moreover, for the proof of Theorem 2.1 we need the following

Lemma 2.1: Let v > —1 in the case & = y and v > max {—afy, —1} in the casé
& < yp. Then the element w(v) = A(v) LM2A,e,, where A(v) = —yo) V1 + v and
A, = (I —27%(») 8,)7%, as a function from (—1,00) or.(max {—aly, —1}, ),
respectively, into the a,bsh act Hzlbert space (H “ )) is strongly contmuous, i.e,

p—>v implies Hu(,u) — u(v)[] —-0. - ' (2.6)

. Proof: The continuity of- u(v) follows by (2. 5) from the continuity of g(») and
this follows also if we prove that the operator 4, is uniformly bounded on every
compact subinterval of the intervals (—1 o0) or (max {—«/y, —1}, o), respectively. .
Let o(») be a zero of aJ,(z) + y2J.(2) in (0,4.,). Then [27%() S| = o(»)fjn <1 .
because ||S,|| = 2/7', 1 [4, 5). So we find . A ~

9( ) | &) " o ‘
A =1+ =— +—+~--=.——. S <27
I o T — o0 &
o(») and j,,, are contmuous functions of » as zeros of an analytic function with con-
tinuous coefficients [8). To show uniform boundedness of 4,.on every compact

subinterval [, of (—1 o0) in case « = y or of (max {—«fy, —1}, c0) in case & < y,
respectlvely, it is sufficient to show that inf{j,, —.o(»):v € [o} = 0. Let 2/o(»)

= 2/j,1 + &), 4ou1 — 0(v) => 0 as v —-», for some %, E/ Then &(v) —0 as » — v
and from (2.3) we find : , '

-

(S,g(g), e) — -},'—;(g'(v), e)) = £(v) (9(v), &) + Vyo:')v, k - (28)

From (2:4) we see that

lim (g, 1) = VT F 70 (& + 120) = (g00) @) . (2.9)

y—v,
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and from (2.3) - )
. Tim (S,g(3), &) = (8..g(0), @) S L (2.10)

HV.

Now from (2.8)—-(2.10) {ve obtain

( v.g("’o): el) - (9("’0 ‘31) | m-
Thls together w1th the rela.tlon

Y

(Sv,g(VO)’ 1) (g( V), € 1)

!

)’9(‘”0)
V1 + v,

lmphes (2/7..1 - 2/9 ”o)) (g("o), el) = 0. But (g("o), 91) = —Vl + vy (¢ + o) *+ O. P
+So - we have j,,; = p(v). This is impossible because the ‘functlons J, and oJ,(2)
+ y2J,'(z), y == 0, cannot have common zéros [2: Cor. 2.4). Thus j,, — p(¥) = min

{Joa-—o(¥):v € ly} = v, > 0, and from (2.7) we have that 4, < 7, max {7, v € L)
Thls proves the boundedness of 4,. Smce '

- A‘A#—A,=A[(I—_A—g(v)8) (1‘—0(#)8)]I

S ' ‘
=_ p[g(/“)s —Q(V)S]An

1S, — 8, > 0 and o) — g(v) as u —> v, it follows that 14, — 4 || — 0 as p — v.

- From this, (2.6) follows easﬂy .
In the general case, i.e., in the case g(v) € (Joukes Fotm) (K =1,2,. ), the theorem

follows in a similar way from the.expansion of the operator 4, m terms of the com- |

" plete orthonormal system of the compact and self-adjoint operator S [2: Theorem -
4.1] 8 .

Proof of Theorem 2.1: The existence and u'niQUeness are known from [2:
Theorem 4.2]. Let e ' ' Coe

A

/

- (Co + ) ulp) — 5 olw) Tou(u). = — 5 yelw)er @1

and— - o R .

B - : ‘ 1 1 . .
(G + ) ) = 5 o) Toul)-= — 5 70°0) C(212)
where (u(lv), e,) = —(& + ) an(i (u (@), e,) = ’—(c;c + yu). Then scalar product

- multiplication of (2. 11) on the right by w(x) and of (2.12) on the left by u(»), sub-
traction and passage to the. llmlt /,z — v, usmg Lemma 2 1 and the contmulty of
-0(v), lead - ea.sﬂy to- -« - . SR i

() + 5 y?e;( ) = d‘;‘:’ [ : (Tou<v>, ) + o) + et
or . ' . : ) ) .
: "do(v ) _ 2(u(), u(»)) + y%*»)._ ' ,
S o )2((00 +9) ul), u®) + ) (ay + ¥) S

" . By éettirig u(v) = L%g(v) and g(v) = o(») v(») we find equation (2.1) 1
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Remark 2.1: 'For y =0 equa.tlon (2.1) is reduced to the dlfferenhal equation for the
k-positive zeros j, , of J, found in [3]. Also for x=0and y = ]/_we obtam from (2.1) the
differential equation for the k-positive zeros 7,,k of, J,

d)',* 7 Ly,v) +1

—_— =1 s > 0. v ' N
- dv Tk (v,v)+v Y .

From this it follows that the zeros j, ¢ of J,’ increase as v > 0 increases. This result was proved
first by -Rayleigh [11: p. 510— 511] for v > 1/2, with the use of arguments concerning trans-

verse vibrations of a membrane in the form of a sector of a circle, and later with different

methods by G. N. WaTsox [ll p. 510] and J T. Ln\vxs and M. E. MULDOON [‘7] for v > 0.

Corollary 2.1: Let xy > 0. Then by (2 1) every positive zero oj ad (2) + y2J,'(2)
“increases with v in (—1, 00) in the case « =y and wzth v in (max {—aly, —1}, oo)
in the case & < y.

For y =1, thls corollary extends the range of vuhdlty of the order v known from [10
Lemma 4. l] ) R o

In the followmg we set y = 1 and v(») = h(v)/}/E and find’ from 2.1y the equa-
tion '

do) . (L B+ 1
2 =e(1')

v 0( » ) .
Bk +ats ,9(") vz - @)

Remark 2.2: The condltlons stated in Theorem 2.1 imply the existence of a unique zero
i of o (z) + yzJ,'(2) in the interval (0, j,, l) {2]. Note that for every real « and v > —1 there
exists a unique zero of aJ (z) + zJ,(z) in each of the intervals (j, s, jy041) (¥ = 1,2,...).
For these zeros we do not need the above conditions. In-fact, Lemma 2.1 holds for every
v+ —afy and the differential equa.tlon (2. 13) holds also for every v > —1 and v + —o.
-, We can therefore state the followmg

Theorem 2.2: For v> —1 and v+ —« any posztwe zero o/ aJ( +zJ "(2)
satw/zes the dzf/erentzal equatwn (2.13).

A

- 3. Differential inequalities

In this sectlon we prove the following

. Theorem 3.1: Every positive zero g(v) of the /unctzon ody(2) + zJ (2) sahs/zes the
dz//erentzal 'mequalzty A

do(») o)
& S1+v

do(v) _ e _
—ar<a+v v-> ;a’ /olr a<l.

, v>—1, for a1,

Proof: Since ||L,|| = 1/(1 + ») We_ obtain from (2.13)

doy) _ o) (W) +1+v _ e0)
dv 1+v (b +a+y ™~ 1+v

for « = 1.
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" In the case « << 1 we find forv > —«x- -

do() _ o) (R +14»
dv 1+v(h,h)+a+v'

_ e I—a \ o) Ty o) 4
1+ (1+(hh)+a+v)<l+v(l+a+v)_a+v '

Corollary 3.1: Every positive zero o(v) of aJ W(2) + 2J,'(2) satzs/zes the mequalzty

. lof:)v < 10(:_‘),“, lv >pu>—1, incase x=1, ‘ : (3,1). ,
;% <,‘ ag:,t-t),u’ ) ,,':> p>—a, | in case o« <1, - 52 1.
or ’ .
1g$)v">_19(jrl_)/t’ ~U<r<p, incase a1, ey
B agz)v>£)—#, —&<1'%p, i case &< I -. ’ (3.4)

- Proof: From Theorem 3.1 it follows easily that -

d (o0 \
3(1'+v)~<.0’ vy > —1, for oggl,

i(e(v)
x4+ v

B (35)
)<O, 'v>_—a,'>for x <1, :

This means that the functions g(v)/(i + ») and g(»)/(x + ») decrease as v increases,
“which proves the desired relations 1 : .

Corollary 3.2: Let §,, be the k- th positive. zero of the derivative J,’. Then, /rom.
(3.5) for &« = 0, the function j, ,[v decreases as v > 0 increases. ‘

Remark 3.1: Corollary 3.2 was proved independently and with different methods by R. C
McCaxx [9: Theorem 5] and by J. T. LEwis and M. E. MuLDOON [7: Theorem 4.1].

4. Lower ahd lipper bounds

From Corollary 3.1 we can casnly find a number of lower and upper bounds for
the zeros of «J,(2) + zJ,'(z). We denote by g, the k-th positive zero of o, (2) + 2J, (2)
.and we. recall that o,; € (joe foanr) (K =1,2,-..)) for » > =1(2: Theorem 4.2]. =" = =
‘Also from the rélation ad,(z) + 2J./(z) = 2J,_,(z) we see that ,

Oosk = a1 b e (4.1)

1. For 4 =  in (3.1) we obtain g,, < (1 4 %) g..¢/(1 + «), which together with (4.1)
gives the upper bound :

l+v
14+«

A}
Ok < Ja-1,4s ¥ > &, incase o = 1. . 4.2) :

. R '
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In the same way for 4 = «-in (3.3) we find the lower bound

.

SR T ‘ . ,
Ok > T+ a?a—.l,kx —1l1<v<«, incase o =1._ ) (4.3).
2, For p = & in (3.2) and (3.4) we find ~ .. \
o< a;"vj,,_;,,‘;, »>a; incase. a <1, L L (4.4) -
o,k> 2—:1'70 1k —a<v<.o¢, incase «a< 1. . 3 . ' (4.5)

3. For u = 0in (3.1), (3.3), (3:2) and.(3.4) we find, respectively,

0ok < (1 +%) 0ok, »>0, incase a1, . (4.6)

ok > (L +%) gos, —1<v» <0, incase o« =1, _ < (4.7)
g o< s, v>0, incase w<1, - (4.8)

Ok > z +v@0,k; —a < < 0, incase o« <1. i - -(4.9) '

Remark 4.1: The bounds (4.9), (4.5) complete, with respect to the range of validity of -
the order v [2: Cor. 4.5]. The bounds (4.7), (4.9) complete, with respect to the range of validity
of the parameter & [2: Cor. 4.4]. The bounds (4.3), (4.5) for k = 1 complete, with respect to
the range of validity of the order.v [2: (3.13)]. The bounds (4.6), (4.8) complete with respect
to the range of validity of the parameter « [2: Cor. 4.2]).-At last the bound (4.7), completes
with respect to the range of validity of the order v [2: Cor. 4.3 fora = 1. -

L . : T <
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