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On the Spectrum of. Schridinger Operators at the Half Space
with a Certain-Class of Boundary Conditions

;M:. ScﬁnénER

Es wird das Spektrum von freien Schrédinger-Operatoren auf dem Halbraum mit Randbedin-
gung @, — Qp = 0-(p, ist die Normalableitung, @ cin selbstadjungierter Operator auf dem
Rand) untéersucht und ein Zusammenhang zwischen seinem negativen Teil und dem Spektrum
einer Familie von Operatoren vom Klein-Gordon-Typ hergestellt. .
Paccmarpusaercs cnektp cBOGOAHBIX WIPENMHIEPOBCKHX OMEPATOPOB Ha IOJYNPOCTPAHCTBE
'C TPAHHUHBIM yCHOBHeM. ¢, — @p = 0 (3aech @, 0003HAYaET HOPMAILHYI0 MPOU3BOAHYIO,
‘2@ — HEKOTOPLII CAMOCOTIPAMKENNLIT 0rlepaTop HA FPAHNULE) M yCTAHABANBACTCH CBAZH \lerl-\'ly
ero OTPHUATEILHOI YACTBIO H CIIEKTPOM cemeiicTsa onepatopos tina Kueitna- Top; aonal

‘"The spectrum of free Schrédinger operators at the half space with boundary condition
@, — @9 = 0 (p, being the normal derivative, @ a self-adjoint. operator at the boundary) is
) mvestlgated and a.connection between its. negative part and the spectrum of a family of
Klein-Gordon type operators is stated. _ : i

0. Intreduction

- For the understanding of surface effects it is uséful to consider the motion of particles
in domains with position-dependent boundary conditions. In the one-dimensional
case it has been shown that the operator H, = —d?/d2z? with boundary conditions
¢’(0) = gp(0), ¢ € R, is the norm resolvent limit of —d?/dx? 4- nV(nz) with Neu-
mann boundary conditions for n — oo, where V' is an L,-function satisfying

.

f V(x)dz = q (see [1]). One can conjecture that an analogous property holds in -

the multldlmensmnal case, when Hy = —4 in Ly(R"~1 x: R, ;) with boundary condi-
tions dp[0%,|,,~0 = Q@|s,=0, Where @ is a multiplication operator representing the
action of boundary forces. However, in this paper we will not restrict ourselves to.
multiplication operators. Thus our results may be applied to the case of non-local
boundary forces, too. A detailed analysis of H, with convolution-type operators @
will be provided in a forthcoming paper [7]. Our main result, the statement of a
connection between the spectra of Hy and Ky p = (—4 — E)Y2 + @ in L,(R"1),
E < 0, is formulated and proved in Section 1. This connectlon enables us to make
use of the theory of pscudodlfferentm] and, particularly, Klein-Gordon operators,
which took a rapid development in the recent years (see, e.g., [4, 5, 10—12]). Sec-
tion 2 contains two propositions on the apphcabnhty of our Theorem for certain
classes of functions @. The last Section 3 is devoted to the proof of some technical
. Jemmata. Applncamons of the results of - the present paper will be pubhshed in [2
3, 8). :
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1. The main rpsult '

In the following we will use the notations . .
R." = R"-I x R,, ' e
Aill; 1l-II" for the norms of L2(R "), Ly(R" 1), resp.,
4, A’ for the Laplacians in R.", B"—i, res;p., ‘

‘ .'-HOZ_A,A \~ : RN _: -
D(Ho) = {p € Lo(R,"): Ap € Ly(R,"), ’ -
Lim. (8/0x,) @(x,, ..., Tnys k) € Ly(R-Y), .
: N0 E .
Lim. Qo(z,, ..., 2,_y, k) € Ly(R*1),
o - : )
Lim. (0p/0z, — Q@)lz,=n = 0}, N - (1)
. . ANO _ , . _ . :
) Kop=(—4"—E)? 4 Q. : o ) 2) -
. . - N ) -
#(p, %) = Gou—nE. f e P Vg(y, z) d* 1y L , 3)
. Rn-1 .

v for the l*ourler tla,nsfoml over the first n — 1 variables.
Now we can state
Theore m 1: Let Q Q"‘ be Ky o-bounded with a cretatwe bound less than l Then
(i) .Hg s self-adjoint,
(i1) -, [0, o0) = o(Hy), b
(i) 0 > E € o(Hy) 1ff 0 € o(K,, E),
(iv) 0> E € opp(Ho) 1ff 0 € 0pp(Kg )"
(V) 0 > E¢ Cess Ho 2ff0 € GCSS(KO E)

N .
where G, Opp AN Oess denote the spectrum, the pure pomt spectrum and the essential
spectmm respectively. . .

Proof: (1) D(Iio) i1s dense in L2(R+"), since CO°°(R+")CD(HO). Equipped with
" the norm N ;

||<P”o = II<PH + I dell + llm (”Q‘mzn—h” + |I3¢’/3xnlz,.-nll )s

-,

Co°°(R ")\can be complete(l to a Banach space M, which contains D(H,). Since
D(HO) is the kernel of a continuous map from M, into L,(R*~!), it is closed, and so
is Hy. From Gauss’ Theorem (cf. [6]) it follows that Hy is symmetric. On the other

hand, it is well known that (Hy £ i) C,®(R,") = Ly(R,"), which implies (i).
(ii) can be verified by taking C,™®-test functions, which approximate plane waves.
(iii) Here we need some technical lemmata, which we will prove in Section 3

Lemma 1: Let ¢ € D(Hg) and ¢ = @|,,—o. Then, for E < 0, -
II(H y— E) ¢ll = 2"2 IIKY%K E¢“ . o S C4)

and ' / . . N
llpll = ,,1,2 nKo "%u = —g IlHe — E) ol. | (5) - -

.

~ -
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Lemma 2: Let ¢ ¢ D(K 23): E < 0. Then there exists a function ¢ € D(Ho), with
@lz,=0 = ¢, satzs/ymg '

. 1 ' 1 - .
) (el — 57 ||K(‘,f23¢>||'. = T 1Ko £l : : (7)

Lemma3: Let A = A* and 0 € o(A). Then for all B, B,, with = ~

a) B, and B,* relatively bounded with respect to' A,
b) B,"! bounded,

it holds that , L ‘ o .

)

0 € o(B,4B,). ) o : (8

Now we conbmue the,proof of Theorem 1/(iii). \

1. Let 0>Ec¢ o(Ho) Then there exists a sequencc (pe) = D(Hy) with [l = 1
and'|(Hg — E) gl — 0. Let d)k = (pklzn_o and yp, = 2~ ‘/2K ”2¢k From (4) it follows
thab . .

1 '
IKY%K . eKY3mll <= ”(Ho - E) ol >0,

v o,
while ]’ = 1 dué to (5). Thus 0 € a(K(',’zEKO EK”Z) and hence (smce K% = (—E)/4

>0),0¢ a(Ky, EK(‘, %). Since the assumption on @ implies D(Kg g) = (Ko E)> and
. thus  D(K, gK}'%) = D(K}%), there exists a sequence (y,') = D(K¥%), ||yzk|| =1,

such that || K, ,,K”2 we'll = 0. 1\Tow let ¢ = K}%y,'. We obtain

7

”Ko eI b = ”Ko eK3vd Il /”K"2 £ 23 || == E)‘/“ 11Kq. EK(I)I%W "—0,

S

.and thelefore 0 €a Ko P . : : v

2R N

e <~ .

Suppose 0.€ o(Kq.E), E < 0. By reason of the Closed Graph Theorem, the as-

sumptxon on @ yields that K, afid, all the ‘more, K}'% are Ky, g-bounded. Thus

Lemma 3 implies 0 € o(K})%Ky gK}'%). Hence there eXISbsa sequence (y;,,) <= Ly(R"-Y) .
such that ,|z;:k|| =1 and , ,

K%K o Kl 0. S N ()

Now we set ¢, = 2V2K}%y,. According to Lemma 2, there exists a sequence ().
< D(H,) with @lz,=0 = ¢,, We get |jg ]| > 1 (it follows from (7)) and |[(Hy — E) ¢4l .
— 0, which proves E ¢ o(Hy).

(iv) 1 Let ¢ € D(Hy), Hop = Ep, E < 0. Thus @ sat;lsfles the ddfelentml equa-

, tion —&%p(p, x)[0x* + |p|* ¢(p, x) = E¢(p, x). Therefore

rp(p,x)—e\p(—umz— ”Zr)w,O) ,
Define $(p) = 2-V%(|p|* — E)-1/4 ¢(p, 0). Then y € Ly(R™-Y), = llpll and, ac-

rcordingto (1), Kq.gKy%y = 0. Thus K}%p € D(Kg.z) = D(K, ), hence ¢ = 212K %y

= (plz,.—o € Ly(R*—1), and Ko gp = 0.

i ) o s .
2. Suppose ¢ € Ly(R""1), K4 pd = 0 and @(p, x) = §(p) exp (—|p|2 — E)/2 ),
Then ¢ € D(Hg) and Hep = Eg, with ||| < 27V3(—E)'/* |4|". ‘

o IHo — Byl = 20 |K¥RKo sl ()
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(v.) By choosing the y, in (9) orthonormal one proves E € o (Hp) for 0 € oe4(Kg )
The analyticity of Ky g and (iv) imply E € oq4i5c(Hg) for 0 € o4isc(Kg.g) §

Remarks: 1. One could expect that H, will be self-adjoint for all such @, which
define a self-adjoint operator Ko g, but, however, this still remains to be_verified
generally. .

2. It is remarkable that, in the case of a multiplication opera-tor @, the boundary
values of the negative energy wave functions of H, describe relativistic particles
moving along. the boundary in a potential field @ with a rest mass corresponding
to the bmdmg energy —E. .

Y

2, Examples . T

In flhis section we state some classes of functions @ which are K;-bounded (as-
" multiplication operators) with a relative bound less than 1.

- Theorem 2: Let Q’E.L’(R"') + L (R™), with p = 2 for m = I and p>m for
.m 22 Then Q is infinitestmally small with respect to K q. .

. Proof: Lebd)ECo""B’" 2<q<2m/m — 2) for m > 2 and 2°< q¢ < co other-
wise, '1/g + 1/s = 1- (hénce s >.2m/[(2 4 m)). The Hausdorff- Young mequahty
yields

Il < o0 I = e f b dm /
—a [l 4+ 1)=" [(ul* + D2 gt dmu
< o l(Juf? 4 1)- sfznm_s,) [(lul® 4+ 12 $u)fle® -
= o [(ful® £ 1) G, |
and hence l|¢|[q < ¢ ||(|u|2 1)1/2 §|l,. Let d>,(u) = r"’“d)(ru) Then we get
il = 14 o = ca n(w 1)'2 1y
= [ (ult 1y g dmafie
— cyfremie=m [ (uppr? 4 1) |t dmu)e
’ S =R Ko ol + carmemm .

The first term tends to zero when 7 tends to infinity. Thus, for all positive a, one
finds a positive b such that -

" il < @ liKo.oblle + B il | ’ o)

‘Now we suppose @ = @, + @y, Where @, € L,(R™) (p > m), @, € Lo(R™), ¢ € D(Q)
0 D(Kq0)- Then [@8]l; < [|@1¢llz + [|@:flo 1dll- On.the other hand,

1Qubll = (J 19,912 dm2)1P2 < (1Q:%lhte 6210712,

where 2/p + 1/t = 1; hence [@élls < @il Iéllos- Since p > m, we obtain 2t < 2m/
(m —2). If m=1, we set p=2 and t = 00.) Fmally, we get ||Q<1>”2 < ll@illp

(a 1Ko.08lle + b 1141l2) + [1Qallc lidll B
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Theorem 3 (4,11): Let Q = |:i:|‘3 z € R™ with0 < o« < 1.-Then h

(1) if « <1, then Q is infinitesimally small with respect to K o, and N

(1) for o= 1 Q is K, o-bounded with a relative bound C, = 1/(m|2 — 1).
Consequentl Y, Theorem 1 will be applicable when @ = —C'lz|™!, with C < (n —3)/2.

In analogy with [7: Theorem.X1II1.96], one can get the following criterion.

Theorem 4: Let Q be a um]ormly local L,(R™)-function with-p =2 for m =1
_and p > m for m = 2. Then Q is infinitesimally small with respect to K,

Proof: Given a real number r = 1 and a measurable set C < R", ~denote fllr.c
= IMlzcr LetnCy, C (k € Z™) be the cube of that z €' R™ for which |z; — k| < .1/2

(3/2, resp.), ¢ = 1, ..., m. For @ asin the assumption, we define [IIQHI = sup {|Ql,.c,:
k € Z™}. We note t,hat, for y € D(K,,), the Parseval identity lmplles
Kool = V¥l ~ - - (1

Nesv, let n € Cy®(Cy’), with n(z) =1 and 7(z) = 1 for all xz € C,,, and let q = 2p/-
(p — 2). Using (10) and (11) we obtain
V(e < Indlly < @ Kool + b gl -

=a |Vl + b lmdlle < allp Vol + allé V.. + Hn.d>||z
o - ZalVelees + @Valle A 0) dlle.c, = @ [Véllac, + b 1dlla.cy -
Thus, we get ' . U

1Qelle* = ): QL% c. 3 Z NQIiz.c. |I¢|I§.ck
= QU X (@ [V éllcy + b I4licy)
=2 HIQIII2 )_7 (@ [V9f3.c,e + b2 [Bliic.r)

= 2.3 [[|QI[® (a® [Vll® + b2 [[4],?) | . .
=237 [||QIIIE (a® Ko obll? + b7 9ll?)

The flrst stcp follows from the Holder mequa,hty, the second uses the elementary
inequality (x + ¥)? < 2(2% + y2), and the third one i$-a consequence’ of the fact
that any interior point of C, is contained in 3™. cubes C., |k —nl = 1 Since a
can be choosen arbitrarily small, the’ statement follows |

LY

’

3. Appendix
Here we recover 611e proofs of the three Lemmafa used in the proof of Theorem 1/(iii).

Proof of Lemma 1: Let (Hy — E) P = f. Then ¢ satisfies the differential equa- -

tion
2

d . . : ’ '
ey #(p, ) + (8* — E) §(p, z). = f(p,x). i (12)
We represerit the solution of (12) in the form

9P ) = _3(p)vexp‘(—(p2 — Eyi2z)
\ 1 F . I | ] . [ ' . .

+ 2 (?2'_ E)-12 f exp (—(p2 — Ept|g = z]) f(p, z) dz. , (13)

o - - ‘
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. set

Denoting ¢(p) = ¢(p, O) and using the boundary condition we get the equation

: jma e
(p? - )"2$(p +(Q4) (p) = f ,2 — dz=F(p).
‘ : — By
/ exp((p )2 2) o

’

Standard estlmates 1mply 2V2(p2 — E)is B(p)|’ < |Ifll. Thus (@) is verified. From
(13) we get | ' rom

dn 1 . . ,
=i+ { f P fdx fexp( ("’ ,j)'l,z)ﬂp,z)dz

v

2\ 1/2

< 9l + % 0 — B) 1 f(p 2 -

and - - , . » .
|2-V2(p? — E)-18 §|’ < |)2°112(p% — E)-1a g

- ,

2732(p? — )3 _FGXP (—(p® — B)22) f(p, 2) d2
(4 . - ' .

‘]

= Il2“’2(202 — By + - llp* — By i< gl + ll(Zfi2 — E)! /H-

Usmg -the opposite direction of the trlangle mequahty and the boundedness of
(p — ) ! we get (5) @
A

- Proof of Lemma 2: Let d) € D(K{%), ( )‘/2 dp) + (Qd) ﬁ’(p dlld

Y e )—2<p — "ZF(mexp( )"2) : , ’

. Obv1ously, If(p, 2)|| = Q12 IKYZF| .. Now we define a, function ¢(p, z) as the unique

~

~ solution in Ly(R,") of the differential equation

o2 . o . . . -

We i‘epfe’sent @(p, ) as in (13) by setting, in conespondence to the 1n1t1al con(lltlon
of (1), ¥(p) = $(p) — 1/2(p* — E)74/2 F(p), and get

PP, 7) = $p) exp (—(p° —  2 2) + F(p) z exp (—(p? — B)'2 2).

Using égain the tria,ngle inequality in both directions, we obtain (7) 1

Proof of Lemma 3: Suppose that.there are posmve real numbers a,, a,, b,, b,
such that for all ¢ ‘

ILB:tPII = a, |49l + b, Iltpll and llewlI é a, || 4|l + b, lgll,
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A\

and that 4 = S tP(dt), where P is the family of spectral projectors of 4. We denote

— o0 . 1 1 Lo
Hy = Bz‘l.Egn (P (_E’ ;))\, m.€ N. For ¢ € Hs llpll = 1, we get,

| 1Bl = (By*Bygp, 9) < |[B,*Bagll ‘
, ) =1 . .
I < a, |ABogl) + b, 1Bl < (—*+b2) Byl - .

Thus ||thpl| = az/m + bg Now we choose a sequence (<p,,,) such that P, € 36’,,,, l@mll
© = 1. Then .

1B, AB2<p,,,|| =aq ||A2B297m” + bx ||ABz‘Pm|| .
(_,+ )uBz«pmu < ( + ﬁ) (32- + bz) o8

m2 m
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