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"Uniquéness of the Solufiqn of i'n'Inverse;Problém :
for a Quasilinear Paraholic Equation in Divergence Form
. S. DoMMEL and S” HANDROCK-MEYER

’
Es wird die quasilineare pambohschc Differentialgleichung u; = div (a(u) grad «) . mit einer
konstanten Anfangsbedingung und einer Randbedmgung 1. Art_betrachtet, wobei @ cine
positive dnalytlsche Funktion von u ist. Unter" gewissen éusat7vomussetzungcn beziiglich »
wird ein Emdeutlgkeltssat/ fiir die Bestimmung des ]\oefflnenter\] a be\uesen '

)
PaCC\lanlmaCTCﬂ ‘KBasuaMuciinoe napaGomiueckoe aAndepeHUNaIbHOE ypaBHeHue g
='div (a(u) grad ) C MOCTOANHBIM HAYANLHLIM YCJAOBMEM H TPAHHYHLIM YCIOBHEM Nep-
BOr0O pOAa,.MpUYEM @ eCTh MOJIOKITEeAbHAA anaanTHdeckasa Gynkuua ot . log nexoTopeimi

* ROMOJIHUTEIbHLIMH [IPEIIONIOHEHMAMI OTHOCHTENIBHO U ,lona.sunae'rcn Teopewa €JIHHCTBeN-

. HOCTIl JUIA ompeneJelia koapduumenra a.

The quasxlmcar parabolic differential equation uy = div (a () grad u) with aj constant initial
" condition and a’ boundary condition of the first kind is considered wheére @ is a positive ana- .
lytic function of . Under some additional assumptions on % a uniqueness \theorem for the
determination of the coefflcxent, a is proved

1. Introduction - T

We use the following notations. D is a bounded region of the n-dimensional Euclidean
-space Rr w1th a sufficiently smooth boundary 0D, T a positive number, Zp = D
x (0, T, = 0D x[0,7). By M we denote the closure of a set M.Z R" or
M S Rot1, Pomts of R» are denoted by z = (xl, x2, o), tisa real vaxnbl(,(tlme)
with 0 <t < 7. For points P = (z,t), P'.= (x', ') € Zr we introduce the distance
d(P, P’) (le — z'|lj + |t — ¢'])1/2. Usmg this metu(, we denote the space of all
real functions which are uniformly Héldef continuous with the exponent « (0 < o < 1),
in Zr by C,(Z7). By Cy.a(Zr) we denote thé space of all functions possessing uni-
formly Hoéldei continuous derivativies (exponent «) up to the order 2' with respect
toxy, ..., z, and up to the order 1 with respect to ¢ in Zy. For the precise definitions
see [3: p 61). . : ‘
.We consider the boundary, value problem ‘ ’

wi(z, t) = div (a(u(x‘,l t)) grad u(x’, t))‘ in Zg

u(z, 0) = d (d constant) ., inD, ¢t “(1.1)
u(z, t) = y(z, t) . on I'y
with ¢ a given real function satisfying the conditions o
: . — . , L S .
peCTy), -wylz,00=d (xeadD). - S (1.2)

Now we define

vy = min J(Jl,_ min y(zx, t)}, ‘Y = max {d, max y(z,1)e.
l (&teF 1) , (z.0)el .
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We assume that v, < 9, and that @ = a(u) is a real function of the real variable u
which is analytic in an interval [v,*, v,*] with v,* < v, and v, < »,*. Further let
a(u) > 0 for all u € [v,, v,]. In this case we say that a is of the class 4 or a € 4.
Let the real function u satisfy the conditions '

. . o
u € C(Zy) n CW(ZT), us, € C(Zr) G=1,..,n), du€CZ;). (1.3)
' .
Lastly we assume that, under the stated assumptlons, for every a € A there exists
* a unique solution % of the boundary value problem (1.1) which fulfils the condition
(1.3). We denote’ this solution by » = u(a, z, {). Using a maximum principle one
obtams that v, < u(a, z,t) < v, for all (z,t) € Zr and a € 4.

In this paper we consider the inverse problem of determining the coefficient a if
u(a, o, ) is known in an interior point z, € D for all £ € [0, T'], and we prove a
uniqueness theorem for this problem. The paper is closely related to that of S. DUMMEL
[2] where the mentioned inverse problem is considered for the more s1mple equation
- u; = a(u) 4u. The special case where a(u) is constant can be found in S. DUMMEL
“[1]. The ecquation u, = div (a(x) grad u) is investigated by S.MEYER [5, 6] for
a(u) = b(u — v,)} + ¢ (b, ¢ constant, I natural number). The last cquatlon with
additional: mformatxon about' » on the boundary of D can be found in some other
papers, e.g. in N. V. MuzyLEV [7]. For further references see [2]. '

2. Sblﬂe lemmas

In this section we shall sgate some lemmas which will be needed in the proof of the
‘uniqueness theorem. Let a, € 4 and u,, u, € Csra(Zr). We defme functlons fi and f,

by ) ) . . .
' (@, 1) — (@) : '
. fl (x’l t) =‘ »ul(x’ t) — uz(x, t) g | Vlf u](x’ t) :#: ’uz(-’t, t)
A (ug(z 1)) i uy(z, t) = wy(2, 1),

a.,'(ul(x,i)) — a,/ (uq(z, 1))
oz, t) = u (@, t) — up(2, )
a," (ua(z, 1)) i wy(x,t) = up(x,0).

if »u,(z, t) %+ uz(x) t) .

Lemma 1: One has fuir fo € Cu(Z7).
This lemma can-be proved as in [7].

We introduce ’o]\.e following notations: .

b — k[2 for even k e — k/2 for evenk
- (k——;l)/2 for odd k, * 7 1k 4+ 1)/2° forodd k.
Let g,, g be real analytlc functions in an interval [¢;, ¢,]. By W(u) we denote Wron-
ski’ 8 determinant .

QW) galw) o Cen

P = lovw) o]
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Lemma 2: The derivatives W® (k = 1,2,.. .) of W are given by

w — |9 92 | a9 |
W = gl(k+l) g2(k"»l) + .bl g](k) gz(k)
' @' g _ 7% g2 ,
+ b k-1 g tk—n| T bk (tk+21) g (tk+2)) (2.2)
9 ga () A g2 |

where by = k — 1 and b,, ..., b, are real numbers.
The proof can be made by mathematical induction.
3. A uniqueness theorém

Under. the stated assumptions and some additional conditions we obtain that the
inverse problem of the determination of .the coefficient @ has at most one solution, .
if we suppose that a(d) is known. ‘

~Theorem:"Foralla € A let @(a, ", *), be the solution of (1.1) satisfying the conditions
(1.3) and in addition the condition ) o : ) )
e,z ) 20 (@0 € Zria€ ). - BERCAV

where the fun'ction y fulfils the condition (1.2). Suppose that x, € D and b € C([0, T]’). ‘
Furthermore let there exist a positive riumber 1, such that k'(t) > 0 for all t € (0, to)-
Lastly let a, be a positive number. Then there is at most one a € A with a(d) = a, such

that w(a, x,, t) = h(t) for all t € [0, 7). /

Proof: We suppose that there are two functions a,, a, € 4 with a, (d) = ay(d) = a,
such that -

w(ay, %o, £) = u(ay, 20, ) = h{t) for.all ¢ € [0, 7). . L (3.2)
" For brevity we set u;(z, t) = u(a;, z,¢t) (1 = 1, 2) and‘ul2 = d, — Uy, Qg = @, — @y

From v ' .
' (%;), = div (ai(ui) grad ;) = a;(u;) du; + a;'(u;) (grad u;)? (t=1,2)
we obtain a linear parabolic differential equation of second order for the function u,, -
by elementary computations:

. (W2)e — ar(uy) duyp — ali(ul) i ((ul)z, + (uz)z) (%12)e, .

! j=1
= [hdus + folgrad w)? wp = div (ai5(ue) grad w)  ((z,0) € Z7).  (3.3)
Moreover u,, satisfies the conditions L )
u(®,0) =0 (z€D) and wuu(z,t) =0 ((z,t)¢ Iy). (3.4)

Because of a € 4, (1.3) and Lemma 1 the assumptions of [4: §4, Theorem 3] are
fulfilled. Using this theorem we obtain that there exists a unique solution of the
dinitial boundary value problem (3.3), (3.4). This solution can be represented by
Green’s function G of the operator of the differential equation (3.3). Consequently
we have T - =

‘ ' » .
(@, t) = [ [ G, 6,2, t').div (ap(us(z, ') grad uy(a’, t))) da’ dv’. (3.5)
- J 2 ) ,

16 ' ‘ v



. oy
244 S. DiMMEL and S. HANDROCK-MEYER

‘
c - 1

‘ Becgmsé of (3.2) for the left-hand side of (3.5) there holds »
Upa(Tos £) = Uy (T, 8) — Ug(Tg,8) = 0 forall t€[0,T]. (3.6)

The function a,, is analytic in the interval [vy*, 4,*]. From the identity theorem
for'analytic functions it follows that either a;,(u) = 0 for all & € [v,, vl], and we
have the uniqueness of the function a, or a,, has at most finitely many zeros in

“[ve, v1]- We investigate the second case. Since du,/ot = 0 in Zp, uy(2, -) is monotone
increasing for fixed x € D. Thus d = v,, and we have a,(v,) = a,(v,). Hence Yo is a
.zero of the function a,,.. By w we denote the smallest of these zeros which is greater -
than v,, if such a zero exists. If such a zero does not exist we set w = »,. Then, for
all w with vy, <u < w, either aj3(u) > 0 or a,,(u) < 0. We consider the first case.

“The second case can be treated analogously In [2] it was proved that there exists
a T, > Osuchthat am(ug(z t)) does not change the sign forallz €. Dandallt ¢ 0, 7).
Now we define Ty* = min {¢,, To}. Using &’ ® >0 (t € (0, to]) Wwe can see as in’ [2]
that there exists a neighborhood S, (aro) of o and an interval (¢, t;)’ < [0, Ty*] such
that

‘

() (2, 1) >0, . wy(a, 1) > vy, ((2,0).€ Bre = Su(zy) X (4, 1a)). (3.7)
From this we obtain Vt,hbat, ) RN V R ’
() > 0 and. ay(uy) dup + a5’ (us) (grad up)? = (ug), > 0 |
for all (x,t) € Brs. Let W(u) be the cleterminant, (2.1) with g, = a, and g, = a,,.
Then we obtain . )
dlv (a12(?"2) grad uz) = alZ(u2) Auy + ajy(us) (grad Up)?

v 3.8
> — Wus) (gxad uy)? ((x, t)€ Bre). . 88
. < Gg(ug)

* Now we prove that there exists a real number w; > 0 such that W(u) > 0 for all
_u € (vg, Y9 + w,). The function a;, = a,5(u) is analytic in a neighborhood of 4, and
“@a(vo) = 0. Either the derivatives a{§(vy) = 0 for every %, and we have a,(%). = ay(u)

ina nelghborhood of vy, or there exists a natural number m such that :

a¥(we) =0 (k€ {0,1,...,m) and a7+ V(v,) + 0. 4 (3.9)
We choose » such that vy < u < W Then by Taylor’s thconcm we obtain, f01 some
&€ (vo, u),

'a({‘?,n(f)'(u — pp)mH! (m + 1)l ayy(u)

a(u) =

(m+1) : '
— (m A 1! s 212 (&) = (@ — vg)™+1 >0
1 . ~ .
and, because of'(3.9), S |
a»(’”“)(v )_ lim a(m.»o»_l)(é) > 0. S - : | \ (310)
' uy—v, . ) ‘

W= W(u) is also. an analyblc functlon and from (2.2) and (3. 10) we. obtain for
m 2 1

() = 1, —1}),
w (vo) 0 (k € {0 m’ 3] 3.11) .-
W("')(vo) = ay(%,) a(m D) > 0. o

For m = 0, there Holds;W(‘?)(vo') = W(w,) > 0. Again using Taylor’s theorem, (3.7),
(3.11) and the continuity of W™ (u) in [v,, v,] one can easily see that there exists

\ ]
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aw >, such that

WE) (ug — o)™
B m'

W(uy) = >0 (up€ (vo,v + w,>) S @)

As i [2] it can be proved that’ bhere exists a 7', > 0 such that W(uz(x 8)) ddes
not change the sign for all (z,¢) € ZT We define 7,* = min {T'\*, T} and Brs .
similarly as the set Br,. Both Br.e and By can be chosen in such way that Brs -
€ By, Then froni (3.8) and (3.12)-we obtain-

W (u,)
as(us)

' \Ioreover for all (z,£) € Zr,. we have a,(us(z, 1) = 0 and’ W(uy) = 0. Then if we
repeat the above consideration it. follows from (3.1)  that

(grad )2 = 0. ((a:,t) € BT,.).' : (3.13) ‘

div' (@13(uz) grad.u,) >

~

de_ (@12(up) grad u,) = > Vi) (grad w220 (@) €Zr).  (314)
! ‘ 02(7/:2) ] . ’ _
- Lastly we have (see [3: p. 83]) S . _ .
Glzg, T, 7,8) >0 ((,0) € Zpys). ~ | T (3.15)
Now from(3.13)—(3.15) we obtain : ' '
T,*
' S [ Glao, To*, 2/, ') div (ay3(us(z, 1)) grad uylz’, t')) dz"dt’ > 0.
op -

But this is a contradiction to (3 5) and (3.6), ‘and thus a,(u) =a,(u) for "all .
uE_['Uo,'Ul] l g o :

, Remark: If we consider the class of coefficients @ with the propert,y a is-an
- analytic. function in the interval [vy*, v;*], a(u) > 0 and a’(x) < 0 in the interval
[vo, v,], then the proof of the umqueness theorem is very simple.

~ In the uniqueness theorem we have used thé supposition (3.1). In the followi mg
proposmon we shall give sufficient conditions which imply this relation.

PropOSItlon Leta €4 and u be the umque solution of the boundary value problem
(1.1) satzs/ymg the conditions

w€ OB 2 Colr),  wa€CBp)  G= L., due O,
- ‘ : (8.16)

Suppese that_the boundary function. y fulfils (1.2) and in addition y(x, -) € CY([0, T),

Coowlz,0)=0 /or all x € oD, y(z,t) = 0 for all (x t) € I'r. Then we have u,(x,t) =0

for all (z,t) € Zz.
Proof: Set u, = w. From (3 16) it follows that w € C(ZT) 0 CoralZy), and we

have

w = a(u ) dw + 2a’ (w) grad'» grad w , .
+ [a’ (u ) du + a''(u) ('grad u)flw - inZy, : , (3:17)
‘w(z, 0) = 0 in D, w(x, t) = y(z, t) on I'y. The functions a(w), a’(x), a’'(u), Uz, -- ., s,
" and du are bounded in Z;. Hence the coefficients in bhe differential equation (3.17) °

are also bounded in Zy. On the boundary I'y u D we have w(z,t) = 0. Usmg a
/ma\lmum prmmple [4 p- 8] we obtain u,(, t) = w(z,t) 2 0 for all (z, t) E Z,» |
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