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Clarkson’s Inequalities, Besoy Spaces and Triebel-Soholev Spaces

T. CoBos and'D-. E. EDMUNDS

Es wird gezeigt, daB dic Clarksonschen Ungleichungen auch in einigen Besov-Riumen B},
und Tricbel-Sobolev-Raumen F$ , gelten.. o ' . L -

IokasLBacTCA, uTO HepapeHcTBa Kiapkcona clpaBeiyinBLL TKHe B HEKOTOPHIX MPOCTPaH-
crBax Becora B, , u npocrpancrsax Tpubensn-CoGonesa Fj .

~ It is shown that. Clarkson’s inequalities also hold in some Be’sov:spaces By, and Triebel-
Sobolev spaces Ff . ) R ’
1. Introduction. In 1936, J. A. CLaRKSON [1] proved that the following inequalities
hold in L,: T , . ’ ’ : -
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"These gencralise the parallelogram law in L,, and show that L, is uniformly convex -
if 1 < p < oo. Since the discovery of (1) and (2), many people have been interested
in two problerns which arise naturally: to find other Banach spaces in which these
incqualities hold, and to find the most suitable way of proving them in such spaces:
As examples we cite the paper by L. R. WiLL1aMs and J. H. WEeLLS [9] for the case

~ of L, spaces, those by C. A. McCarTHY [5] and C. E. CLEAVER [2] on Schatten p-
classes, that by M. MiLMax [6] on Fourier-type spaces and the paper of the first-

‘named author [3] concerning Sobolev spaces. . o

In this note we show that Clarkson’s inequalities also hold in some Besov spaces
B, and Triebel-Sobolev spaces Fj ;. To do this we compute the type or cotype
constants for certain of these spaces. ” , : _
It is known that the (Rademacher) type (resp. cotype) of By, , and F3, ¢ is min (2,2,9)
(resp. max (2, , q)). Our procedure is to choose an appropriate L,-norm in the
definition of type (resp. cotype) in such a way that Clarkson’s inequalities follow
from the fact that these spaces have type (resp. cotype) constant equal to 1.

‘9. Preliminaries. Let N be a fixed positive integer, let: S(R") and S’'(R")

be the Schwartz space of all infinitely differentiable rapidly ‘decreasing (real- or
" complex-valued) functions on R® and the collection of all (real- or complex-valued)
tempered distributions on R", respectively, and let F' denote the Fourier transform
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on S(R"). Let (¢4)i=0 be a sequence in S(R") with the following properties:
For all £ € R"and all £ € N, := N.u {0}, (Fée) (£) = 0. - (3)

. supp Fd’kc {E € Rn: 268 < & < 26+¥)  for all ke, . - o
and . -
" supp F¢oc {& € Rn: (8] < 2.

There is a positive number c such that for all £ ¢ R" ()

PALNCEDE. -

Given any f € Ny, there is a positive number ¢g such that for all (6)
k€ Nand all £ € R*\ {0}, |(DPF¢,) (&) < cp ||~ 181 ' . '

The existence of: such a sequence is established in Sectlon 2 3.1 of [7].
Given any s € R, any p € (1, 00) and any ¢ € (1, 00), we denote by B; , the Besov
space of a.ll dlstrlbutlons fe S’(R”) having finite norm ‘

If 1 B’,qll = [)_7 (2 I ¢k ! L (R ]

o Fs w111 stand for the' Trlebel Sobolev space-of all fesS (R") with fmlte norm -

plg 1/p
llle qlli=,[f<)_j'20ka](/*¢k [) ~d¢]v.

R® . ) :
kOI/ i

Endowed with the corresponding norms, B, , and If"’ are Banach spaces; they are
independent of the particular choice of functions ¢k, changes of ¢, merely giving
different, but equwalent, norms. The two scales of spaces, B;, and F,, ¢ cover
" many well-known classical spaces of functions and distributions on R": for e\ample,
F3, is the ordinary Sobolev space W, (R") if s¢ N and p < (1, o). Detalled in-
formation about these spaces can be found in [7] and [8].

* Finally we “turn to the notions of type and Lcotype. Given any p € (1, oo) we'
denoté by p’ the number p/(p — 1). A Banach space X is said to be of (Rademacher)
. type p for some p.€ (1, 2] (resp. of cotype g for some g € [2, c0)) if there is a con-
stant C < oo such that for every flmte set of vectors (), ..., ,} in X we have '

|| m o ) ' g
( f Zr,(t)x, dt) go( ¥ ||x,||v) o . (7)
0 i=1 . N =1 . . .
(rqspectivel y, ’ ' L
o m m. q 1/’ ' o
(anin") <0(f 7o)z, dz) ) o ®

- where' r; denotes the Rademacher function defmed by r,(t) = sgn (sm (2’nt)) for
0 <t < 1. In.[4] these notions are introduced by using L, norms: by a result of

J. P. Kahane (sec [4], Theorem 1.e.13), that definition is equivalent to ours. Any
" constant C satisfying (7) (or (8)) is called a type p-(or cotype q) constant of X. Note .
that if 1 is a type p (resp. cotype g) constant of X, then inequality (1) (respectlvely
"(2) with p = ¢) holds in X. This explains why we did not choose the L, norm in.
the definition of type and cotype. By way of illustration, we remark that 1 is a

~
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type p constant of L,-and [, for all p € (1 2] (see. [6]) By a duality érgument, (see
[4], Prop. 1.e.17), it is not hard to check that 1 is also a cotype ¢ constant of Ly
and I, for all ¢ € [2, oo). This will be very. useful in the next section. .

3. Clarkson’s inequalities. Now let us come to the results. For the type we have

Theorem 1: Let s € R and suppose thatp,qare suchthatl <p <2%and p<gq =p"

“ Then 1 is a type p constant of B ,and F; ,

Proof: Let m € N and let fy, ..., fn 6 B:,q Then by the triangle 1nequaht.y mA

- Ly, the fact that 1 is a type p constant of Ly, and the trlangle mequahty in Lgyp,

we see tha.t
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This shows that'1 is'a type p constant of B ,. For Fz',; we prpceed in a similgr
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For the cotype we have .
Theorem 2: Let s € Rand suppose that p, q are such that 2 Sp< o andp Sq <p:

-Then 1 is a cotype p constant of BS, ; and F3 ,

- Proof: This time we give the detaLls for F

s.p; the case of B}, can be handled

"in the same way. Let m € N and $uppose that f;, ..., fm € F% ,. Then by the Minkow-

ski inequality in Ly, (note that ¢/p < 1 and’'so the usual ‘V[mkowslq inequality is

_reversed), the fact that 1 is a cotype p constant of L, and the generahsed Mmkowslu

‘inequality in Ly, we have
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Fmally, as an immediate consequence of these tlxeorems we obtain

Theorem 3: Let s€ R, p € (1, 00),q € (1, o) and let X be B, , or F3 .. Then for
all f and g in X we have, with |-|| standing for the norm in X, ‘

(L2 ]If — gl”" + 1/2:lf 4+ gll? )" < (IfIP + llglip)H/e
fl<p<2adp=<gq<p, !

and . - . . ,
C(U2f — gl + 12 [ + glpyrr < (Il/II” + IIQII" e Lo
z/2$;p<ooandp Sg¢g=sp. ‘ '

Remark: Let Q be an open subset ‘of R* and let B;, () (resp. F} (2)) be the
restriction of Bj, (resp. F; ) to 2, 'wit,h norm :

If | B o(2)ll:= inf {jlg | B - gla—f g€ B
(resp. IIfIF Al = inf {lig | F3 ll:glo = f.g € Fy ).

Then it is clear that the mequa.llmes of Theorem 3 hold when X is allowed to be
2.a(2) ot FQ Q). '
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