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A Quantitative Bohman-Korovkin Theorem and its Sharpness 
or Riemann Integrable Functions	 S 

H. MEVISSEN, R. J. NESSEL and E. VAN WICKEREN 

Ausgehend von einer Arbeit von Pôlya (1933) uber die Konvergenz von Quadraturverfahren 
haben wir kürzlich einen Folgenkonvergenzbegriff im Raum der Riemann-integrierbaren 
Funktionen eingefuhr, unter dem sich dieser klassische Raum als Vervollstandigung der ste. 
tigen Funktionen darstellt. In der sich dann anschliel3enden Diskussion mäglicherAuswirkun-
gen auf di'Approximationstheorie.wurde unter anderem der Satzvon BohmanKorovkin (mit 
und ohne Ordnung) von stetigen auf R. iemann-integrierbare Funktionen ubertragen. Die dabei 
erzielten Schranken wurden uber den ersten t-Modul ausgedruckt. Ein Ziel dieser Arbeit ist es, 
entsprechende Abschätzungen gegen den zwéiten T-Modul herzuleiten. Die Schärfe dieser 
Resultate wid dann mittels- eines quantitativen Beschränktheitsprinzips gezeigt. Schliel3lich 
werden die aligemeinen Ergebnisse im Zusammenhang mit Bernstein-Polynomen und linearcn, 
interpolierenden Splines getestet.	 - 

14cxojx.q OT oH61 paGoTar floiiva (1933) 0 CX OJ 1IMOCTB MeTOOB RBaApaTyp Mlii suejiu IIeaBHo 
noHnTIle CX0HM0CTH nocJlelxouaTeJlbnocTell B EIOCT}1CTBC IlHTerpnpyeMblx no PuslaHy 
)yIIxun5, npu KoTopoM DTO inaccwiecioe npocTpaucTBo oHa3a.noch90110J1HeH11eM Henpepain-

HliIX yHH1uti. B xoje noc.uejyiou.1et1 )1.HcHycclsH 0 B03M0HIIbIX nocnecTBHHx na Teoplilo 
annpoKdnMausm nepeHoclulacb, Me -., y npo'iut, TeopeMa BoMaiIa-1-copon141,11-1a (C nopnxoi 
H 6e3 Hero) C IlenpepblBHhlx HaIIHTerpnpyeMh1e no PHMaHy yuiiuf1. ,LocTnrHyTbIe npis 
3TOM rpaiinti norpewHocTH nwpaarnic 'lepea nepBa!n T-MoyJ1b. Oiia no uejieft OTotl 
pa60Tbl - BhIBOHTb cooTBeTcTBylouIIe OICHKI1 oTfroduTejmIIo BTOporO r-M0Jy.un. HOTOM 
nocpecTBoM ICoJlIl'iecTBeIIHoro HJUfIIHfla orpaHll'leIIHocTII n0Fa3bIBaeTcJ 'ITO 0TH pe3yii-
Tam! HBJImOTCR TO4HLIMH. UaHoHeu, o6une peayJiami flOBeHI0TCH B CBHCH c noimHo-
MaMH BepHwTeftHa 11 J1141-lefIlhlMH uhITepnoJlIlpyIoaulMn duJ1alHaMu. 

Inspired by work of POlya (193 on the convergence of quadrature formulas, we previously 
introduced a concept of sequential convergence in the space of -Riemann integrable functions 
under which this classical space is in fact the completion of Continuous functions. Discussing 
its consequences to approximation theory, among others we already extended the (qualitative 
as well as quantitative) Bohn-ian-Korovkin theorem from continuous to Riemann integrable 
functions. The error bounds obtained were given in terms of the first r-modul. One purpose of 
this paper is to derive corresponding results, involving the second r-modul. As a consequence 
of our previous quantitative uniform boundedness principle-it is then shown that these esti-
mates are indeed sharp. The general results obtained are illustrated in connection with Brn-
stein polynomials and linear interpolating splines. -	- 

I. Introduction	 - 

Let B =B[a, b] and R = R[a, bJ be the spaces of functions, everywhere defined on 
the compact interval [a, b] of the ieal axis It which are bounded and Riemahn inte-

• giable, respectively. Though B and R are' Banach spaces under the norm Il/jIB 
sup'{l/(u)I: u E [a, b]}, uniform convergence is not appropriate to approximateinR 

since then suitable dense subsets are not available. This is avoided by the following 
concept of sequential convergence: A sequence (/}	B is called (Rienann) R-coñ-

/



368	II. MEVISSEN, R. J. NESSEL and E. VAN WICKEREN 

vergentto/EBifforn — c'o	-	- 

IttnIIB =	( I ),	jsup Ilk - /1 = o(1) 
k.'^n 

with upper Riemann integral ft	f 1(u) du. It turns out that B as well as 1? are 

still (sequentially) R-complete. From the point of view of approximation, the most 
important feature then is that the R-closure of standard classes of smooth functions 
(e.g., polynomials) yields R. In fact, Banach-Steinhaus theorems 1can be established 
in this framework, giving necessary and sufficient conditions for the R-convergence 
of -operators. See [6] forthe details. 

Turning to positive operators, it was shown in [12] that the well-known Bohman-
Korovkin theorem remains valid in the present context. Indeed, a sequence (Tj of 
positive linear operators of .R into itself is R-convergent on R if and only if the se-
quence is R-convergent for the three test functions p,(u)	u', i = 0, 1, 2. 

Concerning quantitative extensions, an appropriate measure of smoothness is 
given by the k-th r-modul (f € B, 6 > 0, k € N) 

6) =foJk(/ x,	wk(t, x, 6)= sup { lA hkt(Y)l: y ±	h € U6(x)} 

A hkt(Y) =	(1)k1 ( .i ( +	- 

j=O	\21 \	\	i ) 
U 6 (x) = [x —6, x + 6)] n [a, b], 

employed by the Bulgarian school of approximation during the last decade (see [15], 
there for functions f, measurable and bounded). Indeed, r 1 (/, 6) = c(!) for 6 - 0+ 
if and only'if / € R. The following error , bound was established in 112]. 

Theorem 1: Let {T} be a sequence of positive linear operators, mapping I? into 
itself such that Tp0 = ro• Setting 

= sup II Tk((u - x)2; x)IIB,	 (1) 
k>n 

for each / € R there hold true the estimates 

lIT IIIB	IIIIIB,	 .	 (2) 

5 sup ITS— Ii	5r1(f,	1/2).	 (3) 

Obviopsly, this result is again completely parallel to the classical one, concerned 
with continuoufunctions and uniform convergence (see [3, p. 28] and the literature

 cited there): In Section 2 we improve (3) to an estinate involving the second r-modiil, 
again quite parallel to the procedure in the continuous case (see [8; 9] and the litera-
ture cited there). This, however, can only be done for a special class of positive opera-
tors, characterized by condition (9) on the fourth moment (see the comments, given 
at the end of Section 2). Applyjng our previos quantitative extensions of the uni-
form boundednss principle, it is then shown in Section 3 that the preceding estimates 
are indeed sharp. Finally, in Section 4 we test the general results in connection with 
Bernstein polynomials and linear interpolating . splines (see also the hints to the 
literature, given there).	 .
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2. The Bohmán-KOrovkin theorem 

To derive the estimate mentioned we proceed along the standard interpolation argu-
ment. To this end, define a norm for / € R and 6> 0 via 

-.
111116 = f M(/, x, 6) dx,	M(/, x, 6) = sup I/(y)I,  

•	 -	 -o	 y(1J6(X)	 - 

nd let R2 = R2[a, b] be the space of functions g, twice differentiable on [a, b] 'with 

g' ER, endowed with the seminorm 11=f g"(x)I dx. The-following lemma is 

well-known and may be found in [1; 2; 13]. Let us include a proof for the sake of 
completeness (and simplicity). ,.	

0 

Lemma 2: For € R, 0< 6 '<b - a there exists go € R2 such that  

•

	

	lit - g IIo 	10r2(/, 6),	19612 5; 206 2r2 (/, 6). 	(4)


Proof: First of all note that  

il/ho ;S 2 il/1	(/ € R).  

Indeed, one has 
M(/,x— 6/2,6/2) +' M(I,x + 6/2,6/2), a' + 6/2	x !E^; b - 6/2, 

M(/, x,ô) < M(/, x +6/2, 6/2) + M(/, x, 6/2),	a ^ x^ a + 6/2,, 

	

x - 6/2, 6/2) + M(/, x, 6/2),.	b - 6/2 < x :E^: b,


which yields  
/b-6	b	o+O 0+6/2 b-612 b  

Il/lb	('J + f + 7 + 74-f +7 ) MU, x, 6/2) dx= 2 11/110/2.  
a , o+O 0+612 0	b-6 b-612 

Now define Steklov means for / € R via	 .' 
6/4	,	 6/4 

go (x) = 462ffj(x + s + t)dsdt	4(5_2ff/(x - s - t)dsdt -	(6) 
•	—614 -	 —6/4 

where j s given as the extension (cf. [16, p. 121])	 - 

-	 /(x),	•	a:^,-x.:E^:b, 
1 = —/(2a—x) + 2/(a),	2a— b x <a, 

I, —/(2b—x)+2/(b),	b<x^'.2b—a. 

Since for y E h € [x - 6, x + 61 the difference Ll h2/(Y) only differs from z1, 2/(y) if, 
e.g., y - h <a	y	y + h, and since in this special case	- 

iJ J(y ) = LJ_0/(a+h) -. 2J_O _ h/2/(a + h/2) + 221,2f(a +'h/2), 

• it follows that for x € [a, b]	 •	

0	
- 

(02(11 x, 6) ;5 5w2(f, x, 6),	u2(/, x, 6) :=	sup	k'h21(Y)l	 (7) 
-	• S	 •	

•	p.y±hEtx—O.z+OI 

In view of (6) one obtains for y E U612 (x)	 '	•	
0 

•	6/4	 - 

•	g (y)	/(y)i = 26	ff L1,,/(y) ds dt	W2(/, x, 6), 
•	 —6/4	 - - 

24 Analysis Bd. 7, Heft 4 (1988)



370	H. MEVISSEN, H. J. NESSEL and E. VAN WICKEREN 

which delivers (cf. (5), (7)) M(ga - /, x,12)	5w2 (/, x, ), i/ - gollo	10r2(f, 4 
Moreover, g6 ER2 with g0 "(x) = 42 1z1 6 2/(x)l 	46%(11x16), which implies (4) 
view of. (7) I 

We are now in the position to prove the following quantitative Bohman-Korovkin 
theorem. 

Theorem 3: Let {T} be a sequence of positive linear operators, mapping R- into 
• itself siwh that (c/. (1)) 

T.p i 	p	(i = 0, 1),	 (8) 

Ii T (( — x); x)PI B ^ K1 2	 (9)


/or some constant K > 0. Then there holds true the estimate 

• fup lTkI - /l ^Cr2(/, p1/2)	(I E R).	 (10) 

Proof: In view of Lemma 2 and 

f sup lTkt - /1 :!E^ f sup lTk(I - go)	(/ - go)l ± Tsup I Tk9b - gal 
k2n	 k;>n k >_ n 

it is sufficient to show that (6 = ' z1/2)	 I 

f sup lTk t - go) - (I - ga)l :5 101/ - gall,,	 (11) 
k2n 

• f sup I Tga - gal	CIi gal2.	 (12) 
kn	-	 / 

Obviously, (11) is a consequence of Theorem 1 since -r i (/, 6) :c^ 2 !l/lIo To establish 
'	(12) consider the expansion (g =.ga, u, x E [a, b]) 

g(u) = g(x)± (u— x) g'(x) +J (u - t) g"(t) dt.	-	 (13) 

Concerning the remainder one has	 • 
I: = f(u - t) g"(t) dt ;5; lu - xj f Iy"(t)j dt 

-	

^ ( 
+ 

(u - X)2) f Jg"(t) dt + (u - x)4 f 
Ig"(t I It 	

I + 12 

	

It-xI<O	 1 -zJ^O 

It follows that for k> n (cf. (8))	 • 
•	 Tk((u_x)2' x) 

Tk(Il ; x) = (6 +	
) f Jg"(t) dt	(6 + -) f g"(t)l dt, 
!t-rI<6 

and therefore  

f sup T1 1 (6 
+-) f f g"(t)Jdt dx = (6 ±	26 

jt—zJ<ó
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Furthermore, in view of (9) one obtains that for k ^t n 

Tk (12 ; x) ^S KYn2 f Ig"(t)I	
dt	 S 

fsup Tk12 ^5 K2 f f g"(t)	dt dx K26219 12-: 
t—zIo 

	

Together with (8), (13) this delivers	 -. 

f
sup I Tkg - I	(6 +	26 1912 + K1z 2ô- 2. 1912,	.	..

k^n	 6


-which establishes (12) by setting 6 = 

	

In view of (10) condition (8) is somehow natural (cf. [14,p. 18]) since then	. 

f sup I TkPi - Pd	Cr2 (pn	= 0. . 
k^n	 . 

Thus the relevant assumption is condition (9),well-known in the literature in con-
nection with a treatment of related problems such as saturation or inyerse theorems 
(cf. [3, p. 131, 2641,. [4]).. Note that if Tp0 = Po ' then conversely T,,( (U x)2 ; x)2 
^ T,,((u - x)4 ; x) by the Cauchy-Schwarz inequality. On the other hand, without 
condition (9) the best result; known so far, is 

f ITf - Il	Cr2(t,	1 109 vI)112),	 = Il T ((u - x) 2 , X)PIB 

given in [14,p. 45].	
5-	 ..	 . .• 

3. The sharpness 

To derive the sharpness of Theorem 3 1 a quarItitativeextension of the uniform bound-
edness principle will be applied. To this end, let w(6) be an abstract modulus of con-
tinuity, i.e., o(6) is a positive, continuous, subadditive, and increasing function of 
6 > 0 satisfying	 . .	 . . 

w(6)	(1),	6	(w(6))	( 6 -->0+) .	.'	 (14) 
Furthermore, let X be 'a Banach space with norm J•11- and X* be the space of non-
negative, sublinear, bounded functionals T on X, i.e., for f, g E X and scalars a 

0 T(f+ g)^S Tf+Tg,	T(af) Ial T! 
sup (T/: I E X, IItIIx :5-. 1) <co.  

The following resonance principle holds true (cf. [7] and the literature cited there). 
Theorem 4: Let {p} be a decreasing nulisequence, let a(6) >0 and w(6) be subject 


	

to (14). Suppose that for U, R E ,X* there are elements h, E -X satisfying	- 

IIh lIx =	( 1 ),	•.•	S.	 -	

S	 .	 (15) 

Uh :!9 M min {1, a(6)/q}-	(6.> 0,. n E N),	 (16) 
Rh	o(1).	.	.	S	

.	 (17) 
94*



/ 
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Then there exists a count 'erexani pie /,. € X with 

Uoto. =	cu(a((5))),	R,,f	(w(co,,)).	 (18) 

In the present context X will be the Banach space R with norm IIIIB US = r2 (f, (5) 

with q',, = ,u,, and a(ô) = 62, and R,,f = f sup ITkI - /1 . The sharpness of the esti-
mate (10) is then established by	kn	- 

Theorem 5: Leg {T,,} be a sequence of positive linear operators of R into itself, 
satisfying (8), (9) with au,, = c(1) (cf. (1)). Moreover, for each n E N let I,, be the union 
of j,, disjoint subintervals I := (a,,,, b,,,) of [a, b] such that 

0 < c1	j,,u,,112 < c2 ,	by,, - a1 ,, (19) c3 i,,'2 > 0,	 (19) 

•	 0<c4Un	Tn ((7i_x) 2 ;x)	(xEI,,).	 - (20) 

Then for each co subject to (14) there exists 'a counterexample /. E R such that 

(5) =	 f sup JTk1. - /o, + .((u(/L,,)). 

/	 kn 
Proof: To construct the elements h,,, following [5], let H be four times continuously 

•	differentiable on R with 

•	0,B(u)^S1,	:H(u)={'_1.'.	 (21) 
Jul 

Choose a constant c5 > 0 'such that (cf. (9)) K0 := 2Kc52 ^, c4c5 - IIH4 I18 Kc52/24 
and define 

-' d,, = (,u,,/c5)112, ,	h,,(u) = H((u - x)/d,,),	u, x € [a, b]. 

Without loss of generality let x1,, := (a1,, + b 1 )/2 satisfy Ix1, - x11, ,3 	3d,, (other-




wise omit some intervals, namely each time at most m ones, where m, independent 
of n, is determined b ni c3 	3c5_ 112). Now set 

jhn	 h1,,,	hi, =	 S 

Let u € [a, b] with h,,,(u) r= 0. Then lu - x1n J :!z^ d,, which implies lu - x,,I > d,,, 
thus h 0,,(u) = 0 for i == j. Therefore one has (15) since I1hnII5 = max Ilh inlIB	I111iIs


1. Moreover (cf. [15, p. 24]), one obtais (16) in view of (19) and 

r2 (h,,; (5) 5 C62 IIh,,"jJ1	C62d hjf H"(u)I du	C621.	
- 	

(22) 

Now let x, y € I,,. with Ix - y I	d,/2. By (21) one has H"((x - y)/d,,) = 2,

H(3)((x - y)/d,,) ='0 so that for uE [a, b] there exists between x and u with 

•	 h,,(u)	h,,(x) + (u - x) H'((x - ,)/d,,)/d + (u - x)2/d,,2 

± (u - X)4 _H(4)(( - y)/d,)/24d,,4. 

In view of (8), (9),(20) this gives 

•	IT,,(h,,;x) - h (x)I"^ T,,((u - x) 2 ; x)/d,,2_ T,,((u - x)4 ; x) 11H 1 4 ) II B/24d,,4 - 

^ c4fz,,/d, 2 -- Kjz,2 
= c4c5 - II H4 II5 Kc52/24 >K0,
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i.e., with,y	x, one has 
ITn (h,n ;'x) - h,(x)I ;^t K0	(x El,,, Ix - x,,j <d,,/2).	 (23) 

Setting	-	- 

,, 
= min {d/2,c3t1I2J2}	c6t,,1I2, B,, = u[x,, T	',j, 

B,, is of total length j,,2,,	2c6c 1 > 0 by (19). 

	

Now consider x E B which implies Ix — XknI	d,,/2 for some 1	k j,,. Since 
Ix — x.,, > d,, for j =f= k, one has h,,,(x) = 0,'thus in view of (23) 

IT,,(h,,; x) — h,,(x) ;;^ k0 - T,, (L' h,,,(u); x\.	 (24) 
\j*k	/	 - 

I f u  E [a, b] satisfies Ix — Ut :!^-. d,,, then 

IXk±1.n - U  ^"VIXk±a,n ;.-Xk. I - IXk,, -- I - Ix - uJ 

thus h1,,(u) = 0 for j z= k so that f h,,,(u) = 0 for Ix - UI ;5 d,. On the other hand, 
j*k	/ 

- if .Ix - UJ > d,,, then E h1,,(u) ^5 1 15: ((x _.u)/d,,)4. Altogether this, delivers 
j*k 

' h,n (U) ^ ((x - u)/d,,)4.for u € (a, b] which givesin connection with (9),(24) 

T,,(h,,; x) h,,(x)I	K0 - Ku,,2 /d,,4 = K0 - Kc52 = K012	(X E B,,). 

This establishes (17) since  

R,,h,,	f\I T ,,h,, - h,,I	c6c 1 K0 > 0 I .	.	.' .	(25) 
•	 B,,_  

For U/ = r(/, ô) one may analogously deduce the following contribution con-
cerning the sharpness 6f Theorem 1 (cf. (22)).	

V 

Corollary 6: Under the assumptions 0/ Theorem 5 there exists a counterexath pie 
E R such that 

-r it/,0, ô) = O(w(ô) 	f supTd. - /I t t'(ejn1))	
V 

V	 kn 
Note that the proof still works (cf. (25)) if one considers R,,/ := f IT,,/ - /1 so that 

one also obtains the sharpness of estimates of type	V 

f IT,,/ - /1 ^S Cr2(/, /2,,h/2)	(/ € R),	 (26) 

thus even for, the L'-error (cf. (10)). 

• 4. Applications	 •.	 I	.	

V 

Let us discuss the preceding Bohman-Korovkin theorem and its sharpness in con-
nection with Bernstein polynomials and spline approximation. 

• The.Bernstein polynomials are defined for / € R{0, Fl by - 
n 1 k
 

( n )B,,(/;x) = '/ -)
	

xk(1 - 

011ie has B,,p = p for  =0,A and  B,,((u - x)2 ; x) = (x)/n, (x) := x(i - x), thus 
•	(8), (19), (20) with ,u,, = 1/4n are fulfilled if one chooses 

= (1/4 i-f- (j—I) n 112 , 1/4 + jn 1 /2 ) ,	nh/2/2 :!E9 j,, <nhf2/2 + 1.
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Concerning (9) only note that	- x)4 ; x) = 3 2 (x)/n2 .+ (x) (1 - 6(x))/713.

Hence our theorems deliver 

Corollary 7: For / E R[0, 1] there holds true 

f sup At - fJ ^5 Cr2(/, fl_1/2).	 (27) —	kn 

Moreover, for each to subject to (14) there exists an /, E R[0, 1] such that 

a) = O(o(a2)),	fsup IBkfW - /,j == (w(1/n)).	(28) 
k^n 

Concerning the L'-error f JB,,/ - / j , results like (27) (cf. (26)) are well-known (cf. 
[1], [15, p. 107]). In fact, instead of (9), convexity arguments are available for 
B" g0 - ge" (cf. (12)). Though (27) - is sharp in ;the sense of (28), no inverse theorem 
can be established. Therefore, in [10] the relevant LLestimate was strengthened by 
substituting the (unweighted) r2 -modul by 

T2 (/, ô) := f sup {1 4 h2/( t )I : t ± h € U','(X)+a.(x)} dx. 

Partial inverse theorems were then established in' [11] for the LP-error, p > 1. Con-
cerning the Riemânn error f sup J Bk1 - /1 discussed here, an improved direct as 

-	 kn 

	

/ well as inverse result can be found in [18], namely	 - 
M 

sup Btf - /J	< Mi29(/, _1/2), T29'(/, n_h/2) ^ - E SUp IBm/_fl •	 kmn	 I/n	 k=1 m>k	 ilk 

•	in terms of the weighted norm 

f sup {l/(zj)l : y E Uol.(X)+o(x)} dx. 

Let us also mention that the sharpness of the latter results is discussed in [17]. 
Finally consider linear interpolating splines on the equidistant nodes xe,, := k/n 

in the interval [0, 1]. With the continuous functions 

11	- x l, lXkfl - xJ	1/n, 
-	else	 -


the spline operator S. is defined for / E R[0, I] by 

S(f; x) = E/(xk fl) g(x)	(x € [0, 1]). 

Obviously, Sap, = p*i for i = 0, 1, thus (8). Furthermore, one has (x € [0, 1], r = 2, 4) 
1	•	 •.	 1 •	S((ui_ x)T;x) =	 (xkfl - x)'g(x) = E (xk fl - x)'g(x) < -,	(29) 

-	k-O	 Ok,(XH-O -	 n 

since Jxkn - x l	1/n if gkn(x)	0. Set In =U ((4k - 3)/4n, (4k - 1)/4n). -Then 
x E- In implies x,, - X1 	!/4n which gives	k1	- 

-	S((u - x) 2 ; x) kO
	

- x)2 g(x) ;i;	'g(x) = 12	(30)
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Therefore 1/16n2	ti,, ^5 1/n2 in view of (29), and (9), (19), (20) with in = n follow

by (29), (30). 

Corollary 8: For / E R[0, 1] there holds true 

f SUP SS - /1	Cr2(/, 1/n),	 (31) 
k.*^n 

and /or each co subject to (14) there exists an /, E R[0, 11 such that 

•	12(/n,, ) = ((2)),
	7 sup JSJ.— /! + C(a)(1/n2)). 

kn 

The result, corresponding to (31) for the L'-error, is again well-known (cf. [15, 
P.- 123]). 
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