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‘

Ausgehend von einer Arbeit von Pélya (1933) iiber die Konvergenz von Quadraturverfahren
haben wir kirzlich einen Folgenkonvergenzbegriff im Raum - der Riemann-integrierbaren
Funktionen eingefiihrt, unter dem sich dieser klassische Raum als Vervollstindigung der ste:
tigen Funktionen darstellt. In der sich dann anschlieBenden Diskussion méglicher Auswirkun-
gen auf diéApproximationstheorie wurde unter anderem der Satz ‘'von Bohman:Korovkin (mit
und ohne Ordnung) von stetigen auf Riemann-integricrbare Funktionen iibertragen. Die dabei
erzielten Schranken wurden iiber den ersten T-Modul ausgedrickt. Ein Ziel dieser Arbeit ist es,
entsprechende Abschitzungen gegen den zwéiten 7-Modul herzuleiten. Die Schirfe dieser
Resultate wird dann mittels. eines quantitativen Beschrinktheitsprinzips gezeigt. SchlieBlich’
werden dic allgemeinen Ergebnisse im Zusammenhang mit Bernstein-Polynomen und linearen,
interpolierenden Splines getestet. ' -

. Micxona or onuoi pa60'fb1 IMonna (1933) o cxoxumocTu METON0B knanpaTyp MBI BBeJIH HEeTAaBHO

TIOHATHE CXOAMMOCTH MOCIHENOBATENbHOCTE!l B MPOCTPAHCTBE HHTErPHPYEMHX N0 PHMaHY -
dyuKuit, IpH KOTOPOM 3TO KJIACCHYECKOE NPOCTPAHCTBO OKABATOCH IONOTHEHHEM HelpephB-
HHX -Gynkumii. B xofe nocaenymouieft RHCKYCCHHM O BO3MOMHBLIX MOCJHEICTBHAX HA TEOPHIO
AnNpoKCHMALMHU TEePeHOCUIACh, MedYy NMpoyiM, Teopema Bomana-HoposkuHa (¢ nopagkom
1 Ges Hero) ,c HenpepuBHLIX HA MHTErpupyemuie no Pumany dyurkuuit. Hocturuyeie npu
3TOM IpaHHubl TIOTPELIHOCTH BBIPAMANKCH uepe3 TepBHit 7-Moayns. OXHA M3 ueleft sTol
paGoThl — BHIBOAMTH COOTBETCTBYIOIIME OICHKH OTHOCHTENLHO BTOpPOro r-MonydA. ITorom
MOCPEACTBOM KOJIMYECTBEHHOr0 MPHHLUHNIA OFPAHMYEHHOCTH MOKa3bIBAETCA_HTO ITH Pe3yJb-

- TaTH ABJAIOTCA TOYHLIMM. HawoHell, ofuie peaysibTaThl NPOBEPAIOTCA B CBACH C MOANHO-

mami BepHiTeltHa 1 JTMHeMHHMU HHTEPNOANPYIOWUMMM CILIANHAMY . . )
; .

Inspired by work of Pélya (1933) on the convergence of quadrature formulas, we previously
introduced a concept of sequential convergence in the space of Riemann integrable functions -
under which this classical space is in fact the completion of continuous functions. Discussing
its consequences to approximation theory, among'others we already extended the (qualitative
as well as quantitative) Bohman-Korovkin theorem from continuous to Riemann integrable
functions. The error bounds obtained were given in terms of the first r-modul. One purpose of
this paper is to derive corresponding results, involving the second r-modul. As a consequence
of our previous quantitative uniform boundedness principle-it is then shown that these esti-
mates ure indeed sharp. The general results obtained -are illustrated in connection with Bern-
stein polynomials and linear interpolating splines.

1. Introduction

Let B = Bla,b) and R = R[a, b] be the spaces of functions, everywhére defined on
the compact interval {a, b] of the'real axis R which are bounded and Riemann inte-

“grable, respectively. Though B and R arée Banach spaces under the norm |f||s

:= sup*{|f(u)|: u € [a,b]}, uniform convergence is not appropriate to approximatein R
since then suitable dense subsets are not available. This is avoided by the following
concept of sequential convergence: A sequence {fa} = B is called (Riemann) R-con--
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vérgent tofe Bif forn > o0

Ifallz = (1), f—igp e — fl = o(l)

R :
with upper Riemann integral f/ = f/ Ju It turns out that B as well as R are

st,lll (sequentially) R- complete From the point of view of apprommatlon the most
important feature then is that the R- closure.of standard classes of smooth functions
(e.g-, polynomials) ylelds R. In fact, Banach-Steinhaus theorems can be established -
in this framework, giving necessary and sufficient conditions for the R- -convergence’
of -operators. See [6] for 'the details.

Turning to positive operators, it was shown in [12] that the well-known Bohman-
Korovkin theorem remains valid in the present context. Indeed, a sequence {T,} of
posntlve linear .operators of R into itself is R-convergent on R if and only if the se-
quence is R-convergent for the three test functions p;(u) := uf, 4 =0, 1, 2.

Concerning quantitative extensions, an appropriate measure of smoothncss is
glvenbythekthrmodul(IEB 0>0,k€eN)

b

. ' A
Tk(/’ 6) = f‘”k(ix x, 6) d:l:, wk(/! z, 6) = Sup {|Ank/(?/)| :’/ :i: ? h’ € Ué(x)},

a

\ '— k s _ IC A . ]c . . -
Akfly) = X (—=1)* ’(.)/ (y + (7 — 5) h),
. j=0 7 . .

© Uslz) = [x — 6,z + )] n[a,b], : L

employed by the Bulgarian school of approximation during the last decade (see [15],
there for functions f, measurable and bounded). Indeed, 7,(f,d) = (1) for 6 — 0+
if and only'if f € R. The following error bound was established in [12].

Theorem 1: Let {T,} be a sequence of positive linear operators, map'p'ing R wnto .
itself such that Typ, = po. Setting

!

\ 1= 90 | T — )% )|, | S
for each f € R there hold true the ‘estz’mates . ’

Tl = Wfllss | . e

Ts’uplTu“— I < syl wall®). - ®

Obvnously, this result is again completely parallel to the classical one, concerned
. with continuous functions and uniform conv ergence (see [3, p. 28] and the literature
cited there): In Section 2 we improve (3) to an estimate involving the second z-moduil,
again quite parallel to the procedure in the continuous case (see [8; 9] and the lltera-
ture cited there). This, however, can only be done for a special class of positive opera-
tors, characterized by condition (9) on the fourth moment (see the comments, glven .
at the end of Section 2). Applymg our prevlous quantitative extensions of the uni-
- form boundedness prmclple it is then shown in Section 3 that the precedmg estimates
-are indeed sharp. Finally, in Section 4 we test the general results in connection with
Bernstein polynomlals and linear mterpolatmg splines (see also the hints to the
literature, given there).
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2. The Bohmén-K()rovkin theorem

“To denve the estimate mentioned we proceed along the standard mterpolatlon argu-
ment. To thls end, define a norm for f € R and § > 0 via .

~ .
.

Wl - f M=, 9) de,  M(,28) = sup ),
yeUs(z) - : :
and let R? = Rz[a, b] be the spa.ce of functions g, twice dlfferentlahle on [a, b]-with

9" €R, endowed with the seminorm |g|,:= f |g"(x)| dz. The- follomng lemma is

well-known and may be found in [1 2;13). Let us include a proof for the sake of -
completeness (and simplicity). . ‘ |

Lemma 2:Forfe R, 0< 6 ‘< b — a there exists g, € R2 such that

IF = gills < 10501, 8),  lgale < 2067%ny(f, 9). L@
Proof: First of all note that - o ~ . - .
Ifls < 2iflle (f € R). ‘ )

Indeed; one has ¢ . .

_ [ M(f,x — 8/2,8/2) + M(f,x + 8/2,6/2), a+d2=x= b— 5/2
M(f, z,0) £ M(f, = + 8/2, 8/2) + M(f, z,8/2), a<z<a+ 02,
M(f,z = 5/2 8/2) + M(f, =, 6/2), b—082<z<bh,
which yields e

v . a+d a+d/2 b-58/2 b ) :
‘ nfn;_s_(f+f+f+f+f+f )M(/,x,é/z)dx:2||/||a/2- -

a - a+é a+é/2 a b—96 b-—6/2

" ‘N'ow define Steklo;r means for f € R via

‘- 8/a . 814 . -
g,,(x)_-462ff/(x+s+t)dsdt—462ff/(:c——s—t)dsdt - (6)
—6/4 - ) ~6/4

-where f is given as the extension (cf. [16, p. 121]) - o . \
: @), ‘ a<z<b, ”
fla) =4 —f(2a — 2) + 2f(@), 2u—bsz<a,
—f(2b — x) + 2/(b), b2 —a.
Since for y + h€[xr — 0, x + 6] the difference 4,2f(y) only differs from 4 2/(y) if,
eg,y—h<asy=y+h and smce in this special case - R
A (y) = dy-ol(a .+ k) — 243—a-n/2/(a + B2) + 283uf(a +H[2),
it follows t}ia;, for x € [a, b] ‘ . T ' v ’
@], 50 S swh 28, Tlfm )=  sup A ). ()

. < . . V. vihEIx—é z+49] -
In view of (6) one obtains for y € Usp(x)
8/a

J] 450y ds at

—4/a

lga(y) — f(y)] = 2672 < @y(f, %, 0);

24 Analysis Bd. 7, Heft 4 (1988)
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.. which  delivers (cf. (5), (7)) M(gs — l,x 6/2) = bw.(f, z, 6), I/ — golls < 10%,(f, 9)-
Morcover, g, € B? with [g," (z)] = 462 |4:2f(z)] < 40~%w,(f, z,d), which implies (4) in’
view of .(7) B

We are now in the position to prove the followmg quantitative Bohman—Korovkm
theorem. : : A

Theorem 3: Let {T,) be a sequence of positive linear operators, mapping R-into .
utself such that (cf. (1)) ) :

Twi=p (=01, | E €
T — )% 2)lls < Kpa? - | 9)

NE

forvsome constant K > 0. Then there hoids true the estimate _
f sup [Tef — fi = Oralf, #»"2) (femR). . (10)

Proof: In view of Lemma 2 and . ' ks

f sup T —f=] sup T — g5) — (f — g0)| + f sup |Tkgo - gol

/
;

it is sufficient to show that (6 = ,u 1/2)

Tsub ITeil = g — (= 0l S 101 = gy =~ @y

[ 5P 1Tigs = 9ol < Ot lgile- L (12)

Obvmusly, (11) 1S a consequence of Theorem 1 since T (f, (S) <2 ]}jl],, To estabhsh
(12) cons:der the expansion (g =g U T 6 [a, b]) .

gu) = glz) + (u— ) g'(2) + f (u — 1) g"(t) dt. -(13) -

Concerning the remainder one has
, .

f u—t)g’( z) at| < |lu — z| flg”(t)ldt
§‘(6+L—;i)—)flg”(tidt+ (u — 2t f|g"()| = iht b
. ‘ S lt—zi<é lt—zl26
Tt follows that for % > n (cf. (8) . ‘ ,
B " Tolw — z é; x n ‘
To(ly; ) = (a + "((—6)—)) f lg" )] dt = (6 + %)fg"(t)l at, p
: ‘ ' lt~z1<5 ft—zi<s’
_and therefore ‘ " ’

fsukall g( )f f[g” ]dtdx~( "—")25 lls- .
kzn - o

t—z|<é
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Furthermore, in view of (9) one obtains that for k = »

Tk(lz,x)SKu,. [iort, AR
R \ ft—zj=é .
| f sup Tul, < Kpy? f f "0 =y S K82 gl S
kz2n = z|2o - ) ) o

;-

Together with (8) (13) this delivers -

s

f sup (Tyg — 9| = (a+ )26 ol + Kms 3 lgle, |

A-whlch estabhshes (12) by setting é = u,'/2 1

In view of (10) condition (8) is somehow natural (cf. [14 p 18]) since then »

fsup ITkpl — Pi I < 072(1’:: :un / ) =0. : . A\
Thus. the relevant assumptxon is condltlon (9), “well- known in the hterature in con-
nection with a treatment of related problems such as saturation or inverse theorems .
(cf. [3, p. 131, 264], [4]). Note that if T,p, = p,, then conversely T ((u — x)?%; x)’
< To((w — 2)%; z) by the Cauchy- -Schwarz mequahty On the other hand w1thout
condition (9) the best result, known so far, is

J 1T = I Coalf, G hognl?), i ,uTn«u efx)?; .
. glven in 14, p 45] © . . .

\
)

3. The sharpness _
\ ’ )
To derive the sharpness of Theorem 3, a quantitative extension of the umform bound-
- edness pmncxple will be applied. To thls end, let w(d) be an abstract modulus of con-
tmu)t;y, i.e., w(d) is a positive, contmuous, subadditive, and mcreasmg functlon of
6>0 satlsfymg : o . . :
w(d) = 0(1), o= o(w((S)) (6—->0+) o (14)
Furthermore, let, X be a Banach space with norm' |||y and X* be the space of non-
negative, sublinear, bounded functlonals TonX,i.e., for j, gexX and scalars &
OST(+9STi+ Ty, Tif) = lai iy
SUPTff€X||f”\SI<oo ‘ o
The followmg resonancc principle holds br ue (cf [7] and the lltera.ture cited there)

“Theorem 4: Let {p,) e a decreaszng nullsequence, let o(d) > 0 and w(d) be subject
to (14). Suppose that for Ua, R, € X* there are elements h, € X satisfying ;

e =000, T (1)
Ush, < M min , a(a)/q>,,} (6> 0,7 €N), . ~ (16)
R o). . oo

1
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Tken there exzsts a counterexample f,, € X with

Ufo = O((0®)),  Rufu + (w(%)) - (18),
In the present context X will be the Bana.ch space R with norm |- 1 U,,/ = 7,(f, )

with @, = p, and o(8) = 62, and R,f = fsup |Tk/ —f]- The sharpness of the esti- *
mate (10) is then established by 4 '

-~ Theorem 5:/Let {T,} be a sequence of positive linear operators of R into utself,
satisfying (8), (9) with p, = c(1)-(cf. (1)). Moreover, for each n € N let I, be the union
of jn disjoint subintervals I, := (a;,, b;,) of [a, b] such that , .

O<aSimtar bp—apzem®>0, . (19)
0 < cun £ Tol(6 — 2)?y2)  (z€l). (20
Then for each w subject to (14) tkere exists a counterexample fu € R such that »

rz(/w,a)—e(/w(éz)) fsup Tifo — fol F cl@(u)).

-Proof: To construct the elements h,,, following [5], let H be four times continuously
dlfferentlable on R with

s || S 1/2,
, 0, lul = 1. v
- Choose a constant cs > 0 such that (cf. (9)) K,:= 2Kc¢2 < ci¢5 — ||H‘4’[|8 Kc52/24
and define ’ » )

Y dy = (pafes?,  hga(w) = H{(w —'7)/d,),  u,x € [a;b].

" Without loss of generahty let z;, 1= (a;n + b,,,)/? satisfy |z;, — %;11,4| = 3d, (other-
wise omit some intervals, namely each time at most m ones, where m, independenty|
of n, is determined by m ¢ 2 3cs112), Now set - -

L0 H(u)g 1, Hiu) = { '(21)

; v

~.

«hn = ) hjn, i Ah;’n’= hz;,..m

S ‘
Let u € [a, b] with h,,, u) = 0. Then |u — 2] < d, which implies |z — Tinl > dys
thus h;,(u) = 0 for ¢ :#:7 Therefore one has (15) since ||h,|lp = max; [kl = ||H|lg
< 1. Moreover (cf (15, p. 24]), one obtams (16) in view of (19) and

il
-

vo(hy; 0) < OO “hn“lll = Cod “hf IH"(u)I du = Céz/l‘n o - (22)

-1 -

Now let z,y €I, with |z — y| <d,/2. By (21) one has H”((z — y)/d, ) =2,
H®((x — y)/d )= *0 so that for w € [a, b] there exists £ between z and u with

,,,,(u) = hyu() + (u — z) H'((z — ¥)/d, )/dn + (u - a:)z,’d z
+ (u— 2)VHO((E —y )/d3)[24d,4.
In view of (8), (9), (20) this gives

L

' Talbyns @) — (@) Z Tl — 2)% 2)/d,2 — Tol(w — 2)%; 2) |H|15/24d,
= Cotnfd? — Ky, |HW||5/24d,8 ‘
= cq0s — |HW|p Kes[24 = K,,



/o

A Quantitative Bohman-Korovkin Theorem” 373

lLe., with.‘y = z;, one has ) _ ©o
NTo(hjn; ) — hia(2)] = K, (z €1, |z — x| < d,/2). (23)
Setting ' - '

- - -\

‘

. jn ’
yp = Min {dn/z:, Cs/‘nllz/z} =:Celin 2, B, =U [xjn = ¥n» Zjn,+ Yal,
i=1 ' :

‘B, is of total length j,2y, = 2cec; > 0 by (19).

\Iow consider z € B, which implies |z — z,,| < d,,/2 for some 1 <k S ja» Since
|t — 24| > d, for j % k one has k() = 0, thus in 'view of (23) -

WTahai D) =@ 2K = Ty (Dhpz) @8
Ifu € [a, b] satisfies |x — \u] < d,, then |
Norsin — 4l 2VTrsrn = Zrl— e 2]~ |7~ ] 2 d, |
thus A, (u) = 0 for j &= k so that Z hja(u) = O for |:z: — u| < d,. On the other hand,
if |z — u| > d,, then 2 h,,,(u) 1 ((:z: —.au)/d, )‘ Altogether this delivers
): hig(u) < ((:z: - u)/d )4 for u € [a, b] which glves 'in connection with (9), (24)
ITo(Pa; ) = ha(z)] = Ko — K,u,,"‘/d 4 = Ko — K¢t = K0/2 (;c € B,).
This establishes (17) since : o o ‘ |
| Ry 2 [Ty — bl Z oK >0 0 . S (25)

N
Bp—

For U,f = 1,(f, ) one may analogously deduce the following. contribution con- -
cerning the sharpness 6f Theorem 1 (cf. (22)).

N

. Corollary 6: Under the assumptwns of Theorem 5 there e:msts a counterexample_

fw € R such that ) . .

" ww,a) O(w(9)), fsup mn—m* ofw(pa).

\Iote that the proof still works (cf. (25)) if one consxders R,,/ = f |T f — fl so thab

one also obtains the sharpness of estimates of type

JITuf — /I < Culf ™ (fER), , (@9

. thus even for. the L-error (cf. (10)).

)

. 4. Applications . o~

Let us discuss the preceding Bohman-Korovkin theorem and its sharpness in con- .

nection with Bernstein polynomials and spline approximation.
- The. Bernstein polynomials are defined for f € R[0, 1J by _

B‘f;x) ké:)f( )( )x"(l_x)n-k..

. One has B,p; = p;fori = 0, 1 and B ((u — x)” ) = g(z)/n, p(z) := a:(l — x), thus

(8), (19), (20) with u;, = 1/4n are fulfilled if one chooses
= (1/4 4G - 1) nV2 /4 4 7n 1/2) 222 < j. < n1?2 4 1.
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Concerning (9) only note that B a((w — 2:)“ z) = 3g*(x)[n* + (=) (l — 6(;)(31:))/71,3 '
Hence our theorems deliver )

Corollary 7: For f € R[0, 1] there holds true
Jsup B 1) S Onaff,notm). " . (27)

Moreover, for each w subject to (14) there exists an f, € R[0, 1] such that

i ) = 0w(®), © Tsup 1B, - Li + ol (@)

Concerning the L!-error f |Baf— fl, results like (27) (cf (26)) are well-known (cf.
(1], [15, p. 107]). In fact, instead of (9), convexlty arguments are available for
B,"gs — g5 (cf. (12)). Though (27) is sharp in the sense of (28), no inverse theorem
can be established. Therefore, in [10] the relevant Li- estlmate was strengthened by
’ substltutlng the (unwelghted) 7,-modul by

129’(,, 6) = f Sup. Anzj(t)li ¢ :i: h € Uélp']‘(x)-{»é;(x)} dx

Partial i inverse theorems were then establlshed in [11] for the LP-error, p > L -Con-

cerning the Riemann error fsup | Bef — j| dlscussed here an lmproved dlrect as
k

well as inverse result can be found in [18] namely

)

HSUP |Bk/ — fl

¢ < Mr?(f,n” l/2) 7.2(f, n112) S — Z ”sup|B
>t -

\n N k=1

in terms of the weighted norm

Ifi = [ sup If(u)l y€ Uw<z>+a=(x)} dz.

Let us also mention that the sharpness of the latter results is dlscussed in[17].
Finally consider linear interpolating splines on the equ1dlstant nodes z;, := k/n

in t,he interval [0, 1]. With the contlnuous functions ) . ,
[t nlme =,z — o] S Un,
Gun(®) = {O : . else

the spline operator S, is defined for f ¢ R[0, 1] by;

~

Sa(f; 2) =k§"0 () Genf2) (2 € [0, 1]).

. Obviously, S,,pi = p; forz = 0, 1, thus (8). Furthermore, one has (z € [0, 1], 7 = 2, 4)

Gen(2) 40 |

o | - ,
S ( (w2 z) = (x,n — @) enl®) = X (2 — 2V gual®) < 5, (29)

since |zg — 2| < 1/n if ga(z) 4= 0. Set I, = u ((41c — 3)/4n (4k — 1)/4n) ‘Then
x € I, implies |z, — 2| = 1/4n which gives k=1,

‘

Sal(w — 225 2) =k§0 (Tt — 2)* inl2) Z 15 50 9en(2) = Jp- (30)
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‘ Therefore 1/16n% < u, < 1/a? in view of (29), and (9), (19) (20) with j» = n follow
by (29), (30).

Corollary 8: For f € R[0, 1] there holds true

Jsup18if — 11 < Crall 1m)s - T @
and /or each w sub;ect to (14) there exists an /,,, € R[O, 1] such that

r;(/m 8) = O(w(0?)), f sup |S,/m—/w1 =+ ofw(1/n2).

AN

_ The result, correspondmg to (31) for the L‘-elror is again well- known (cf. [15,
p- 123)). - . .
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