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A. a. LYBOBHLRHlH B. A.	bOBfl1XHii 

/	S 

Es .werden.einfache geometrisehe Bedingungen (hinreiehende Kriterien) angegeben, weiche 
•	garantieren, daB die konjugierte Funktion ,(.) im Maximumprinzip in alien Punkteñ des be-

irachteten Segments (Zeitabschnitts) ungleich Null ist: 

Bbeieh!ai npocmie reotepiiecxe yciio1n, npii BHnOJUIe1IMH H0T0WX conpnwenHafi 

	

HH[UR tp( . ) B npuHIMfle MaRcHmyma iie o6pawaeTcn B IIYJlb HH B OAHOA To q Ke pac-	-. 
cMaTpHuaoMoro BpeMellHoro cer'MeuTa.	 V 

Some simple geometric criteria are singled out for non-vanishing of the conjugate function.	V 

(.) in the maximum principle at any point of the given time interval.	 -.

- 

B	 npuuuna AwKcumyma (JiM) H wwaunoao npunquna maKcumyma
(JI fIM) yacrByeT- ycJIoBI.le IIeTpuBnaabHocTH Ha6opa conpHeHHb1x MHohcHTeJ1eIi. 

1 B KiiaccinecKoVi aajae flOHTPI1IHHA [9] 0110 ilMeeT BHA	 V 

V	 0 + kv(to)I >0:	 .	 .	.	 (0.1) 

143-3a OWIOP0RHOCTH conpniceinioro ypaBHelwn yCJIOBIIC (0.1) aIcH BaJiel-ITH0 He-
VpaBeHcTBy	 .	 V 

xo+J(t)I> 0	JJInBcex tELl=[t0,t1]. 

IlTaic B i jiaccuqecicofl aajaqe IloHTparHHa ycJIoBI4e HeTpI4BBaJ1bnocTI1 BhInoJIbHaeTefl 
n0'ro qeqHo, 'ITO o6edne q ldBaeT, Boo6Iue I'OBOpn, HH()0M8Tl1BHOCTb YCAOBHF1 Malcc14-
MajibliocTil (1)yHIcLU4hllioHTpHflIHa H noynpanmeHHlounpB HancoMt E-A. AIIaJI0FH q

-Hoe yoepiceiae CflBJ114BO B icjiacce IcaHoHMq ecicHx aaya q oriTilMajibMoro ynpaB-
JIeHIIR C peryJinpHaiMii cMemaHHL1Mu orpaHhl'IeIhIlaMIl, ne coep?lca1uHx MI4eTO (iaaoBbIx 
orpanhI4eHHfi. I1pllMeHuTeJ11Ho ic RaHOHH q CCROA aajaqe ycJloBHe (0.1) UMeeT B14 

V(0 + 0	JJIH Bcex t E J. .	 •	(0.2) 

floToqeq Han HeTpHBIIaJIbHOCTb B yKa3aHHOM icJiacce o6ecne'IHBaeTca BO3MO?+cHOCTbIO 
V	 Bcexconpn)lcenHbIx MHo?cHTeJIef 'iepea I V)( . ) I. B 3aJa'Iax c (a8oHb1M14 orpa-

•	HH4eHUHMI4 Mepa, Boo61e rOBOPH, He JOpyCFaCTTaKOI J1oxaJ1bHo1 OLeHII1 H HeTpH-
BHaJIbHOCTb JiM H 511M ITPHXOJUITCH ()opMy.nh1poBaTb flH flOM011Ii 6oiee npecTa-	

•	 V 

BHTeJ1bHoro Hat5opa COfl+CHHblX MHO?*dHTeJIet uiio qaioiiero Mepy, TO-eCTb KOM-
noHeHTY oTne4aloIUyIo (I aaoBoMy orpaHn'leHnlo.	

V 

B pa6oTe wIJleJ1eHw ripocmie reoMeTpH4ecicne yCJiOnnn rapaHTnpylolwle cyuecF-



V	
B0BaHBe y onTJ4MaJIbH1Jx B JIOIcaJlbHO OnTI4MaJ1bHb1x Tpae}cTopLth, COOTBeTCTBCH HO,.	• - 

V	 25	 V	

V
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I1M a JIIIM C noTo qe qHblM ycJlOBIleM HeTpaBuaJLbHocTn. 3T11 yCJ!onHn COCTOHT B 
B BbInoJ!Hellua gyx nap Tpe6OBaHIlü a, 6 it a, :	- 

a) -ba30Bb!e II TPM11HJIbHbIO ()yHFcw1H corJlacouaabl iia TpaeRTOPHII W0 B M0MeHTbJ 
t0 at 1 .	 0 

6) Tpaeicropna W0 ynpaiea oTlIocIlTejIliHo (ja30BbIx	HHtMH iia J. 
B) TpaeKTopHhi w° T'-peryinpna Ha J. 

YcJIoBae Cor'JLaCoBaHIIOCTH ()a3oBbIx It TepMnHaiIbHhIx (f)yHFLUi B t 0 If t 1 6bIJIO BBe)jeao 
- - -- B [4] Tpe60BaHae 6 o5ofmnaeT na Cer'MCIIT LI yciioiie ylipaBJifleMocTil W0 B' MoMeHTbI 

to It t 1 BBCBHO B [4]. YcJIoBae f'-peryJlripHocTli TPF(TOHH BBeeHo B HcToHL[e3 
pa60Te H HBJ1HeTCR o6O6rueHIleM iipaiiaieatuero 1AMFcPEJ1W3E I'IOHRTHH peryJlflpJ 
- HOMY TpaeHTopllii, ioopoe 6blJIO ucnoJlb3oBauo UM B [9]iipi-i ilCCJ1JwBHI1M 3aga q C 

4)a30BbIMa orpaHueHnnMn. 14MeeT MecTo uMn.niucaIan 

peyiuipnocm &	r-peyIIJIpflocrn b = ynpae.'iile.stocm b. 

OTjèJIbIIoe paCCMOTpeHI1e yCJI0BHII floTO'le q HOh HeTpnuItaJibHocTH tIM ii J1I11M CB13aao 
C TOM, 'ITO xjiacc JIOHaJ1bHO ouTilMajihahix ,TpaeHTopIIii niiipe K.rlacca 'onTHMaJfl,Hbix 
TpaefcTopl-I1l 11 LIMeeT caMocTo1TeJth	i HbI I1HTCPC B npH.rIoIceiII-1ax. 

OclioBliofi peayJlbTaT: HoJo;cut7r flM (I1JIM) mpaemopuu w°, 4' = '[t0 ', ti'] 
c: (t0 , t 1 ). Eciu w0 ynpaefiae.iia (r-peyiapna) na LI', mo	-	- 

jwôo j iif . I(t)I > 0, .'iu6o tp = 0 na (t0 ', t 1 ').	 (0.3) 

B [5] joca3ao, 'iTO ecjIu onTIIMa.rIbHaa (J1oIarihulo oriTilMaJibBafi) TOKTOLlH W0 
yOBJIeTBOpHeT yCJIOBIIHM a, 6 (a, B), TO jjia Hee cyIIecTByer flM (JIIIM), y oToporO 

0 aa (to, t 1 ). Cor.riaca 'o (0.3) OTCioga C.1eLveT, qTo y Taioro I1M (J11'IM) tp(t),+ 0 
npa Bcex t € (t0 , ti). (CTporo FOBOH B [a] pe I4eT 0 JIoIaJ1huo onTaMaJmHoa TpaeIc 
TOHhI TpaHCBepcaJihaoft H to II t 1 , OHaKO yc.rIoHile it aHBHBaJIeIiTHo ee TpaucuepCaJlh-
HOCTH B to it t 1 .) AJIbTepHaTLIBa (0.3) ycTaHaBJn4naeTCn HMh1M aHarni3o [ IM (ill-IM) 
TPFTOPIIH w° c 'IOTOM ycJIOBHa ynpaBJIFICMOCTH (P-peryrInpHoCTu) WWI TpaeKTOpIlH 
a LI H BbInOJ1HHeTCH )JIH JIIO6OI'O ee [IM (JIIIM). Bt.inoiiiieaae yCJIOB1If a, 6 (a, B) 

CylleCTHeHHO. LIJ1H KwKtoro 113 H1IX CTpOUTCH I'IpIlMep onTaMaJihiloft TpaelcTopahI, iie 
yoBJIeTBopaIOlueii JII4tllh 3TOMY yCJIOBLIIO, JJ1H RoTopoft tp 0 y Beex IIM (JIflM). 
flPIIMeHIITeJIbHO R I1M ynpaBJIneMOCTb caioe o6nee H npo3pa'4Hoe 143 reoMeTpa-
4ecHHx ycJ1OBHi, O600ne q IlBaIoI,uIlx BblILoJlHeHae J1bTCH3TLIBbI (0.3). 

Bonpocy CUCTBOBHHH flM C noToqeqahiMu YCJIOBHRNlll HCTPHBII3J1bHOCTLI 
nOcBnLIeiIh1 pa6oThl [1, 2]. OJuIaRo c4opMy.r1HpoBaIIIIhie TaM P03YJibTTbI 0 C[UCCT-
B0BaHHH y peryJiapftoft TKTOI1L4 TaHOI'O flM HeBepahi. LJIH KaEJjoro HH?fce 
eyea l-oHTpnpHMep. OiiiaOia cBH3aHa C TeM, 'ITO B 3THX pa60Tax oTHocI4TeJlbHo 

nCCJIegyeMOfi paeopia He flPO)flOJIl'TCH BblIloJlHeHilH yC.noBi-ia corJlacoBau-
HOCTII (Ja3oBhIx II TepML4HaJ1bHbIX (I)YHHUIIft B to H t 1 . 1T0 Hie IacaeTCn aJlbTCpHaTllBIA 
(0.3), TO aHanorti q l1bix eft pe3yJlbTaTOB B JTCTYPC Her. 

ll.mai-i gaJIbHernuero aaJIOfceHHci cJIeyIouHti. B § 1-aHa nocTaHoBla peryJiapHoro 
• BapHaHra xaHoHH'IeCHot1 3aa q H [3] (aJiee JJ1R }paTKOCTH, aTa 3aa'Ia Ha3hlBaeTC}'I 

pe2yiJ1pnoti) ii onpeJeJieHue HM a 511M. B § 2 orlpegeJleHil HOHHTHH ynpaBJlneMocTI4, 
peryJIHpHocTI4 .14 I'-peryJIHpHOCTH Tpae}cTopua. B § 3 oclioBable pe-
3yJibTaThI, a B § 4 CO6paIIbI flpuMephl, noEa3hIBa1oLuI4e CyweCTBeHhIO cTb ycilOBilfi 'reo-
peM. Haicoiiei, B § 5 JaHOoKa3aTeJihcTBo DCCX yTBep?cJeHHfi. It
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-. § 1 ilocTalloBica peryinpnoi1 aaaii 

PaccMaTpuBaeTcR 3aJaqa 'J(p) –* mm, eciin 

i(t) (==) /(x(t), u(t), t),	k(p) = 0,	 - 

X(P) ^ 0,	g(x(t),u(t), t) (=) 0,  
•	 G(x(t), u(t), t) ( :5: ) 0,	(x(t), t) ^ 0,	 (1.!) 

(x(t), u(t), t, p) (E) Q := Q	x Q,,	 S 

•	
u2(t) (€) U,	u = (u 1 , u2 ),	p = (x(t), X(t 1 ), t0 , t1) 

3ecb 14 HHHe 1'pHHRTH o603na'enui: (.) oaHaqaer, 'iro YCJIOBtle coipaiueecn a 
cico6Hax BbInOJHIHCTCR HO'iTH BCIOAY B CMblcJIC mepbi Jle6era Ha A. Eciu a BFCTO 

oiie'ioieporo npoCTpaHcTBa, TO d(a) — cr0 pa3MepnocTb. Q, Q	9T1ph!Tb1e 
MHo?+ecTBa rlpocTpaHcTa R)+)+I it .	CooTBe'FCTBCHHO, U — flOI43B0J1bHO 

• MHo?KecTBo flPOCTPHCTB Rd(,). 

flpeinoriaraercx;	 -	 S 

a) J, /, k, ,, g, G, (P onpejeJ1eH1i It HenpephIBHhl Ha Q BMCCTe Co CBOHMH npo143
B0jHHM11 no x, U 1 , I 14 P.	 5 

• 6) (1) J1 B?KJ hI enpepiao Ji1(xepeHwIpyeMa no x a I ita Q. 
B) paHr	u, I) = d(g) Ha 1IOBePXHOCTI4 g(x, u, I) = 0, (x, u, t) E Q, u2 E U, 

G(x,u,t):5:0, (P(x,t):E^:0.	 •	 S 

r) CMeII1aHH11e orpa'ien peyJtipflbL. 3T0 3Ha'iHT, 'ITO JJiH jiIO60TO'iHH MHO-

?}cecTaa

{(x,u,t)EQ1g(x,u,t)=0, (P(x,t)f^0,G(x,ut):!^-0,u,EU} 

cynecTByeT BeKTOp U, € R," 0 TaKoi, 'iTo g,,(x, u, I) Z 1 = 0,	u, I) U, < 0 iipa
Bcex S € Io(G(x, u, I)) (aecb 11 lII4?Ke HPI4IIHTO o60aHa4eHne: ecJII4 r € Rd( T ) HeIcoTopb1 
B}TOP, TO 'iepea r 1 (i	1, ..., d(r)) o6o3Ha'IaIoTcfl ero' }oMnoHeHTbI, a 'iepea 10(r)
M1lo?IecTBo er'o aicTrial-ihix r1weKcoB, T.e. acex i TaHIix, 'ITO r = 0). 

Maiiniyzt HIUTCF1 cpeiut BCCX Tpae1Topl4ft W JOI1yCTIIMhIX oi'paHIl'1e1114$1M14 
rOaop}l 0 MHHHMyMe, Mbi riogpa By Nl eBaem ClUlbliblil MUH14My111. TpaeFdnlopuei aonycmu-i 
.toü opanu'enzz u (1.1) HaabiaaeTcs! mwHaafl Tporllca w = (x( . ), u( . ), p), rje x(.) 
Jl14nIuhiIeBa 4)yHHIUIR, orIpeeJIelLHan iia A CO 3HaqeHI4aMH 143 lVi(z) , u( . ) - orpa-
Hll'ieHHaH 1f3MP11M8H 4yHKIU4H onpeeieiian Ha A ii ripriiiriaiowaa aHa'ieHiin 113 

p ' = (x0 , x1 , to, t) Cr0 = (') ii x, = x(1 1 ), yThOBJ1eTBopRI011a$1 (1.1) a Talcan, 
'TO

vrai mm	((x(t), u(t), t), CQ) > 0. 

31ecb (., .) paccorniiie To'11c14 jo MHo7HeCTBa ii CM JonoJlHeH14e MH0KCTB M. B 
[3] 6bnlo noaa3al!o, 'ITO taan oflTrlMaJIbHaa (Jlo1a.nbHo onTnMaJlbHarI) TpaeIcTOpHa' 
3aja q (1.1) o6J1aiaeT JIM (JU1M). Bciojy-a TtaabHefiujem 'iepea w° = (xo(.) , u°(.), p0) 
c p° = p(x0 (t0 ), x0 (1 1 ), t, Ii) 1bI 6yjei o603Ha'iaTb itccJeyeMyIo Ha aiccrpey Tpaelc. 
TOI4lO AOTIYCTIIMYIO OFPHH'IHIfFIMI4 (1.1). Hano111l11i onpeieJieHlle rIM (JIflM) 
TpaelcTopwa W°.	 S	 • - 

0npeerieHHe 1.1: CTpoHa t = (an, c, c, (•), a(-), b( . ), rn) HaaHBaeTCH HM 
mpae)cmopuu W0 , eCJII4 Ran lice BblnoJIHeHbl cJleaylouule rpyl'IIIhl ycJioBaii.
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1. Yciwsue npu,taôeici-iocnu: a, E R, x'E	CE Rd ( k ) (aJech R+11- eoTpw-
L&aTeJIbHhI O}cTaHT R"), 0 :!^ a €L',b E	p = (, ) )y1IKIHH orpaHnqeHHoro
H3MeHeHI4n, OI1peJeJIeHlIaH na J, nenpepblBnan ciena Ha (to , €) n npnuiitaiouan 
8HaUeHIH B R)+', M. 	(m1, ..., ma(,)), ini 	IeoTpwaTeJIIIIan Mepa, cocpeJoTo-
qenuafinazi.  

2. Yciioeua Oonoiiuiuoueü nescecm,ocmu:	- 

ax(p) = 0, a(t) 6(x0(t), uO(t),t) (=) 0, ø(x0(t), t) ,din i	0. 
JJ1H 4wpMyJIHpOBlfll OCTaJIbHhIX ycJIOBnf iiM BBe)eM TPH Ocitoenbie yHKLi$H: 

ç6yntu0 I7onrnpiiuna	.	 V	 V 

H(x,.u, t, ) =	/(x, u, 1) +	,'	V	

V 

1/Jyuciuio ['a;tuJzbmoIa	 V	 V 

V	

V	

fl(x, u, t, ip, a, b) = H + bg(x, u, t) - aG(x, u, t),	
V 

mep.4titnaJwhyw /5yn?c1uw	. 

l(p) = cxoJ(p) + ax(p) + ck(p).	
V 

iiJiH KpaT}cocTll 6yJleM nptigepHtiBaTbCFf 0503Ha q eHHH eciiu E = E(x, u, t) HeHOTO-
pa YHKUHH Him MHoroalla q Hoe oTo6pa?eHHe, TO 3Ha q eHHe E B TOH (X0 (t) , u0(t),.t) 
6 ymeM 

0603Ha q am q epe3 E[t], a acrI-1yI0 UPOH3BOJHYIO eE/x B 3To1 ro'me iepea 
E,,,'[t]. HanpitMep, [t] =	W(t) , t), '[t] =	' (x0 (t) , t), .H[t] = H(x0 (t) , u°(t), t, (t)), 
H[t] = H(x0 (t) , u°(t), t, (t), a(t), b(t)) n Tai ).aJIee.	 V 

3. Conp.wsceiina cucme.ia:	V	

V 

—dp = H' 1 [t] dl - W[t]drn.	 '	 - V 

V V 

4. Ymoewi Inpanceepcaflbl-wcmu:	
V	 - 

= l,(p°)  

•	CpaBHIBawycJ!oBnH 3V11 4, 3aKjIIoq aeM, q To	 V 

V tp(to+) = l . (p° ) + 9)z'[to] m(10 ),	.	(t0+) = l o' (PO ) +Vq f '[t O] rn(t0),	
V V	

(t
—) = —l(p°) - '*[t i

] 

rn(t 1 ) ,	ø(t1—) = —l(p°)—	rn(t1). 

•	5. Hpuntun acuy1.ta:	 ..	
.	 V 

a)H[t](=)0,	 V	 .	 V	

V 

.6) H,[t]	o,	 V	

V 

B) H(-To(t), u, t, tp(t)) V:E^ 0 lJIH BCeX U E V[t], I E (to, 
V 

•	 r) H(x°(t i ), u, t 1 , p(t i —))	0 
V	

BCeX U E V[t 1 ],	-	 V	

V 

j )  
H(x°(to), U, t, (t0 +))	0 jjin BCex u E V[10].	

V 

3ecb H HnKe wpe3 V(x, I) o6oHa1aeTc,1 MHOHeCTBO -	 VV	

V 

•	 {u E Rd(u) I (x, U, 1) E Q; G(x, u, t) E0, g(x, u, I) = 0 1 U2 E U}. 

YcJIoBIle 5/6) HaBbinaloT AoxaAbUum npuuqlmoA't .MaXCuyf4a, ycJIoB&IR 5/a), B)-J) -. --
npuntuno	 -	 V	 -
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6. Yc.izoeué nernpueua./ib?wcmu: 

o + Ix + .I c I + Ilm II > 0	(II =	c	c,IjImII = E IImI). 

CTpo!a it = (a, ,x, c,	), a( . ), b( . ), m) HaBHBae'rcfl AoKaAbhbt.ii np1u-ufuno4 aKcu-



(JIFIM) mpaeicmopuu w0, .ecJiu )JI Hee BbIHOJIEHIOTCR yCJIOBHH 1-4, 5/a), 6) 
it 6. 

Hax noKa3aHo B [5] (11 jIer'Ko cJ1cyeT 113 peryJiapHocTil cMewaHHblx orpaH14eHH1i 
HJtolcaslbHoro npiiHtnna MaxcnMyMa H[t] (=) 0) iH I1M (JII1M) HMeeT MecTo 
CBOcTBO o2panu'ennocmu, cocoaiuee H cJIeayloLueM: CyI1eCTByeT K0HcTaHTa K, 
3aB11cnL1aH JIIIWb OT W0 11 TaKafi, 'ITO 

a(t)I (:!^) K l'2(t)l,	b(t)I (:!^) K !()I , I+j() ( ŝ ) K I()I 

• 06cyeHue npeanoJIoeHMfl I'JIaaKocTH: Henpepiiiai Luepeuu11pyeMocTb 
paeeiwmeenux 1)yI1KuMft k, / 11 g 061Ue[IpIIHHTa B TOI11t onTilMajibuoro ynpaBJIeHMH. LITO 
Re' KacaeTcn uepacecmeennix 4YHHUHtI J It X, TO JJ1H coaepa<aTeJlhiloro BapHa[HoHuoro 

aHaJl113a AOCTaTO LIHO Hx nb1nyIu1Ot aH4xepeHLu1pyeMocTH no p, a OTHOCHTeJIbHO 0 11 0 — 
HenpepblnHOfl cepxy Buny1cJ1O1 AH .44epeH411pyeM0ICTa no x, ui it t. I4MeHHO B 
npej&nono>ReHIIHx noiyeiii I1M u JI[IM KaHoHH qecKo oaaaqu B [3]. 0HaHo 11311 noxaaaHo 
B [5] g.TIR CIICTBOBHHH COAepMaTeJIbHoro IIM (JIUM) TpaeKTopilH KOHUM HoTopot BM-
XOHT Ha (I)a30ByiO rpaHHty Heo6xo)THMa ABamgEj HenpepuBHaa Ati44epeHuHpyemOCTb 0. 
HenpepHsHafl Antf4epeinklipyeMOCTI, J, x, 0 no x, u, t 14 p B HacTO1u1efl pa6oTe KaK 11 B 
[5] HHHHT3 wiR yMeBbuleHIlfi rpoMo3;KocTH H3J!oKeH11n. Bce pe3yJlbTaTbl coxpallrnoTcfl, 
eCJiH OPIIH4HTCR BbIflyHJlOfl u114epeHuHpyeMocTbl0 J It c no p It HenpepHnuo1 cnepxy 
BblayIcJlOfl jH44epeHUHpyeMOCTb1OG no x, u	t. 

§ 2 YHpaBJrneMhJe 11 peryurpiihie TpacIc'ropnn 

BBeJeM Tenepb ocHoBHhle B gaHHO tk .,pa6OTe n0H8TH8 +"-YnP3BJ18CMOCTH, 
[I3BJIRMOCTH (oTHocLlTeJIbHo ()a3OBb1X 4yHKL11i) 14 P+-peryJlRpliOcTll, J'_-peryjlflp-

11OCT11. 1-IanLa qne 3TI4X cB01cTB oBHaqaeT, 'ITO dllcTeMa IlMeeT )ocTaTo qHb113 pecypc 
ynpaBJieHIlfi, 'ITo6h1 BOT11 BHYTP& (1)a3oBoro orpaeii 1414. 06a noiiwriii TecHo cBHaa-
HbI, HO He CBOJRTCB O)HO K LpyFOMy.	 I 

0npeeJieH11e2.1 :flycTb t E J. HaBoBeM w0 ,,+" —")-ynpaeii.eioü B M0MeHT 
t, ecJIl4 cy[LecTByeT /E co /(x°(t), V[t], t) TaKoü, 'ITO 

Vi.1t] I + J[t] > 0 . ( V 'At l  I +	1[t] < 0),	i € I0([t]). 

'npaBJ1ReM0cTh w° onpejei no-pa8HoMy g an 't € (to, t i ), t = to, t 1 . ByieM ['OBO-
p14Th, 'ITO 2t0 ynpaeJ[ize.a nput € (t0 t 1 ),ecJiHoHaoJwoBpe1eHIlo + "-[l —"-ynpa. 
BJlneMa. Eciiii me t= t0 (t = t i ), TO yHpaB.TIFIeMOCTb oaHa'1aeT —"(-f-")-y[lpaBJIfl-
eMocTb (npHMeHHTeJIbHo K KOHUBbIM TO qKaM to H t 1 , yCJI0BHe yrip aBJTRemOCTR 6MJIO 

BBJIlO B [4]).	 • 

0rIpeJeJ1l4M, jajiee, JloIcaJIbHblfl B3P11HT noilfiTIlfi ynpaBJu4e5t0cTH, KOTOO 
eCTeCTBeHHO Ha3BaTB f'-pel'yJiRpHocTbIO. 3T0 nOHnTue HBJI$IeTCH rIpRMbIMOSO6LUeHueM 
H0I-IHT[111 pCI'YJIRPHOCTII Tpae}cTopI4H, BBeeHHoro FAMKPEJU&J3e [9]. Ha'IHCM c 
oupe)eJ1en14H 8aMblKaHH14 110 mepe [7]. 

OnpeeJieH11e 2.2: flycTb y = 9(t) orpaHll'IeHHaH M3MI4MBI 4y1IK1.l1a ti a 
1ip1iHHMaI011afl 3Ha qeHll H B R' V1 . 3a.*u,uanue no epe q' HaabIBaeTcH MHoroBHaqHoe
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oTo6pa+eH11e 

(t) = {y E	mes{çr'(B(y)) n (t -- e, t + e) n zI} > 0 npii Rcex e > 
re B,(y) nBJlaeTclI e-oHpecTHocm!o TO qith Y. O qeB4o, eciir F	4 - aaMFHyTo, 
TO çv(F) - 1oMna1T, npn'IeM JJ1fl BCHIOI yöbiBaiorueii	 3aM11Hy-. 
ThIX noJMHo}cecTB F	LI 6yeT (nF) = n(F).  

OnpeyeJ1eHue 2.3: flycTb t € J. Ha3oBeM: w° P(P_)-pe2yiipiot B MOMHT t, 

ec.riu gaa xa?KOro ü € u°(t) nafteTca ü €	TaK, 'lTO6bI	- 

g,(x0(t),u, t)	= 0,	G,(x0(t), u, t) U, < 0, 

P[t] / , (x0(t) , U, t) U l > o (0;[t] /,(x°(t), u, t) iz < 0)	 (2.1)

s € I o (G(x0 (t) , u, t); i € 

F-peyipnocmb w° onpeeui no-paaHoMy JAR t € (to, t 1 ), t =t0 , t 1 . Byaei roo-
pIlTb, 'ITO w° P-peryinpi-ia upii t € (t0 , t 1 ), ecjit oiia ojiopeeiiiio P,- ii -P_-pern-
npHa. Ecin ae t = t0 (t =	TO F-peryiWpilocTb 03Ha'!aeT T+(P_)-perynpHocTI. 

HauoIuitM TaHe oflpeeJIeHIte per'yJIHpH0CTH TKTOHH [9]. 

0 n pegencii me 2.4 [9]: FoBopnT, 'ITO w0 pe2yulpJia npi t € 4, ecJIH MaTpIwa JIeBoii 

'JacTir cncTeMui (2.1) ueeT .nnHeiHo He3aBIrcI4Mhue CTPO1flI jJ1a jiioöoi'o u € u(t). 

HcnO,' 'ITO 143 pery.ixpu-iocril V)0 B MOMeH'r t ciieye I- If P_-peryJIHplIocTb. B TO 
xe BpeMn ycJIOBHn F-pery.nnp!-IocTM Mel-lee o6peMeHuTeJlbHbl. HanpHMep, 01111--He 

orpaHir'naBauoT q ncjia r=d(g) + Io(0(x°(t), u, ))I + II0(1[t])!, ToI')a xaic y pery.aHp-
HhIX TpaeurOpirt r < d(u 1 ). CBH3b eiy ,,+"(,,—'')-y1IpaBiIe1uocmuo ii 
pery.mHpHOCTbuo BhiHBJlfleT c.ney1ollee pejJIo?xeIlI4e.. 

lip ei ox cii ire 2.1. Ecuz w° I'(P_)-pe2yapna i pno'oce t .€ ( to , t] (t € [to, t1)), 
mo ô.iiji w° eino.iuten& yciloeuii ,,+"(--")-ynpaciiiiecocmu I7 amoü dice mo'e t. 

uTaH, BO BHYTPCHHHX To'IHaxLI 113 P(F_)-peI'yJuipHOcTt1 cJieJyeT 
ynpaBJusreMocTb. Boiiee TorO, ito HaEunM onpe)eJieuInnM, 143 r-peryJiIipHocTIl TpaeIc-
TO14H Ha 4c.rueJyeT ee ynpaBJIHeMocTb. - 

flpHMep 2.1: PaCCMOTpHM 3agaqy 

ftu3(t) dl - max,	 - 

eciit
i (=) u3 , x1 = Xo = Jo = 0, l = 1, x(t) ^ 0. 

5 1'paeHTopluR w0 = (x°, u°, p°), z° = Uo = 0 OflTHMaJTbiIa. )ie1cTBirTejiu,Ho. flycTb w = (x, u, p) 
OflCTHMR TpaelcTopllfl. 'I'ora 

-	 f £u3(t) dl 
=	

t(t) dl = lx(t)} - f x(t) dl. 
t. 

B ciuiy 30BM H TepHitHaJibilbix orpalIH'IeHH1 J(w) Q. 0nTIlllaiibIiocTi5 w° aoxa3aua. 
YnpaBJIneMoCTb 11)0 Ha 4 cjieAyeT Ha -roro, 'ITO 1,,'[t] u3 ± 0'[l] = —u3 = ± 1, ecjiiuu = f:1 
fl11 acex t € [0, 1]. B TO )He BMH w° tie yaoaJleTBopHeTyc.IIoBHIo P-peryJiHpuIocTI( Hit B 
OHOl TO'I xc I € 4, Tax xax 3'[t] u02(t) = 0 wi BCCx £ € LI. TaHHM O6pa3oM, ynpai.ineuocm 
Wo Ha LI 1113J1HTCH 6oiee 06[w!M ycJIoBHeM.ueM I'-peryJlnpHocTb.
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•

	

	HoxaxeM, qTO B 4(t1 ). YCJIOBIIfi F(1_)-peryrnpHocT10 it ,,+"(,,—")-ynpaBJ1s1e1ocTII 
B3aHMHO HeaaBHcuMw.  

flpwoep 2.2: PaCCMOTpiiM aaa'y -	 - 

ti 

fu(t)dt-+min, 
to 

ecJ1M

( =) —1 +	, z(t)- ^5 0, u(t) () 0, t0 = 0, 4 = 1. 
2(1+u) 

TpaexTopMH w° = (x°, u0, p0), z°(t) = —t, u°(t) = 0 or1THMa1b11a. I1OCHOJIhHy 

'[t] G(I 1
u°(t)

\ 	1 

X+ U°(t))	2(1 + uO(t))2 /	2	 - 

TOW° i'+-perynpi1a Ha A. B TO +ce BMH B t0 = 0 CBOIICTBO +"-yIIpaBJIHeMOCT1I Hapy-
weHo flOCROJ1bH	'[t] (-1 + u/2(1 ± u))	1/2 npii Bcex U 'L-! 0.	 • 

I'lTax uMeloT MecTo 1aMlJJI1IHaiuh1: 

a) npn I E [to, t) (t E (to, ti])	 S 

pe2yiupnocmb = P_(T4- -jeyiipnocmb = ,,_"(,,+")Tynpaeitioe.sfocmb. 
6)iiaA	 S •	pe2yjupnocm = f-pey.,upnocmb =+ ynpa8./lJle.4wcmb. 

B To'lHax to 4 YCJI0BIIfI , ,+" (- ")-ynpaaJ1He1ocTH . H r+ (r_)-pery.JrnpHocTu Heaa-
BHCHMbI Me?+cyly C06011. 

•	§ 3 opMy.'11IpoBKa peay.iIbTaToB 

•	
•

 

BaWHOCTb noHHTuft ynpaBJIFieM0CTI,I (f'-pery.wnpHocT[l) npoflBJlfleTcH B TOM, 'ITO JU1H 
• TpaeFTopnIi, oöjiamaioiwix 3THM cBotCTBoM Kamghill JiM (J1I1M) yJWBJIeTBOpHeT 

IipocTOti a.nb1'epnarne. -

-	i'eopeia3.1: [IyCmb 7Z JiM mpaeK mop uu w° It 3aôanblmo'ulu 10 ', 4' ELI, t' < 4'. 
•	Eciw w° ynpa6iuie..ta na	ti') u ," (,,—")-ynpa8l e,oia u'w P+(r_)-peyipna 

o mo'ocax 4', 4', coorneemcmeénno, mo iiu6o	0 na (to', t i '), .'w6o infg (t)I > 0, 
LI' = [to ' , Ii']. 

TeopeMa 3.2: T1ycnzbz J1HM-mpae,cmopuuw° u 3aaaub tmo'oCu 10 ', 4' E L1, I' < W. 
Eciiu w° f-pe2yiipna na (to', ti') it P+ -, T_-peyipna e rrio'ax to', t 1 ' coomoemcmoenno, 
nio jut6o ip = 0 na ('a', t i '), 41160 inf1. Iv'( t )I > 0, /1' = [to', tj']. 

•	C.r1eicTBne: Ec.itu c yc.loauax meope.ot 3.1 u 3.2 w° ynpaoilileMa (f-pe2y4.c pna' na 
(1, t) n LI', nzo 416o ip = 0 na (4, 4) n zI' 4u6o inf4 hp(t)I > 0.	•	•	 . 

TéôpeMu 3.1 ii 3.2 HeaaBIcl1Mh!: TeOpemy 3.2 HeJibafi fl0JI'I11Tb 118 TeopeMhl.3.1 
floCocO.nbHy He Ha?BJu,It ,HUM nnJIneTcR JiM, B CBOIO o qepellb TeopeMy 3.1 . He.11b3n 
HOJIY'IHTb 118 TeopeMhI 3.2 Ta}c Raii ,,+"-, ,, — "-ynpaBJIaeMocTb W0 B 10,11 He cite-. 
AyeT H3 .fl4 -, P_-peryr1HplIOcT11. 

US TeopeM 3.1 n 3.2 cJieyeT, qTO y TpaexTOpu}1 W° y)OBJieTBOpn1ouei Ha LI cop-



• MJ1HOBHHb1M YCJIOBHFIM cBR8aHHbIM C ynpaBJIfICMOCTbIO HJIH r-peryJIHpHocTbiO, 
BcHKut JiM 14, cOOTBeTcTBeHHO, BCRHHI1 JIUM J11460 TOmAeCTBeHH0 BbIpoHJaeTCH
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BHYTPI4 LI 14 CBO.rUITCH x napç icoHieBbix }IMI1yJ1bCOB, 311460 yJoBJIeTBopfleT I1OTO qeq
-H0M yCJI0BIIJO HeTp1BllaJ1BHOCTH ?p(t) + 0 flI4 Bcex t € (t0 , t i ). aTo no3BoJrneT yTo-

-, -	H14Th y+ce H3BecTIIbIe peay31bTaml [4,5] 0 cyuecTBoBaHH14 JIflM, [IM tie cBoHLIeroco1 
ii nape loHLeBb1x HMIIyJIbCOB. ,LJIR 0pMy31np0BIn4 cooTBeTc .TBy1ouHx T0PM Ha-
EIOMHI4M on peJ eJ1eH14H I -cor31acoBaHHocTl4 a3oBh1x H TepMHHaJIbHhlx 4lyH}UHi, 
I-ynpaBJIneMocTn w° . t, t 1 H noHs4THe I-o5iiero noJ1oHeHnH 4a3oBb1x H TepM}1- 
}IaJlbHbIx yHKul4ii Ha W0 B t, t 1 . RaK H s[5] epea I iw 6yeM o6o8Ha'laTb.KaflJjylo 
napy MHoHecTB. I = (la, l) c 1 0 , I	(1, ..., d(b)). CoioicynHocTb Bcex nap I 6yJeM 
o 'öoaHaqam 'iepe3 .E'. BMecTe C I E. 	I = (la, I) BBCjM napy Cl = (C71 0 , Cl1), 
rge CI= {1, .. .,	I,, 1= 

Onpe)eJIeHHe.3.1-[5]: I1o31oim1 I ES. FoHopflT, 'ITO (f)a3oBhle H TepMI4HaJIbHble 
1YH1IW14 I-coa/iacoeanbl, ecjin ITO ?7 > 0 M0?fcHO ya8aTb 6 > 0 TaFC, 'ITO6hI 

ip I k(p) = °,Ip - r°I <6, () < - p - p0 , J(p) <J(p°) - p - p0} 

c {p = (x0 , xi, to, t1) I ø(x,, t1) f^,0 (i E I 1 ;1	0, 1)}. 

Onpeje31eIIHe 3.2 [5]: llo31oacT11 I E S. FoBopaT, 'ITO w0 I-ynpaaiiiesta B MoMeBmi 
to H t1, ecJIH CyaecTByIoT h € 'Co f(x0(tj), V[t 1 ], t 1 ) Tairne, 'ITO	 - 

•	(-1)' (b[t 1 } /i+	[t 1]) < 0 eC3TH iE I, fi	 I	0, 1 

Hciio, 'no TpeöoBaHIle I-yrlpaBJlTleMocTu B MOMeHThI t, H t 1 cia5ee Tpe6oBaHHR 
ynpaBJiMeMocTil W0 B BTH MoMelimi BpeMeHH.  

-'	Onpe)e31eHne 3.3: Ul0JI0nM 1€ S. l"oBopHT, 'ITO ()a3oBh1e 14 TMHHJIbIIb1 
(I)yHFcIwH Haxo)1aTcH B I-o6UfeM noJ1oaeHnH, eJIdH	 = (to, i, i, l) Ta1c0L 
'ITO	 .•	. 

(I[t 1 ]	+ (I)[t,] 1 < 0, ' ,c,(p°) Tq < 0, k'(p°)	= 0 

•	(i
 

El 1, fl I 0 ([t]); 1 = 0, 1; j € lo(-(p0))). 

Harm MHIIM BBee1uIoe B [5] onpejeJ1eHHe I-TpaHcBepcaJlbHocTll W0. B M0MeHmI to H I. 
0upee31eHHe 3.4: Uo31oH1 I € S. FoBopaT, 'ITO ?.v I-mp'anceepca.na OTHOCH-

reJibHo 4aaOBh1X fyHHUHft B t0 H t 1 ecJTH CyeCTByer 52( . ) € L') Taan, 'ITO' 

vrai lim g' ,[t] i 1 (t) = 0,	- 
t-*t i	 - 

vrai 11—m (-1)'	[t] /jt] Z10) < 0, 

vrai IT (08[t] + G [t ] 1Z 1 (t)) < 0 -, 

(i € I n I 0([ t 1 ]);8 '=1,..,d(G);1 = 0, 1). 

14Meer MecTo c31e)y1ouee yTBepacIeHHe. 

fl pegii . omeliKe 3.3: Yciweu.ci P-peey.vipnocnzu u mpanccepcafIbiocmu mpaemopuu 
w° a swenmt t0 u t 1 3C6u6aJTenrnKb me j4cOy co6ofL 

leopeMa 3.4: llycrnb w°	 (iIoaJlbno onTnuMaJlhnu5) mpaernopu.',
I € S. [lycmb, Oaijee, IJa3o8ue a mepuua.ibioie g5yniciuu I-c02ujacoeanu it ,LaxoOimc.c
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8 Ct-o6uçeM noiioceuuu C Ato.steumbi to u t 1 . Ec.itu w° ynpaeJt.ce.ta (P-pey.izapna) ita 
LI, mo cyuecrneyem flM (JIflM) mpaemopuu 0 yaoeAemeopiuoufua yCJtO8UJi.M 

a) p(t) + 0 OzA ecex t E (t0 , t 1 ),	6) m 1 (t1) = 0, eciut i E I t it 1 = 0, 1. 

'Feopezia 3.5: I7ojo-musiw0 onmuMaJibnait (Jioxa.abno onmuAa4buaJi) mpäe,cmopu.ci, 
I E S. llycmb, 8a,iiee, 6a3o6bie u mepu vi,n&e g5yfl?ciUu I-coaiacoeauu U nxoOitrncit

1 
o Cl- o6qe.t noJlod$ce?juu na w°. Ec4u w° ynpami.'ie.suz (P-peyizatpna) na A U ôonoii-
uume.4b no y3o8ileme0piiem yciweu.ct , , + "c,  - "-ynpaeJzi1e4wcmu uiiu r-, f_-pe2y-
.iutpnocmu (f'-, I'_-peyiuipnocmu) e mo'ttax t0 U t 1 coomeerncmcenno; mo w° o6iiaaaem 
HM (JIflM) yaoeiiemcopiuouu. yCJi08uRsi  

a) inf4 Iv(t)j >0,	6) m 1 (t1) = 0, eciiu i € l iii = 0, 1. 

B [6] noiaa-io, 'iTO ecJlH onTllMaJIbHan(JI0KaJIbHO orITHMaJlbHan) TpaetCTOPHR w° 
1-ylipaBJifleMa (I-TpaHcBepca.JlbHa) oTHocwreJmHo ()aaoBb1x (j)yHKwltl B t0 11 t 1, aao-
BbIe 11 TepMI4HaJIbHbIe 4)yHKI1I11 I-COt'JlaCOBaHbl II HXOJUiTCR B CI-o6uert riorioeiui 
B 3T11 MoMeHmI BMHI1 npwie 4)a3oBhIe (j)yHKUIIH flO3UflZWUW He3aBI4cuMbI Ha LI, 
TO TpaeKTOpHR W° O5J1a5eT flM (JIFIM) y oToporc 

a) vrai' max I,(t)t > 0,	6) m1(t) = 0, ecni i E I it 1 = 0, 1 
LI	 - 

KaK 113	 113 I'-pel'yJIFIpHOCTII W° i-ia LI caegyeT II03MT1IBHafl 
He3aBl4ci-IMocTb 4a30Bhlx ()yHK111i1 Ha A. fl03To1y . C y'ieToM 3.3 
TeopeMi 3.4 11 3.5 noJIyIa1orca 113 Teopem 3.1 113.2 11 yKa3aHHO['O peayiaa pa60Tw 
[5]. TaHIIM o6pa3ore, B jloHaaaTejIbcTBe HH3IOTCfl JIlflflb upejwioeHu 2.1 if 3.3, 
T0PCMb1 3.1 11 3.2 11 cjieACTBHe 113 T0peM 3.1 11 3.2. 

§ 4 llpiiMepil	 - 

3pecb coópaHhl flpHMepbl, ii jiiiocpi-ipyiouuie CyUeCTBeHHocTb y6J10BH1 TeopeM 3.1 
11 31 . flocicoJlbKy BO Bcex iipiiepac MIIIIHMH3i-IpyeMhltl 1fYHK[U10HaJI itMeeT B11 

	

'	II 

J(w) = f /o (x(t), u(t), t) de;	 (4.1) 

re to ()yHIcUI4H HenpepblBHafi na Q	BMecre CO CBOIf Mi-I [IpOil3BOJIHhIMII 110 X, u 1 If 
TOHX pa36opy npe)uiomJleM cBeJeHI4e Talcoro poa aaga'i H KaHoHlI'iec}coll aaa'ie 
(1.1) It yKaneM o6paTHyIo peyyicwio I1M iiaHOHm qeCKOfi aaa qn K I1M aajaq i c 
i-lHTerpaJIbHhIM 4IyHHIU1OHaJI0M.	 - 

BBOgH BcnoMoraTeJIbHyIo 4a3yy E R', /UI0epeHIU4aJthHY1O CBIIBb ,(t) (=) fo(x(t), 
u(t); t) it M11HHMHBIIpyeMKII1 4yHKIutoHaJl J(p) = Yi - Yo ' P = (yo, y, p), npnxo-
JUIM H 3KB14BaJ1eHTHOl aaa'ie Ti-iria (1.1). FICHO, 'ITO nto6afi JO1ICTHMH TpaeK'ropflfl 
w = (x( . ), u( . ), p) HCXOJHO1aaja q nepexoiu B HeKoTopylcI 1OUYCT11MY!0 3aja'1y 
TpaeKTopllH lbo	(o(.), u°(.), p0), 

= (y, X )	p = (y(to), y(t), p),	.y(t) = Yo +f to(x(s), u(8), S) ds 

peJyunpoBaHH0h aaja'i (ageci Yo 11pOII3BOJ1I,HOe q i-lCJio) i-i HaoöopoT. Hycm 
w° = (X0(.), u°(.), p0) - onTilMaJib IICXOAHOrt aaa'iu, i)° = (t0(.) , u°(.), 0) ore 
qamuaiiet 0flT1lMJIb pe)y[11p0BaHH011 3aJa'iH. CorJiaciio [3] tiP o6JiaJaeT JIM 01114-
CaHHliM onpeeJi elf 11eM 1.1. Henoope)cTBeHHo Bl4JHO, qTo 3T0T flM ncB11BaJ1eHTeH HM 
TXTO11I4 IV, y KoToporo ocHorn-Ihie ()HKL11!4 cJleayeT 6paTb B 4opMe 

H = /(x, u, t) - a0/0 (x, u, t) + Vi ,	I = x0x(p) + cx(p).	(4.2) 

'S
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YHaaeI Tenep! 40pMyJIHpOBHy Teope.Ni 3.1-3.4 fli1MHUTJ1bHO H aaAaqam C HHT-
rpa.3bHBIM (j)yHRIuIoHaJloM (4.1). HocKoJlbHy nepexo)1 OTw 0 H peJyIuiponai-iiiot Tpaelc-
TO11H 12,0 He MeHHeT a3OBb1x 4)y11KIHfi, TO yCJIOBIIH I-ynpaBJIneMocTll H M0MeHmI 
to H t, ynpaBiuIeMocTH, P-perylxpi-iocrll it peryJHlpl-IocrIa B MOMCHT t E tI 3THX 
TpaeHTop[Itl COBfl8Ja1OT. Ho HHOM 06CT0HT jejio C yciioea I-corJlacoBaHHocTl4 
4aaoBhlx H TepMHHaJthHHx q)YHRIAMR Ha TCHTO11I4 B M0MeHmI t0 H t 1 . Haia noTpe-
6yCTCR onpe)eJIenne. 

OnpeaeJleHlle 4.1: floiiowiiiI E .E', I = (ia, I i ). Mhi cHaHceM, 'iTO ()aaoBbie H 
MHHaJlbHhIe ( yHHIwH (I, k, c)-corJIacoBaHIl Ha wO B MOMeHTbI to ii t 1 , eciui no 77 > 0 
MOHHo yHaaaTh ô > 0 TaH, 'iro 

	

- {p' I k(p') = 0, I p'	p°J <ô,x1(p') <	p' - p°	(j	1,..., d(x))} 

c: p' = ( x0 ', x 1 ', t0 ', t i ')	(x,', t 1 ')	0 (i € I, 1 = 0, 1)). 

11pemJ1oaeIltie 4.1: flOdlodseuM I € .', I = (ia, I i ), w° - rnpaeKmopuJl daOa'Lu C Un-
mepa.Itbnbi.4t j5yn1ionaiio.4t. aA jt mo2o, 'mo6& aaocie U mep4tunadIbnbie 95yflCifUU 
6butu -co2diacocanbz ita peayiitpoeannoii mpaenmopuu l2)O C ito.Aieumbi t0 it t 1 ôocma-
mo'oo, tmo6u onu 6hiJZU (I, k, x)-coa'lacoean& na ucxoônoii rnpaemopuu w°. 

LoxaaaTejIbcrBo cieiyer Ha CBHCHI11I orIpejeJIeHHi 3.1, 4.1 ii .HerKo IlpoBepH-
eMoro BHJUOqeHI4H 

flP{P' I k(') = 0, '	0 J <ó, x1(') < -i IP' - 
f(p') <f(po)	

,	' -' (j = 1, .'.. d())} 

c{p'I k(p')	0, 1 p' - p°I <ô,x 1 (p') < - ij p' - p°I (j = 1,...,d(x))} 
CI1paBeJJIHBOrOflpI1BCex?l>01zâ>0I 

IaIdHM o6pa3oM TeOpembi 3.1-3.4 ocTaloTeR cnpaBeJ1HBh!M11 11 flp[4MCH11TeJIbHO K 
3aaqaM C [IHTCI'paJIhHblM (yHHIuaoHaJ1oM (4.1). Heo6xoua io jus ulb npii BhlIIHChI-
BaHIIU JIM (JIHM) OCHOBIIbIC 4yHKUUH 6paTb B opie (4.2), YCJIOBH I-corJ!acoBaH-
HOCTH aaMe}IHTb YCJIOBit eAi (I, k, x)-corJiacoBaHHocria H RC1O	B (jOpMyJI[IpOBKaX 

THX TeopeAi	3aMCHHTb ia	( . )f + 
flpHIaep 4.1: PaccioTpH1 3a qaLiy 

f.3/1+u2dt-3.min, 
to 

ecjin
(=)u,	x0=10=0,	x(t)L>t,	x1^9(t1),	- 

rje 2)1H?K)bI HerLpepbzBHo Jfl1("epeHL[lpyeMaR 4)YHHLUIH Talcafi, 'ITO t'p(t) <t yIa 
, t == 1 it (1) = 1. FeoMeTpH'iecHH aaja qa COCTOHT H HXO?fJHllH }cpaT'iatlwei jyrii 
x = x(t) onpeeJieH1Ioü Ha [t,t 1 ] flH ycJIoBHnx, 4TOX(t)	= to = 0, x(t 1 ) :E^: 9(t1).
BbInHIueiI ee FIM: 

= (x0, , c, 'H, m),	ao, x 2t 0, dm	0, p =	-. 
-	-	= H =V,u -	i ± u2 + V,,	1 =CX.Xo + c,t0 ± oc (x 1 - 

'faH icaxu0 = 1, TO H[tJ = '(') _	+ ( t ) (=) OH H '[t ] = (t) - 0N2(=) 0. 
CpaBHIIBan 3T0, aaHJIIo qaeM 'iTO apz	= ccoIV H (0, 1),a noCoJibicy cp'(l) = 1, TO, -
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corJladlloyciloB!Iro TpaHCBepCaJ!bHOCTll,p(t 1 — ) = m(1) +a I1Wg(li — ) =.-77i(1) -a -  
OTcIo)a npnxoJHM } Bh1XOy, qTO a = m(1) =cto = 0. Tax xax —dip., = dm, TO 
n(0, 1J} = 0; TaxLI1 oöpaaoM Bee }coMnoHeHmI I1M A, xpoie c,, ci. H m(0) paBni 
HyJI}o. Her1ocpejeTBeHI-i0 BHJHO, !TO W0 ynpab.rIHeMa Ha [0, 1], 4a30rn.ie H TepMH-
HaJlbHhle yHxuHH cOrJIacOBaHhI B t0 . 1-IapywaeTca Jillifib OJUIO YCJIOBI,le TeOpeMbi 
3.3 ycioime cor.nacoBaHHocTn 4a3oBb1x H TepMnHaJIbHbIx (DYHKLtKrI B t,. Tpaex-
TOIlH w0 ymoaJleTBopReT BCeM YCJIOBI4J9M TOOPCMbI 2 paOOTbl [1]. flocxo.rlhxy IJ1H 
.mio6or'o [IM aTofi TpaeKTOPHII tp = 0 i-ia Ial-lTepBaJle (0, 1),To olla HBJIReTCH lcOlITprlpU-
MepoM reopeMe 2 (B xOTOpOi yTBepxaeTcR, qTo x0 + p(t)I >. 0 npi Beek t E 4)• 

llpHtep 4.2: Pacc1oTpi-l1 aajay 

f udtmin, 

ecin
x0 ==y0 =t0 =0,	y=l;	I(=)u,	i(=)1,	x(t)t-1. 

TpaexTOpHa w° = (x°, y°, u°,--p°), x°(t) = u°(t) = 0, y°(t) = t, t 1 = 1 joiiycra orpa-
- 

HH qeHIIBMH 3aa q II II i-ia iiei (j)yHxInoHaJI J = f. U dt o6pawaeTerl B HyJib. Ha iio6oct 
to 

OlJycTl1MOiTpaeKTOpl4II W B CHJ1	Ul4JepeHtHai1bHorI CBH3II II Kpaeablx ycJIoBIü' 
Yi = t 1 = 1. Cor.]acHo 4)a3OBoMy orpaHIieHIrIo J(w) =	— 1. = 0 C.rieo-



BaTejibilo, W° — oIITIlMaJlbHan TpaexFOpLIH. IierlocpecTBeuHo ycMaTpnBaeTeR, 'ITO 
w° ynpaB.nfleMa na 4. IioClcOJlbKy , Y t0 (jlllKCllpOBaHbI, TO 4)a30BbIe It TJ)MHhIJ1bHbl - 
4yHxLi-iLI cor'JiacoBalIbI npii t =. t. B TO ?KC BpeMn B t 1 ycJIOBIle corJIacoBaHIIocTII 
aTHx(t)yHIcLnft tie Bl1nO.rIHaeTca,nocxOJibxyToxa x 1 —e, t = 1 + e rlpllBeex>0 
YOBJITBOHCT TepMUHaJ1bHOMy oi'pal-ineI-114I0 It HapywaeT tJaaQBoe orpaHilLieHile. 
Y6euIMen, 'ITO jirisi w° tie BbIIIosIHFieTcn HuIcalcOii HiM, y xooporo m(t 1 ) = 0. jecT-
BuTeJIbHo. [IycTb 

	

= (co, c, ip( 	m) '	 - 
c = (ex., cy., c1 , ca),	m(1) = 0,	dm > 0,	ip = (ipx , ip, ip) 

HM TpaexTopiii-i w°. Tax xax t — 1 <0 Ha [0, 1],ro rn([0, 1)) = 0. [Ioexo.rlbxy 
iaciio IlpejuioJlw+ceHllIo m(1) = 0, TO II ni = 0. ,LIajiee, x° = uO = 0. floaToMy R[t] 
= ip,(t) + V1 (t) ( = )0, H '[t ] = (t) -	(=) 0 it dips =	dip1 = 0. Tax xax r1epa
M paa HJIIO, TO tp HenpepbiBlia Ha [0, 1]. fl03ToI1y ip — H0HcTaHTa ia [0, 1], 
1p 1, = — = const H ip = oco . Jajiee, H CHRY yCJI0BIIft TpaHCBepcaJIbHOCTII p(t1) 
= ip1 (t 1 ) = 0. IloaToMy x0 = c, = C,, = c1, =.0 it = ip1, = ip, = 0. TaKUM 
o6pa3oM. Bce lcoMnoHeHThl 71 paBHbI HyJilo. CJiejoBareJibHo, W° He YAOBJICTBOPFICT 
imxaxoy rIM, y KOTOOFO m(1) = 0. B TO xe BMH TpaeKTOplIH W° YJOBJiTBOPHT 
BCeM CJ1OBHM OCHOBIIOiI TCOMbI paöoTbl [2], corJiacHo KOTOpOI raxan 011TH-
MaJibliaB TPKTOPIIH )oJi?KI1a YIOBJITBOHTb 11p111-iwIriy biwicnmyNia C m(1).= 0. 
CJ1eoBaTeJIbHo, W° HBJUIeTCH KoHTpnpIMepoM pa6oTe [2].	 - 

fIpHMepbl 4.1 it 4.2 HJ1JII0CTI4I0T Cyw.CCTBCIIH0CTb yCJI0Bi-1H COI'.IaCOBaHIIOCTII 4a3OBIIX 
H TcpMnIIaJlbHbIx	IIH[IIi	J1H cnpaueJIllBocrII reopeM 3.3 11 3.4. 

lip iuiep 4.3: PaccIIoTpuM aajay 

fudt-.I.min, 

ecJ1H	 - 

	

x0 =t0 =0,	t1=t,	x1=0,	t(=)t,	x(t)	O.
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'llycm w.= (x, u, p) AOnYCTIImaR TpaeFcTopl4a. Toi'ja 

/ J(w)=fudt=fdt=+f,dt. 

B ciiiy 4aaoBoro orpaHH q eHMFI J(w)^ 0. Tarn4M o6pa3oM T8FTOP14H w° = (x°,°, p0), 
= U0 = 0 rniineca 0I1T1ii1aJ1bHoi. Ha w° aaornie 14 TepMHl-la.mbHhIe 4)yH}cI1414 coi'jia-

coBaHhl B 0 14 1. IpaeFTopI1H ynpaBJlcIeMa iia (0, 1]. YcJI0BHe F1BBJ1HMOCTH He Bhl-
• noJIBReTcH B ORHOR e1u4ncTBeHI!o Toq e t = 0. IIOHaHeM, '4T0 W0 He YAOBjieT-

BOPFIeT . HmHaxoNty [IM, HOMHMO ilMilyJIhenoro cocpeooeniioro B HOHIWBhIX TO'IKaX 
0 14 1. )IetcTBh4TeJIbHo. FIyCT1 

= (, c, , rn), 

= (, ve)	c = (ci.,	 1.! = H=ptu - u + pg 

[IM TpaeiTopiniw°. Torja H[t] = tp (=) 0 ii H ' [t] = t p (t) —oco (=) 0. i1OcFoJuIy 
• Pz 0 'p 11HaH 4yH141u1H, TO OTCIOJa CJIYT, TO 1px = tp 0 Ha (0, 1) 11 cco = 0. B 

CllJIy conpn+ceoro ypaBHeHHfl--dtp = dm, oTya 3aluitwiaem, 'ITO m{(0, 1]) .= 0. 
ia11M o6pa3oi IIOMIIMO-nMnyJIbcnorO W° He yOBJIeTBopHeT HHH amo.my fiM. I'ITaK, 
yeepieniie Teopem 3.3 Ii 3.4 He BbIrIoJlHBeTca, ecim w° XOTH 6b1 B O;7kHOrf Ha To'iei 
g0 HJIllt 1 He yoBJ1eTBopHer ycJ!oBHIo ynpaBJIneMocTu.	•	• 

[IpHMep 4.4: P8CCMOTPIIM aaay 

—* mm,
-. 

( = ) —x ± u2 , t*=0,	t 1 =2; x2±(t-1)2-1^0,	x 0. 
B1,iqnc.mHr1 Bl-Ia'IaJIe orITnMaJIbHylo TpaeHToplllo. PaCCMOTpIIM Tpae}TOpH11, y HOTOb!X 
u= 0. B CHJI ypaBHeHuH t (=) —x ± u2 , y Ta1lx Tpaeopii x(t) = i'.ie c — 
HeIoTopafl IcoHcTanTa. HaH1eHbIuee x(2) CpejjIA HI4X HMT Ta )onycTuMan TpaeEcTo-
pun w° y HOTOpOt1 x = x°(t) }acaeTcn OKpy4-HocTu X2 + (t - 1)2 = 1, B HeKoTOpb13 
M0MeHT t,, € (1, 2). J1erio y6eluTbcn, 'ITow°peaJlHayeT MHI1LIMM 3aja'1H )i .	e1cTHu- 
TCJ!bHo, ec	öbI HaIu.mach )onycTnMaa TpaeRTOPlIFI .W, y HOTopot x(2) <x°(2), TO
143 ypaBHeHHt1 X = — X0 , = —x +-u2 3aNJIIO'laeM, 'ITO x(t) :E^ x(2) ê-' <x°(t), OT-
iya, nocoiixy x(t)	0, TO (x(t*))2 + (t — 1)2 < 1..-MH IipHulJlIl H ripoFIIBO-



peiiio C JOHCTHMOCTb10 W, T.e. W° — MI4IIJ4MaJLb. IiJ1n oiipejeiea 1 9, 14 C iiptixo-
allm 6I4cTeMe e1.+c = 3/2t 9, — t,,2 , e- '- +c = (1 — 4)1j/2t	t,1,2, OTKyJLa 

t = (i + }5)/2	ii	c= in JI2t — g,,2 + t. 
ROHIhI onTHA!aJIbHOrl THTOI4I1 W 0 J1e4caT BHYTH 4)a3OBOI'0 orpaHI4'IeHl-iH, T.O. 

JJ111 w0 BlilnOillIelibI yCJIOBIII1 cOr.aacoBaHHocTH 11 ynpaBJlneMOcTH JJ1H M0MeHFOB to H t. 
flocHoJlbKyx° icacaercn a30BOi I'paHHUhI JIFIUIb npii I = t,,, TO ycjioBne ynpaBJlaeMo-
CTU BblrIo.nHeHo BC1Wy Ha [0, 2], ipoe t. [IpoBepw1 yCJIOBHe YHBJIHMOCTI1 B t. 
14MeeM4 1 (x, t) = 1 —	— (1 — 1) 2 . flocE6JIb1y X° HaCaeTCfl OKpy?KHOCTH 0, ,= 0 B 
M0MeHT t, TO	[t] (_x0(t9,)) + 0[t9,] = 0. flOaTo1y J1H .riioóoro U 

'[t] (—x°(t 9,) + u2) + 0[t9,] = —2x°(t 9,) U2	0, 
T.ê. B t Bblno.JIHeIIa —"-yrIpaBJlfleMocTJ, 14 HapyaieHa ,,+"-yrlpaBJ]neMocTb. 

PaccMoTpHM BM THTOH1I wO .t FIMeeM	 . 

	

(2, C1 0 , C1 0) tp, m 1 , m2 ),	•	 / 

H =R = zp(u2 - x) -)-- ,	1 = 0xi + c,•t0 + c(t 1 ,- 2).
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3ieci; Mepa . m1 cooTBe'rcrByeT orpaHu qeHulo 0,(X, t) :!^ 0, am2 — orpaH11eH11I0 x	0.
flocKoJIbxyxO(t) >.() H t, — eIumcTBeHHaa 4aaouan ToqKa,To m2 = 0 H MI = dó(t — 
rje d 0. VCJIOBHH Ha oz HMeoT BHTh H = 2ipu° (=) 0, 

• —dips = H '[t} dt + 2x°(t) dm 1 =—(t) dt + 2x°(t)dm1, 

• —d p4 = H4 '[t]dt + 2(t — 1)dm 1 = 2(t— 1) dm,,  

= 0, t(2) = —, V(t) = ce,, (2) = — Cg — V (t) x°(t) ± v( t ) (=) 0. 143 (4.3) 
H npeIlCTaBJIeHHH m 1 = dô(t —	iii 8a1.rijoqaei, qTo 

•	10	 ecj!M	t € [01 t,J	•	- 
—2x°(t)d e .,	ec.riu	t € (t,,, 2]. 

• flpoue ICOMnOHeBmI 7t .merico i3wpa 7HalOcca qepe3 ?pj:	= 0, c4 = — (2 ) x°(2), 
= 2x°(t) e- 274 d. 14rai, ip = 0 ija [0, t] H tPx	0, r.e. sAeCb Hapyuietia aJib-



repHaTuBa TeopeMbi 3.1. Paaraja npuepa --Hapyuiellue ynpaBJIHeMoCTHW° B 
eHHC7Be11HOft TO qHe t, €  

HpuMepM 4.1-4.4 HJIJlIOCTpHpylOT cyUWCTBeHHOcTb yCJ10BH1 y npaBJI qeMOCTII H corjiaco-
• BaHHocTll B TeopeMax 3.1-3.4.	 •	• 

-, §5oRa3aTeiIhcTBaTeopeM 

I	- 

HaqHeM C AOxa3 T ejibCTBa HPWJ?KHHH 0 CBH3U IIoIIHTHllynpaBJlfleMocTH H I'-
peryJlHpHocTIl.	 • 

•

	

	JoIca3aTeJ1bcTBo upegJIo3eHuH: 2.1: I10Kafc(M, 'ITO H3 r+-ynpaBJIHeMocTH
B To'Iice t € (t0 , 1] BblTeKaeT ,,+"-ynpaBJaeMocTh. 06031Ia4HM 'Iepea / OAIIY 113 JICBbJX 
flOfl3BOHb1X X0 B t, T.e.	• 

= .. x°(t,,) — x°(t) 
n-+	 n — t*	 •	 - 

AJIII HeHOTOPOA . nocJ1eIoBaTeJ1hHocTlIt,, TaKO1, 'ITO t, —* t,—. TaK HK 

x0(t) —(t)	
dt € co u /(() u°(t), t), 

TO Hal&gyTcrl 'IllCJIa c',, 1 , t,, 4 H BKTO	u,, (1 = 1, ..., d(x) + 1) yioBJeTBopnIoItue 

CJiOBiM ct 1 1 ^ 0,	' ct,, = 1, t,, E (1,, )	• u,, € u°(t,,')	TaKI4e, 'ITO 

=	' t, u, t,,').	 •. 

llepexoa K nonoeJIe)oBaTeJIbHocT1l, Mbl MO?+ceM cuTam, 'ITO	—* &, U,,' 	U1. Ta-



KMM o6paaoM, cytqecrBylor &, u4 (1 = 1, ..., d(x) ± 1) TaKHe, 'ITO 

x1	0, E	= 1, u € u°(), J =	x'/(x, &, ta),  

re x = x(t). flpu 3TOM, TaK KK / — ean flpO113BOHan Xo B t, TO 

C [t ] I +	,[t] ^ 0	jria Bcex	i E I 0 (P[t]).	•	•	-	(5.2)	-
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Coricno yoJloBuIo, w° f'+ -pery.riapna B t,,. flo3To1y CYWeCTB Y LOT BHTOPU^ l . € Rd ' u 

TaHile, 'ITO 

g(x, U, t) 1I = 0,	J[t]	ut, ) Fil l > 0;	 - 
(o.3) 

< 0 
n.rtI cex I = 1, ..., d(x) + 1, i E I ( 't [t ]), s E I 0 (G(x, u 1 1 , t)). flocoJ1by oriepaop 

g'(x, u1 , t,.) 1 I oTo6pacaeT Rd(. iia Bee HP0CTPHCTBO R(g), a g(x, u, t,) = 0, TO, 
cor.naciio Teopeme JIIOCTEPIIHHA [8], CYLUCTBYT onpeleJIeHlIaa npu Bcex e > 0 (j)yHK- 
IJ1H ?V(e) TaIaH. 'ITO	 - 

a) l j '(e) — 0 iipi e —. 0+, 
6) g(x, u1 (e), t) = 0- npH BCCX e > 0, 

•	 .. 
rje u'(e) = (u1 "	Oil+	i + 'â 1 1 (e)), u2').	

4)


Torja ia (5.3) BbrTeLaeT cyllecTBoBauue co > 0 TaKoro, 'ITO iip 0 < e <e0 

O,(x, u1 (e),t * ) < 0,[t] /(x, u1 (e), ') >	[t] /(x, u, t)	(5.5) 

npo Beex 1	d(x) + 1, s	d(G), i E I0([t]). flo.iouri. /( e ) = ' o.'/(x; .u'(e), t). 
ha (5.5) cJIeyeT, 'iTO /(e) € co /(x * , V [t ], t)JjIH Beex 0 < e < e. CpaRHnBaH (5.2) 

•	 ii (5.3) npn 0 < e < €0, 3aIcJlIo qaeM, 'ITO	[ti /(e) +	[tJ > 0 iac TOJIBKO 
i € I 0([t]). BTIIM ,,+"-yupaBJuIeMocTI W0 B t JoIa3aHa. AHaJIonI'IHo ycTaHaBJIM-
BaeTcH cnpaBejJn4BocTb ocTaJlbHblx yTBepaeHI1. i npewioHiemin 2.1 I 

• LoKaaaTeJIbcTBy Teoper1 3.1 ii 3.2 n npeJ.J1oeHIlH 3.3 npegnmuagm Tiemmi 1-4. 

JIeM1a 1: llycmbp ,w.nonenmad1I1M, t € [t0 , t) (' € (t0 , t 1 ]). Ecitu (t+) = 0 
uitu v(t) = 0 ((t—) =0 u.IIu (t) = 0), mo cyuqecn6y,om M( . ) € L 7), qc) 
€ L( 11 ) 11 Konc,nauina K0 > 0 naicue. 'into na t1) ((t0, tm]) u..tte,orn .tecrno 00
ymeepHcôenuR 

(t) __(4'*[t] + *(t)) M(t) (p(t) = _(cP'*[t] -F- q(t)) -41 ( 1 ),	(5.6a) 

1(1)I <K0 It— t,	 S	 (5.66) 

IM(1)I	.4tofl0F110flI-w eo3pacmaern (y6b6aem).	 (5.6') 

1J,o1a3aTe.IbcTHo: Pacc1oTp1151 cJiy'Ia(, corja v ( ( +) = 0, ' t € [t0 , t i ). ,LoHa-
•

	

	aaTejlbcTBo JIeMMbI B OcTajibilbiX ciy'iax IIOBOJ11TCH aHaJlorII qHo. Cor.riaciw CBOfi-



CTBy orpalIH'IeHHocTH J1I1M peryJIFIPHOrl aaaii, aafiJeTcn K > 0 TaIOe, 'ITO 
•	Ia(t)l (:!^) K v(t)I, Ib(t)I ()' K	Ii(t)I () K I p ( 1 )• 0603HaqIIr1 'Iepe3 J11'a(t) 

Mb(t) co}coHynHocT14 maTPHIA paaepc d(G) x d(x), d(g) x d(x), nepeo j iwix t'(t) 
H a(t) ii b(t), MOJ J1b IOTOphIX ne npej3OCXO;ItIT K. Hciio, 'ITO 41( . ), M b ( . ) I13M0IIMbI 

3aMHHyTo3Ha4HbIe MHoroaHa qHhle oTo6paaeHI4R. 06o31a'iIue epea A(t) ii B(t) n3Me-
pli511le Bi15opcii 113 --M0(t) ii Mb( t ) (cyiLecTBoBaHI1e BIi6OpK11 rapanpye JIe1Ma 
tDHJIJIIdnoBa [10]). 14CLLOJIb3yII A(t) ii B(t). aariiaweM COIIHHHIO cHcTeMy 1-caK 
d p = A 0 (t) ti(t) dl ± f , [t] dm, I'je A 0 ( . ) -- HOHOTOH u3MepIiMan orpaIIIl'IeIIHaIL 

yI-IiiuiJi. TaR RK a v(t* +) = 0, TO jjIH I € (t, t) iiieeti	
S 

(t) =f (t, r) b'*[r] dm,	 (5.7) 
•	(st)	

- 

rge PecTb	 MaTpuIa ypaBHeHI4H — (=) A 0z. hlocHOJIb1-y F(t, I) = F, 
• re B — eHHH q HaH MaTpuLa, 11 (t, r) — -JIHflWHECBa 1)yHKUHfl apl'yMeHTOB 1 11 T, 

TO 113 (5.7) c.aeyer cyuAeCTBOBaHHe 'iøcia K0 He 3aBI4cclIuer6 OT 1, 14 4)yHKwli 9r11 
M, yOBJIeTBOpnIoIw1X (5.6) 1
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JIeMM8 2: Jlycrnb tP FoitnoueKma I1M, to', t i ' € LI, to ' < ' U' W0  
ynpa6izJe.Ma ma [to', t 1 ') ((t0', ti']). Toaa 4tKoicecme6	- 

A = t € [to', ti') I	= 0 uiu p(t+) = 0 uiu e(t—) =0} 

•	(B = It € (t0',t1'] I p(t) = 0 uiiu	= 0 uizu p(t — ) = 0}) 

nycnio u4uu.4teem euô 'A=[i, t 1 ') (B = (to+, t]), 2Oe I = ii-if A (1 = sup B). 

LJoKa3aTeJIbcTBo: YCTaHOBHM yTBepKgeHHH JIeMMbI )J1R MHoKecTBa A (c.riyai 
MH0?ffecTBa B paccMa'rpllBaeTca aHaJloru qHo). ,LocTaToqHo yCTaHOBHTb, '1T0 gJiR 
mo6orf TOq HII t 1 E A MOflHO yicaam 'roq y t' € (t, t 1 ') TaRyio qTo 1p = 0 Ha (t 1 , t'). 
Ho yCilOBHib w° +"-ynpaBJlcieMa B t 1 . HoaToMy HaJeTcH / € co/(x, V[t],t), 

= x°(t), Tahoe qTo	•.	 . 

[t ] 7 + b [t ] > 0, i € I0(0[t]).  

143 pel'yJIHpHOCTH CMIUHHbIX orpaHvigemifil [5] -cJIeJyeT cyEuecTBOBaHHe 6opeJIeB-
ciot1 orpaHn geHHot )yH1nHn / TaHot, 'iTO / = urn /(t), /(t) E cO/(x0(t), V[t], t). 

CorJlacHo flpflHII.Ilfly MaKdilMyMa [Ipil BOOX t € (ta, t 1 ') BEanonimeTCH HBHCTO 

— v(t) ^ 0,	JUM = (+[t] 7(t) ±	'[t]) M(t),	
59 

v(t) =	(t) 7(t) +	(t)I I MMI,	 S	

- 

rieM(t), 92(t) = (q(t), 951 (t)) 3T HiHI1 .onHcaHHhIe CJlOBllHMI4 (5.6). 0603Ha'iHM 'iepea 
r. qHcjio miD {[t] 7 +	[t] I i € I 0(0[t])}. IIpM I aocTaToq Ho 6J1113H1.IX K t uMeeM 
u(t)	(r/2) IM(t)I H v(t) ::-- (r/3) my). floaToMy us (5.9) ceyeT, '[TO npll TaKHx 

6yJLeT (r/6) IM(t)I	0, a 3Ha'iHT M(t) = 0. 14Tax cyuecTByeT t, <-1' < t 1 ,TaKoe, 'iTO 
M(t') = 0. B cuiy (5.6a)	= 0 iia ( ta, t') 1 

JIeuia 3: Tlycmb V icomnotteuma JTHM mpae,nopuu w0 ut', 11 ' € 4, 10 ' < 11 ' . Ecitu 
uP F+ (P_)-pe2y'ufapha ija [t 0 ', ti') ((to', t i ']), mo w-iowecmeo A(B), onucannoe 6 yciiosuu 
JzeA.Mu 2 nycnw uitu u.4feern cuô A=,[i, t i ') (B = (to+, I]),	e 1 = inf A (1 = sup B). 

IioKasaTeJlbcTBo: JoKaiceM yTBep?KeHue JIeMMbJ )J1H MH02fcecTBa A (c.nyqat 
MH07KecTBa B paccmaTpHBaeTCfi aHaJIoru'iHo). ,Tjia OTOL'O JocTaTo q Ho ycTaHoBHTb, 
'ITO ,IJIR JlIO60I To qic t, '€ A CyIIeCTByeT TO'iKa I' € (ta, t i ') TaKaR, 'ITO Ha (t m , I') 6y)eT 

= 0. 3aHKcHpyeM e > 0 H noJIO?KIIM 

r, = inf {I/(x, u, I)	,[t] m + g(x,u, I) b -	u, I) aI}, 
ye 

r;={(x,u,t,a,b,m)Ix=x°(t),u=u°(t),t€[t,t±e],m	0, 

a	0, I ml = i aG(x, u, I) = 0, mb[t]  

143 F+ -peryJIllpHOdTlI W0 B t, cJ1eyeT, 'iTO r2 > 0 [IH majibix c > 0. CorJlacHo .no- 
HJlbI1OM r1p[lHI4ny MaKcHMyMa H ,[t ] (=) 0 B CHJI'y (5.6a)	•	 .	 S 

0 = H,[t]	(t) - 

re u(t) = lI[t] b'[t] M(t) + g[t] b(t) - Q[t a(t)I,	v(t) .= It[t]	(t)I IAI'(t)I,
aM, 92 OlcaHbI yCJIOBHHMLI (5.6). IlpHt <I <I 1, + e iarieei (t) ^- (r,/2) IM(t)I 
ii v(t) ;5.(Y,/2) IM(t)I. ,L1,..ni TaKuxt6yLeT,(r1/6) IIlf(t)I	0. Iloa'roMyM(t)=0. Cjiejo-



BTCJIbH0 cywecTByeT I' € (t, I 1 ') Ta}coe, 'ITO M(t') = 0. B cuiy (5.6a) Ha (t a , I') 6y)eT 

/	26 Analysis Bd. 7, Heft 5(1988)	 •	 S
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JIeMMa 4: Ec.itu w° f_(P)-pe2y4uipna e t, € 4, mo naa0enicA opecmnocm B(t) 
mo'ucu t, iia xomopotz 0 y008MmeopRem yciwewo r_(r,)-pey.piiocniu. 

JoKa8aTeJ1bcTBo: VCJIOBIIMCH B O603Ha'Ieflhlil. Ecriia Y(x,'u, 1) (yHlciUt1I, TO 
u, t) 6ygeM o603Ha qam Y[u, t]. Jolca3aTe.nbcTBo Ô YWM BCCTII OT flpOTilB-

/ nor'o. flycm w° P_-peryJlapHa B t itiie o6JlajaeT 3TI4M CBO1CTBOM liii Ha KaI-oi 
OJ-cpeCTHOCTH B(t). Tor)a cyueCTByeT uocJIeOBaTeJlbIIOcTb (us , ta ), t,, E 4, t,, '-- t, 

= u°(t), TaHafi, xITO CHOTeMa 

g,[u, t] Z1 = 0,	t] :!i < 0,	
(5.10) 

x[t] /,[u, t] 11 < 0	(s € 10 (G[u, t]) ; i € 

•	HecoBMecTHa HO Tt j 1J1H Bcex (u, t)	(u, t,,). CTpOIa 3iiri"epa CCTMbI (5.10) B (us , t,,) 
J4MeeT BHA (ba , a, ma), rye a ^ 0, rn,,	0, aG[u, t,,] = 0, m'[t] = 0, laI + 
+ ImI = 1. flpit 3TOM g'-*, [U., t] b8 - G[u, t] an - /[u, t,,] J)*[t] Mn = 0. 
B Cii.ny O1.paHIItIeHHOCT1I nOcJ1ejoBaTeJlbHOcTl1 (un , h,, a, rn,) MO?KHO c quTaTb, qTO 

u,, - 11, b -- b, a;-	it m -. fli.' Tx RaK i € u°(t), TO (b, a, i) o6pa3yeT cTpolcy 
•	clicTeMbi (5.10) B (!z, tm). rlocJleftHee. HeBO3MOlcIlO flOCloJ1bHy W° I'-pe['yJIHpHa B t,, •

OJ-a3aTeJIbcTBo HpeJIOHeHl4fl 3.1 YCTaHOBIIM jwe iiirIriinaurni: 

(i) F-pe2y./lilpnocmb w°c t0 , t 1 =' mpanceepcaiibnocnlb w° 8 t0 , 11. 
(ii) Tpanceepca.ibnocrnb Wo C t, t 1 4 P-pe2yiuipnocmb w° e t0 , t1. 
(i): flpOBeeM -HOHCTpy11I4IO 4y11xLiiii ft j = ii(t), coyieparnetkcH B onpeeieiiii 

TpaHcBepcailbHocT14 W0 B6.I!M311 TO q FUI t. w° P_-peryJicipiia B t0 . CorilacHo JIeMMC 4 w0 
F_-peryJlflpHa Ha HeKOTOpOtt OHCT}IOCTI4 B(10) ro'Hcit t0 . llyôTb t' € B(t0 ) n (t0 , t1). 

IIOJIO?lHM K = {(u, t) lit € u°(t), t € [t 0 ,t']}. K •	 - lcoMllaKT. llycTb (U 1,, t) € K. 
B CIIJIy I'_-pel'yJlHpHocTlI W° B t,, CYW CTB Y 1OT ó (u , t) > 0, i1(u,	E.	 Taicile, 
'iTO	 -	- 

	

t] 1(u, t) = 0,	 t] 1 (u, t) < -(u, t), 

0'[t]	t] 1(u , t) .< -ô(u, t)	 (5.11)

/ (s € Io(G[u, t ]); i € 

floclOJIbry u°(t) c: V[t] npit t € 4, TO det g,[u, t] g(u, 1] > 0 Ha K. 11oJioi1M

i 1 (u, t, u,,,	= (E - g[u, t]) (g,[u, t] g[u, t])	i1(u, tm). 

	

., u, t) uenpepblBI-ta Ha K it	- 

U, (u, t, U* ,. t	i1(u, t) upit (u, t) -. (us, tm), (5.12) 
g,[u, t] ;91(u, , t ' u, t) = 0 n P11 Bcex (u, t) € K. 

CpaBHuBafl (5.11), (5.12) 3aKJuOqaeM, 'iTO CllCTBYT OKpCCTHO0Tb B(u, t) To!1}H 
(ui, t ) alaH , 'ITO Ha B(u,.t) n K 6yjeT 

t] i 1 (u; t, u,,, t) < -5(u, t),	s € 1 0 (G[u, t]),
(5.13)

	

01Wt] /[u, i] 1 (u, t, u,	<	tm),	i € I0([t]).' 

)Ijift imHIAOR TOqHH (11 *, t) 1OCTOIIM TpOIiHy (B(u, tm), 5 (u , ta), u,(.,, U,,, t)) 
yIOBJIeTBOpB1O[JyIO (5.12) ii (5.13). flycm B(u 1 , t 1 ), ..., B(u, t) llOHpbITtle K. flojio-
ncIlM

i1(-u, t) =	XB(u,.,)	B(U,.11)(u, 1) 11 1 (u, t, u 1 , t.) 
i ;5 n
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rje x xapaKTepltcTn qecKan yHitiin. HCHO, lTO ii = u 1 (u,t) orpa1neHHa 6ope-
JIeBcKaR 4yHH[nn onpe)eJ1eHHaH Ha K. B ciuiy (5.12), (5.13) or'pal-IH qeHHaa n3MepH-
1a1I 4yiician 1 (t) = i (u0(t) , t) OflpejeJeHHaH flO'FFH BC!O)y Ha zI YOBJITBOPRT 

yCJIOBHHM COepKa[uI4MCH B onpeeJ1eHuH TpaHCBepCaJIBHOCTII W0 B TO q Ke t0 . Ai-iajio-
rll tiHOe nocrpoeHIle flPIIBOJUIT K KoHcTpyKtu4II (yHKIHh1 U1 cogepmaMeftff B ofipe-

eJ1eHHH yCJ!OBHH THCBC3J1bHOCTH W° B t. I'IMHJIIIKaUJIH (i) JWH3H. 
(ii): LoKacere P-peryJlnpHocTb w° u t0 . Tai'iac w° TpaiiCBepcajibHa B to, TO Hail-

ieTCa Z1( . ) E L') Ta}cacl, 'ITO	- 

	

vrai urn g,[t]ü 1 (t) = 0,	vrai Urn (03 [t] + G,[tJ) i 1 (t) < 0, 
€-1• 

	

vrai tim Ofz[tJ/'u [t] i 1 (t) < 0,	j E 10(0[t,]). 

I OO)KHM U E u°(t0). Torja HaiUëTCH i 1 (t) E Rd(,) TaKol, 'ITO u, it E u0 91 (t0 ). 143 
(5.13) cJ1ejyeT, 'ITO 

to] u l = 0,	G'( [u , t0 ] ii + O,[n, t0]	0,	 - 

	

([ t0J /'[u , t0 ] TI, <0	(i E Io([to]); s :E^: d(G)). 

Aiiaorniio ycTaHaBjnaBaeTcn J'-pel'yJiflpILOCTb W0 B t 1 I 

JoKa3aTeJ1bcTBo Teope mbi 3.1: IlOilO?KHM ip H0MHOHeHTa IIM a 14 t0 ', t 1 ' E 4, 
t0 ' < t 1-'. Ecjrn inf ?p(t) > 0, LI' = [t0 ', t 1 '], TO yTBCpJ.eHHC TeopeMI3.1 BbInOJIHH-
eTcH. flojioaui infA ' Iip(t) = 0. Tor y a Hali)eTcH t € [t0', t1'TTaHaH, 'ITO ip(ts+) = 0 
HJIII ip(t—) = 0 Hini ip(t,) = 0. B031o1I1,I cJiyqall 

(i) t € (t0 ', t 1 '),	(ii) t -= t 	= 0, 1. 
Eciii mmeCTmeCT0 (i), TO 1IpHMeHHn nemmy 2 K ( t0 ', t] ii [tm, t 1 ') 3a jiioqaeM, 'ITO Ip = 0 
Ha ( t0 ', t 1 '). 110J07iIM BbInOJlHHeTcH (ii). Aim OflpeeJ1eHHOCTU OyIeM c'll4TaTb 1 0. 
EcJIH W0 ,,+"-ynpaBJlHeMa B t0 ', TO CO1'JICHO JIeMMe 2 p = 0 iia (t0 ', t 1 '). Eici4 w° 
yJOBJeTBopneT yCJIOBHIO f'+-pCryJlHpHOCTI4 B t0 ', Tocor'JlacHo .J1eM1e 4 cyuec'ryer 
1' E (t0 ', t 1 ') Taan, 'ITO W0 cIBJIHeTcH J'+-peFyJIRpHOil iia (t0 ', t'). flpnIeIHR i [t0 ', t') 
.TIeMMy 3 aal-cJIIo qacM, 'ITO ip = 0 Ha (t0 t'). OTc1oa CO1'Jiaciio HyHKTy (i) cJ1eJyeT, 
tp = 0 BCIOJIy Ha (t0 ', t 1 ') I 

AHaJ1OI'n qHo gOKa3hIBaeTcH Teopema 3.2. 

LoHa3aTeJIhcTBo cJIeJcTBI1n 113 TeopeM 3.1 II 3.2: BO31oHb1 cJ1eJyIoIwte 
t0 ', t 1 ':	 -	 - 

(i) t0 ' € (to, t 1 ), t' = t 1 ,	(ii) to ' , t 1 ' € (t0 , t 1 ),	(iii) to' = to, t 1 ' € (to, t1). 
BBHJy aI-IaJIorIt'lHocTI4 paccMoTpeHlllu ocTaHoBnMcH iia (i). JoKa3aTeJibcTno IlpOBegeM 
OTCJ1bHO AJIFI cJIy'IaeB	 - 

	

x) flM, w° ynpainea B t',	) v ,]1HM, uP I'_-per'yJlnpIIa B t0'. 
B KaaoM 143 cjiyqaeB AOCTato qHO 1IoKa3am, 'ITO 143 ip(to'+) = 0 cieiye (t0 ') = 0. 

Cdly'aüx: HocKoJIbKy w°yIlpaBJlHeMa B t0 ', TO cyIILccTByeT J € CO /(x', V[t0 '], to'), = P(t0 ') TaK0I1, 'ITO	 - 

	

+ t,[t0 '] < 0,	i € I 0([t0']).	-	-	(5.14) 
B ciuiy npnI-IJuina maHenmyAta v(t 0 ') 7 + ip1 (t0 '). :c^ 0. IicIioJlb3yca coIIpnKeHHoe ypa. 

,neiine H ycJIoBIIe ip ( to ' +) = 0 IIoJlytrnre	 S	 • -,	- 
-	ip(t0 ') = _'*{t0 '] rn(t0 ').	 -	 -	 (5.15) 

26*
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HoaToMy —'(i[t0 '] 1; + ,'[t0 ']) m 1 (t0 ') ^ 0. B cuiy (5.14) oTcoja cJieyeT m(10') 
= 0. CpaBnuBaa c (5.15) aairnoaeM p(t0 ') = 0. VTBepJ1eHIte cJIe)cTBHn B c.iyae a) 
)oHaaaHo. 

Ciiy'ia 9: 110 1oMitM u E uA°{tO]. HaI1OM•HHM UA°(tO ' ) = {u mes [u°'(V) n (t', t0')] 
> 0 J1H JHO6OItO11peCTHOCTH V, TOH11 U 14 1O0 TO'1IUI 1' E (t0 , t 1 )} (CM. [3]). 2CH0, 
WO u,\°(t) c u°(t0 '). Tai' iac H,[t] (=) 0, TO HatJyTCH a, b € R)Rd(u) aG[u,t0'] 
= 0, TaFu1e, Tog[u, t0 '] b — G[u, t0 '] a + /[u, t0 '] (t') = 0. 11o3cTaBJ1HH BWpa-
MeH14e jjJ1H.)(t') 113(5.15) noJIyqHM 

g[u, t0 '] b —G[u, t0 '] a	/[u, to ']	[t0']m(t0') = 0. U.

floCIco.mblcy W0 f'_-peryJlflpHa B t' (HanorTHn1, 'ITO o' BHYTI1HHH To q ca LI), TO 
at + IbI + m(to')j = 0. -floaloMy 143 (5.15) cJ1ejyeT (t0 ') = 0. YTBepJeHi1e yoia 
MHO 14 B c.riyae 
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