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On Nonlocal Problems for Pseudobarabolic Equations ' ~
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>

- Es werden drei nichtlokale Aufgaben fiir pseudoparabohsche Gleichungen betrachtet Thre
- Losungsmethode basiert auf der Konstruktion der Riemannschen Funktion fir einen gewissen
Differentialoperator dritter Ordnung.. Damit werden die Aufgaben auf die Losung von. Inte-
gralgleichungen gefithrt. Es werden hinreichende Existenzbedingungen fiir die Losung der
nichtlokalen Aufgaben angegeben. . N

’
PaccMaTpHBAIOTCH TPH HEJOKAJbHHE aanaqu nnﬂ ncennonapaﬁomwecr\ux ypasueuut,
MeTtoa MX pewieHMA OCHOBAH HA KOHCTPyKumu ¢ynkuun Pumana ana Hexoroporo audde-
PEHIUAIBHOTO OMNepaTopa TpeTbero NOpPARKAa. JTUM 33J1a4M CBOAATCA K HHTETPATbHBIM
ypasHenuam. CQopMyaHpOBaHE HOCTATOYHHE YCJOBUA - [IIA CYLIECTBOBAHMS pelUCHUA
HEJIOKAJIBHHX 3aj1a4. a '

" Three nonlocal problems for pseudoparabolic equations are considered. The method of solving )

of these problems is based on constructing the Riemann function for some differential operator
of third order. The problems lead to respective integral equations. Sufficient conditions for
existence of the solution-of the nonlocal problems-are given.

1. Introductlon. Partial differential equations of the 3rd order, e. g. pseudoparabohc
equatlons, possess many physical applications. These equations describe for example
diffusion in a fissured medium with absorption or partial saturation, congelation of
glue, they appear in the weak formulation of the 2-phase Stefan problem, in fluid
mechanics and in other problems (cf. [2]). D Nonlocal problems for pseudoparabolic
equations appear also during the numerical solving of some special kind of boundary
value problems [9]. Nonlocal problems were at first considered for partial differéntial
equations of the 2nd order of elliptic type [1] and later for parabolic equations of the
2nd order and parabohc systems (cf. [4—8, 10]).

\In the present paper three nonlocal problems for pseudoparabohc equations are
considered. The method of solving of these problems is based on a construction of the
Riemann function for some differential operator of 3rd order. D. CoLToN proved in
1972 (c.f. [3]) the existence of this Riemann function by a fixed point method. In
1982 the existence of the Riemann function was proved by V. A. VopacHova by
- means of integral equations [11]. In this paper we will use properties of the Riemann

function constructed by D. Colton. For pseudoparabolic equations, a nonlocal prob-

‘lem was considered only in.[11]. The nonlocal problems for pseudoparabolic equa--
- tions considered in this paper ‘correspond to nonlocal problems for parabolic systems

of equations of 2nd order in [6—8].

v

Let 2 = {(z,t): z € (0, 1) and .t € (0, T')}, for 0 <:l, T < 0o. Now we can define

the operator L by N

: {
I/u = 'u.c:t + Auzz + a(x) uz'+ b(:l:, t) U + (;(x) u (1) l
for u = u(z, t), (z,t) € 2. We' assume that A = const, a € C'[0, l] ceC0, 1, ’

b € CY(2) and b(z, t) < 0 for (x,t) € 2. In the case b(z,¢) = O the-solution for some

boundary value problems for the operator (1) may be not unique (c.f. [3]).
: N
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2. Nonlocal problems Fm the operator L defined by (1) we CO!]Slder the followmg‘
- nonlocal problems.

Problem (N-I): Find ‘a function U = u(x t) that i ig regular in and satisfies the
equation : .

Lu(z, t) = f(z,8) . 2y
subject to the conditions ' » . .
uz,0) = t(z) for z€[0,1], - ' (3a)
u l,t) ="yp(t) for te[o,T],. , _ (3¢)
“ull,t) = 3 aylt) w(z, £) + () for 1€ [0,T) € [0,1], C@)
i=1 . : '

where t, , «;, 9, f are of class C! in the‘respectl‘ve domains. Some additional .condl-
.tions for «; w1ll be given later. A. M. NacHUSCHEV [9] proved that some special
prob]ems \nth condl’clons of 1ntegra1 type lead to conditions of form (4).

Problem (N-II) Find afunction 4 = u(z, t) that is regu]ar m 2 and satlsfles the
equatlon Lu(z,t) = / (z, t) subject to the conditions
"z, 0) = t(:c) for z€[0,1],
ul,t) = ¢(t) for te€[0,7], A (3b)
will, ) = X &t ulz;, ) + 0¢) for t€[0, 7], z, €08, - . (5)
i=1 A
where 7, @, «;, 3, f are of class C* in the respectlve domains. Some additional condi-

_ tions for «; will be given later. A nonlocal condition. of form (5) was con81dered in .
[6, 7] for a parabollc system of 2nd order.

Problem (N-III): Find a function u = u(z, t) that is regular in .Q and satlsfles
the equation Lu(x, t) = f(z, t) subject to the boundary conditions
ul,t) =gty 7 for ,te€[0,T],
Cuglt) =y(t) for te€0,T],

and the nonlocal condition .
o ~ /

u(x O) = "‘1 ) () u(:z:,l ) + ¥(z) for z€[0,1], t¢€ [0 T], C (65

7

where @, v, 9, «;, /are of class C'in the respectlve domams Some additional condi-
tions for «; w1]l be given later. A nonlocal condition of the form (6) was considered in
[6, 7] for a para.bolic system of 2nd order.

3. Auxnlmry problems. To solve the nonlocal problems (N-I) — (N- III) we need the _
. solutions of the followmg auxiliary

Problem (P): Find a function u — u(z, t) that ds regular in Q and satlsfles the
equation Lu(z, t) = f(x, t) subject to the boundary conditions

Tu(z,0) =(z) for z€[0,1], B S @ay
ul,t) =g(t) for te[0,T], T (3b)
ug(l,t) = () - for (€[0,T]; o B9

t
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~

where 7, @, p, f are of class C! in the reépectlve domains and satisfy (0) = z(l),
7'(l) = 9(0).- To solve problem (P) we shall need the follomng operator M, “hlch'
was defined by D. CoLtox (cf..[3]) as

Mo = v, — Ave, + (a(2) 0), + bz, 1) v — c(@) 0. . (M
~ Letv = v(x; t, Zy,Ly) be a solution of the problem ‘ i .
‘ My=0in 2, - ' 4 o . (8)
v(xo,t xy, t) = 0. for t €0, T] i ’ )
v(x, to, Zg, L) = 0 f([)r z €[0,1], ‘ <. '
?,(xo, t, Xy, b)) = % [e4u—to — 1) for t€{0,T], ' . (10)

where (x,, {,) is an arbitrary but fixed point from Q. The function v\(x t) = v(z, ¢, 7y, &)
is called a Riemann function for the problem (P). D+ Cortox showed (cf. [3]) that the
Riemann function » for (P) exists and is sufficiently smooth. His proof results from
the Banach fixed point theorem.

Now we apply Green’s formula in the rectangle z < ¢ < 1,0 <7<t to the
identity .

v lu — uMv = - [Uzve — ue — auw + Auvy + Auw,]
a : _ '
+ — {au,’v + cuv — Au,'v,] T (11)

nnd from conditions (2), (3), (8), (10) we obtain the fo]lowmg mtegral representa.tlon :
for the solution of problem (P): o - .

\

u(a: t) = t(x + j[a(g)z(g) v(& 0,2, t) + c(&) 5) W&, 0, 2, t)

NooLo.

— AT(E) v (£,0, 2, 1)) d&
—-f[w(n)v,,(é n,x,t) — o) ol n,,4) ~ a(l) ¢'(n) v(l s 1)

+ AW(’)) Yy (l’ 7?’ z,t) + Ag)e,(??) ve'(l, 77)_'?: t)] d77 | A
- v I " -
C o [ v &,z t) (5, m) dE dy L 12
' 0z . . : . Co ' )

N\

(for details gee [3j).

"4. Solutions of the nonlocal problems. We can formulate the followmg theorems

=1

Theorem 1: If the given /unctwns r, v, 0, f,a;(j = 1,l ..., n) are of class C’l in the
respective domains and =~ . : : .
— 3 it) [wii(l; ¢, x;, t) — Av(l, t, ;5 t)] &= 0 oL ‘

for every t € [0, T), then a solution of problem (N-I) exists.
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?

Proof: Let o(t) = u(l, t) be such a function- that the solution of the’ auxnhary

problem (P) defined by (12) satisfies the nonlocal condition (4). We substltute (12) . -

into (4), which leads to the equatlon

v
n

o(t) = f ‘P’(’?) {Zl‘ () ['I) (l N, Ty t) — Av'(l, 7, Ljs t) + a(l) v(l, 7 xpt)]} d77
. o 1= T . .
n . . s . !
= N . ’ : - T
“where :

D(z, t) = t(z) + [ [a(§) v'(£) v(é, 0, z,8) + c(é) 7(§) v(§, 0,2, )

. t Co
— AT (E) v (¢, 0, 2, 1)] dE + f (Ay'tn) vy /(L m, 2, 8)

t .

¥(n) v,/ , 2, 0)] dy +fqu (& n, @, 1) {(£,7) dfdn

Int,egratmg by parts in (13) leads to the fo]lovnng Volterra 1ntegra] equa.tlon of the
2nd kind for ¢:

t A ) .
d n
o(t) w(t) —fw(n)d—{z i) [Ave (l 7, Zj, )
. 0" . e :

i=1

O~ V(L x, 0) — a) o(l, 7, 3, z)]} dyp = Fy0), - (14)
where . ’ o I
w(t) = 1 _-Zl aj(t) (W, t, z;, z) — Ave @t z; 0]
. =
and

A F (t) = 2 (t) {¢(xp t)

j=1 . R T

— ) [0, 0, 3, ) = v, 0, 25, 1) + al) o, O, 2, O] + 6.

1t follows immiediately from the assumption of Theorem 1 that there exists a solu-
tion of equation (14). The solution of the Volterra equation (14) is of class C'[0, T']"
This follows from the assumption of Theorem 1 and from properties of the Riemann
function v (for details sce [3, 11]). The function ¢ defines the solution of the problem \
(N-I) by formu]a N . T ’

Theorem 2: If the given functions T, P, 3, fand ;) = 1 .» ») are of class'C in
the respective domains and .

s 1 + 2 ot v, t, x5, t) = O for every t€{0,T],"
L= . . : - .

then a solution of problem (N-II) exists.
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Proof: Let y(t) = u,(l, t) be such a function that the solution of problem (P) de--
fined by (12) satisfies the nonlocal condition (5). Now, we obtain the equation

t n
-w(t) = —f X ajt) (Ay(n) g %5 t) + () v, m, x,, H)ldy
0 ji=1 o ’
+2 w0 B, 0400, T - (15)
where ‘ - ’ T .
q)(x, t) = r(x) o , ‘
.+ f [0(6) 7€) (8, 0,2, ) + c(8) ¥(6) (8, 0,2, 1)
—A'U(S)ve(§,0 z, t)]d§+f[¢>(77)v &3 % t)
+ a(l) @ (77) ?J(l, 7, x’ t) - ‘{4(}’ (77) Ve (l’ 7,2, t)] d77
tt ' )
. ' +ffvn($,n,xt)/($,n)d§d7)
Hence, o o ~ .
. ¢ " ’ ' : ) .
'RZ)(t) W(t) + f #’(77) {Z; (X;(t)'[AU,),(l, 77: xlj, t) - ’U:,’,,(l, 77,'?3;: t)]} d77 = F2(t)» (16)
. . o . i= S . o .
where _ ,
7 D) = 1+ 5 oty v, t, 7, 1)
) . §=1
and ' o - .

Fz(t) = 2 &;(t) [(D(x,, t) + T (l) v, 0 z;, t)] + 9(t).
=1 :
It follows immediately from the assumption of Theorem 2 that a solutxon of equatwn
™ (18) exists. Owing to propertles of the Riemann function v (cf. [3]) this solution of the
integral equation (16) is of class C'[0, T]. The functlon Y defmes the solution of the
problem (N-1I) by formula (12) 1

Theorem 3: If the grven /unctzons P, 1/), 3, / and &; (7 =1, ...,7n) are of class C'in
the respective domains and - . o

1 -« ~(x) e~ 4 0 for every =z € [0, l], .

;=l
then a solution 0/ the problem (N-III) exists.
Proof: Let z(z) = #(z, 0) be such a function that the solutlon of the problem (P)
defined by (12) satisfies the nonlocal condltlon (6). It leads to the equation :

{

\ r(x)—r(x)Za,(x)-{—Za, ) f (&) vl 0, 7, 1) w(&) d&

i=1 =t z” .

aj(z) f [a(f) v(§, 0,2,t) — Avg(£,0,z, t,)] t'(&)déE+F(z), (17)

;-=1 z
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- solution of the nonlocal problem is defined by (12).
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where
n

F@) = —% ,(x)f[w(n)vq(ln,x,t) AU B

=1 .
= al) ¢'(m) v(lym, z, 1)) + A9() v 4, m, 7, t) + Ag'(n) o', m, 2, )] dn

2 ) f f o' (6,7, 2, 4) (¢, m) d¢ dn + B(z).

i=1

From 'integratmg by parts in ( 17), we obtain

7

t{z) (). = f K@ &) w@)ds + Fa), s)
where '

n c . . . )
©w(x Z H(x) e 44, ] . /

Flz) = Fu) i NnMMvﬂOxtﬂ—AmUOxtnﬂm, _

j=1
K(z, £) =~_Z *j(x) {c(§) v(§, 0, z, t;) — % [a(f) v, 0,x,t) .
i=1 4 . .
- A’Ue (5: 0 z, t])] ,
It follows immediately from the assumption of Theorem 3 that a solution of equation

(18) exists. This solution is of class C'0; 7). The function ¢ defmes the solution of the
problem (N-II1) by formula (12) 1

Remark: The situation in the problem (N-II11) with a nonlocal condition of the
form (6) is more “‘simple’ than in the corresponding problem for a parabolic system

- of equations of 2nd order. Problem (N-IIl) leads toa Volterra-type integral-equation

but the corresponding nonlocal problem for a parabolic system of equations of 2nd -
order leads to a Fredholm-type integral equation that is always solvable.

Nohlinear case. It is possible to consider the following nonlinearities: -

> ) = (s, u(l,’t)) . in problem (N-1),
) B(t) = B(t, w,ll, 1)) in problem (N-II),
Hx) ="19(x, u(z, 0)) " in problem (N-III)

fle, 1) = flx, &, ulz, 1) in (N-T), (N-II), (N- I1I).

In this case the integral equations (14) (16), (18) become non]mear equations. One can show
that.if the. Lipschitz constant for the functions J and f as functions of the last argument are
sufficiently small then there exists a solution of the corresponding integral equation. The

Ty
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