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A Lattice Problem for Differential.Forn'ns_ in Euclidean Spaces

‘. |
R. SCHUSTER-

Im n-dimensionalen Euklidischen Raum E* wird in Verallgemeinerung eines Gitterpunkt-
problems ein Gitterproblem fiir ®-automorphe p-Differentialformen gelést. & ist dabei eine
eigentlich diskontinuierliche Gruppe von Isometrien des E® mit kompaktem Fundamental--
bereich. Zur Behandlung werden Mittelwertoperatoren fiir Differentialformen und ein"Landau:
»ches Differenzenverfahren verwendet. . ’

. . - N .
" .Kakr o6Gofmenne onHoit ceTouHofi npobiaeMu B 7-MEPHOM E€BKIM0BOM NpoCTpaHCTBe E"
pewaeTcH- cerouHana npobGaema nun @-aBromopdHux puddepeHuHaNbHHX OpPM CTeneHH p.

ITpu arom & .— BnNOJNbHe Pa3pLIBHAA I'PyNOa M30METPHHA C ‘KOMMNAKTHOI GyHIaMEHTANbHOIM
obnacreio B E®. Jina pemeHus npoGieMsl.HCIONBBYIOTCA OMNepaTOPH CPefHEro 3HaYeHWUA
aas auddepenuuansuux opm u Meron cerox Jlanmay.

T * ' ’ . . !
Generalizing a lattice-point problem we solve a lattice problem for ®-automorphic differential *
p-forms in the n-dimensional' Euclidean space E®, ‘where & is a properly discontinuous group
of isometries of E” with compact fundamental domain. Our approach essentially uses mean -
va.lue operators for dnfferentlal forms and a Landau deference method.

- . . : . .

1. Introduction . . ' ' A -
Let @& be a properly discontinuous group of isometries of the n-dimensional Euclidean
space E® with a compact fundamental domain . By generalizing the Landau ellip-.
soid problem, P. GONTHER [8] studied the estimation of

’

A(t,x,y): 2t fort - oo
. b€®

r(z.by)<t ) ) /

w1th the Euclidean distance r(z, y) of the points z, y € En In [8] the elements of (S :
. (with the exception of the identity map id) were supposed to be without fixed points,
but.instead of simply counting the lattice points, certain unimodular weights were
used. The order of magnitude of the leading term and of the lattice remainder used
there are the same as in the classical case treated by Landau.'We refer to F. FRICKER,
(3] 'and A. WaLF1sz [18] as basic references, see also the literature quoted there. Pro-
blems with weaker assumptions for the fundamental domain have recently been
investigated by P. D. Lax and R. S. PairL1ps [14]. In this paper we want to discuss a
generalization involving alternating differential forms, and we will call it a lattice-
form problem. Every b € @ induces a mapping b* for differential forms, sée [11]. We
call a differential form « on E® (- automorphxc if b*« = « is valid for all b ¢ @._
Followmg [7] we define components of differential forms. Let (21, ..., x")\be a Carte-
sian coordma,te system of E”. The component ‘of a p- form & = &, ATV A LA date
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in the direction of the vector » = (%) then shall be defined by
. alv - 77 ”'U“-2 ?’lhv al'l's 'p] dx'l ARTERA dxi /' )
and the component ajp orthogonal to &), by ajy = & — 5. |[v]| denotes the Euclideari
norm of the vector ». We adopt the convention of summing over repeated indices.
[-:-]4] ---] shall denote the alternation without ¢. We lower and raise indices by the
covariant and contravariant metric tensors 8;; and 6%, respectively. Let 7', , be the
~parallel dlsplacement of p-forms from the pomt y€ E"toxeE" along the strmght
line joining these two points. We now define
i

Alx] (t, 2, y) = Z Tz:byo‘lz o,,(by)

0<r(z by)<t . . -

Ala] (8, 2, y) = Z Trbu"‘lz bu(b?/)

0<r(z by)<l . ~

(1)

"We are interested to estimate A*[a] and A°[x] for a &-automorphic differential form
o fort — co. For p = 0, « = 1 this lattice-form- problem for A° reduces to the problem
for A(t, x, %) mentioned above. i

Our approach essentially uses kernels of .mean value operators for- dlfferentlal
forms which are defined by means of double differential forms o,; 7, introduced by

P: GUNTHER [5]. The fact that the forms o, 7, are intimately related with the con-
struction of the components of p-forms and their parallel displacement makes them’
-well-suited. We will apply some standard arguments of the theory of Euler-Poisson-
Darboux equations, but we will not make use of the approach by means of theéta
functions and Jacobi transformation laws, cf. [8). We use the Fourier method, which
also plays an important role in [8]. Mean value formulas turn out to be quite useful
for this purpose. In the space of ®-automorphic p-forms which are quadratically
integrable over F there exists in the sense of L2-norms over 7 a complebe orthonor- .
mal systcm of ®-automorphic cigenforms {w;?};cx of 'the Laplace operator — &
{ox!)? — ... — 2%/(0z")® with the corresponding eigenvalues p?: dw? = pPw?. To
estimate A" A* the harmonic forms w/?, ..., w'}; turn out to be quite important.
Thereby B, denotes the multlpllmty of the elgenvalue 0. If the elements of & are
without fued points (with the éxception of id), B, is the p** Betti number of the Clif-
ford-Klein space form correspondmg to ®. Usmg the scalar product of the differen-
tial forms

§

o = Qj..i, AT AL AdE, ﬂ ﬁ,, iy driin L Adat

defmed by « - B = plaj,..i f» and the norm |Ia|| = (« - a)"z we can state the
-following

Theo rem ’The lattice remainder defined by bJ

Pl (7, 9) = Atl] (4, 2, )

— Z r __7&(0‘ - w®) (y) wp(x) o . ’ @)
=1 3,7;11(7142_2) Wi J (2 |

satisfies the relation

_2n -
,‘nﬁﬂmzym=ob,”0mmw
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The O-term does not depend on «. We get an analogous result /or o instead of T if weé re-
place the coe//zczent p/n of the leading. term by (n — p)/n « 18 always supposed to be
®-automorphic and contmuous

The property of A(t z,y) to be monotonic in ¢t does not hold ‘in general for
||A‘[a] (¢, z, y)ll. Nevertheless the lattice remainder is still estimable by O(tr-2nltn+1)
in the case of p-forms. The order of magnitude of the leading terms of A(¢, z, ) and
Ala] (¢, z, y) for t — 00 are the same, too (if we suppose B, 3= 0 and p == 0). The
theorem points out the fact that the leadlng term of ||A'[oc] (¢, z, y)|| is essentlally

-depending on the harmonic component, )

N

:2-‘3 (o - w®) (y) wip(x)'

\ ' ’ ' ) . o .
As an illustration we give a simple consequence of this theorem. Let n = 2 and write

the elements of E? as complex numbers. Let & be the translation group

‘

-Co—rollary:

u—>u—1—lclv—}—k2u/— Uk, by
ww =+ 0, arg (v/w) £ 0.

We have
7

~ 2 sin?(arg ug.,) =
ki ka€Z
]uklvkll <t

2, (Im (Bw))?

(w, v, w € C; k,,kZEZ)

1 t2 t 0(t2/3)

2. Mean value operators for differential forms

~

Our treatment of the mean value opelators is based on the double dlfferentla] forms

oz, ?/) =1,

To(x y) = 0
ouz, ¥) = 7@, y) d dd r(z, y),"

o, = _Gp—l AN Oy,

Tp =T AN Op-1,

(z, §) = dr(z, y) dr(z, ),

introduced’ by P. GUNTHER [5] for spaces of constant curvature K = 0. d, A Shall

dencte that d, A refer to the second variable y. As shown by P. GONTHER [6, 7],
there is a geometric interpretation for these double differential forms: .

T, - —z = (— 1P ry(x, J)’ «(y),
Tz: yo‘ly = (_l)p 0’,,(:13 y) “(./)

N

3)

.Followmg G. DE Ruam [15] we can write the Laplace operator in the form 4 = d¢.
+ éd, using the differential operator d and the codifferential operator 6 = (—1)pr+n+1
* d * for a p-form and the Hodge dualization . The eigenforms w? we can suppose

= 0), cf. [1]. Let K(z,t) be the ball and

S(z, t) the sphere around z € E” with 1ad1us t. P..GUNTHER [6, 7] treated the sphencal

mean values

.. to be-closed (daw® = 0) or coclosed (dw;?

Mo[] (& ) = (~

. S(z.t)

Co

Mia] (4 2) = (—1)°

Stz.)

oy, y) -

o(y) doy,

= f w(, ) - aly) do,
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with ¢, = I'(n/2)/27""2. Motivated by the Riemann-Liouville integrals used in the
" papers of A. WEINSTEIN [19] and P. GUNTHER (8] we take for A = =n + 3

. . ' iln—3 ! . .
Mifa] (¢, 2) = 61‘3"‘ f (- 2 oYM+ M) [x] (r, x)dr, ,
| o (4)
'v).—n.—s '

N;[o‘] (¢, ) = ;' C “f(t2 — r2) S r"“(M" — MYy [;at] (r, z) dr

with o, = 2/B (” )—2_-> Then it follows that

—n—3

Mi[a] (4, @) = 02(—1 P 23 f (e — r2(x y)) (op(x y) + r,,(x y)) ap(y) dv,,,

A—n Ai-n—-3

N, 2) = e~ 1 67 (f‘ (12 — 126z, y)) T sy b ) 7 ) oly) vy

with ¢, = I’(Z ;1)!/1" (/b’ — ;'— l) 72, We want to use methods of Euler-Pois-

- son-Darboux theory with respect to the parameter A. For this reason, we defme
z(t, 4, p) fort 2 0 to be the unique solution of the dlfferentlal equatlon ’

1" ~

2 ‘d
A,/t)+ (t/#).#Z(tlﬂ)—O,

dt(

with -the initial conditions 2(0,.4, 1) = 1, % z(t, A, ,u)u‘=0 = O.. It sh.ould be noted .

* that -

A—1

= (“‘)(m)éif;(ﬂt), w0,

using the Bessel function J, with index ». As'a consequence of a correspondence prm- :
ciple of Euler-Poisson-Darboux theory we have the recursion formula

o 5
2(!, 4, /“) = (T_*__lt + ])Z(t, A+ 2’ ,u')'
We set ‘ I
k=22 Gy o,
ot A, p) = —2 ;q,( ) 2t 5w + #(t, & — 2, )

with ¢(A) =p 4+ (A — n — 1)/2. By usmg ‘the recursion formula for 2(t, A, ) we .
obtain )

S 1 A+1 ’ :
u(t:;u/l)=(mtd +;i1) (t}.+2,u), R !
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_the same equation is valid for v(-, -, -) instead of u(-, -, -). One observes that closed .
“or coclosed eigenforms of the Laplace operator are a.t the same time eigenforms of
mean value operators. To make this more precise, we state the

—, Proposition: The following mean value /ormulas are true:
(i) For 4w = pw one has M,jw] (¢, x) = z(t, A — 2, p) d(z).
(ii) For 4w = uw, dw ='0 one has N,[w] (t, x) = u(t, 2, u) w(x).
(ili) For dw = pw, dw =0 one has Ni[w] (t,z) = v(t, 4, p) w(z).

Proof: By referring to [6: Satz 2], it is qulte easy to-establish the followmg result
(|) For 4w = pw, do = 0 one has ' -

-

. Melw] (¢, x) =

Pat,n+ 1, p) wf),
. ? (

\ Mw] () = (—

“Pot,n + 1, ) + 2(tn — 1,‘,1)) ().

S J ) » )
(ii) FOI‘Aw_——-‘uw, 6wﬁ00ne has ’ o o N

N

. Ma[w] (t: x)-= (—% z(t,n»+ 1’ ,u') + Z(t,n - 1: /“)) w(x):

Mw) ¢, 7). = ﬁ_z(t,'n + 1, 40) w(z). L -
- Note that p = 0 and dw = 0 as well as p =n and dw =0 lmplles ,u = 0. Now the -

proof follows stralghtforward from (4) by applymg the following mtegral equatlon
for Bessel functions (Ae=4 +22=22): .

‘V o=t B T
'.. — . 2 __ 2 2 o4 A dr 1.
Z(t‘, /_2: .u) B 21 + 1 )52 - 21 (t‘ T) ‘T Z('(, 1 :u) 7T
. 2 ' 2./ ' ‘

0 : o

Let & be a properly discontinuous group of isometries of E". This shall mean that
. for every z € E” the set of bz for all b € ® has no gccumulation point. Let F be a
fundamental domain, that means first that the sets b, b € @, cover the space E"and.
secondly that bF ncF with b,c € ®, b + ¢, has Lebesgue measure 0. We suppose
+ & to be compact. Without loss of generality, we can suppose.& to be the closure of an
open, connected domain. For @-automorphic differential forms « we can rewrite the
ntegration as an integration over a fundamental domain & :

Mie] (2) =07 [ Mt 7, y) ) dv,
- F o y . :
with . -
! —n—3

M, x, J) = cp(—1)P (t"’ — rz(x by)) 2. b¥{oy(x, by) + t,,(x, by))
f(zby)<t
and ' : \

“Nz[o‘]v(t: x) =14 f Nt z, y) - &(y) dv, . o L
Sos - - '
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with
) A—-n—-3 3 . .
Nalt, z,y) = co(—1)P X (82— r2(z, by)) 2 r¥(x, by) b*(o,(x, by) — T,(, by)).
566 - o )

| orzby<t i

The induced mapping b* is to be taken with respect to the second variable of the
double differential forms. Since @ was supposed to be properly discontinuous only
a finite number of terms in those lntegral kernels do not vanish."We immediately
* obtain

(2 — l)tc/llz(t z,y) = d = Masalls 2, 9) : ‘ (5)

-and an analogops equation for . Using b*o,(z, by) = (b71)* o,(y, b~'x) and the ana-
logous equation for Tp We find that

LAt y) = Ml y, 7)), Ntz y) = Nilt, ¥, @)

In view of the mean value formulas, it is possible to e\pand the'integral kernels th,h
respect to the complete elgenform system {w®}ien: N

C/ul(t x, J) ZN,Z(t:;‘ - “’ )t/l Swp( )wp(y)

i€

Mt “Y.= “("’1’/“”)“"@e”(x) wPly) e

iEN.u®>0
+ X oty 4, uP) B P(@) 0@(y)
ttl\

where the sum 3 is taken over elaenvalues of closed eigenforms of 4 (3" for co-

closed elgenforms, respectively). First one has to understand the equatlons (6) in - -

L2-sense over F with respect to y. But for A > 2n + 2 one gets that (6) is pointwise
valid with respect to x and y by standard continuity arguments if one uses the well-
known asymptotic behaviour of the eigenforms (see [4, 8, 10])

LY leP@)E = OEn).

0SuPSE )
This implies by partial summation
-

2 lwP@)F (uf)e = 0(5"’2“’) forg < n/2,

0SulPst
(7
2 lloP(@)I? (u?)~¢ = 0(5"“ ©)  forp > n/2.
E<u® . )
Further on one hastouse -~ . ,
. T - \ .. N .
A ) SoetT M forp > 6> 0,121, | (8

¢; of course not depending on ¢t and g, see [8].

3. Proof of the theorem ‘

On account of the kernel expansion above the asymptotic behaviour of ,;, A, is
quite clear for 2 large cnough We now want to extract information about the case

A= n + 3. This interest is motivated by the geometric mterprctatlon of My,q,

1

JV,,+s To go further, we shall use a variant of a Landau difference method. We now

i
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-
- . . (

‘ . N\

break up the kernels into two parts:’
C By ’ .
ng(t: x: 3 ) = tl—ﬁiz wip(x) w'ﬂ(y) ) ' .

=1

Rt; x, y) = Malt, 2, y) — Halt, 2, Y),

. T (%) s
F(t, x, y) = (1 -2 )——1) =1 3 wiP(x) wa”(y),
. Ol i=1

-

: : —n—1
R,z y) = l/Vl(t,x, y) — F ', x,y) with q()) =9 + —72"_.,

I, and 361 are the leading terms of 4, and N, respectl\ ely VVe \ull glve error
estimates for R; and &;’. Next we: define a difference operator for a mappmg f from -
R mto an arbltrary vector space by

v=0

%)= £ () (—1m 6 + ) with = 2 for m e N, 0,1,
. ¥4 . L
sceTQ]. For convenierice we transform & = {/2 and write this as .
Au(E, 7, y) = Mill, 2, y), A a6, %, ) = Malt, 2, y)
and éo"on.-‘Combining this with (5), we get ' '

57/.,.,

‘/un+3+2m 5) =cf [~ f /T 771) dny .t @i

(L] 0

© with a constant ¢, depending on m and n, we haye omltted the arguments z and ¢ y-
~Thls formula is also va]xd for 3¢, R, N, Jt” R instead of . We deduce that

E+n amtn mtn

v ‘/”n+3+2m(§) =0 f f f‘/”rws(’h) dn, . 'dﬁr‘n'

4 m ]

Using the above decomposition, we find that

- ™ Rnsa(€) = VRnsziom(E) S

< 3t atn y,,+,,‘_‘4 -
+ ¢ f . f f (‘#nﬂ!(’?l) - yfrw:;(f)) dny ... dnyy,
£ ny ' o
E4n Tmtn mtn

e [ T sl = M) Aol (9)

N

" with a constant cs. This fonmula is-also true if we replace M, F,-R by N, 36" R,

" respectively. The next point on the agenda is to obtain estimates for the right- -hand

. side. To do this, we could use an’a-priori estimate for the integrand of the last term.
"But an easier way is given by applying the known result for p = 0, see (8]. In[8] &
was supposed to be without fixed points, with the exception of id, but it is obvious
how to generalize the argumentation to our case. If we want to express the dependence -

- of the kernel forms on the degree p, we, write Jlll" and so on. We recall that the norim
llgl] of & double differential form :

P = Piv-iviv-p da’s A oo Adaie dyiv A oo A dyis
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~can be given b}; . _— .. oo ~

”¢”2 = (p')z @i, ':7- i 'p‘l “ipire ]9 . - B .

see [4]. After a short computation, we see that the coefficients of o,(z, y) and 1,(z, y)
are bounded. From this we conclude that |\o,(z, Y = cs, lltp(2, ¥)|| = cg with & con-
stant ¢s. Using (9) twicé (a second time for p = 0), taking the norms and combining
this with the estimate

) B a() — AN S s 1A a(m) — BB,
we get the mequallt,y

"R a(E)] < Cs (18 .5(&) 7™
T IV negam(E)l + [V ®; +3+2m(5)ll N

“Etn nmtn mtn .

+f f .Mwumn—fmmwm.@m.

N3
—

§+n nmtn mtn s -,

'+f [ 1P am) — 5 ma(é) Il dops - dopm) - (10)

’)m n: ,

From [4], it is apparent how to brmg l] || under the mtegral sign. Accordmg to [8]
we. have

.

H%dm<wﬁ"“ for & = &, . A Sty

& > 0 arbltrary small. We consider the 3™ and 4'* suinmand of the rlght, hand side.
of (10). Choosing p = 0 we get the corresponding result for the 2°¢ and 5'"® summand.
We take up the case of.-even n and set m = n/2. The conmder&blons for odd n are
analogous.

37 symmand: We break up, the series'

By islE, T, y) = 205"2"2(5, 2n + 1, uP) w.”(x) w.”(?/)
. [t
into two parts

Q = . £m2mz(&, 2m + 1, ,u.”) wf(x) wf(y ),

o<puP<®

Q= = 2 &m2nz(§, on +'1, u?) w.”(x)w”(y) | L 4

' ’ 341

with a constant b > 0 which we may ¢ choose later. We estxmate & \Vlth\t,he aid of
(8) with 2 = 2n + 1: ,

A {nz(&,2n + 1 /t.”)}l =X ( v)—l(f + )" z(¢ + vy, 2n + 1, uiP)|
r=0 .
. o endl -1 o~ . . o
) Scg(u®?) * &4 L " - (12)
On the other hand, we will use (8) and the law of mean of the differential calculus in -
order to prepare the estimation of @,: . . . -

dm
2 {5_”5_(5, 2n + 1,_#.?)}5=?.

IVald"2(8, 20 o 1, wPH < 7

. : n+l n—1"
= con™ [E7Z(8, n Lp®)e=tl S con™(m?) ¢ & ¢ (13)

) \
\ .
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: : , L -
with & € (&, & + mn) Here we have used (8) w lt,h 2=mn+1 Usmg the estimates (7),
. (19) and (13) we see that
- )
' (2n 1. 0 l "—l-r"—_lb) -
”V 9?2"+3 f: ryll=ciu\é ¢ K + 52 4 (14)
We choose b optimally by mlmrnmng the right- -hand side of (14), we find ‘that
b=1— 2a. Insertmg this in (14) glves ; .
v n—l a :

—+5 ) S
IV 9?2..+3(§ z, Yl < eid * - _ . S .(15)"
4th summa'nd: Using the estimate 2 wP(x) wP(y) ” < c1g we get ‘
' . - . #®=0 * .
§+n amtn mtn '
f ' Btz pnz?
”‘%ni-a(nl) - fgi—{l E)” d"?l d’?m g CNS 2 2 .. -~

m _’h

Next we choose a optlma,]ly by minimizing the sum of the 37 and 4'® summand of
. (10): we find that @ = 1/(n + 1). Comblmng this with the corresponding result for "
p = 0and (11), we get ) '

n . . )
28,38, 2, Yl < craé® "+ for E = &o-, - : (16).
) Wlth sm&ll changes the arguments above glve the estimate for Z; "3 Smce RO, q(L)

=1 zf,z dRY, 4(r) we obtain from (11)

n+2 _ n - : ’ ’ '

,a(E)II Sc/E nF1 T foré = &, i Sy .
By analogy w 1th (12) we get l ’ .

IValenHB(E, 20+ 3, )

20 + 2 — ¢(2n + 3)|
2n 4 2

< |ValE"+12(E, 20 + 3, w)| 2

+ |Val&mHIZ(E, 20 + 1, p)|
{2t _2n+:'ll_ ‘243 2n+1
= (5 bt +EY )

" and . B

(12y

‘2n41 _2a+3 | 2043 _2n+l)

|Va{&n*19(8, 271-{—3 ,u)}lSc”(g [P WY S

(12)"

From the recursion formulas for z(-, -, -) and u(-, -, ;) we deduce that (2£)4—3i2
XZ(&, A — 2, u) and (2§)U-112) G(&, 4, u) satisfy the same recursion formula

SRR EE A 2, ) = (= DI@DEIREE 2

29  Analysis Bd. 7, Heft 3 (1988) - : . . -



- 450 R. SCHUSTER
14 .

This property is intimately connected WIth the equatlons (6) So by analogy w1th (13)'
we get

[Vm{gnt E(E; 2n + 3, ulll = 1™

an e
da,t"'-{‘t +’1f(§, 2n + 3,#)} ’|e ,

n+2
< '™ § 2 A, n+3 1) lie=¢
- . ki nt3 n+3 _nti
= 610{77"'5 O -“} - 3y

.and an ana,lbgous equatioh for ¥. These et.]ué.tions ithply by ;ma,l'ogy with (14)

to

f 2n+3 b 2n+l 3b

IIV gen*s(g,x = cu(f T £ ¢ K .‘ o .

N -
+"+'+h 3 1+"—+3+ ) :

n
. + g4 gt
If weset b = 1'— 2a, we obtain (0 < a < 1)

I gz"”‘f’x 9l = 0'(5 )y o(s"§'+3) _ol5F).

For the 4" summand we get "

\

¢+n nmtn netn A .o

{ .
_ o .. {42 . n
1#8a(m) — FLea(EN dpy o = O\E 2772 )

L A

If we use a = 1>/(nl + 1), we geti‘,' -

‘ n n . | . o
lAL (&, z, Yl = 0(52 "“) foré =4 - .(16)
by analogy with (16). : o .

We are.interested in

. (n N 2) } , .
Hhaslozy) = (1P —5— 2 b*(ap(2, by)—fp(x by)).
’ - - 0<r(zby)<t .

Using N uy3 wé' can rewrite 56”+3'as a Stieltjes integral
ch+3‘t: 22,4 3/) = “%‘5%(‘03 z, ?/) + f r2 d‘/VgH!( © lxr.y) (7‘)
. te . .

- for a small {, > 0. We split K7, into

o n 4 2
FERall, %, y) = ni? ol xl,,y) -
and | . ' ‘ ’
B, 7, Y) = Hiuolts 7, Y) — Halalt, 2, Y)
and get ‘ '

. ’ C2n . R
Rl 2 gl < et T fort 2t = V25, ~ W
n :_l‘ y )
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"Combining this with (16), we get the/aSYmptotiQ behaviour of
oz y) = X b, by),
: be® .

o<riz.by) <t

. (18) -
' ‘f'(t, z, y) = Cy7 Z b*?p(z: b?/) '
0<r(zby)<t . Co X LT
with . ¢1z = (—1)? I'{(n + 2)/2) a="2. In fact, setting I
Rt z,9) = 2, 2,9) = L T 0@ wly), )
. - o UP=0 - . ) .
_we have Lo ‘ '
, S a0 ) o .
) ||mv(zx1)1|<csz s+l - fort =ty : : - (20)

’

and a SImllar estimate if we take r and » — p instead of o, p, lespectlvely Recalling
the equatlons (1)—(3) (18) and (19) we seé that =« .

A'[o‘] (ti x, ?/) - CIQ‘Y'“: z, y) 0‘(?/), ) - .
Plad (¢, 2, y) = c19 'L, 2, y) &(y) . ' - ‘
w1th Clg = n"/2/1’((n + 2)/2). From (19) and (20) we deduce the theorem |

e

To prove our corollary we use dz;, = |u| 2(Reu)?dx + ]u| 2Reu Imudy
for the @5 automorphlc 1- form dx and get thereby
' R R b k) x
L A'[dz] (t 0,0)= X (( euk,.kz.)l dr 4 (Re uz, 4,) (IT Uiy ky) dy).
k€ Z fek, il fk,, k.l

0<Iuk‘ ]<l ,

., We set v = (vl, V), w = (W), Wp), D = vyw, — vow; and get D = Im (3w). dz/D and
dy/D form an orthonormal basis of the -automorphic harmonic 1 forms As a conse-
quence of the theorem above we get

A'[dx] (t 0,0) — — — |l = 0@y - . -

-and thereby our conclusion is proved 1 »
We remark, that we also could write the conc]usnon in the form

(u, + kx'Ul + kyw,)?

lk,‘kz.';lzt (uy + ko, + kaw,)? + (up + klvz + kow,)? : \
Up, k| < i : .
o 2 A

- 4 0(:213)

('Ulwz - ”2w1)2
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