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Regularized Pgrameter Identification in Elliptic Boundary Value Problems?)

~

V. FrievricH and U. TAUTENHAEN

In der Arbeit w1rd die Methode der Regularisierung zur numerischen Identifikation des Dif-
fusionskoeffizienten in elliptischen Gleichungen zweiter Ordnung untersucht. Zur Lésung der
- entsprechenden regu]anslerten diskreten und stetigen Minimierungsaufgaben wird das GauB-
. Newton-Verfahren analysiert. Es wird ein effektiver Weg beschrieben, der pro-Iterationsschritt
das Losen einer Gleichung zweiter Ordnung und einer Gleichung vierter Ordnung erfordert.

B pafoTte ucCieny0TCH METOABI perynnpuaauuu yucyeHHon unemmpnxauwu Koatbdmuueu'ra'
nupdysuu ITUNTUYECKOTO YPaBHEH:1A BTOPOrO HOPARKA. OGcynpaerca npuMeHeHHe MeToaa
Faycca-Hpbiorona niA peulesus COOTBETCTBYIOLMX PEryJAPU30BAHHHX AMCKPETHBIX M He-
NPepHBHKX JKCTPEMaibHHX 3amau. OmnupbiBaercA: dOPEKTUBHLIN AIrOPUTM, Tpebylouinit
. pellieHHA ONHOr0 ypasBHEeHUA BTOPOro MOpsAnKa M OHOro ypaenemm HeTBepTOro MopAAKa Ha
Kaxgoit MTepauuu. - BN

In this paper the regulurization method applied to the numericz’tl identification of the diffusion
" coefficient -in second order elliptic equations is investigated. For solving the corresponding
»regulunwd discrete and continuous nonlinear minimization problems the Gauss-Newton
_mcthod is analyzed. We describe an_ effective way for performing one ltqratlon step “hlch

requires to solve one problem of 2nd order'and on¢ problem of 4th ordcr . \ '

<

1. Introduction A

In this paper we investigate parameter identification problems and their app10x1-
mations for a specml class of elliptic boundary value problems.. Although our ideas
are apphcable to a wide class of identification problems, our work here is devoted to
* a special inverse: problem of aquifer transmissivity identification (cf. (1, 27]). As our

fundamental state equamon we consider the elliptic equation
PR ]

.. —dv@gedw=/, zc2. oy

This equation, for example, descnbes the stea(ly flow ‘in a confmed nonuniform
aquifer 2, where @ = a(z) denotes the spatially varying transrrpssxvnty coefficient of -
the aquifer, » = u(x) the (observe(l) piezometric head and f = f(z) the.source term.
In the direct problem for given a, f and <Lppropnate boundary conditiong the unique -
solution u is to be determined. This direct problem, in general, is a well- -posed one.

In the parameter identification problem a is to be found for given % and f. In thig -
problem we are faced with the 1dent1f1a\blllty problem and with a noncontinuous -
dependence of @ on the observation data z =-u + 7 (5 denotes the observation error)
with respect to any meaningful observation topology We say « is identifiable if, for
given % and f and given boundary conditions, a is unique. Several authors (cf. [4, 6,
22)) study the identifiability of @ in one- and higher-dimensional problems (1.1) an(l

1) Vortrag auf der gemeinsamen Tagung vom 9.—13. 11: 1987 in Berga (DDR) der HFR Ana-
lysis und Hl* R Numensche Mathematik. ) - N/
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' the paper-[18] mvestlgates the 1dent1f1ab1hty of a in different discretized versions of
(1.1) for one space dimension. The noncontinuous dependence of a from z is caused ,
by the differentiation of z in order to determine grad « and can lead to serious diffi-
culties if the infinite-dimensional identification problem is approximated by finite- .
dimensional problems. The numerical solution may ‘show undesirable oscillations
or may not converge at all. Therefore, special identification techniques are needed
to overcome such difficulties. The accompanying is a partial list of numerlcal methods
for parameter identification: .

. .. -..:1. Least.Squares Methods[3, 5, 6, 18], . O P

2 Tichonov’s Regularxza.tlon Methods [9, 16, 21 24]
" 3. Adaptive (or Asymptotlc) Regularization Methods (2, 12].

All these methods use further a priori information about the parameter to be deter- -
mined in order to overcome the ill-posedness of the identification problem.

The present paper is organized-as follows. In Section 2 we describe the Tichonov’s
regularization method for parameter identification problems and its. Galerkin approxi-
mations. Section 3 contains results to the effective numerical solution of the corres-
ponding discrete nonlinear minimization problems by the Gauss-Newton method. In
Section 4 we generalize the results of Section 3 to the continuous case and show that -
one iteration step of the Gauss-Newton method’ requlres only to solve one problem

“of 2nd order and one problem of 4th order.

. : ~ N N ° : ° :

2. Pa’rameter identification by Tichonov’s regularization
As our fundamental state equatlon which is used in the sequel we cousrder the follow-

ing prototype of a two pomt boundary value problem

;e ze©), ~ L e
with any of the three boundary wndxtlons ) B . ' _
u(0) = go,u(l) =gy, o (2
a(O)uz(O) —90: a(l) uy(1) = g, . . T 28y

- a(0) ug(0) + 50w(0) = go, (1) we(1) + syu(1) = gy (24

‘The function a is supposed to be'unknown so we shall consider the problem of 1dent1fy-
_ ing the function from observations of the state variable u. This problem is ill-posed.
- Let us consider a specific case in which continuity of a with respect to u is violated.
_ Consider (2.1), (2.2) with f=0,g,= 1,9, = 2 and a(0) = 1. Given the data u(x) |
= 1 + z, then (2.1) has the unique solutlon a(z) ='1. Given the data’ u(z) = u(x)
+ + sin 2knx/ 2kn then (2.1) has the unique solution a,(z) = 3/(2 + cos 2knz). Then
0bv1ons]y, Uy converges to % uniformly w 1th mcreasmg k, whereas for all &, o

I al? : - (l — cos 2lc7z:z:),2
@ = Gllivony = (2 + cos 2knx)?
‘ _ 3 sin 2knx ro
- 2kn 2 + cos 2knzx |¢
In summary, Uy >, yet a; + @ and a is therefore not a continuous functron of the
data.
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The state equations (2.1) wnhh any of the three boundary c conditions (2.2)—(2.4)
(in case (2.2) for simplicity we suppose homogeneous boundary conditions) can be
written in weak formulation: . -

(@us, v = (foy - Ve, @)

s, v,y = (f, ) + gyo(1) = gov(0) | VoeU,  (26)
(@5, v2) + syu(1) v(1) — s9u(0) 1(0) = {f, )+ gv(1) — go(0) .
VoeU. (2.7

((-, -) denotes the scalar product of L2(O 1)). Choosing 4 = HY(0, 1), f € L*0, 1),
A, ={a€ A:a(x) = a a.e. z€(0,1), for some a > 0}, then the followmg results
wnth respect to solvability of the variational equablons (2 5)—(2.7) are valid (cf.

(28)).

Lemma 1: For any a € A, the /ollowing is true: S

(i) there exists a unique solution w € U = Hy'(0, 1) to (2.5); -
/ 1 . ‘

(ii) under the condition f fdx + g, — 9o =0 there exists a unique solution u € U,
0 i . o

{ue U = HY(0, 1): f(u—z)dx—O}to(26)

(iit) under the condztwns so < 0 < s, there exisls a unique solutzon ueU=H 1(0 1)
to (2.7). . .

‘Remark: In facb a strénger result is possible, i.e. Lemma, 1 remains true for any a € A
{a€L°°O 1): a(z) Zaa.e zE(O 1), for some a > 0}.

Let us introduce the. seb A= A, of physically admissible palameters a and let
"b € Aqq a suitable estimate -of the unknown parameter a. Furthermore, for a brief
notatlon let us rewrlte the problems (2.5) —(2.7) in form of an operator equation

%(a: u) = (px - 7 . (2 8)

where the bllmear operator F: 4. XU — U* induced by the Ieft hand -sides of
(2.5)—(2. 7) is bounded. Applying Tichonov’s regularization method (cf. [25]) to
the 1dent1f1cetlon problem we are led to the nonlinear progra.mmmg problem

" (P) me (a); Jola) = “ —2llf0, 1 + Ha - b”u(o 1>

aEA,a ” -

~

w here u(z; a) satisfies (2.8).

‘Here « > 0 denotes the régularization parameter to be chosen appropriately (¢f:
[13)). Rough]y speakmg, the term |la — 8|3+, ;) in the functional J, prevents.the
solution a fréni the dxvergence We now consider the approximation of problem
(P). In the fo]lowmg we describé a Galerhm-based parameter/state approximation
scheme in the same spirit of‘ the ideas found in [18] and dlvxde our considerations

" is, we seek the perameters a in the form a™ = altpl ~+— o+ @i, Where A, = S(q),, o

@25 - -» Pp)- denotes . an m-dlmensmna.l subspace of A =(@1, Pas - s Pm> Pm+1» ...) :
and describe tb.lB a.ppro'nma.mon by the bounded linear. projection operator $m: 4
— R™, Pma: = @ if @ = am, Prp; := 0 if i > m witha = (a,, ay, ..., a;)* € R™ Intro-
ducmg the finite-dimensional set AR = Pmd,,, we are led to the parameter approxx- )
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mation problem S ) - .
< [4 S a
- (Pr) min J(@); J. o(@) = ||u = Z”i'(o. nt 5 le— Pbligm »
aeA:':,

" where u(x; a™) satisties (2 8)

In the second stage we consider the applo\nmatlon ‘of the st:ate equations (2.5) —(2 7).

That is, we seck approximate solutions to (2.5)—(2.7) in the form »® = w;p, + ...
+. U, Where U, = = L1, ¥s, - - -, ¥a) denotes an n-dimensional subspace of U = Yy,
Yas «-+) Yo w,,ﬂ, ...) and descrlbe this approxnmatlon by the bounded linear
prOJectlon operabor Qr: U — R, Q%= @ if w=u® Oy, := 0if ¢ > n with & = (u,,
Uy, ..., Uy)T € RP. Introducing the differentiation operator D= d/d:v the correspond-
ing state equations (2.5)—(2.7) can be approxnmated by i =1,2,. )

@mDur, Dy = ) - o SN
(@™Du”, Dy;) = {f, v;) ‘*“91%’(1.) — gov:i(0), (2.10)
(a’m.Du"’ DV’.) + Sl'&,’(l) w:(l) - sou"( ) wx(o) - </! V’) + gl'/’t 1) - gow.(o)

(2.11)
Note that Lh;se‘approxima_ted state equations can be written in the‘éompacb form
F(a,a)=7J, F:(aa)ecR®XR* > R". . . (2:12)

Let us regard a special ‘example. Let (0, 1) be -partitioned into N subintervals of length
h = 1/N.Fori=1,..., N we define the Oth order spline basis functions

o Jb i VESeSi o :
N A2) = L *~
#i 0, otherwise - . '

.and for j =1, ..., N — 1 the linear s-pline basis functions

o Nz4+1—4j, (G-DhsSz<ih
¢ op@) =3 —NeF+ 144 <G+ 1D)A, ’
o 0, otherwise.

Thus we have chosen m = N and » = N — 1..Let us regard the approximate state equation
(2.9). Then it is straightforward to compute analytically the integrals of the system (2.9) and
hence to obtain the corresponding parametrlc finite-dimensional operator equatlon (2.12) in
the form

i = W) @il — win) = B (v, i=1,.,N—1, (2.13)
where 4y = uy = 0. 3 : . :
Now we are able to formulafe the parametcr/sta-te-abproxitﬁatfion p}bblem';
wmigﬁuwam=%m—gw@+§maww;
where @ satisfies (2:12). R 7

3. Solution of the discrete minimization problems

In this chapter we examine the numerlcal solution of problem (P,,I ,,) whlch is a finite-
dimensional nonlinear programming problem to obtain the coéfficientsa,, a,, ..., a,
of - the unknown function a™x) = a,p,(x) + ... + Appn(z). One possnblllty for

N
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solving this nonlinear programming problem is to use a gradlent projection method.
The main’work required at each iteration is to evaluate the gradient (0J,(@)/0a,, - ..
-8J,(a)/éa,)". This can be done after introducing of an appropriate adjoint varlable
by. the solution of only two linear systems of equations with a sparse matrix (cf.
[3, 24)). Since problems (P, ;) in general have a flat global minimum in deep ‘banana

shaped va,l]eys they should better be treated by (pro;ccted) Gauss-Newton methods.

which make it possnble to proceed in great steps along the deep valleys and assures
fast convergence. Let Au[ Aa] be the solution of the linearized finite-dimensional state
equation

~

where_F3' = Fg'(d, u) and Fjl = F3'(a, @) -denote the_ Frechet denvatlves of the

mapping F with respect to @ and a. Then in the (projected) Gauss-Newton method :

.a given appronmatlon a € R™is 1mproved by . N 4
- Pad{a + )’Aa], . . . ’ . (32)

LW here Aa is the solution of t,he linearized problem
J
( A,,.,-;,) infJ ma) J ma) = nu + Au[Aa] - Qm2[fn

“
g+ Ba = o
- where Au[Aa] satlsfles (3. 1) .

Pl is the projection onto 4z and v is the steplength parameter. to be chosen appro-

_ priately (cf..[23]). At first glance, method (32) seems tobe rather expensive com-
“pared with gradient projection methods. Fortunately we have found a route how
the amount of computational: work in solving (P,,, ») can be reduced substantlally
compared with traditional strategles e

Theorem 1: Let F- ‘be a regular matriz. Then problem (Pl o) 18 umquel y solvable :

The unique solution Aa € Rmis given by

Ra= B —a+ Fz'*q, - - L 38)

where @ € R® is the umque solutzon of (2.12) and § € R" is the unique solution of

(F-’F-" + ocF- 'F5'*)§ = F5' (@ — Bmb) ) + Fa'(@ — 0On2). . (3.4)

Proof: The existence and uniqueness of Aa fo]lo“s from the fa,‘ct,\ that ..
aJ(Na)faNa? = F5'*(Fy'Fs &) ol '

is posntlve definite. Bow let us regard

J ‘(Aa + ) = — [IAu[Aa + tv] +u — Q" 2”nn

S+ Bt to— B0l |
. leferentlatlon with respect tot yle]ds for all 9°¢ R™ L

':7']‘ (Aa + 15)limo = (Au[Aa] + @ — %, Au[#)) + (@ + Na — ‘B"‘b ) = 0
L S : (3.5) .

F-Au+F-Aa_o A .' ‘ RERCEN

AS
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‘a8 necessary and sufficient condition for Aa bemg the umque solution of (P}, ,).
Substltutlon of (3.3) into (3.5) yields .

(DB — @+ F5'*q) + @ — 0%, Au[v]) g FeH =0 Ve B |
Using (3.1) we find

(—F&'='F5' (B — d + F3"*Q) + @ — Q7z, Au[d)) — a(F5*q, Auld) =
““or what is the sér'ﬁe, <
(= (F5'F5™ + «Fa'Fi'*) § + Fa'@ — B™) + e 8”2) (Fa)t Au[v]) =0
for.all ¥ € R™, which ylelds the expected result (3.4) 1

The advantage.of our approach from the computational standpoint is that the
two systems to be solved in each iteration step are .independent of the size m; the
number of unknowns, to be determined. This enables us to increase the size of the

parameter space and therefore to handle a larger number of parameter degrees of

freedom without increasing the ‘computational work. A related theory for two-
dimensional problems can be developed in a similar way.

Let us discuss example (2.13) in more detail. Here we have

- TaN-q

ey, —en —ay_, dy-

. where € = Ui — Uiy and d; = d; + a;;,. In this case the computatxon of the Gauss-Newton
i corrcctlon Aa requires only ’ .

(1) the solution of the 3- diagonal system (2.13) in order to find «,

(2) the solution of the 5- dmgonal system (3.4) in order to find g and

(3) the computatlon of Aa according to (3. 3)

.4. The continuous analogue of the problem (3.4)
v . : :
To discuss the problems which may arise in (3.4) for decreasing stepsizes we consider
the continuous problem (P) in more detail for the spatially one-dimensional case.
«The linearization of » in (P) at the function a € L*(0, 1) with a(z) = a > 0 leads to
the minimization problem

(P i JM(Ae); J(Aa) = —nu+mma1 2o, 1

AGELSO(0; 1)

A . .
+ 5 lo + Adi =l IRV
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where Au[w}, w € L*(0, 1), solves one of the linear variational problems -
<dAuz: vz) = _<wuz’ vz) ' ' l V'U eU ='H01(0: 1):
.<aAuz.’ v:) - —(’lW,,”U;)l : \/’U eU = HI(O’ 1);
(@Nue, v) + s;Au(l) v(1) —SOA’M(O) v(0) = —(wu,, 'Uz'> ’

- v . . \V/:UEU,= HI(O, 1)
accbrding to the corresponding boundary conditions (2.2)—(2.4). These second
order equations we consider in an H-l-weak formulation. That means the set of

test functions v will be reduced to allow a further partial integration on the left-
_ hand side. After defining the space of test functions .

(4.2)

_ - , v(0) = 0,%(1) =Oor
t V=qviav, € H',{v,(0) = 0,v,(1) = Oor . T (4.3)

, a(0) v2(0) + so2(0) = 0, a(1) v,(1) + sv(1) = O

we get the H-1-weak formulation for the problem (4.2) _ .
(A, (dvz)z> = <wuz: vz) = (w’ uz”:) VoeV oy ' (4'4),

:

for all the thi‘ee cases of boundary conditions. Note bhat' in this formulation the
-supposition w €. L°°(O 1) can be w eakened to w € L*0, 1) Analogously to Theorem 1
we have . /

Theorem 2: Let be a € L°°(O 1) with. a(x) =a > 0. There exists one and only dne
. element Na* € L?(0, 1), which minimizes the linéarized functional (4.1). This element
Aa* can be characterized by the weak solution g € V of the 4th order equatwn .

».’(".l'zq:c (@ — b)» uz”:) + (w —z + “(aqz)z, (av,),) = O Vv}E v '(4.5)
by . . v '

. Aa = uzq:: (a —b). . : \(4'6)
Note that the eqmtzon (4.5) ts the contmuou.s analogue to the discrete problem (3 4). L

Proof: The mmmnzmg element Aa* has to fulfil the necessary and sufficient
minimum condition for the quadratic functional (P')

(Au[Aa*] +u —z, Au[r]) + agAa* +a —b, r} = O V7 ErLz(O, 1).
‘ : o (4.7)

Let .q be a solution of the equatlon (4.5). The equation (4.5), (4. 6) together wlth
(4 4) gives us an H Lweak’ solut1on _

Du[Na*) = —{u,— 2 n aagz)sd. Lo (4.8)
Rewriting the H-1-weak formulation (4.4) for ‘Au[r] with ¢ € V instead of, an arbi-
trary v € 'V, we get (Aufr], (ag,).) = (r, u.q;). This relation together with (4. 8) and
(4. 6) shows, that the minimum condition (4.7) holds for all » € L2(0, 1) ]

Due to the well -posedness of (4.5) for fixed « > 0 there is-no fear of ill- condmon-
ing in the discrete problem (3.4) for decreasmg stepsmes

Remarks: 1. Theorem 2 deals only with the case Aa* E L?*(0, 1). The representation (4 6)
- shows that u, is the decisive quantity for Aa* being an element of L*(0, 1). In order to-get
u, € L*(0,1) we need some not too hard:additional assumptlons -on f € H-(0, 1) for the
) problem (2. 1) (for instance, f € L0, 1) gives u, € L®(0, 1)). 2. If we formally perform (4.5)
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by partial intcgration we get the 4th order equation

*(@(0q2)re)z — (4502 = (alz — W),); — ((@ — b) u,),
with the boundary condit,ion_s,at z=0andz =1
{ g=0, ¥a(aq'z)z—1f—z
for the problem (2 1—2 2) and !
aq, —1— sq =0, . . .

uz-qz + a[a(aqz)zz slagz):] = —((l —b)u, + alz — u), + s(z — w)
for the problems (2.1, 2.3/4).. ' ' ’

N
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