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On Parameter Ideqtificatign for Ordinary Differential Equhtions o

U. TAUTENHAHN

. Es werden Moglichkeiten der regularisicrten Losung von Identifikationsproblemen bei gewohn-
lichen Differentialgleichungen fiir den Fall meBfehlerbehafteter Beobachtungsdaten unter-
sucht. Zur Minimierung der regularisiecrenden Funktionale werden unter. Benutzung des Kon-
zepts der adjungierten Aufgaben sowohl das Gradientenverfahren als auch das GauB-Newton-

Verfahren diskutiert. Eine Anwendung auf eine spezielle inverse Aufgabe der Untersuchung

von Untergrundgasspelchern vom Aqulfertyp vervollstandjgt, die Arbeit.

OﬁcymnaloTCR BO3MO/KHOCTH PEryJsisipH3atiiii peutenus 3anay uneHTHGUKALEIH IIA 0GBHUYHEIX
nuddepeHuNaNbHKX ypaBHEHHIt B Cllyyae JIAHHBIX COACPHAUKX ONINOKH namepenun. Nian
MMHUMHBAIIMM  peryJjiApuanpymoiiero GyHKIHOHAJA NPH HCNOAb30BAHMH KOHLENMUHH CO-
‘npsskennoft 3agaun oGCymuaeTcs NpUMeHeHue CPajHeHTHOro Mertopa n meroga laycca-
Hsiorona. Jonomuser paGory npumeHenie oToft METOAMKM K PellleHuo OfHOll crnewianbHof
06pa'mon 3a/lauM MCCAEHOBAHMA 103EMHBIX FA30BBIX XPAHHIIHUL BOJHOIO THMA.

The regularized solution of identification problems in ordmary differential equutlons is investi-
gated when the data are noisy. For minimizing the occurring regularization functionals the
gradient method and the Gauss-Newton method are examined by e\iplomng the concept of
" adjoint equations. An application to a particulaf inverse problem arising in the study of water
. movement about a gas-storage reservoir of aquifer type completes the paper.

1. Intrpduction

There has been increasing interest in the identification of parameters in nonlinear

ordinary differential equations during the past years. In this paper we are going to

discuss particular methods of regularized identification using the concept of adjoint
quatlons Let us consider the initial value problem

#) = [,z a),  z(0) = z,, I - (1Y)
where - ’ - , ‘ L
z,(t). a, fi(t, z, @)
z(t) = S =1 : 1], ft, z, @) = Tt
/. U . fat, z, @)

When the data are noisy the regularized parameter 1dent1f|catlon problem associated
with (1.1) can be formulated as follows: :

 Given notsy observations z(t) = z(t) + 6(t) (0 =t T of the state z(t) (O S t < T)
determme the pammeter vector a € R™ by mzmmzzmg the functional

1 S L »
Ju@) =3 llz =22 + 5l —alkm | (1.2)

’

—
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over all vectors a of a set Ayq = R™. Here x = z, designates the solution of the initial
value problem (1.1) according to a € R™.

The open subset 4,9 < R™ denotesthe set of physically admjssible parameters a
for which (1.1) has a unique solution z, € X = (C"[0, 7'))*. Moreover, Z = (L.[0, T])"
denotes the space of observations, @ € A,q I8 & suitable estimate of the unknown para-
meters @ and « denotes the regularization parameter, w hich must be chosen appro-
priately (see e.g. [3]). A number of important identification problems in chemistry
(cf. [1, 6]) and other sciences fall within the above framework. An application to the
modelling of gas-storage reservoirs of aquifer type is examined in Chapter 3. ’

Throughout this paper, the norms ||-||; and ||| g~ are assumed to be'scaled in order
to equilibrate the variables. Thus, we will use the norms

m
llllz? = 2/,, f z(t)dt  and lals = X pra?.

k=1 0 k=1

In this context we introduce a couple of positive definit,e.diﬁgona-l matrices
A = diag (4)," . and @ = diag (:p,;)lm

By (-, )z and (- ~ij we will denote the inner prbducts ih Z and Rm™:

(=, ¥)z Z f i) yt)dt - and (g, b)pn = Zakbk

k=10 k=1

The symbols e; express the unit vectors in R™.
\

2. Solution of the minimization problem

‘

. In the sequel we will discuss the gradient method and the Gauss-Newton method for '
the numerical solution of the minimization problem (1.2). For both methods the
gradient grad J,,

Ja/'(d) ch = (grad ;]a(a)ph)[{m = lim ‘I.a(a/ + th) — Ja(a,) ,

-0 ot (k' ¢ R"‘)

is needed. Let us assume that
(A1) for all @ € Agq the system (1.1) has a unique solution z € X;
(A2) - . the transformation H: (a,z) € A,y X X —> (z —[t, z, a), x(O ) €9,
O = (C[0, T)» X R}, is of C(d,y X X, D), i.e. H maps continuously differ-

entiable from 4,4 X X into ©;
(A3) . forevery (a, x) € Aaa X X the mapping H.'(a, x) isa lmear homeomorphism

of X onto 9.
Furthermore, let us mtroduce the notations
o o /A A
18z, T Oz, : da, = dan '
F, =] : and F,/ =1|: -
| ofn Ofn ~ n Ofn .
8:1:, Bz, ) . a da, ' dan

Then we can prove the followmg result
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Theorem 1: Let the assumptions (A 1)—(A3) be /ul/zlled Then _
(i) the /urwtwnal (1.2) is of C’(A,d, RY), ile. J, maps continuously dz//erewmable /rom
- Agq tnto RY; ,
© (ii) the yradzent grad J.(a) € R™® w given by

grad'J,(a) = Z eif (%, Fa'ei)gn dt + aP(a — @), T B Y

where y is the solutwn of the adjoint system S :
. Lry:= —g(t) — F/*t) y(t) = A(x(z) = z(t)) YT) =0, (2.2)
. and x is the solution of (1 1). '

Proof: From the Implicit Funection Theorem (cf. [10]) we obtain that under the
assumptions (A1)—(A3) the implicit function G:a € dgg = 2 € X' is of C(da4, X).
Hence, x — z is of C(4.q4, Z). It follows that J, is of C(444, R?). Now for an arbitrary
variation da € R™ one can derive

J.(a) - ba = (A(x — 2), 2)7 + oc(d)(a, ~a), sa)ge. T (23
Furthermore, from (1.1) we get . : ' '
| Loz := 8i(t) — F.'ox(t) = Fjéa,  6z(0) = O. (24
Usmg the initial conditions y(T) = 0 and éz(0) = 0, partlal mtegratlon ylelds
2 Léz)z = (y, 08 — F,'6); = —(§ + F'*y, 0); = (L*y,62)z. . (25)

Now from (2.3), using (2.2), (2.5) and (2.4) we éstablish :
J(a)- ba = (L*y, 6z); + *(Pla —a), 6a)nm = (y, Léz)z + a(d)(a — a),a)r~
= (y, F,/8a); + a((D (@ — @), M)nm .
= (Fy'*y, 6a); + «(P(a — @), ba)rn

T . !
( Z e; f (Fal‘y, ei)R"‘ dt, 6a) . +a(¢(a - a)) 60’)“"‘)
R

=1

which proves the theorem 1 . . ' o

Remark: Let us regard the special case of linear syst,ems of ordmary dlfferentml equations
(1.1) that attain the form ) ] )
£(t) = Bz(t) + g(t),  #(0) ==z. | o . (26)
Here, the n? elements b;; (¢, = 1, ..., n) of the matrix B are gfven functions of the unknown
parameter vector a € R™. Then the computation of grad J,(a) requires

" 1. the solution of (2.6) in order to find z = z(¢),
2. the solution of the adjoint equation

—g(t) = B*y() + A=) — 2)),  y(T) =0
‘in order to find y = y(¢) and
3. the computation of ~

grad J,(a) = Z"n (y, Bi’ér)z e + a(b(a — a),

where B ’ = 9B/éd,; can be found from B by elementwnse dlfferentmtlon of B with respect
-to a;. .
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Applying Theorem 1; any iteration step of the gradient method for minimizing (1.2)
aftl =ak —y grad Ja(a")v, : o ‘ : (2;7)

requires the solution 6f one direct problem (1.1), and moreover the solution of -one
adjoint problem (2.2). Finally, formula (2.1) has to be verified. The parameter 3, in
(2.7) denotes the step length parameter, which must be chosen .appropriately. If
ak*! § A.q, then an additional projection of a¥*! into 4,4 is necessary.

Since such minimization problems (1.2) in general have a flat global minimum in
deep banana-shaped valleys, problem (1.2) should better-be treated by the Gauss- -
Newton method which makes it possible to proceed in great steps along the deep
valleys and assures fast convergence. Let us denote by G:a € A, — z € X the im-
plicit function for the system (1.1). Then in the Gauss-Newton method a given -
iterate a* is improved by

a2 gk oy ek, | S (2.8)
where\Aa" is the solution of the lmearwed functional - '
©||G(a*) + @'(ak) da* — 2(t)l|2* + & lla* + dak — &g
Hence, (2.8) is given by o ‘
a*tl = af — y(G"*AG" + a®) ! grad J (a¥). . - (2.9)

The computation of G’ is the most tlme-consuming part of the Gauss-Newton itera-
tion (2.9). One way to compute G’ is the use of a finite difference approxxmatlon G,
to the derivative G': ‘

Gx’(a) = (gl' ° g' : ,gm) >
Gla + t(a;) e;) — Gla)

¢ezZ, g¢gt= @) \ (i=1,...,m),

. - ’
[T(@)l = Trer |@;] + Tavss Trel> Tabs > 0.

The derivative G'(a) can thus be approx1mated by solvmg the 'rwnlmear initial value
problem (1.1) (m + 1) times.

The second way to compute G' (a) is the use of the Implicit Function Theorem. If
(A 1)—(A3) are fulfilled, then we have G’ = —H_'"*H,’. In this way there are no.
problems in choosing Trel and 7,5, appropriately and the amount of computational
work is reduced. The route how to compute G"*AG" is given in the subsequent

Lemma 1: Let the assumptions (A1)—(A3) be fulfilled. Then the (m,m)- matrzx
G'*AG" = (g,;),™ can be: computed by the following steps: .

(a) Solve i = F'gt + Foé,, gH0) =0 (i = 1,::., m): K (2.10)
. T ’ .
(b) ) Compute gij = f'(g‘, Aghre dt. . . : (2.11)

Remarks: 1. The m mmal value problems (2.10) are of the form (2.6). They are lmear and
can be solved sxmultaneously 2, The gradient formula (2.1) is equlvalent to .

" grad J (a) Z e; f(g‘ Az — Z))Ru dt + a(D(a —a), : (2.12)
i=1 0 )

where the functions gt are solutions of (2.10).
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Using Lemma 1 and Remark 2, one 1terat10n step of the Gauss- \Iewton method
(2.9) requires :

(a). the solution of (1.1) in order to find z = z(2),

(b) the simultaneous solution of the m linear initial valie problems (2.10),

(e). the computation of grad J(a) by formula (2.12),

(d) -~ the generation of the matrix G'*AG" + «® using (2.11)and . .

(e) the computation of the new iterate @,en 1=a — (G’*AG' + a®)” 1grad J,(a).

3. Parameter identification in a particular nonlinear initial value problem

AY

" 3.1 Mathematical model and properties. Let us consider a one-dimensional ‘gaé- :
storage model of aquifer type characterized by the space domain [0, L] = R?!:

: T T — A-area normal
. [ F 17 4_ to flow
Xx=0 GASBUBBLE x=s(t) AQUIFER " “x=L

Fig. 1 One-dimensional flow model

We. suppose that

(i) the permeablhty ky(x) with respect to gas is much greater than the perme-
T ability k,(z) with respect to water,

(11) the water is incompressible and
(1ii) for ¢ = 0 and for z = L we have a constant pressure Po-

- Then the physwal relations in flow of water and gas through porous media durmg a
tlme interval 0 =t < T are characterized by .

(()apW(x’t)) 0 (s(t)<x<L 0stsT), = | ‘ (3.1)

pds(t) palt) = V(o) C(0s= <s),0<t< T) LT 39
Pe(t) = Pulz,t) (z=s0t),0 =t = T) - (33)
Pl t) =Py >0 (x= OStST) (3.4)
Pet) = Po > 0 0= SsO)t—O) '(3.5) 

 —a(z) %;L‘)— =ity [z = 5(t), 0<t< ), . (3.6)

where @ = k,[n. and ' .

‘Nw — water viscoéity,
p. +— pressure in the aquifer,

- pg — pressure in the gas bubble,

‘ n  — porosity of medium (y = const),
.V .— amount of gas in the gas bubble under normal plessure

Equatxon (3.6) expresses that the water flow rate is propm tional to the change of s °
with respect to the time. An equivalent relation to (3.6) is given in the next Lemma.:

\
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Lemma 2: The équation (3.6) can be replaced by the equivalent condition

£),8) = po + cAlt [ ' ' | ‘ 3.7
Pulsl0).6) = po + cdl) | 2o (3.7
. Proof: Owing to formula (3.1) partial integration yields for p := p, the relation

. L ) L ’
- 0= 'f"(a’pz)z'v dx = apzy ieIEl) - P‘wzlal'm + f (avz), p,dx' o
8(t) ¢ o 0] . ) A ) o
Now, setting v = f:' a(&)‘ldé, we obtain in view of v; = —1/a(z) and (av,), = 0 the

equation

0———a(8(t)) pz(s(t), f (5) (L, t) — (s(i),'t).

a(t)

Usmg the boundary condition (3.4), formula (3 6) can be rewritten as (3 7). Thus, we
confirm the assertion of the Lemma l )

From Lemma 2 we see that we can use either (3. 6) or (3.7) in deriving properties
of the Stefan problem (3.1)—(3.6). Throughout this discussion we assume the exist-
ence of a classical solution (s, pw) = (s(t), pu(z, t)) € CY{0, T'] X C29((s(t), L), [0, 7))
- to the Stefan problem (3.1)— (3 6) urthermore, we will suppose that L > s(t),

a(z)>ao>0andc>0 : . .

\

Lemma 3: Let (815 Pwy) and (82, Dw,) be solutions to the Ste/an problem_ (3.1)—(3.6)
corresponding to the data Vi (t)and Vy(t) (0 St = T),respectwely I/O < Vi) < Valt)
O=st=T)thens(t) <st) 0=t =T).

Proof: Assume the contrary to the assertion and let to.> O be the smallest t for
which s,(t) = s,(f). Then we have §,(t,) = 3,(t,). Now from V,(t,) < Valty), (3.2) and
(3.3) it follows that pw_(sl(to), to) < pw,(sz(to), to) By using (3.7) we thus have

Po"f‘ ’of (£)<Po+ 2(o)f

&,(8) 84(ls)

r

hence & 1te) < sz(to) in contradiction to ,(ty) = &(to) B

Lemma 4: Let (s, p) and (5%, p,?) be solutions to the Stefan problem (3. 1)—(3 6) .
: correspondmg to the data V(t) and V(t) + 6 o=st=s1), respectwely Ifé > O, then

' 5 |2t , 6+ 2V(0)
v <O S T e o/ |-

a(t) 83(t)

Proof Multlplymg (3.7) by nAs(t) and usmg (3. 2) yields

v = nAPoS(t) + ends(t) 3(‘) f 2@

a(¢)
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Now integration provides

t . A
] V(x) dv = ndp, f s(v) df+°’iA f _/ a(«,t) f a(£)
; .

0

.There'fore, ‘
. , L
. 071__ L
(5) [8(1)2 5(0)2]

. ' t . . TG
= f V(z) dv — nApofs(r) dr + cnd f"xf%dx
- o : 0 a0) 0

Hence, the sblqtions (s, pw) and (s, p,,®) must both satisfy. this equat,iovn. We subtract
those versions and obtain o 2 :

: L
ond [ dE _ a4 2(0)2 - 2
5 ) @) [8‘ (.l)2 ()] = —5~ a(§) [s (0) 8(0)]
BT .
o t B oz
o yan [0 = stnde + ona [=] e
‘ 0 . sy 0
sz de e
—C?’]Afﬁl?f(m dx, - .
s0) 0 B
where we have used the property
sy a(t) G Lo . o it
fq:(x) dz —f~<p(x)ldx-=[<p(x) dx —ffq:(x) dz, o) = xfa—(g.
80 2(0) s . s : Ce

From Lemma 3 we have learned that s®(t) > s(t), hence

‘f:f) (02— s(t)?)
9 PLIT R .d 2%0) - x,d
<f [s"(O — 5(0)*] + —‘si + 2 f ' %dz - 2[ (Ti)'dx

&(t) 0 8{0) 0

Using again s%(t) > s(t) we find

Co 3‘ &) S T T
o df ' U
f f f @ for € [s(t), ().

37 Annlysis Bd. 7, Heft 6 (1988)
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Therefore we have

f f—é (580 — s(07)

0 .
L LG

i : N
< —s"(02— 2—{— +f———s"t2—st
f 2@ [Or — 5O + — [0 — s(e)?),
3 ’ . .
“ which"yields the expécted inequality §". - ‘ o
. Now we are able to prove a more general monotonicity. theorem.

rI~‘he0rem 2: Let (sy, pw,) and (S;; Pw,) be solutions'to the Stefan problem (3. 1)'—("3 6)
corresponding to the data V,(t) and Vz(t) 0=st=1), respectwely If0os V() = V2(t)
then s,(t) S s(t) (0=t = 1.

Proof: For 6 > 0, let (s;%, p,) be solutions to the Stefan problem (3. 1)—(‘3 6)
correspondmg to the data V2(t) + 6. From Lemma .3 we see that s, < s,’. Using
Lemma 4 we fmd S

0 6+ 2V2(O) dé
2 I A bk
5, (8)% < 8o(8)® + A + UAP /sx(/‘;

a.(l)

/

Since § > 0 can be chosen as small as desired, it follows that s,(¢) < s2(t) 1

As a corollary of Theorem 2 we ‘obtain the following uniqueness theorem.

Theorem 3: The solution (s, pw) to the ;Ste/an problem (3.1)—(3. 6) is umquely deter-

mined.

"Proof: If (s, pw,) and (s, pw.) both coxrespond to the data V), 0 <t S T, then
from Theorem 2 we have s; < s, and s, < s,, which implies that s, = s,. Therefore
we have § = &. Now using (3.7) we obtam Pur(8:(8), 8) = pw_(sl t) (0 St ).
Owing to (3 4) and (3. 1) thls provides p,, = pw, |

3.2 The identificat.ion problem. The identificetion of the unknown function @ = a(:i),
0 = z < L, from measured field data values V() and py(t) (0 =t = T) is of great

. practical importance. In order to realize this aim it suffices to consider the free bound-,

ary x = s(t). Owing to (3.2) (3.3) and (3.7) we have

p,(t) = po + ¢4( t)f (5) O=st=T). . (3.8)
L0) N ' .
We assume tha.t there are glven functlons P pi(z) >0 0 ==z S L;z=1, 2 ,m)
such that

(a@)r = =Zl agi(x) (@, 20,i=1, 2, m)

Moreover, let us suppose that the antiderivativeé of ; possessa simple structure such

that _t,b‘(r) f(p‘(f) dé (0 StsL;i=1, 2 <, m) is explicitly avallable Then (3.8)
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may be rewritten as

Do) = po + cilt) T apifs) O StST).
For glven posmve values 7, 4, po, vo = V(0) the initial value s(0) = so = vo/(pond) is
determmed Thus, the initial value problem

é(t) = f(¢,s,a):= p—"‘:(t)———.—, 8(0)_= So . (3.9)
| e £ o)

attains the form (1.1) with n = 1. The noisy observations 2(t) = s(¢) + 6(1) (0 =t = T)
are won from noisy measurements z,(t) = V(t) 4 6,(t) (0 <t < T) and z,(t) = pg(?t)
G 8y(t) (0 <t = T) by the formula (cf. (3:2)) 2(t) = z,(t)/(nA4z(t)). When a fixed
vector @ € Agg = (@€ R™:a; =0 (¢ = 1,2,...,m)} is considered, then in view of
Theorem 3 the direct problem (3.9) is uniquely solvable On the other hand, the inverse
" problem of estimating a € 4,4 from the data z may be realized by regularized para-
meter identification (see (1.2)). Then -

1

Jue) = 5 lIs = 2o + 5 na — alam

is to be minimized ovér a €. Aad However, the solutions s = s,; of (3.9) are in practice
also perturbed. Namely, the values f(¢, s, @) must be replaced by /(t s,a) = (zg(t)A— po)/

(c P a,tp( ) . Thus, this additional error is to.be taken into consideration when

a dlscrepancy principle for choosing the regularization parameter o > 0 is-used.
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REFERENCES

\

[l] Bock, H. G.: Recent Advances in Parameteridentification Techniques for O.D. E.
" (Preprint no. 567). Univ. Bonn 1982.-

‘(2] FriEDRICH, V., HOFMANYN, B., und U. TAuTENHAHN: Moglichkeiten der Regularisierung
bei der Auswertung von \'IeBdn.ten Wiss. Schriftent. Techn. Hochsch. Karl-Marx-Stadt 10

. (1979), 1—99.

(3] HoFrmany, B.: Regularization for Applled Inverse and Ill-Posed Problems (Teubner-
Texte zur Mathematik: Bd. 85). Leipzig: B. G. Teubner Verlagsges. 1986.

(4] Hormany, B.: On the Analysis of a Particular Volterra- Stieltjes Convolution Integral
Equation. Z. Anal. Anw. 7' (1988) 247—257.

[5) HorMaNN, B.: On a particular initial value problem with. an application in reservoir
analysis. Indian J. Pure App!l. Math. (submitted).

-{6] Nowak, U., and P. DEUFLHARD: Towards Parameter Identification for Large Chenical
Reaction Systems In: Numerical Treatment of Inverse Problems in Differential and Inte-
gral Equations. Proc. Conf. Heidelberg (Fed. Rep. of Germany), 30.08.—3.9.1982
(Ed.: P. Deuflhard and E. Hairer). Bosbon—Busel—Stuttgurt Blrkhuuser Verlag 1983,

p- 13—26. : -

M TAUTENKAHN U.: Parameter  identification from distributed observutlons Preprint:

Karl- Ma,rx Stadt: Techn Univ., Preprint Nr. 25 (1987)

37%

\,



580 U. TAUTENHAHN

[8] Tuxouon, A. H., u B. f. Apcmmn Meronut peLLICHHH uekoppeu'mux aanaq Mocksa:
Napn-Bo Hayha 1979
[9] YERMAKOVA, A., VAJIDA, S, and P. VaLko: Direct integral method via splme approxima-
tion for estlmatmg rate constants. Applied Catalysis 2 (1982), 139 —154.
[10] Zg1DLER, E.: Vorlesungen iiber nichtlineare Funktionalanalysis I. Fixpunktsitze (Teubner
Texte zur Mathematik, Bd. 2). Lexpzlg B. G. Teubner Verla.gsges 1986.

Manuskripteingang: 24. 11. 1987 .
'VERFASSER:

Dr. ULRicH TAUTENHAHN

Sektion Mathematik der Technischen /Unive/rsitiit

PSF 964 ,
DDR -9010 Karl-Marx-Stadt



