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Error Estimates for the Explicit Finite I)lfference Method
Solving the Stefan Problem C ’
U: STREIT B :

1

. Y
Die Arbeit beschiftigt sich mit ciner klassischen Differenzenmethode zur Losung der ein-
"dimensionalen Zwei-Phasen-Stefan-Aufgabe. Unter Vomussetzungen an di¢ Daten, dic eine

Regularlmt der. Tempera.tur u und der freien Grenze s von
o, ue wzl-l(QT) n Lg(0, 7'; wzl(Q)) und g€ W, l(0 T)

sichern, werden L2 Konvergenzordnungen von O(h) fur die. \‘aherungen von % und s be- '
ersen Zusitzlich wird ein Belsplel mit schwacherer Regulantat betrachtet.
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I‘he paper deals with a well-known finite differerice method for solvmg the one-dimensional
two-phase Stefan problem Under assumptions on the data which assure a regularity

we w;.l(.or) 0L (0 T; W 2@) and s€ W0, T)

of the tempera.ture % and the movmg boundary s L,-convergence rates. O(h) for the approxi-
mations of u and s are derived. Additionally, a case of much weaker regularlty is considered.
\

. 1 Introduction

’

N

. This paper is concerned with the explicit finite difference method first descrlbed
in-[2] for the general enthalpy problem. Consndermg the .special case of the one-
. dimensional two- phase Stefan problem, we give error estimates both for temperatuxe
-and moving boundary. :
Sections 2, 3 and 4 contain the problem, the method and regularlby results, re-
spectively. The error estimates are derived in Section 5 using the ideas of our previous
papers [5—7). The result-on the moving boundary is based on a new proof and
allows to deal with the case of nonconsxstent mmal and boundary tempelature
This is the subject of the final Sectlon 6. . ) )

N



58 Y. STREIT
. 2. The problem
) . o . N ;o . ) N
Letbe Q = {x:0 <z <1}, '=1{0,1}, Qr =2x(0,T) and I' = I'x (0, T). We
consider the two-phase Stefan problem ' ) -
(cu)y — gz =0 (=, ty € Qr and ¥ + s(t)),‘
u = g(z, t) ((z, t) € I’T), . o
u=0 and s, =[u.] - (x = s(t), t € (O, T)) ,
o u = uy(x) (x€02,t=0), s=28, (t=0)
. " with the notation [v-(z)]. -=tv(:c‘-+ 0) — z}(x --—.0), and the following épecifiéétion on
- the data and coefficients: T
o fo iz <st) T gy fx=0
T e ifz>s(0), T lgelt) fx=1,

(S)-

" where ¢,, ¢, 2, 8, € 2 are positive constants, g and u, are functions defined and
bounded on I'r and 2, respectively. For definiteness we suppose that g; > 0 .and
g2 <0 (t€(0,T)), uo> 0 (z < s)and up <0 (2> 5). '

If the pair (u, ) is a solution of problem (S), then » and

H = a(u) + v,. where € 0(u) . ' ) 2.1) .
Cwith . ' ) . A. o
- : ¢ ' >0 , 1 ifu>0
. _fou ifuz . T P ,
- alw) = {czu fu<o0, | O(u) = [0,1] ifu=0

- N (L fu<o0,
satisfy the €quations ' A : I
Hg. — Ugpy = 0 ’ \-((x, t) .6 QT) s . .
H:H{)(x) V (ICEQ,’tZO), T . .- ’ .
Whére H, = a(u,) + v, and v, € 6(u,y). The functions H and v are called enthalpy
and liquid fraction, respectively. - . X o
A weak solution of problem (E) is a pair (H,u) of functions H ¢ Ly(Q2r). and .

u € W,1%Q;), connected by relation (2.1) and satisfying both the boundary condi-
tion 4 = ¢ and the integral identity ' '

J [ (=Hé + w.$,) dedt = [ Ho(x) $(z, 0) dz : (22
0o Q2 - 2 - . .

for all test functions ¢ € W, 1(Qr) vanishing on Trandforze Q,t=T. :
More results on problems (S) and (E) and their interrelation can be found in the -
recent monograph [4]. ’ : .

3. The finite difference method
' We define the following sets of grid points: -
w={x=ibi=1,...N~1,Nb=1}, y=I, &G=ouy,

W, - {t =nr,n = i,..., M, Mr=T}, wr = wXw, Yr=7yXo,.
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\

- and denote the approximations of », H, vand s by Y w, v and &, respectively. Further
we make use of the scalar product ) :

¥, w) = ‘é\: hy(z) w(z) + 5 zEZ hy(x) w(z) .

-

and the following norms:

iyl = (g, 91, IIth =y 1), s = SilP ly(=)l,

iyl = ( E,w)ju hy2(x))1’2 Iyl = (Z T Ily(t)llz)"2 o)

N Algorlthm 3.1: We. choose T=uxh? 0<x S Col3,s where ¢y = min {¢,, Cy} ami

sety—uo(wa),w—Ho (zEw)andE—soattrmet—O We suppose ¥, w, ¥, &, -

(¢-e. the values of y, w, v, & at tzme level £) to be-known. At time { =t + t€ w, wedeter-

‘mine’ w, Y, 7, & as follows

— 5. =0 (€0, . ‘ : o . 3.1y
W —Dfey ifw =i ’ : S
y=10 if we (0,4) ¢ (x € w), y—Peg (xEy),
w/c, ‘ fw <0
w—a . ifzr€w '
| v={((y) @)/ ngy =00
.We define .
z*(t) = max {z € w:wz,t) >  A, a() = min {x € w:w(z, t‘)'< 0}.
Coi'olla,rv 3.2:' We ‘have () + h]2 S = x"(c —h2 (¢ Euw,).. R

Lemma 3.3: We have h < 2-(t) — x*(t) =2k (L€ w), in @artz'cular, at’ any time -

t € w, one of the following ezght relations is valid:

.a) otz —h=d +h—% —h, - e) x"=a" —2h =it —h =i~ —2h,

b) ot —a —2h =&+ — & —2h,~ f) xt =2 —h=@" =2
o)t =a- —h=dt=d& —2,  .g) et =2 —h=i" +h="=;
d) 2 =2~ —h=d* —h=2 —2k, h) a* =2~ —2h =i+t =% —h.

Proof: The assertion is obvious for ¢ = 0. We suppose that it is true at time i
and verify it for ¢t =¢ + 7 € w,. The maximum principle applied to scheme (3.1)
yields w(z) > 4 (x < £*) and w(x) <0 (x > 27). If 2~ — & = 2k -then we obtain

w(#) = (1 — 2x/c,) (B(ET) — 2) + xJ(&* — k) + 4 > Land w(E") = (1 —2x/c,) W(E")
+ ®x(%~ 4+ k) < 0, which means either case a) or b) or ¢), corresponcing to 'w(:r:+ + k)

> 2, w(E* + h) € [0, 2] and w(&* + k) < 0. Now suppose that the relation Z- — &* .

= h holds. If w(%~) < 0, then we obtain the cases d) ore) orf), dependmg on w(&*):
either w(E+) < 0 or w(Z*) € [0, 2] or w x*) > A. The two remammg cases w(Z~) > 2
and w(%~) € [0, 4] lead us to g) and h) since w(x ) = 0 implies Sw(E*) > Atas will be
shown now. From

0 w@E) = d(x ) 4 %((W(E) — 2)fe, — 2u(E-)c, + &+ h))

" 1) Throughout this paper summation over ¢ € w, is simply denoted by > (mst,cad of 3.
2) For the definition of P,? see Section 5. tew,

A

~

.
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we conclude 0 > H(Z-)'> —(1 — 2sx/c,)? #(W(#*) — 2)[c,. The combination of the
latter inequality and w(i*) > b(&*) + [ —2(V(Z*) — 2)fc, + W(&")/c,) indeed yields
; w(E) > (e, — 2x))1 ( (€, —'2%) (cg — 2x) — x?) (w az+) =) + iz
smce (c, — -x) {€g — 2x) — x%2 = (c0 — 2x)2 — x% ="(cq — 3%) (¢y — x) 2 o1
| Corollary 3.4: We h(we &G ) —E0) Sk (L€ o). '

Remark 3.5: The preceding assertion ‘is equivalent to IE(t) — £(F)| < CzV2 »
(¢ € w,), which means that the piecewise linear prolongation .f(t) of & onto (0, 7)
' obeys a Holder condltlon w1th exponent 1/2.3)

4. Regularity\

All the results are der 1ved under tHe following assumptlons on the data of problem
(S): ' .
U € Wzl_(-Q): u(x) > 0. (x < So)s ‘ ( ) <0 (x> so)

g€ W10, T) and 0 < gy < (—1)‘+l gi(t) (€ (0,T), i=1,2 { (4.1)
%(0) = :(0),, ug(1) = g2(0). '

Lemma4.1: szere are constants 0.< d <1/2 and C > 0 such that
d<ztty <z (t)<1—d (t€w,) and ~s‘3€uwp ly(leo < C.

. Proof: The linear operator Lv = f(z, t) v; — ¥z, with

'

g — (aly) — a@)ily —9) iy +7 R g
% iy =y |
defines a monoton scheme since r/k2 < 2. Obkusly, Ly = a(y)i — Jz0 = —A&j

X d(x, x)/h with either Z = Z* - b (cases a), b), ¢), g), h)) or & = #* (cases d), e),
1))4). It is easily realized that there are constants C > 0, 0 < d < 1/2 defining the'.
straight line u(z) = C(d — x) such that' uy = u and g, — (9o + llgllzaoiip) * = &
(z € w) and x*( ) = d. Obviously, Lu = 0 (z € w). We suppose that #* = d and
J = u (x €w) is valid for some t € w,: If & < 0, then Ly =0 (z € ), hence y = u.
(z € w) by the maximum principle. Consequently, 2+ = d. If & > 0, thenz* = %+ =4
and thus y(z*) > 0 > u(z*). This implies ¥y =« (z € ), again by the maximum
principle. Analogously we:show that z~ <1 —d and y < %(z) (z € w) with %(z)
=C(1 —d —2) and constants C >0, 0 < d < 1/2 The proof is complete w1th-.
‘d=mm(d d)andC—max(C C)y 1 .

Lemma 4.2: There exists a constant C > 0 such tkat - v
170l < C(1 + lgi(O) (€ w).

Proof: We suppose z < & (x € a}) with # defined as in the proof of Lemma 4.1.
Obvnous]y, there exists a'grid point z’ € w, 2" < # such that |y,(x ) = |(9(0) — O)/:z:+|
If > ', then we have

¥3(z) = Jz(a) +. 5 hy;:(x")-y,(xw ): h(a(y))‘ ().

'Ry <

oY Throughout this paper C denotes a generic constant not dependmg on k.
%) By 6(z, £) we mean Kronecker’s delta. )

.
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A sxmllar rela.tlon holds if = < x'. Thus we obtain

R 932 < Ilgllm/d + IIZ/:H max {o;, ¢} (¥ = z)
since |§(0)/z*| < llgllzoo/d and |(a(y)),| = |y,| max {c,, ¢;}: If z > &, then' we proceed
_analogously A

Lemma 4.3: There exists a constant,C > 0, such that ‘ <L

lyille, < € and sup lyz(0) < .
€wy

Proof: We ~multiply the equatien : o
(a))i = g2 + 250z, 2fh =0 ((z,¢) € wr) A -

- by rhy,(x t') and sum up over x €w, t' € w, and ¢’ <t (0 <t< T) Usmg Lemma

4.2-and the relation -

VB EZ0 | (tEw), @)

which.is easily verified in all cases a)—h), we obtain the inequality -

Z o lwa)E + lys @] =0 (Ilyz(O)]l2 + Z‘ X v lyilz )] )

-Finally the estimates’

) i]yi(o 112 = Iuollaay s Z 2 lyi(z, ) = Z ”9(3’)”;;’.1(0 T)

yield the‘ result -8 ’ ‘

‘ Lemma 4.4: There exists a constanl Cc> 0,‘such\that»_
Dol S C. |

Proof: With the notation used in the proof of Lemma 4.2 we have .

Jzz(x) = yzz(x )+ Z hyz=(9, + yz) (x"): if 2 < =%

sr''<z - '
-~ . . L /

and similar relatlons in the other cases. Hence,

192(@)1? = (lgllLe/d)® + 2 ll?hll l19z]} max {cl’ o @ € w). |

- Lemma 4.2 yields ‘the' estimate ||7z][2 < C(l + ||yt|[) in ‘a first step and the final

result, in a second one |

Lemma. 4.5: There exists a constant C >0, such tlwt

UL TP sc. . :
'.Preef: Suppose that 5,— %+ 0. Then , . o , o
0 < 2 = h{¢igz. — &ilaly))i) (&) = k&uu(i) \ R

due to (4 2). Consequent]y, we have

A& < b iz.(8)] = I?/z(t) - yz(x)l = ”y:]loo

Lemma 4.4 completes the proof .

Corollary 4.6: We have X 7 |wi(t)ll,2 < C.
This follows via v; = &;6(z, &)/h. ‘
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Remark 4.7: Defining suitable prolongations , # and & of the grid functions y, »

and & onto the regions Q7 and (0, T') respectively and considering their convergence

" to some functions u, v and s (for details cf.[2, 3}), we find that , s and H = a(u) 4 2v
form a unique soélution of (§) and (E) with the following regularity properties:.

u € Wyl(27) n Lm(O T; WH(R)),  ug€ Ly(0, T; Lw(Q))
" se W0, T) and o€ L2(0 T L,(Q)) -
: Moreover d<st) < ,1 —d (t €, T ) ‘holds. e ’

5. Error estimation

We define the functiens )
h—le =4 iz €(@—hz+h
{0 ifz' §(x —h,z+h) (@€,

o A fre—t] et —rt+)
' ?-2“")_*:'2{0 ife g —rt+1)

4’2(55 x)

beemm,

) T .ifi.'gt
. ¢2(t’;t)=;; Tttt e t+1)  (t€(0,7):
' T o Cifzt4o :

Then ¢(z’, t') - $o(z'; ) Polt’; ¢ — 7/2) ((x, t) € wT) is a'suitable test functio;l for
the identity (2.1) and we obtain the equation- ’

(PH)i — (Pi)z; =0  ((=t)0€wr) (B
with the notations o
, o (PP2H ift>0 _(PPu ifzew
PH_{P;IJ(, ift=0, P“—{P,zg ifzey,
. Y » . t+1/2 o !
. , . 1
P 2u(z) = f bule’s D) ul@) de’,  Pault) = — f u(t'y dv

Soot—a2
P,zu.(t) = [ ¢olt's t + 7/2) u(t') dt'.
[

’ Introdueing the errﬁors"_z =y —Pu,{=¢& —\-P¢s and
° - texp (—t)z(zt) Mt<T .

V(x, t) = t<t'ST " .

y ft=1T,
—yz: f2€w

0 -ifzey we have the following result. .

N

‘- and defining the operator Ay = {

e
ll2lleo» + Z(4v, V) (‘) + (AV V) UETPX: IC(‘)I"‘ + CeIh?
for su//zczently small ¢ > 0. ’ ‘

Theorem 5.1: The errors z and ¢ satzs/y the estimate
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. ».
Proof: We subtract the equations (3.1).a-'nd (5.1) and obtain
faty) —B)i + v —Po)i + A =m - {t€w) (5.2)
" and d(y) — P + A(» ~ Pv) = (¢t = 0) with = Pa(u) — P,

a(Pu) ifee W,

z = alus) — Pifa(uo) + Avo = Pfop)- and P = {Pfa(uo) 6= 0.

Fo]low'mé the proof of Theorem 4 from [5], we multiply equation (5.2) by V()
(t € w,) in the sense of the scalar product and sum up over ¢ € w,. We get the in-
equality . _ ‘ ] o

kI, + X <(B(E) + (AV, V) (0) + (47, V) (0) = Clinller + llrdh®)

where R(t) is equal to exp (¢) (v — Po, z) (t) up to a positive multiplicative constant -
and where the right side is estimated using '
' ’ ¢
$

iy £ O+ ) fulwon and gl < Ohe e
[n the following we verify the inequality S o ‘
R(t) = TC(«ﬁ(Ié‘T‘F2 + l21®) + e Nl + el +29) (6> 0).  (5.3)

and t’hc} estimates | . ) . . o
Tl £ 02 lodboriiey, X 7ol = OB lualliotizeay  (54)

which will complete the proof together with |jp|ls, < Ch~* X' 7 |lyl,* and Remark 4.7.
" First we fix ¢ € w, and define . v

i t) = Oy, ) @€B), | vale ) = 0ufulz, ) (1) € Q1)

with . ' N
] o 47y + vzt + R, t) ..if u € (—v(x+ + h,t) 4, (]_ — =zt + h, t)) A)
A(,u) T 6w) - otherwise. ~

~

If A-— 0, then i
o>y (@ED) R (5.5)
by co'nstruti:tioh. Further, va(z, t) converges pointwise to v(z, t) if u(z, t) + 0, ie.
‘ vIA — v a.e.on £r. SR © (5.6)
Now we consider the term (v4 — Pvy, 2) (¢) as a sum R, + R, + B; of
B, = (0.0) — PAuPo0, 2 =92, Fo=(vaz = 9a),
Ry = (va — Pvs, 94). ' ‘
with gridfunct‘ions .
@4 = (Pu) (x*) — (Pu) (z),
ys = P204(PPu) — PP %0 4(w) ¢ _
= PH{0,(ulz, %)) — Piaw) = P2valz, *) — Pwsla, 1)

and numbers * . o
z* = 2%, t) € (x— B,z + k) and * =¥z, ¢) € (¢ — 7/2,t + 3/27)

0
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)
'

_whose existence follows from the contmmty of u in: (x t) (cf. [8]), the contmmty
of Pw in z and the continuity of 6, in u via the generalized mean value theorem
of integral calculus. Now we may establish the estimates _

R, = (04y) = GA(P,zu(:cd*)) y — P,Zu(xd*)) =0,
1Bl S Clellelf + et Il + llpal®)  (6>0),
IBs| < Cle im Poly® + o7t llgal%) - \ .
and obtain . . ' ' ¢

(o4 — Pom2) O —O(e(|1z112 + uvA — Pul?) + eyl + lipalte >)- (5.7)
Further we have . an N )

Il S Pfule) = u(ea) and{pal S «(Plwad 't Pl 0)).
Now we consider mequahty (5.7) under‘A - 0. Usmg the relatlons (5 5) and (5 6),
we fmd v \ . .
(vqg — P?Ia, z)'— (v — Pu, 2)," . .
vs = Poglh — v — Polly < 6] + 2k, . P |wa)l — P Juil,
ya—y where [y, < CT(Pt vell,a) + Pe \]['v,(i)l[,,l('g)) ,
and : . ) . -
¢s—> @ where |l < ChP? Ilu:IILoom
Thus (5 3) and (5.4) are proved L
Theorem 5.2: The errors z and ¢ obey the estimate
T e KO S C(lell, + X AV, V) () + (47, V) (0) + k)
with a suztable wezght function o(t) = 0 (see Remark 5.3). '

Proof! We define grid points z(, z® € & such that z® — z® — 4 and x“) '
=) < 2@ (t €t —1/2,¢ + 7/2) ) and grid functions - :

r

. r(t) = min {2+, 2®},  F(t) = max {z-, 2@}, ' : I
. i . ‘ .,
A % Cif 0 §~x é I(t) )
e@wn={1  ifrt) <z =7 |
. 1 —z
_— t =1, !
| \T—70) if7(t) <z
Z ro‘Cg(x, t)y ift<T
Wz, t) = { i<tsT
0 -ift =T, )
where thé function o(t) = 0 is supposed to satisfy the condition ° (
' sup |o(de, o) ()] < C: - . (5.8)
. - tewy . : : V ’ .
Obviously, we have 0 < p < 1, W; = —ap{ and

(AW, W) (¢) S C 5 oA, 0} () (€ w ui0]). - (59)

G
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We multiply equation (5.2) by tW({) in tﬁe sense of the scalar product and sum up
over t € w,. The term generated by A% leads to the estimate

g ' |12 7(4%, W) ()] < C(e X zal?(e) + s“((A v, V)(0) + Z‘L’(AV V) (z))) _
. /
: (5.10)
This is due to the relations (5.8), (5.9) and the following ones: ( \

2 T(AZ, W) (t) = ©(Az, W) (0) — Y zexp (t) (AVi, W) (1),
—Z zesp () (AVi, W) () = —(4V, W) (0) + X «(exp (1) (4V, W)
: + (exp ()i (4V, WY), '
T [(Az, W) (0)] < (AW, W) (0) + 2(4z, 2) (0)/ 4e)  (¢>0),
734z, 2) (0) < Ch?,
AV, Wil = [o8(AV, o)| < £0%C%(Ao, ) + (AV, V)/(4e),
AV, W) O S (AW, W) (0 + (4V] V) O)](4e). '

Transformation of the remaining terms implies

X t{(aty) — Pl + Av — Po)i — mi, W) ,
= —(x —n, W)(0) + ch( a(y) — a(Pu) + i(v — Pv) — n, 0) (8). (5.11)
Takmg into account that (v — Pv g) = (v — Py, 1 )=¢ — Pis = (t € w,), since

» — Py =0 (x <rorz > ), and that ja(y) — a(Pu)| = C |z|, rclatlon (0 11) yields
the.estimate ) b

2 el(als) — P+ 20 P = W) £ X wot?(t) (
— &((AW, W) (0) + £ wot¥(t) — Ce (el + linllo, + i) (5.12) .

.We obtain the final result by sufnmarizing the estimates (5.10), (5.12) zind applying
the relations (5.8), (5.9) while choosing & > 0 sufficiently small 1§

Remark 5.3: We may choose o(t) = d = const. Indeed, noting that (4p, o)
= 1/r + 1J(1 — 7) and a,ccordmg to Lemma4 1 and Remark 4.7 the weight func-
tlon o satisfies relation (5.8). )

Consequently, combining Theorem 5.1 and Theorem 5.2 we obtain the followmg
main result. : -

Theorem 5.4: Under the -assumptions (4. 1) the solution y, ¢ determined by Algo-
. rithm 3.1 obeys the estimates

ly — Pullo, < Ch and (X o(¢§ — Pys)? (1)) < Ch.

Remark 5.5: In [6, 7] we obtained error ‘estimates of order O(h‘lz) for unpllcxt
difference methods solving the general cnthalpy problem and- the two-phase Stefan
problem.

6. Nonconsistent initial and boundary data ,

v,
We consider problem (S) spemfymg the data as follows: s, = 0, H, = c,g, = ¢onst
< 0, g, = const > 0. Then the moving boundary s(t) satisfies the relatlon

llmt 125(t) == const > 0. ‘(6.1)

5 Analysis Bd. 8, Heft 1 (1889)
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This is due to lim s( /s*(t) = 1, where s*(t) is the moving boundary of the “half-
t—0

space” problem corresponding to (8), i.e.. w vhere .Q is replaced by. QF = (0, o), and

_due to s*(t) = c*t¥? with some constant ¢* > 0 (cf. [1]).

~ We introduce problems (E;) and (S;) which are derived from (E) and (S) respec-
tively by replacing -H, by some function Hy. The corresponding solutions, are de-
noted by u?, H® and s°. We choose, in partlculal )

a N 01(91 (g _92)“3/6) +4- 1f0<:1:£so
Hy(x) = 02(91 — & - g2) :1:/6) Cfs’ < = s )
’ 292 o ' fo<cz=s1t (0<d<l)
with sg b = 9:18/(g: — g2). Now we compute the finite difference -approximation y, &
of problem. (S;) according to Algorithm 3.1. Recalling the proof of Lemma 4.1, we
find that £(¢) (and thus s"(t)) are bounded away from z = 1, but we have d = s,° .

= ¢,6/(g, — g»)- This requires an analysis how the constants C > 0 in the estimates

from Section 4 do depend on 4. : !
N

Lgmma 6.1: The solution u?, H® of problem (E,) satisfies the estimates

Wolwgnan < 08792,
el st S €67 (6 >0),  [olllnorie) = O8N
 where C > 0 doés not depend on o.

i ‘

Pro_of : -"I‘he first @ssertion follows from the estimates .

H’M"HL.(DT) + su'p HudeL.(o) g C l(w®)2llzy 025 H(ue®)llLy0) = CO7Y2 .

In analogy to the proof of Lemma 4 2 we have

()l ooy = c(1/s() + Mua’(t)uL.w»)

and thus . ) A !
T

N T . .
f nuzo(t)n”,m(g, dt,§~0 ( f dt/(sé(t))z + ||u,a“2L'(g,,).
Relation (() 1) and Remark 6 4 yield
fdt/(s" t))2 <052 f dtf(s(t)F-= < o2 (x > 0)

which vemfles the second assertion. Fmally, the third estlmate is a consequence
of the first and second one taking into account that ‘both

/.fv," da = —[ (a(u®), dz + (1) — u%0) and f |v,
@ 2

é dx]

hold, the latter due to v = 0 (z =) 8

Corollary 6.2: The finite dz/[erence solution y, 5 and the solutwn ul, s° of problem ° .
(S,,) satzs]'y the estimates .

"y = Pullle, < COV2ch and (X (¢ — P,s’)z (z))w < C6 1k (x> 0).

To complete our consxderatlon we give a result on the approximation of problem
(S) by problem (S,). -
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/.,\ . . . )
Lemma 6 3 The solutzons of (8) and (S,) satisfy the estimates

et — uub,(g,, <08 and f o(t) (s(e) — s(t))2 dt < C8° ‘.

with a suitable weight /undwn 0 € Ly(0,T), 0 = 0 (see Remark 6.4).

Proof: First we realize the regularity property u, u € W,o'0(2r) (e g. by multi-’
plying equation (3.1) by rh(w — (g, + A —z)— czgzx) summmg up over z € w
and ¢ € o and passing to the limit/h — 0). Thus, : ‘ . -

ot

b, t) = Viz, 1) —fe\p(—z ) (f —w) <x vyde

is a- sulta.ble test, function for the integral 1dent1ty

T T (= = Hy b0+ (0 — ) ) d = [ (H — Hy) 3,0 dz  (6.2)
00 . . P

" and, moreover, belongé to /Lm(O T; W,'(R2)). We obtain

[ (H of—HO)Vd_'x.

Q2

ff((u"—u)2+ Vz)d:vdt—}—fV?x 0)dr <

With the defmmon
. i
, — | (H¢ — Hy) (2')dz’ ifz <6
ey = | = 1~ Ho @) : |
“lo . : if x> 4, ‘.
ie. y; = H — Hywe have =~ . .

. f(}qoo — Hy) Vdx fo',('af, 0) dx é%':[V,Z(%O)der%fz?dz .
: -1 g

g
and, finally, the first assertlon smcef xdz S C&3holds. Next we define s = min {s, 5%},
§ = max {s, 8%} (te 0, M),

1

— f0<z=<s B

§(t) - T :
olz,t) =11 -~  ifs<z=3 . Wiz, t) = [ op(s® — s) dt’
: 11— . o
;o == i<, )

v 1—3() = /

with an a,rbjtrary function o € L,(0,T), 6 =0 satlsfymg the condition
supo(t) [ ez, ) dz < C. o e

0.71- Q . .

"Then ¢ =W is another test function for the 1dent1ty (6.2) and belongs to L (0 ;
Wzl(!?)) In analogy to Theorem 5.2 we derive the estimate )

ot om0 (] (00 —ur b Y [ (70004 7))
0 : ' Q2 1.

which proves the second assertion usmg the first one 1
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Remark 64 Comparmg the problems (S) and (S,,), the maximum principle
yields u® = u ((x\ t) € .QT) since %#® = w%,. This implies * = s (t € (0, T)), ie. s =s:
For small £ (which is the crucial case) we have o f 922 dr = a(l/s +1/(1 — s)) < 20/s.

2

* Thanks to the property (6. 1) we may choose o = L with some constant c >0,

not depending on ¢. .

\
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